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On a Higher Order Accurate Fully Discrete
Galerkin Approximation to the
Navier-Stokes Equations*

By Garth A. Baker, Vassilios A. Dougalis and Ohannes A. Karakashian

Abstract. We consider approximating the solution of the initial and boundary value problem
for the Navier-Stokes equations in bounded two- and three-dimensional domains using a
nonstandard Galerkin (finite element) method for the space discretization and the third order
accurate, three-step backward differentiation method (coupled with extrapolation for the
nonlinear terms) for the time stepping. The resulting scheme requires the solution of one
linear system per time step plus the solution of five linear systems for the computation of the
required initial conditions; all these linear systems have the same matrix. The resulting
approximations of the velocity are shown to have optimal rate of convergence in L? under
suitable restrictions on the discretization parameters of the problem and the size of the
solution in an appropriate function space.

1. Introduction. Let © be a bounded domain in RY, N =2 or 3, with a smooth
boundary 3Q. Given 0 < T < oo, we seek an RV-valued function u = (uy,...,uy)
(the velocity), and a real-valued function p (the pressure), defined for (x, t) € Q X
[0, T'] and satisfying the Navier-Stokes equations
u, —vAu + (u-grad)u + grad p=f inQ X (0, T],
u=0 ondQ Xx|[0,T],
divu=0 inQ X[0,T],

u(x,0) = u’(x) inQ,

(1.1)

where f is a given R"-valued function defined on @ X [0, T], «° is a given R"-valued
function defined on @ with 4°=10 on 32 and div«®=0in Q and » >0 is a
constant (the coefficient of the kinematic viscosity). It will be assumed that the data
of the problem (1.1) are such that (1.1) has a unique solution pair [u, p] (with p
being unique up to an additive constant) sufficiently smooth so that the convergence
results hold. We refer the reader to the books by Ladyzhenskaya [12], Lions [15], and
Temam [18] for existence, uniqueness, and regularity results for (1.1).

Our goal in this work is to construct and analyze a fully discrete Galerkin (finite
element) method for the approximation of the solution of (1.1). Our method is based
on a nonstandard Galerkin approximation in the space variables which uses finite-
dimensional subspaces, the elements of which are not required to be divergence-free.
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For the time discretization we shall use the third order accurate, three-step backward
differentiation method coupled with a suitable extrapolation procedure for the
nonlinear terms so that only one linear system (with the same matrix) will have to be
solved at each time step. The use of a three-step method necessitates providing three
initial conditions (starting values) for the scheme. We generate these initial condi-
tions by appropriate single-step methods and extrapolation procedures; their con-
struction involves the solution of five linear systems with the same matrix as the one
associated with the linear systems of the subsequent time-stepping. Hence only one
matrix need be formed (and, e.g., LU-decomposed once if the systems are solved by
a direct method) in the whole computation.

To this end we begin by introducing notation and the appropriate function spaces
that we shall use. For integer s = 0 and real 1 < p < oo we denote by W, = W;(Q)
the (real) Sobolev spaces, defined in the customary way, of scalar, real-valued
functions defined on {2 and let | -|; , denote the associated norms. We put H* = W
and let | -|;, (-, - ), denote the associated norm, resp. inner product. For s = 0 we
denote the norm on W,” = L? by |-|., and, in particular, on L* by | -| and the
associated L*-inner product by (-,-). As usual, we let H' be the space of those
functions in H' which vanish on 89 in the sense of trace. We let H® = (H*)" be the
space of RM-valued functions u = (u,,...,u,) defined on @ such that u;, € H*,
1<i<N. Correspondingly, we put H' = (H")" and equip H* with the inner
product (u, v), = 2 (u,, v,),, generating the product norm || - ||, = (-, -)}/% On
L? = (L?)", the inner product, resp. norm, is denoted by (-, -), resp. || - II. We shall
also use the Banach spaces L® = (L®)N, W'® = (W'*)N which we equip with the
norms |lvll , = max, <y |v;|z=, I0ll} , = max, .,y | v, ., respectively, and the
quotient space H*/R', equipped with the norm | v | st = inf ep |0 + |, Finally,
if v: [0,¢] » X is a (strongly) measurable map with values in a Banach space
(X111}, we let ol oy xy = (fg No(mI% dr)!/? for 1<p<oo, and
N0l oo, x) = €88 SUPy<, <, l0(7)ll 5. In case ¢ =T we shall write L?(0,7 X)
as L?(X),1<p< oo

For u, v € H' we define the bilinear form

(1.2) a(u, v)— 2 fgz g;)

for which it is well known that there exists a constant C, = C,() such that

(1.3) a(u,v) <lull,lloll, VYu o€EH,
. Cllul?<a(u,u), Vu€cH.

We now consider approximating the solution [u, p] of (1.1) by a Galerkin-type
method. For the space discretization we shall adopt the Lagrange multiplier tech-
nique of [2] that allows the use of subspaces, the elements of which are not
necessarily divergence-free. A similar technique was originally proposed by Babuska
[1] for the stationary (linear) Stokes equations and was analyzed by Falk in [8]; cf.
also the works of Crouzeix and Raviart [5], and of Jamet and Raviart [10].

For integer » = 2 and for 0 < h < 1 consider a family S; = S;(Q) of finite-dimen-
sional subspaces of H' in which approximations to the velocity will be sought. (In [2]
these subspaces are not required to satisfy the essential boundary conditions—they
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are just subspaces of H'. To simplify matters we require here that S; C H'. See

Remark 4.4 for the nonconforming case.) S; will consist of ordered N-tuples of

piecewise polynomials of degree at most » — 1 defined on a quasiuniform partition

of © and satisfying, for some constant C independent of h, the approximation

property

(1.4) iélgr(”u —xll+allu—xl) <crllul,, Yu e H*  NH',1<s5<r,
XES;

and the inverse property
(1.5) lixll, < ch 'lixll, Vx€S;.

Consider also, with r as above and for 0 <k <1, a family Pf= PXQ) of
finite-dimensional subspaces of H', (approximations to the pressure will be sought
in P£/R"), consisting of piecewise polynomials of degree < 1if r = 2 and < r — 2 if
r > 2, defined on a (generally different from that associated with S;) quasiuniform
partition of Q. We require that P5 satisfy, for some constant C independent of #, the
approximation property

(1.6) inf (|p—o|+h|p—¢|) <Ch|p|, VpEH 1<s<r—]1,
$EPE

and the inverse property

(1.7) o, <Ch '|¢|, Vo €E PL

Let now H=H'X H'/R' and H, ;= S} X P§/R'. On H X H define the bilin-
ear form

(1.8) B([u, p], [v,q]) = va(u, v) + (u, grad q) + (v, grad p),

using which we can define, if A /}f is sufficiently small, a suitable projection of the
solution [u, p] of (1.1) onto H, ;. (See Section 2 for a statement of the relevant
results, which are special cases of more general results of [2]. However, for the
convenience of the reader we include their proofs in Section 4.) This projection will
be suitably close to [u, p] provided B’ =< h/}f < B holds for some constant S,
sufficiently small, and any 0 < 8’ < B. (All subsequent results will hold provided
this condition on 4 /A holds.)

We now consider the trilinear form

N dv,
b(u,v,w)= j;zula-wj dx,
i,j=1 J

which is well defined, e.g., for u, v,w € H', [18], since N = 2 or 3. We shall actually
use the form

(1.9) b(u,v,w) = 3(b(u,v,w) — b(u,w, v)).

It is well known [18, p. 163] that, for u € H' with divu = 0in Q and forv,w € H',
there holds

(1.10) b(u,v,w) =b(u,v,w) = -b(u,w,v).

We shall use on occasion several inequalities involving the trilinear form b; we shall
list them in Section 2. We remark here that it is well known (since N = 2 or 3; cf.
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[18, p. 161]) that there exists a constant C, = C,(£2) such that
(1.11) |b(u, 0,w)|< Cyllull llollIwll,, Vu,o,weH.

Using the notation introduced above it is easily seen that the solution [u, p] of
(1.1) satisfies the following weak formulation of (1.1)

{(unv) + B([u, pl, [0, q]) + b(u,u,0) = (f,v), V[v.q] EH,0=<:<T,
u(0) = u°.

Following [2] one may seek u,: [0,T] = S;, pp [0, T] — P//R', satisfying the
semidiscrete equations

(2. 0) + (L, pil. [or ) + bluy, w4, 0) = (£,

V[v,q] €EH, ;,0<:<T,

(1.12)

(u,(0),v) = (u° v), Vv ES].

In [2] it is proved that a unique solution [u,, p;] of (1.12) exists for 0 <7< T and
that for u, p sufficiently smooth the error estimates |lu, — ull ;»y2) = O(h") and
|Pi = Plioczmy = O(h™ 1 hold. We shall not use the semidiscrete approximations
u,, pyat all in this paper.

We now consider full discretizations of (1.12). In [2] a second order fully discrete
scheme based on the trapezoidal rule with extrapolation for the nonlinear terms is
analyzed. In [9] Girault and Raviart analyze the application of a family of two-step,
second order accurate A-stable methods combined with extrapolation for the nonlin-
ear terms for the time discretization of the abstract problem (no space discretization)
for the Navier-Stokes equations. We point out that such two-step methods with
extrapolation have been used for general nonlinear parabolic equations by Dupont,
Fairweather and Johnson [7] and Zlamal [19], among others. In both [2] and [9] only
partial extrapolation of the nonlinear terms is done, so that the resulting discrete
schemes require the solution of a linear system at each time step whose linear
operator changes at each time step. In [11] Jureidini considers the (fourth order in
space) stream function formulation for the Navier-Stokes equations with N = 2 and
uses full extrapolation of the nonlinear terms in a fully discrete Crank-Nicolson-
Galerkin approximation.

We shall consider the application of the third order accurate three-step backward
differentiation method, cf. e.g., [13], for the full discretization of (1.12). To that
effect we let k = T/J, k <1 be the (constant) time step, where J is a positive
integer. Then, the method, in the context of approximating the solution y(¢),
0 <t < T, of the (scalar) initial value problem y’(¢) = F(y(2)),0 <t <T, y(0) = y,
given, becomes

(1.13) ym*3 — i—?—y"“ + %—y"“ — l—zl-y" = %kF"“, n=20,1,...,J — 3,

where y” approximates y(z"), t" = nk, F" = F(y") and where, e.g,, y° =y, and y',
»? have to be supplied by a single-step scheme. We shall use (1.13) with appropriate
initial conditions to fully discretize (1.12). We shall modify the scheme by fully
extrapolating (totally “lagging”) the nonlinear term in (1.12) so that a single linear



GALERKIN APPROXIMATION TO THE NAVIER-STOKES EQUATIONS 343
system with the same matrix need be solved at each time step. To this end we define
the “lag” operator
(1.14) Aynt3 =3ynt2 — 3yntl 4 yn, 0<n<J-3,

and note that A y(¢"*3) = y(¢t"*3) + O(k?) for sufficiently smooth y(z). We seek
{lU", P")};-; € H, ;satisfying

18 9 2
n+3 _ n+2 n+l _ < grn
(U 11U v 11U’°)
(1.15) kB([U"“ P"3], [, q])+ kb(AU"“ AU v)

161 k(77 0), Vio,gl €H,;0<n<J—3,

where U°, U', U? will be functions in S}, that will be appropriately chosen below. It
will be shown in Section 2 that for each n, 0 < n < J — 3, there exists a unique pair
[U"*3, P"*3] € H,,  satisfying (1.15) (given U/ € S}, j = n,n + 1, n + 2), which is
found as solution of a linear system whose matrix corresponds to the bilinear form,
defined on (H,, ;)?,

(1.16) A([U, P], [0, q]) = (U, 0) + 7 kB([U P, [v, q]).

In order to describe our convergence results we introduce some more notation. In
what follows C will denote a generic constant independent of &, A, If, u,p, T, u® or
f; ¢ will denote constants independent of k, /, and A but depending on «°, f, u, and
p. The constants ¢ will not depend explicitly on T they may depend implicitly on T
though, through L%, T; X)-norms of u, p, or f. We shall suppose that the solution
[u, p] of (1.1) is smooth enough so that all constants ¢ below exist and are finite.

In Section 2 we analyze the convergence of the scheme (1.15), under the assump-
tion that the initial values U, j =0, 1, 2, in S; satisfy ||U/ — u/|| < c(k3 + h"),
Jj =0, 1, 2, where we put u” = u(z") for the solution of (1.1). Specifically, assuming
that kh~*/7 < a, for any positive constant a, and that k and 4 are sufficiently small
in the sense that c(k3 + A"~!) < » (condition (2.42)) and that

c(14+ TYah'"7 + " 2) <y
(condition (2.58)), then, if
(117) ”u”Lw(Hl) <Cvr

holds, where C is a constant depending on  only—taken in the proof equal to
C,/660C, where C, and C, have been defined by (1.3) and (1.11), respectively—we
prove in Theorem 2.1 that [U" — u"|| < c(1 + T)/*(k* + h"), 0 < n <J, where ¢
depends of course on a too.

A condition of the form (1.17) on the solution of (1.1) is needed for the proof of
uniqueness and regularity of the Navier-Stokes equations for N = 3 [18, p. 303 et
seq.], but is not necessary for N = 2. However, our proof does not distinguish
between the two- and the three-dimensional case. In Section 4 we show, following
[18], that (1.17) holds provided » is sufficiently large and/or the data u°, f are
sufficiently small in appropriate function spaces. In Theorem 2.2 we give an
alternative result of convergence according to which if (1.17) is not imposed, then a
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strengthening of condition (2.58) to a condition of the type ce"(a®h'/7 + h2 "2y <
(condition (2.78)) will give (with the other hypotheses of Theorem 2.1 remaining
unchanged) the error estimate ||U” — u"|| < ceT(k®+ h"), 0<n<J. For the
pressure we obtain (cf. Proposition 2.3 and Theorem 2.2) the estimate
|P"—p(t")|Lz/R.=O(k2+k_'h’+h’_'), i<sn<J

with no additional hypotheses.

In Section 3 we address the problem of choosing the initial conditions U’, j = 0, 1,
2, in Sj so that [[U/ — u/|l = O(k® + h"). Moreover we ask that their computation
involve again only solving linear systems with the matrix corresponding to the
bilinear form A defined by (1.16). What complicates matters somewhat is that
P(x,0) is not given as part of the initial data for (1.1)—if that were the case, (1.1)
would have been overspecified.

We first compute U° (and a pressure P° not to be used in sequel), i.e., a pair
[U° P1e H, ;by

(118) (U°,0) +-=kB([U°, P]. [0, q])

= (4%, 0) + 1T kB([4,0], [0,4]). VIo.q] €H, ;.

We then obtain an intermediate value U®/'! by the application of the single-step
backward Euler method, i.e., by finding [U®/"!, P*/!'] € H, ; by solving
. 6 . 3
(1.19) (" —U% v) + ﬁkB([U6/“, P v, q])

+"1§1"kb(u0, uO, U) = —léfk(fG/“s U)a V[O, q] € Hh,hA’

where by f° we mean of course f(-,1°) = f(-, 0k). Using U%", we compute
[U,, P, EH ».7. by one application of the trapezoidal method as the solution of

(0, = U, 0) + 2 kB([01, B,]. [0, 4]) + —kb(u®, u, v)

(1.20) + %kb(2l76/” —u®, 209" — 4, v) = i—’;(f”/“ +/%0),
V[v.q] €H, ;,

and then obtain a corrected [U,, P,] € H i DY

A 6 " oA
(0, — U°v) + —l-l—kB([Uz, B, [v,q]) + —lzl—kb(uo, u°, v)
3 N n
(1.21) + ﬁkb(zu, —u®20, — 4% v) = %k(f'z/” +1°0),
V[‘D, q] S Hh,hAs
i.e, by one more application of the trapezoidal rule using U, for the evaluation of
one part of the nonlinear term. We let then

1.22 U/ =20,-U%e S’
2 h
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and compute [U;, P;] € H, ;by

(0,— UM, 0) + 2 kB([0, B], [0, 4])

11
3
(1,23) +—1—1—kb(U12/“, y/m 0) + —lgl-kb(2U12/“ — 0 2un/m — ud, o)
3
=Tk 12 0), Vlo,q] €H,
letting subsequently
(1.24) v =20,—- U es;.

It will be proved in Section 4 that U° is an O(h”) approximation (in L?) to 4° and
that, under the hypothesis that kh~2/? < a, for any positive constant a, U'/'!,
U/ are O(k> + h") approximations in the L?-sense to u'2/!!, 4%/, respectively.
Hence, finally, if we define U!, U? € S}, by polynomial interpolation as

(1.25) U' = (13U° + 286U'12/1 — 11U/ /288,
(1.26) U? = (=5U° + 22U'¥/M + S5U/1) /72,

we prove in Theorem 3.1 that (for kh=2/3 < a) |U’ — w/|l = O(k* + h"),j = 0,1,2.
We note that a total of five linear systems with the matrix corresponding to the
bilinear form 4 need be solved for the determination of U/, j = 0, 1, 2.

We close the paper with a section of remarks in which, in addition to giving
sufficient conditions for (1.17) to hold and providing the proofs of Propositions 2.1
and 2.2, we outline the algorithm for an analogous fully discrete method that uses
the two-step, second order accurate backward differentiation method and state
without proof an analogous optimal rate convergence theorem.

In [14], M.-N. Le Roux considers the application of strongly A(8)-stable multistep
methods (the third order backward differentiation method is strongly A(#)-stable
with 8 = 88°, cf. [13]) for the time discretization of the abstract Navier-Stokes
problem (no space discretization) in two dimensions and gives an optimal rate of
convergence estimate under a condition of the type (1.17) if § < /2. However, only
partial extrapolation of the nonlinearity is employed so that the linear operator to be
inverted at each step changes from step to step.

Backward differentiation methods of order up to six have been analyzed by
Bramble and Sammon, cf.,, e.g., [3] for an announcement of the results, for the
efficient full discretizations of Galerkin-type methods for general quasilinear para-
bolic equations for which the type of the nonlinearity necessitates the use of
preconditioned iterative methods, cf. [6], [4], with a time-independent precondition-
ing operator leading to the solution of a number of linear systems with the same
matrix at each step. In the Navier-Stokes case, due to the “semilinear” nature of the
problem “linearization” may be achieved by totally “lagging” the nonlinear term
and then solving one linear system per step, corresponding to the time-independent
part of the Navier-Stokes operator.

2. Time Stepping With the Three-Step Backward Differentiation Method. In this
section we analyze the convergence of the scheme (1.15) under the assumption that
U’ are optimally close in L? to the exact values u’ for j = 0, 1,2. First we state two
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results of [2] concerning the bilinear form B defined by (1.8). These results, which
appear here appropriately simplified for our purposes, will be used repeatedly. For
the convenience of the reader we shall provide their proofs in Section 4 (cf. Remark
4.3). We consider

1/2
lw, pln = (Null? + | p 2 /p)

which is a norm on H X H. We then have

b

PROPOSITION 2.1. There exists a constant C = C(N) such that for C;, = Cmax(», 1)
we have

(2.1)  |B([u, p), [v, gD I=< Cinlu, plwnlo, gln, V[u, pl, [v,q] € H.

Moreover, there exists a positive constant 3, independent of v, h, if, such that, for
h/h < B, there exists a constant C, = C,(B, v, Q) such that

(2.2) sup | B([u, p], [v, q]) |= Gulu, pln, V[u,pl€H, ;. O
[an]EHh,I:

e, qln=<1

In addition the following projection result holds.

PROPOSITION 2.2. Let [u, p] be the solution of (1.1), and suppose that, for j = 0,1
and for some 1 < a < o0,
du 0 4 a 1 s s—1 <5<
[aﬂ,aﬂ]eL((H NH*) X H'/R"), 2<s<r.
Suppose that h /}f < B as in Proposition 2.1 and that, for some positive constant f3’,
there holds that B’ < h/}f. Then, there exists a unique pair [w, 7] € L*(H, ;)—
henceforth referred to as the “B-projection” of [u, p] onto H,, ;—satisfying

(2.3) B([w(1), 7(1)], [v, q]) = B([u(2), p(1)], [v. q]),
V[v,q] EH,,,;,O<I<T.

Moreover, the following error estimates hold for some constant C, independent of h, h
u,p,and T:

(2.4) ”%( o) Yu

at’

¥p
ot/

b

<o | 2

LH(HJ‘I/RI))
2<s<r, u,j=0,1.

25) 1P = Tleqazymy < Ch 7 (lull pogaey + 1P lour-ymry), 2<s<r. O

L5(H") LH(H®)

Henceforth we shall always assume that 8/ < h /}f < B, so that the conclusions of
Propositions 2.1 and 2.2 hold, under the appropriate smoothness assumptions on u
and p.

It is easy now to see that, for each 0 <n<J — 3, given U/ €S}, j=n, n+ 1,
n + 2, a unique solution [U"*3, P"**] € H,, s of (1.15) exists. For, assuming that
there exists [U, P] € H, ; satisfying
(2.6) A([U, P], [v.q]) =0, V[v,q] €H,},

(where the bilinear form A4 has been defined by (1.16)) and choosing [v, ¢] = [U, -P]
in (2.6), we obtain by (1.8) that U = 0. It follows by (2.6) that (v, grad P) =0
Vv € S;. Putting now u = 0, p = P in (2.2) we see that P = 0 in P£/R'". Hence (2.6)
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has only the trivial solution, a fact that establishes the existence and uniqueness of
the solution [U"*3, P"*3],0 <n <J — 3, of (1.15).

We shall henceforth denote by S = S(r, &, h) the subspace of S; consisting of all
functions v € S;, for which (v, grad ¢) = 0 holds for all ¢ € P5 Clearly S is not
empty under the hypotheses of Propositions 2.1 and 2.2. For example, putting v = 0
in (2.3) and using the fact that div u(¢) = 0, we see that w(¢) € S forz € [0, T'].

Before proceeding to the error estimates we list some more inequalities associated
with the trilinear form b(u, v, w), defined by (1.9), that will be repeatedly used in
sequel along with (1.11). It follows easily from (1.9) that there exists a constant
C = C(N) such that

(2.7) | b(u,v,w)|< C(lullllolly L Iwl + llulllloll, Iwll,),
Vuel?>veW' wecH.

On the other hand, it follows from (1.10) that there exists a constant C = C(N) such
that for u € H' N L™, such that div 4 = 0 in Q and for v, w € H,

(2.8) |b(u, v,w)|< Cllullllollliwl,
and
(2.8) | b(u, v,w) |< Cllull ol lIwll

hold. In addition, for u € H' with divu = 0in € and for v € H' N W' w € H!
we have that

(2.9) |b(u, v, w)|< Cllullllvll, ,lIwll

andifu € H' withdivu = 0inQandifv € H' NL®, w € H!,
(2.9) |b(u, v,w)|< Cllulllloll liwll,.

Let now [w(?), m(¢)] € H,, ;;, 0 <t < T, be the B-projection, defined by (2.3), of
the solution [u(¢), p(?)] of (1.1), and put y" = y(¢"), 0 < n <J, for a function y
defined in [0, T]. Define {" = U" — ", 0<n<J,e"=P"—q",3<n<J, n(¢t)
=u(t) — w(t),0 <t =< T. Then, using (2.3) and (1.15), we easily obtain

18 9 2 6
n+3 _ ¥ +n+2 2 entl _ < en R n+3 n+3
(702 = 0872 4 767 = o)+ pkB([87, e, [0, )
6
(210) — (pn+3 + 8”+3, D) + ﬁk(b(u””, u"+3,v) _ b(AUn+3, AU”+3, U)),
Vlv,q] €EH, ;,0<n<J -3,
where
6 18 9 2
n+3 — 7 n+3 __ n+3 _ %Y n+2 Z g ntl _ < n
(2.11) P llku’ (u TR T ),
0sn<J -3,
and
, n i 18 9 2
(211) 8+3:"7+3_ﬁ"7+2+1_17’n+1_ﬁ7’n» Osn<J-3.
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We look first at the nonlinear terms in the right-hand side of (2.10), which we write
as

b(u?, u" 3, v) — b(AU™3, AU, v)
= b(u"3, umt? — Aum?, o) + b(u*?, A3, v)
—b(u?, AL, ) + b(u" — A", Aw™?, )
(2.12) + b(u"3 — Aunt3, A3, v) + b(An"*3, Aumt3, v)
—b(A"*3, A3, v) + B(ALT, A, o)
—b( AL, w2, v) + B(AL, u — Aund, p)
(A", AL, 0) — b(ALT, AL 0),  O<n<J-— 3.

We now estimate the individual terms in the right-hand side of (2.12). Since u is the
solution of (1.1), div # = 0 in  and hence (2.8) gives

(2.13) |b(un+3, un+3 _ Aun+3’ D) |
< Cllu" 2l llu"*? — Au"*3| ol
03u

< ClPNlull oo e

”0“1, 0<n<J_3
L®(L?)

Using again (2.8) and also (2.4), we obtain
(2.14) | b(u"*3, A3, v)|< Cllu" 2 1Ay 3 ol
< Chr”u“L°°(L°°)(“u“L°°(H’) +|p |L°°(Hr—l/Rl))||D“1, O0sn<J-3.

For the purposes of Theorem 2.1 we shall estimate the third term of the right-hand
side of (2.12) in two different ways depending on n. First, using (1.11), we have

(2.15) | B(u"*3, AL"3, 0) [< Cllu 3L AL 2 ol
< Gyllull gy IAS" 2 M0lly,,  3<n<J—3.
In addition, using (2.8),
(2.15") [6(u"*3, A3, 0) [< Clu" 3 AL 3 ol
< Cllull ooy IAS" 2 IO, n=0,1,2.
Again (2.8) gives
[b(u"*? — Au*3 Aw™ 3, 0) < Cllu*? — Au" 3 1A I0ll,
o0sn<J-3.
To estimate || Aw"*?|| we recall that w(¢) € S. Hence, putting v =  in (2.3), we see
that
va(w, ©) =va(u, w) + (w, grad p) = va(u, ) + (divw,p + C)
< C(”““l +|p |L2/R')”‘°”1~
It follows that

el @z < l@ll fogy < C(lull reay TP |L°°(L2/R'))-
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Hence we see that
(2.16) |b(u"*? — Au"3, Aw"3, 0) |

#u

< Ck}llvll, 5

(“u“Loo(Hl)+|P‘Lco(L2/Rl)), 0<sn<J-—3.
Lo(L®)

Applying (1.11), we now obtain
(217)  |B(u? = Aumt3 AL o) | < Cullumt — Awr R INAL3 ol
Pu

< Ck3
o1’

NAS" 3 Noll,,  O0<n<J-—3.
L°°(Hl)

From (2.7), (2.4) it follows that
(2.18)  |B(An™*3, Au"t3,0)|< C(IIAn"“II lAu" 3, ol
+I A2 Au" 3 oll,)
< Ch7llull poogwrooy (11l oogeary + | P |z m1) = N0l
0<n<J-3.
Using now (1.11), (2.4) and the facts that h < 1, r = 2, we see that
(2.19) |B(An™*3, Aq"*3,0) |< Gyl A" 21210l
< CH(Ilul pmgrry + 12 |z my) N0l 0<n<J— 3.
Again, (1.11) and (2.4) give
(220) |B(AL™3, An"F3,0) |< CoILAL" 2 1 LA 3 1 Mol
< Ch’_'(IIulle(Hr) +|p |Lw(H,-1/R1))I|A§"+3H,IIvII,, Osn=<J-3.
Using (1.11), we obtain
(221)  [B(AL"2, 03, 0) |< Cyllull oy 1AL Ml Nl0ll,,  3<n<J -3,
while (2.7) gives
|B(AL", w3, 0) |< C(NAS 2w 3, L loll + [TAL"3] a3 llvll,)
(2.21) < Cllull ooy AL 21 1001, 7= 0,1,2.
From (1.11) we obtain
(2.22) |B(AL"™2, w3 — Aun*3, v) |< G I AL lu™*® — Awr3 o]l
Pu

< Ck3
a3

”A§n+3“1”0”1, 0Sn<J—3
L®(H")

By (1.11), (2.4) we see that
(2.23) | B(An™"3, AL"3 0) | < G LAY 3L AL 3 ol
< Ch’_‘(llulle(Hr) +|p |Lw(H,—1/R1))IIA§”+3||,|Iv||,, O0<sn<J-3.
Finally, (1.11) gives

(224)  |B(AS", AL, 0) < GUIAL™ P IRIoll,,  O<n<J-—3.
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We return now to the estimation of {” in (2.10). For reasons that will become
evident in Section 3, where the error estimates for ||U’ — u/|l, j = 0,1,2, will be
given, we need to estimate {", n = 3, 4, 5, in a different way than ", 6 <n <J.
Henceforth we shall make the hypothesis (to be verified in Section 3 for our
particular initial conditions) that

(2.25) 871 < co(K* + A7), j=0,1,2,

is satisfied. Here, the lower-case constant ¢, depends on u, p as noted in the
Introduction.

LEMMA 2.1. Let (2.25) be satisfied. Then, if we assume that
(2.26) kh %" <a

for any positive constant « (i.e. not necessarily small), then there exists a constant
¢, = c¢|(u, p, a) such that

(2.27) NE02 + kva(¢, ¢) < c (k> +h7)’,  1=13,4,5.
Proof. Putting v = 0 in (2.10), we see that ({"*3, gradq) =0 V¢ € P5/R!, i.e
that {"*3 € §, for 0 < n <J — 3. Hence the choice v = {"*3 in (2.10) gives

+ ikua({””, §n+3)

18
n+3 _ Y ent2 2 ent+tl _ < vn pnt+3
(§ TR +11§ 11§’§ ) 1

(228) — (pn+3 + 8"+3, §n+3)
_6__k(b(un+3, un+3, §n+3) _ b(AUn+3, AU"+3, §n+3)),

o<n<J-3.

Using now the Cauchy-Schwarz inequality and the inequality 2ab < a® /e + &b?
for ¢ > 0, we obtain, for any ¢,, &, > 0,

(1 €, 22)“§n+3”2 —kva({"”,{"”)

n+2(2 n+12 nj2
<22£2(18||§ 124 91" 112 + 2018"112)

1 n+3 n+3q2 ﬁ n+32
+—2elkllp + 8" 7 + 3 ™15

klb( n+3 n+3’ §n+3) _ b(AU"+3, AU"+3, §n+3)l ,

n=20,1,2.

Then, using the second inequality of (1.3) and choosing ¢, = 11 /29, ¢, = »C, /11, we
obtain

”§n+3|!2 + kva({"”,{"”)

(229 < COIE 212+ N2 4+ 187 12) + Ck™MHipn*? + 8mF3)12

12k I b( n+3, un+3, §n+3) _ b(AU"+3, AU"+3, §n+3) | ,

n=0,1,2.



GALERKIN APPROXIMATION TO THE NAVIER-STOKES EQUATIONS 351

Now, (2.11) and (2.11"), (2.4) and the consistency of (1.13) give

4
(2.30) <k 240 o<n<s—3,
3% |l =2y
(2.31) 18" < Ckh’( 9u 9 ) os<n<J-3.
0t || Lo 0t |Locar1 /R

Using now (2.30), (2.31) and (2.12)-(2.14), (2.15"), (2.16)-(2.20), (2.21"), (2.22)-
(2.24) in the right-hand side of (2.29), we obtain

”§n+3“2 + kpa(§n+3, §n+3)
< (L™ 2112 + 1™z 4+ 1gm12)
ek (k4 h7) + k(K> + 7+ |AL3 1+ KPIAL I,
+RTHALT L + AL 2L 3, n=0,1,2,

which gives upon application of the arithmetic-geometric mean inequality with ¢ > 0
that

||§n+3“2 + kva(§"+3,§"+3)
< C(||§n+2||2 + ||§n+1“2 + ||§"”2) + Ck(k3 + hr)2
+ee k(K> + 1)’ + kIAS 212 + KTIAL 213

HRT T2 AL+ KIASIE) + ek lIEm 2012,

n=0,1,2.
Hence, picking, e.g., € = vC, /2 yields
||§n+3”2 + kva({”“, §n+3)
(2.32) < ck(k*+h")
2 2 A 2
+C{ DU+ (kR 24 KT) DN+ kY l|§"+’ll?},
i=0 i=0 i=0
n=20,1,2.

Consider first (2.32) for n = 0. Using the inverse assumption (1.5), the hypothesis
(2.25), the fact that k, A < 1 and r = 2 and the hypothesis (2.26), we see that

2
(2.33) (kR 72+ k") D NS N7 < c(kh> 2 + KT)h 2k + h7)?
i=0

<c(Kh* =% + kh* =% + kPh 72 + kKTh*72) < c(a) (kS + h27).
Moreover, (1.5), (2.26) and (2.25) give also

2
(2.34) kD NEIE < ckh—*(k3 + h7)*

=0
< c(kPh* + kh* %) < c(a)(K® + h?").
Now, (2.25), (2.33), and (2.34) substituted in (2.32) yield
18312 + kva(E?, £3) < c(a) (k3 + h7).
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In particular, [I§*|l = O(k* + k"), and the argument can be repeated using (2.32) for
n =1 and then for n = 2 to yield (2.27). Of course, this type of estimation can only
be used for a small (i.e., independent of k) number of steps. O

We continue now with the estimation of ¢"*3 for 3 <n<J — 3. As an inter-
mediate step we prove the following

LEMMA 2.2. Let k and h be sufficiently small (cf. (2.42) below). Then if
(2.35) leall poo gty < Cr
holds, where C = C(Q) is a constant that can be determined, e. g-, by (2.43) below, it
follows that

“r{n+3“2 _ ||r§n+2||2 + Ekva({””, §n+3)

121
(2.36) _ %kva(§n+2’ ) — 11771kva(§n+l’ ¢y — %’;_;’a(gn, )
<ck(K3+n) + CkIIAL"3NE,  3<n<J -3,
where

2

ﬁg"—{ 2<i</J.

7
I =gt _ 1 g1
Proof. Noting that
18 9 2
n+3 __ n+2 n+1 __ n — n+3 __ l“ n+2
{ 11 § + 11 { 11 { I {
and since ¢{"*3 € S for 0 < n <J — 3, inserting v = I'{""? in (2.10) gives

”I\{n+3”2 _ (F§"+2, r§"+3) + %kva(f"”, I‘{"“)

(237) — (pn+3 + 6n+3, I‘{n+3)
+ %k(b(u””, un+3’ F§"+3) _ b(AUn+3, AU"+3, r§n+3))’

3<sn<J-—3.

Using the Cauchy-Schwarz inequality and the arithmetic-geometric mean inequality
for the last two terms of the left-hand side of the above and estimating its right-hand
side using (2.12)-(2.24), we obtain

”r{n+3“2 _ “I\§n+2“2 + 17781/(1/(1(§"+3, §n+3)
_ﬁ n+2 gn+2 _B’__ n+1 n+1
1 kva(§"+?,¢"*2?) 1 kva(¢ntt, ¢nth)
(2.38) <2llp"*? + 8" ITE" I,
12

+ﬁk{c(k3 +h7) + (K + RTYHIAL

+2C, Nl oy AL, + Gyl AL™ 212 ITE 21,

3<sn<J-—3.
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where we note from (2.17), (2.20), (2.22), (2.23) that

03u
2.39 ¢ =Cl|—
(2.3) k=

We now estimate some of the terms in the right-hand side of (2.38), using the
weighted arithmetic-geometric mean inequality for ¢ > 0 and (2.30), (2.31), (1.3) and
the definition of I'¢’

+ “uIIL“"(H’) + lp IL”(H’_'/R')) .
L®(H")

{2||p"+3 + 873 + ck(k3 +h) 4 Cbk||A§”+3||2}III‘§"+3||,

ce_'k(k3 +h7)? + Ce kI AL

+ek[a(§”+3, §n+3) + a({n+2’ §n+2) + a({n+l’ §n+l)]’
3<sn<J-3.
Hence, choosing, e.g., ¢ = v /121, we obtain from (2.38) and the above, using again

(1.3),

”rgon+3”2 _ ||I‘§'"+2“2 + —kva(§”+3 §n+3)

121
_ﬁkva(§n+2 §n+2)_ kva({n+l §n+l)
121 121
(240) <ck(k3+h')2+k{c'(k3 R nunml)}

R {a(A§n+3, A§n+3)a(r§n+3’ ]~-~§n+3)}l/2 + Ck||A§"+3”?,
3<sn<J—3.
(In (2.40) ¢’ is again of the form (2.39), albeit with different C.)

The triangle inequality and the arithmetic-geometric mean inequality yield, if we
recall the definitions of A{"*3, T¢"*3, the (convenient) estimate

(2-41) a(A§”+3, A§”+3)I/2a(r§'"+3, r§n+3)1/2

< 5{d(§n+3, §n+3) + a(§n+2,§n+2) + a({n+l,§n+l) + a({n, {n)}
We conclude then that if we take k, h sufficiently small so that, e.g., the “cell
Reynolds number”-type condition

’ 3 r—1
(2.42) 5c'(k3+ h )<121

holds and in addition require, e.g., that

1206, _ 2
11 ¢, "“lemany ST

i.e., a condition of the form (2.35), then (2.36) follows from (2.40)-(2.43). O
Remark 2.1. As we remarked in the Introduction a condition of the form (2.35) on
the solution of (1.1) is needed for the proof of uniqueness and regularity of the
Navier-Stokes equations for N = 3, cf. [18, p. 303], but is not necessary for N = 2. It
may be shown that it is guaranteed if » is sufficiently large and /or the data u°, f are
sufficiently small in appropriate function spaces; cf. Section 4 below. In Theorem 2.2

(2.43)
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we shall replace this condition by a requirement that k and 4 be sufficiently small;
however this requirement will be qualitatively more stringent than, e.g., the one of
the type (2.42). O

We now complete by an inductive argument the estimation of ||{"*3|], 3<n <
J — 3, starting from (2.36).

LeMMA 2.3. Let the hypotheses of Lemmata 2.1 and 2.2 be satisfied. In addition
suppose that h is further sufficiently small (so that (2.58) below is satisfied). Then, it
follows that

(2.44) 12 + kva($, ) <c(1 + T) K>+ h')?,  6<I<J,

where the constant c, as usual, does not depend on T otherwise except through
L0, T; X)-norms of u and p.

Proof. The proof proceeds by induction. For integer M, 5<M </, let d,, =
dy(u, p, k) be a constant (to be determined and bounded uniformly with respect to
M and £ later, cf. (2.56), (2.57)) such that

(2.45) 180+ K202 (a(¢, ¢)) P < dy_ (K> + h7),  3<I<M—1,

holds. Clearly (2.45) holds for M = 6 with ds = {2¢,, with ¢, as in (2.27). We now
have, using (1.3), (1.5), that

AL 1T < Ch_z(

2 2
2 “§n+i”2)[ 2 a(§n+x,§n+i)}.
j= i=0

i=0

Hence, using the induction hypothesis (2.45), we conclude that

2
2 a(§n+x, §n+i)], n<M-— 3.
i=0

(2.46) 1AL 14 < C,d2,_ \h 2(K® + h2r)

Now, using (2.26), we note that
h—2(k6 + h2r) — k6h—2 + h2r—2 < a6h10/7 + h2r—2.
Hence, supposing that 4 is sufficiently small, e.g., with C as in (2.36) and C, as in
(2.46), that
(2.47) CCydy_(a®n'%7 + h*72) < /121,

(note that eventually we shall replace d,,_, in (2.47) by sup, ,(d,)—cf. (2.57)
below), we obtain by (2.36), (2.46), (2.47) that

73 48
“I‘§n+3”2 _ ||r§n+2||2 + B km({"“,{"”) _ 51 kva({"”, §n+2)
_ 18 n+1 n+1Y) _ Skv n ¥n
(2.48) pkra(d e = e, ¢)

<ck(k*+h), 3<n<M-3.
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Now we sum both sides of (2.48) with respect to n from n =3 to n =m — 3
where m < M, and we obtain
7
121

[71a(¢5, ¢3) + 23a(84, ¢*) + 5a(¢3, 1))

T2 — ITE3 N2 +

kv
<
121

+ck(m—5)(k*+n), 6<m<M.
Hence, using (2.27), we conclude that
(2.49) IIT¢™I + &2V 2(a(¢m, ¢™) > < E, ((k*+h'), 6<m<M,
where
(2.50) E,=E,(u,p,k)=c/l +km.

(It is straightforward to show following the constants ¢ through the proof that the ¢
occurring in (2.50) is a positive polynomial function of [13%u/8r*l 0q2)

kva({™, §™)

10u/0tll oarys | 8P/t |pogrr—1/m1ys Nl poqwrooys  Nttll pooarys | P |Lw£H,—./R.),
18%u/30° |l ==y and ¢, (as in (2.27)), with coefficients independent of A, h, k, m or
T.) Recalling the definition of I'{”, we may conclude from (2.49) that

(2.51) 1871 = 15 187 = <= 072+ K212 a(g7, 7)) 2

<E, (k*+h"), 6<m<M.
Let A = (7 + V137) /22 = .85 denote the root of the quadratic equation x> — 7x /11
— 2/11 = 0 in the interval (0, 1). Multiply the mth equation in (2.51) by A*"™ and
sum the resulting equations with respect to m for m = 6 to m = M to obtain
M

—m m _l m— _i m—
(@51 3 20— gt = g

m=6
M M
+kl/2V1/2 2 }\6—m(a(§m,§m))1/2< (k3 + hr) 2 )\6—mEm_5‘
m=6 m=6

Using the definition of A, it is seen that
M

6—m m _l m—1 __2;_ m—2)
3215 = I = s
2 74+ 227! 2
— \6—M | M NS M M= _ 51— 2 ¢4
R e R e [T Bl
74 217! 2
=g — (R s = 2w, m=e

Hence from (2.52) we deduce that

M

(2.53) NEMI+ k20172 3 NM=m(g(gm, ¢m))'/?
m=6

_ (7 + 227!

M
T )"M‘ﬁufsn +%>\”‘6“§“H + (K +h) S NmE,

m=6
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Now, (2.50) gives

(2.54) E, s=c(1+k(m—35)"<c(1+T)"? if6<m=<lJ.
Hence, since 0 <A < 1, M = 6, (2.53) and (2.27) give

2.55 IEM I+ k2002 a(eM, M) < d, (K3 + BT,
M
where
-1
056 dy= TR e 0+ k(M=)

In (2.56) c,, c are the constants occurring in (2.27), (2.50), respectively. By (2.56) we
see that d,, is an increasing function of M and is bounded above uniformly in k£ and
M by

(2.57) sup dM<D:( 2+ 5 i)\(l + 1)
k>0,6<M<J

Hence the induction proof started with (2.45) works if we define d,, by (2.56) and

we replace d,,_, in (2.47) by the upper bound D defined by (2.57). Hence, ultimately
(2.47) is of the form

(2.58) c(1+ T)(ah'7 + h272) <y,
which shows it to be qualitatively more stringent than, e.g., (2.42) which does not
involve T explicitly in its left-hand side. Finally then, if 4 is sufficiently small so that
(2.58) is satisfied, (2.45), (2.55), (2.57) give (2.44). O

We now collect the results of the previous three lemmata in the main theorem of
this section.

7+2>\_'+2)
11

THEOREM 2.1. Let the initial conditions U/, j = 0, 1,2, of (1.15) be chosen so that
(2.25) is satisfied. Moreover, let (2.26) and (2.35) hold, and assume that k and h are
sufficiently small, so that (2.42) and (2.58) are satisfied. Then, if U" and u are solutions
of (1.15), (1.1), respectively, we have that

(2.59) Jmax [IU" = u"l| < c(1+ T)*(k® + h").

Proof. (2.59) follows from (2.4), (2.25), (2.27), and (2.44). O
The following error estimate for the pressure follows from Theorem 2.1.

PROPOSITION 2.3. Let the hypotheses of Theorem 2.1 hold. Then, if P", p are
solutions of (1.15), (1.1), respectively, we have that

(2.60) max | P" = p" |2 m <c(1+ T)*(k*+ k™0 + b 1).
3sn<J

Proof. By (2.10) we see that
B([{n+3, en+3], [D, q])

__E_ n+3_1_8 n+2 i n+l_i n )
- 6k(§ TREERTH TR
+_61_11€(pn+3 + 8"+3, D) + b(un+3’ un+3’ U) _ b(AU"+3, AU"+3, U),

0<n<J-3,V[v,q] € H, ;.
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Hence, (2.2), (2.12)-(2.24) (noting that (2.15"), (2.21") hold for n = 3 as well), (2.30)
and (2.31) yield

18 9 2
n+3 - n _ n+2 nt+l _ < ¢n
|e+ |L2/R'<Ck 1§+3 —11§+ +_11§+ 11§
(2.61) + (K> +h7) + A3+ (K2 4+ A DIAL 3, + IALH3112),

O0<n<J-3.

Now, by (2.25), (2.27), (2.44),

(2.62) k1 §n+3 — %§n+2 +lilg-n+| _ 1_21§n < c(k2 + k_'h’),

osn<J-—3.

Moreover, (1.5), (2.25), (2.27), (2.44), (2.26) and the facts that k, h <1 and r =2
give

(k3 + hr—l)I|A§n+3lll <C(k3 + hr—l)(k3h—l + hr—l)
(2.63) = c(kSh™' + KPR T+ KPR + h22)
<c(k*+hnr"), 0<n<J-3,

and
(2.64) A"l <ch 2 (k*+ h*")<c(k*+ k), O0<n<J-3.

Hence, (2.61)-(2.64) and (2.25), (2.27), (2.44), and (2.5) yield (2.60). O

Remark 2.2. (2.60) shows that, if we suppose, e.g., that k = a’h for some positive
constant a’ (a condition which for sufficiently small 4 is certainly compatible with a
condition of the form (2.26)), then | P” — p” L2 Rt = ok?*+nh. 0O

We now state and prove a convergence result for which a condition of the type
(2.35) is no longer needed. On the other hand a more stringent (than, e.g., the one
given by (2.58)) “smallness” requirement on k and 4 will come into the picture.

THEOREM 2.2. Let the initial conditions U, j = 0, 1,2, of (1.15) be chosen so that
(2.25) is satisfied. Moreover, let (2.26) hold, and assume that k and h are sufficiently
small, so that (2.42) and (2.78) below are satisfied. Then if [U", P"] and [u, p] are
solutions of (1.15), (1.1), respectively, we have that

(2.65) max [|U" — u"|| < ceT(k® + h"),
Oosn<J
and
(2.66) 321,?21“)” —p" le/R| <ceT(k*+ k "W+ hn").

Proof. Obviously (2.27) still holds and so does (2.37). In (2.37) estimating the
left-hand side as in Lemma 2.2 but estimating the right-hand side using (2.12)—(2.14),
(2.16)—(2.20), (2.22)—(2.24) and (2.15") and (2.21") (the last two obviously hold for
0 <n <J — 3 but they were used only for n = 0,1,2 in the proof of Lemma 2.1),
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we obtain, instead of (2.38),

”r{"+3“2 _ “I‘§n+2”2 + 17281 kva(§”+3 §n+3)
121 kva({"” §n+2) _ mk”a(§n+l’ §n+l)
(2.67) < 2” n+3 + 8n+3” ||F§n+3”l

‘2 k{c(k> + ) + /(K> + A=) 1AL,
Tl AL+ G LA 3 IEHITE 301,
3<snsJ-—-3,
with ¢’ as in (2.39). Proceeding as in the proof of Lemma 2.2, we obtain
12ck

{2“pn+3 + 8n+3” + k(k3 + Ahr )+ ||A§"+3||

+ ﬁc,,k|u\§"+3n%} Dyaslt

ce k(K3 + hT): + ce T kINALTRI2 + Cem kI AL
+£k[a(§n+3, §n+3) + a({"”, §n+2) + a({"“, §n+l)]’
3sns<J-—3.
Choosing again ¢ = v /121 gives, instead of (2.40),

||I‘§"+3||2 ”F{'H—Z ”2 + mk”a(§n+3 §n+3)
43

121
(2.68) < ck(k®+ 1) + CkIAL" 304 + k(K3 + h7 1)

kya(§n+2 §n+2) 121k a({"“ §n+l)

2
. {a(A{””, A§"+3)G(F§"+3, F§n+3)}1/2 + ck 2 I|§n+i”2’

i=0
3<snp<J-—-3.

Applying (2.41) in the right-hand side of the above and choosing k, 4 sufficiently

small so that (2.42) is satisfied, we obtain, instead of (2.36),

n+3112 _ n+22 I n+3 ¥n+3 n+2 pgn+2
(1T IT¢" 212 + 121kva(§ ,$m3) — 121kva(§' ,$"%2)

2kv

(2.69) 121kva(§"+',§'"+1) e <)

< ck(k®+ h') + CKI AL 3014 + ck E Ien+il2,  3<n<J-—3.
i=0

We now proceed as in the proof of Lemma 2.3. We assume again that
(2.70) 1N+ K2V 2%(EL 8 < dy (K2 + R, 3<I<M-—1,

where d M= d m(u, p, k) is a constant to be determined later. Assuming the analog
of (2.47), i.e., that

2.7 CCd?,_ (a®n'%/7 + h¥72) < p /121,
1 M—1
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we obtain, instead of (2.48),
75

”I‘§n+3“2 _ ”1'\§-n+2”2 + kva §n+3’§n+3
121
_ 46 n+2 en+2) _ 16 n+l gn+l _ék_y n gn
rkra($ 2 ¢m) = prkva(r! ¢ — Hra@Er )

2
<ck(kK*+h )Y +ck D112, 3<n<M-—3.
1=0

Summing both sides of the above with respect to n from n =3 to n =m — 3,
m < M gives

75
m|| 2 m #m
g™ + 121kva(§ ,$M)

5
<C 3 (102 + kva(y, ¢)] + ck(m — 5)(k> + n")?
Jj=3

m—1
+ok 3 I, 6<m<M,
n=3

from which it follows that the analog of (2.49) is now
(2.72) ITEm 1 + kY2012 (a(m, ¢m) 2 < 42, 6<m<M,

where {A4,,}, m = 6,7,...,M, is an increasing sequence of positive numbers, defined
by

m—1
(2.73) A, =c(1+k(m—5)K+h) +ck 3 g2

n=3

Proceeding now as in the proof of Lemma 2.3 yields

IEM11+ k720 (a5, £)) 2

T4+20"Y s 2 .4 1
< | — il /2
< (2R i+ g + A,
from which it follows by (2.27) and (2.73) that
(2.74) 18I + kva(§M, ¢M)
M—1
<L+ TR+ + 6k Y (18712 + kva(”, M),
n=3

with appropriate constants ¢, = ¢,(u, p), i = 1,2. The discrete form of Gronwall’s
inequality gives then, by (2.74), that

IEMI2 + kva(§™, ¢M) < &(1 + T)(k> + h") exp[&,k(M — 1)],
i.e., that
(2.75) IEMI + kY20 2a(¢M, ¢M) < d, (K3 + h7),
where

(2.76) dy = {28,(1 + T)exp[e, k(M — 1)]}'/.
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Hence, d,, is an increasing function of M and is bounded above uniformly in k
and M by
(2.77) sup  dy <D= {261+ T)exp[e, T}
k>0,6<M<J
Therefore, the induction proof started with (2.70) works if we define d M by (2.75)
and replace d m—11n(2.71) by D. Hence, ultimately, (2.71) is of the form

(2.78) ceT(ah' 7 + Br2) <y,

which shows it to be qualitatively more stringent than (2.58). Hence, if 4 is
sufficiently small so that (2.78) is satisfied, (2.70), (2.75), (2.76), (2.4), (2.25), (2.27)
give (2.65). The estimate (2.66) for the pressure follows verbatim from Proposition
2.3 taking into account (2.65). Of course, Remark 2.2 is relevant here too. [

3. Initial Conditions. In this section we consider the initial conditions U/, j = 0, 1,2,
constructed by (1.18)—(1.26), and we prove that they satisfy (2.25) for an appropriate
constant c, = cy(u, p). Clearly all the intermediate approximations needed for
finding the initial conditions exist uniquely. The error estimates will be proved in a
series of lemmata and will be summarized in Theorem 3.1.

LeEMMA 3.1. Let U° be the solution of (1.18) and let ° = w(0) be defined by (2.3) for
t=0.Then U° € S and

(3.1) IU° — &l < ch’,
and consequently
(32 IU° — ull < ch”.

Proof. That U° € § follows by putting v = 0 in (1.18). We now define [&°, 7°] €
H, ;by

(3.3) B([&°, °], [v,q]) = B([«°,0], [v,q]), V[v,q] EH, .
We see that ©° € S and, putting

(3.4) P =u"—a°,

we see from (2.4) that

(3.5) I7°11 < chr.

Let now

(3.6) 0=U"-&"

Then, (1.18) and (3.3) give that V[v, qg] € H,, ;
(£%0) + %kB([fO, P’ — 7%, [v,q]) = (7%, v).
Since by (3.6) {° € S, putting v = {° in the above yields
18002 + = kva(§0, £0) = (7, £°) < 21012 + 1§12
It follows by (3.5) that

_ 12 _
(3.7) 1§00 + T kva(§0, §°) < ch”.
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Since now [|U® — %l < |U° — @l + lu® — &° + |u® — &°]), it follows from
(3.7), (3.5), (2.4) that (3.1) holds. By (2.4) we also obtain (3.2). [

LEMMA 3.2. Let U®/'! be defined by (1.19), and let {/"' = US/"' — &8\, Then
U" €8 and

(38) ”fG/ll”2 + kva(§'6/ll,§'6/ll) <C(k2 + hr)Z‘

Proof. Putting v = 0 in (1.19), we see that U%/'' € §. Letting {¢/!' = U¢/" —
W/, e8/11 = PO/11 — 76/11 (where of course, 0! = w(6k /1), 71! = 7(6k /1)
are defined by (2.3)) and {® = U° — &°, we obtain, using (1.19), (2.3), that

- 6 -
({6/11 _ §'0, v) + _l_TkB([g-e/n,éﬁ/n], [v, q])
— ('06/” _ TIO, v) _ (ué/ll — 40— %kuf/”, u)
6k 6/11  6/11 0,0
+ﬁ[b(u ,u" o) — b(u®, 4% v)], V[ov,q] €H,

Noting that {6/'' = /"' — /1! € §, putting v = {*'" in the above, and using
the Cauchy-Schwarz inequality, we see that

-~ 12 ~ -
6/1112 6/11 6/11
g/ + —llkva(§ ,$8M)

(3.9) < 20" = P I IES/ M + 2fus/M — u® — %kuf/”“ I
10N + 112_1k|b(u6/1l, uS/1, E6/11) — p(u0, u®, £/ .
Now, (2.4) and Taylor’s theorem with the remainder in integral form yield
(3.10) I9%/1 = 701l <f0“/”nn,(s)n ds < ki,
(3.11) w1 — uo—%kuf/“Hsckz.

Moreover we have, by (2.9),
k| b(ut/11, 4N §o/11) — b(u®, u®, /11|
(3.12) = k|b(uS/" — 4O, us/1, §6/1) 4 b(u®, us/1" — u0,§'6/]1)|
< kllu®" — 4| ||u6/“lll,wll§~6/”|1 + kllu®l us/M — uolil,wllfé/”H
< ck> I8/

Hence, (3.9)-(3.12), (3.1) and the arithmetic-geometric mean inequality yield
(3.8). O

LEMMA 3.3. Let Ul be the solution of (1.20). Then 01 € S. Assuming that
(3.13) kh™ %/} <a,

or any positive constant a, then there exists a constant ¢ = c(u, p, a) such that, i
for any p p
$, = U, — 20" + &0, then

(3.14) 16,012 + kva($), §) < c(k® + h?).



362  GARTH A. BAKER, VASSILIOS A. DOUGALIS AND OHANNES A. KARAKASHIAN

Proof. Clearly (71 € S as may be seen by putting v = 0 in (1.20). We define
é, =P, —(#"*/" + 7% and {° = U° — «° as usual. Then, (1.20), (2.3) yield

(6~ 0. 0) + —kB([§1. 2], [0, 4))
. 6k

1 1
(G15) =g ) = (= = S ) o

+%[b(u12/“, w2/ p) — bQUS/M — 40,201 — O, v)],
V[v,q] €H, ;.

We have, using (2.4) and Taylor’s theorem with remainder in integral form, that

(3.16) Ii2/1 — 0l < ckh,
6
(3.17) w2/ —uo—l—l-k(u}2/“ +u?) < ck3.

We now have that

b(u'2/1, w12/ o) — p(2US/1 — 40,206/ — 40, v)
= b(u'2/" — QUM — 40, 412/, v)
+b(2U6/ll —u®, w2/ — 2T — 4°), v)
(3.18) = b(u'2/1 — Ru'2/N — 26/ 2/ 11 y12/11 )
_+_b(2§76/ll — 2t/ 12/ Ry 12/10 96/ 1 4 e/ )
Fh(Au2/M 12/ — Ry12/10 986/ 4 g/N ),

where {61! was defined in Lemma 3.2 and
(3.19) Au2/M = 2081 — O,

We now estimate the three terms in the right-hand side of (3.18). For every v € S,
we have first by (2.7) that

(3.20) k| b(u'¥/M = Rul2/10 — 286/1 4 2po/M y12/1 4|
< Ck||u'2/1 — Ag'2/1 — 2§'6/11 + 2776/““ “ulz/“”l,oollvlll‘
Now (3.19) gives

(3.21) lla'2/1 — Au>/1| < ck?,  j=0,1.

We conclude by (3.20), the triangle inequality, (3.21), (3.8), (2.4), (1.3) and from
the weighted arithmetic-geometric mean inequality that, for any ¢ > 0,

k| b(u12/ll — Ra2/10 — 6/10 4 /11 y12/11 U)I

(3.22) <ce %(k?+ h) + eka(v, v)
<ce (k> + h?") + eka(v,v), VvEeES].
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For the second term in the right-hand side of (3.18) we obtain, using (1.11) and (1.3),
for any e > 0,v € S,
k| b(286/11 — 2n®/11 y12/M Rul2/10 — 2@6/11 4 p6/11 v)]
< Cbk||2§6/ll _ 2n6/lll|l”u12/ll _ ]\uIZ/ll“ | “D”l

(3.23) + Cyk 12891 — 298112l 0]l
< Cke—l(”§'6/ll _ n6/“|||2||u'2/“ _ AuIZ/IIHIZ + ”£76/ll _ ,”6/““]4)
+kea(v, v).
Now, using (3.21) yields

(3.24) KIIE/ 1 — nS/ 1| 2{[12/10 — Ry 2/10 )12 4 || §6/11 — /114
< cks(llfﬁ/“lll2 + 1%/ 1112) + CE(IE/MMIE + 1/ 1$).
Now, (3.8), (2.4) and the facts that r = 2, k, h < 1, yield
(3.25) k5(l|§76/”ll12 + IS 112) < Ch4(vka(E/1, E/1M)) + ckSh?r—2
<c(k®+ k*n* + k3h?72) < (k> + h?)
and
(3.26) kln®/ M|t < ckh*—* < ch?".
Also, (3.8), (1.5), (3.13) and the facts that r = 2, k, h < 1 yield
KNG M < Chva(§M, §/M) 1§13

(3.27) <c(k* + )R 2(k* + h?r) < c(k®h™2 + k*h* 2 + h*72)

< c(a®k® + a®kh? + h*72) < c(k® + h?").
Hence, (3.23)—(3.27) yield for any e > 0, v € S,
(328) k| b(2§6/1 — 211, 12/10 — Ry12/11 — 2F6/11 4 ap6/11 )|

<ce (k> + h*") + kea(v, v).

Finally, for the third term in the right-hand side of (3.18) we obtain, using (1.3),
(2.8),(3.19),(3.21),(3.8), (24) forany e > 0, v € S;,

k|b(./~\u'2/”, W12/ Rt2/m 25’6/1! + 29811, v) |
< Ckllf\u'z/“!loo(llu'z/” — Au?/M 15+ I "Dl oll,
< ck(k* + n)lloll, <ce (k> + h*") + kea(v, v).
Now, putting v = f NS Sin (3.15), we obtain, using the standard inequalities, (3.16),
(3.17), (3.22), (3.28) and the above, for any ¢, ¢ > 0,
1, . 6 P
SN + qykva($. §)
< 2IEOU2 + o(e) ™ (k) + 6,12
+e(&) kS + ENE 2+ ce (K5 + BY) + 3eka(S, §)),

which, with the choice of, for example, ¢ = 1/8, ¢ =»/33 and (3.1) yields
3.14). O
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LEMMA 3.4. Let (72 be the solution of (1.21). Then Uz € S. Moreover, if (3.13) holds
and §, = U, — 3(«"?/"" + &°), we have that
(3.29) 16012 + kva(§y, &) < e(k> + h7).

Proof. Clearly U, € § (put v = 0 in (1.21)). Define now &, = B, — 3(#'/!' 4+ «)
and {® = U° — «° as usual. Then, (1.21), (2.3) yield

R 6 .
(§2 - ¢, U) + ﬁkB([gz, 92]’ [v, q])

(3.30) = %(nn/ll —1°,v) _%(uIZ/ll 0=

6k

% (uf + uM), 0)

w

2K o2/, w21, o) = b(20, — 0,20, - &0, 0)),

V[v,q] €H, ;.
Now we see that
b(u'2/", u2/M 0) — b(20, — u°,20, — u°, v)
— b(ulz/n _ (201 _ uo), u12/ll’ v)
+b(2(71 —u®, /M — (2(71 — uo), v)
(3.31) =b(n/" =28, +n°, w2/, v)
+b(u'2/” _ 1112/11 + 261 _ no, 1112/11 _ 2§‘I + 110, v)
— b(,nIZ/ll _ 2fl + 110, ulZ/II’ v) + b(uIZ/ll, 1112/11 _ 2fl + no, D)
_b(nIZ/ll _ 2§‘l + 110, 1112/11 _ 261 + nO, v),
where §, was defined in Lemma 3.3.

For the first term in the right-hand side of (3.31) we obtain using (2.7), (2.4),
(3.14), for any ¢ > 0, v € S;, that

klb(nIZ/ll _ 2fl + 110, u12/ll, v) |
< CklIn'2/" =28 + n° "/ ol
(3.32) < k(I + NG+ I Iloll, < ck(K°72 + h7)lloll,
< ce 'k(k®+ h?") + Coeklloll? < ce” (k¢ + h*") + eka(v, v).

Similarly, for the second term, using (2.8) and then exactly as above, for any v € Sj,
e>0,

(3.33) k|b(u/1, 92/ — 28 + 90, 0) |
< Ckllu®/ M, 1192/ =28, + Il ol
<ce '(k® + h?") + eka(v, v).

We estimate now the third term of the right-hand side of (3.31). Using (1.11) we see
that, for e > 0,

(3.34) k|b(n'>/1" =28, + 1%, 92/ — 28, + 10, v) |
< kCyllg'*/ " — 28, + 2°112 1ol
< Ce 'klln'?/" = 2¢, + n°lI# + eka(v, v).
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Now, (2.4), (3.14), (1.5), (3.13), and the facts that k, # < 1, r = 2 give
kN2 =28 + 0l < k(I 1+ IClf) + Cig N
< ckh* =% + C(kva($,, E)IENE < ckh* 4 + c(k> + h?¥)h=2(k° + h?")
< c(kh* % + K'%h~2 + kSh22 4 p-2)
< c(B¥ + a*k®h2/? + aSh¥ Y3 + h*2) < (kS + h¥7).
Hence (3.34) becomes, Ve > 0,v € S;:
(3.35) k|b(n?/™ =28 + 0°, 92/ — 28, + 4%, 0) |
<ce '(k®+ h*) + eka(v, v).

Picking now v = {, € S in (3.30) and proceeding as in the previous lemma, we see
that (3.31)-(3.35), (3.16), (3.17) and (3.1) yield (3.29). O
We now let U'2/!! be defined by (1.22). Clearly U'?/!" € S. Defining {2/ by

(3.36) g/ = /i /i
we see by (1.22), the definition of {,, (3.29) and (3.1) that
(3.37) 11210 = 1120, — U° — &2/ = 2§, + o — U°||

<200+ 1® — Ul < (k3 + 7).

LEMMA 3.5. Let U, be the solution of (1.23). Then U, € S. Moreover, if (3.13) holds
and {; = U; — H(0®*"" + "2/, we have

(3.38) 102 + kva(Ey, &) < (K3 + h)%.

Proof. Putting v =0 in (1.23), we see that U; € S. We define now é, = P,
— (7" 4+ 712/ and §'2/"! by (3.36). (Note for future reference that {, € S.)
Using (1.23) and (2.3), we obtain that

A 6k >
(& =2 o) + 77 B([6 ], [0, q1)

— %(nm/u _ ,,712/1],0)

1
(3.39) —E(u%/ll — 2/ %(%24/11 + u}z/“),v)
-—_3k 12/11 12 /11 12/11 12/11
+11[b(u ,ul? 1 o) — p(U/1 Ut/ ,v)]

+::—]1([b(u24/“, w2/ p) — bU/1 — 402U/ 1 — 40, v)],

V[U, ‘]] EHhI;
Now we write the third term of the right-hand side of the above as
b(u12/ll, u12/ll,v) _ b(UIZ/ll Ul2/ll D)
= b(u2/1 = YR/ 12/ ) 4 p(UI/N 121 — g2/ )
(3.40) — b(nIZ/Il _ §l2/ll’ w21 v) + b(u12/ll, n12/11 —ge/m, D)
_b(n12/ll _ §12/ll’ 7’12/” — §12/ll’ D), Vo E S;x
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From (2.7), (2.4) and (3.37) we see for e > 0, v € S, that
k| b(n'2/1 — g2/ 2 v)]|
(3.41) < Ckllq'>/"" = g2/ "2 ol
< ck(lln">/ ™M + 1M Noll, < ce™'k(k® + h?") + eka(v, v).
From (2.8), (2.4) and (3.37), fore > 0,v € S,
(3‘42) klb(uIZ/ll’nn/ll_§-12/ll,v)‘
< Ck”uIZ/ll”oo”nn/ll . §12/ll“ ”0”1
< ce '"k(k® + h?") + eka(v, v).
Finally, using (1.11), (2.4), (1.5), (3.37), (3.13), r = 2 yields for¢ > 0, v € S,
klb(nl2/ll _ {12/11 ,n12/ll _ §12/ll v)l
(3.43) < Cpklln/" = ¢/ ol < Ch(In'2/ 112 + 1182/ Y12l ol
< ck(R* 72+ Rk + W 2)llolly < cem k(K2R + k%) + eka(v, v)
<ce 'k(a®k” + h*") + eka(v, v) < ce” 'k (kS + h?") + eka(v, v).
Hence, (3.40)-(3.43) give fore > 0, v € S},
(344) klb(ulz/”, u12/ll, U) _ b(Ulz/”, UlZ/ll, D) |
< ce '"k(k® + h?") + eka(v, v).

To estimate now the fourth term of the right-hand side of (3.39) we define
R/ = 2412/10 0 Ay24/11 = p712/10 — 1,0 R (24/10 — 2 ,12/11 _ (0 2 6.
tain
(345) b(uP*/1, 2/ ) — pU/1 — 0, 2u12/11 — u°, v)

= b(Au2/N y24/1 _ 24 0) + b(Ru?/" Ru2/1 — K2/, v)
+b(_/~\u24/“, ]\w24/ll _ AU24/II’ U) + b(u24/ll _ Au24/ll’ u24/ll, U)
+b(Ru/" — Ra/1, Ru/M ) + p(Ra®/1 — AU/, R/ o)
—b(Au/1 — Re2/1 Ry 28/ — f 2411 v)

—b(Ru/N — R/ R24/10 — Ry24/1t v)
—b(Aw®/1 — U2/ R4/ — f24/11 v)
—b(Aw¥/N — RUP/N | Rp2/M — Ry2e/n v).
By Taylor’s theorem with remainder in integral form we obtain
(3.46) w1 — Au?/M| < ck?,  j=0,1.
From (2.8"), (3.46), for ¢ > 0,
(3.47) k| b(Au/1 2410 — Ry24/1 p) |
< Ck||.7\u24/”||°°||u24/” — A/ ol

-1
<ckilloll <c(e)” kS + ¢llvll2.
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From (2.8), (2.4), for ¢ > 0,

(3.48) k| b(Au?/1, Au?/1 — R/ 0) |
< CkllAu?/™M| N A/ — Ao/ M| ol
< ck(2u'/M — 021N 4 1w — )0l < ckh” ol
< ce”'kh*" + eka(v, v).

From (2.8), (3.36), (3.37), (2.4) it follows for ¢ > 0

(3.49) k| b(Au/1, Ro*/1 — RUM/11, p) |
< Ck||Au24/ll|Iw||Aw24/ll _ AU24/11|| “Unl
< ck 2NN+ I D)lloll, < ck(k* + h7)lloll,
< ce 'k(k® + h*") + eka(v, v).

From (2.9), (3.46), for ¢’ > 0,

(3.50) k| b(uz4/11 _ ./~\u24/”, u24/”, v) |
< Ck”u24/ll _ ]\u24/11” “u24/””l,o0”0”

<ck*lloll < ()" 'k® + ¢lloll2.
From (2.7), (2.4), for e > 0,

(3.51) k|b(Au2/1 — Reo2/1 Ry24/1, v)]|
< Ck | Au2/1 — Ro2/11| ”]\“24/””1,00”0”1
< ck I+ I )lloll, < ckh” ol
< ce 'kh* + eka(v, v).

From (2.7), (3.36), (3.37), (2.4), for ¢ > 0,

(3.52) klb(]&w24/ll _ AU24/11’]\u24/l1,0)|
< Ckll A/ — KU/ | Au®/ M1, lloll,
< ck (22 + I INloll, < ck(k> + A7)lloll,
< ce 'k(k® + h*) + eka(v, v).

From (1.11), (2.4), for ¢ > 0, since r = 2,

(3.53) | b(Ru/1 — Reo/1, Ru2/11 — Re/11, p) |
< Gkl Au?/1 — K™/ M1 20l
< Ck(lIn' 212 + 19° 1) oll, < ckh® 2|0l
ce 'kh* ™% + eka(v, v) < ce” 'kh*" + eka(v, v).

Al

367
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From (1.11), (3.36), (2.4), (1.5), (3.37) and the fact that r = 2, h < 1, for ¢ > 0,
(354) klb([\u24/ll _ Aw24/l1’ Aw24/l1 _ AU24/”, v)l
< C,,k||./~\u24/“ _ ./~\w24/”||1||1~Xw24/” _ ]\U24/1|”l||v||l
< Cok (2027 + 1) 2N 210 A 1l ) ol
ckh™ W(h '3+ hmY)lolly < ck(K3h72 + A2 72)lloll,
ck(k3®+ h* 2ol < ce 'k (k® + h*~*) + eka(v, v)
< ce 'k(k® + h?") + eka(v, v).
Exactly as in (3.54),
(355) k|b(./~\w24/” _ AU24/”, ]\u24/ll _ Aw24/l1, v)l
< Cbk”Aw24/ll _ AU24/““1”1~\1424/“ _ —7\“’24/“”1”0”1
< ce '"k(k®+ h*") + eka(v, v).

Finally, by (1.11), (3.36), (3.37), (1.5), (2.4), (3.13) and the facts that h < 1, r = 2 we
obtain for e > 0

(3.56) © k| b(Re®/ 1 — AU/, Reo™/M — AUM/M p) |
< Gkl Aw®/" — AU/ M1 2|0l
< Ce 'kl RN — AUS/M|% + eka(v, v)
< Ce7 k(IS M + Il E) + eka(v, v)

N

N

A

< ce_'k[(k3h_' + a1y 4 h4’_4] + eka(v, v)
<ce W(kBn %+ kh**) + eka(v, v)
< ce '(k'a® + kh*") + eka(v, v)
< ce 'k(k® + h*") + eka(v, v).
Hence, (3.45) and (3.47)—(3.56) give, for ¢, ¢’ > 0,
(3.57) k| b(a?*/", 4?1, 0) — U/ — 40,2012/ — 40, v) |
<c((¢) "+ e ) (kS + h?) + €lloll? + eka(v, v).

Now, (2.4) and Taylor’s theorem with remainder in integral form give

(358) ”,n24/ll _ an/ll” < Ckhr,
(359) u24/ll _ uIZ/Il _ %(u124/ll + u:Z/Il)”< Ck3.

Hence, putting v = f3 € S in (3.39) and using the standard inequalities, we obtain,
by (3.44), (3.57)—(3.59) for ¢, ¢’ > 0,

1,2 6 P
SN + kra($s, §)
<%n§‘2/“n2 +e((e) "+ e (KO ) + NG + eka($y, §),

which in conjunction with (3.37) yields (3.38) for suitable¢, ¢/. O
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We finally define U?*/!! by (1.24) and obtain, if /1! = y24/11 — 24/11 by
(3.38), (3.37)
(360) ”§24/ll” — ”203 —y¥/m — w24/11” — ||2§5‘3 + @l2/11 — Ul2/ll”
<20E 0 + 182N < e(k> + h7).

In particular, as a consequence of (3.37), (3.60) and (2.4) we see that our results
imply (under the hypothesis (3.13)) that

(3.61) NUR2/M — 2/ < c(k® + R,
(3.62) NU/M — 24N < e(k>+ h").
The main result of this section may now be proved easily.

THEOREM 3.1. Let U°, U', U? be defined by (1.18)—(1.26). Then U’ € S for
Jj=0,1,2. In addition, let (3.13) be satisfied for any positive constant a. Then, there
exists a constant ¢ = c(u, p, «) such that

(3.63) 10/ —wll <c(k*+h"), j=0,1,2.

In particular (taking into account (2.4)), (2.25) is satisfied for the initial values U,
j=0,1,2.

Proof. The case j = 0 has already been proved in (3.2). For j = 1 (3.2), (3.61),
(3.62) and Taylor’s theorem with remainder in integral form yields

”Ul —u ” <m(13”UO _ uOH + 286“Ul2/1] _ ul2/1l” + ll“U24/l1 _ u24/11“)

(13u° + 286u'2/1" — 11424/ — 2884")

” 288
<c(k>+h") + ck?,
thus proving (3.63) for j = 1. The case j = 2 is entirely analogous. [
4. Remarks. 4.1. It is quite straightforward to show that, by choosing 4° and f

sufficiently small in appropriate function spaces and /or » sufficiently large, we can
guarantee the validity of (2.35)—more precisely (2.43)—which we rewrite here as

(4.1) lull yogegry < ¥C,/660C,.

The relevant estimates are easy to obtain, following, e.g., [12], [15], [18]. We state
here the final results omitting the details of the proofs.

For N = 2 we may show that if «° € H> N H' (such that div «° = 0 in Q) and if
f € L*(1L?), f, € L*(L?), then

2
a2 Nfllzeqe
(4.2)  Null gy < exp| ——> A
veC; v>C;
X | = Nu®lly + — a1l 11,
Ca Ca

1
C )3/2 “ /;“ LY (L?)

1
+ V—(ja ” f ” LOO(LZ),
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where C, is a constant depending on § only. It is clear then that (4.1) may be
satisfied for » sufficiently large and /or «°, f small in an appropriate sense.

For N = 3, following, e.g., the analysis of [18, p. 303 et seq.] one may show in
particular the following type of result—cf. also Remark 2.1 —especially suitable to
guarantee the validity of (2.43). Under the previous hypotheses on u’, f, suppose
that for some ¢ > 0,

I f 1172

(43) =221 (Bl + i3 + 1 £(0)12)

V3C2

eC} ’

where C* = C*(2). (Note that for each ¢ > 0 and fixed 7 (4.3) can be guaranteed

again for » sufficiently large and /or «°, f appropriately small.) It follows then that
vC

(4.4) ” u” Lw(Hl) < E_C‘i s

T ” f ” i°°(L2)
vC,

a

1/2
X (||u°||2 + ) exp(Il ll pzy) <

which is (4.1) if ¢ = 660. O

4.2. Instead of the third order accurate backward differentiation method used here
one may also use the two-step, second order accurate backward differentiation
method, which, in the case y’ = F(y), becomes

y"“—%y"+l +%y"=%kF"+2, 0<n<J—2,y%y'given.

Introducing now the second order “lag” operator A by
Kynzzyn—l_yn—Z’ zgng.],

we may formulate a second order backward differentiation-Galerkin method as
follows: seek {[U", P"]},2 < n <Jin H, ;satisfying

(4.5) (U"+2 - %U"“ +%U", v) + %kB([U”“, P 2], [v, q])

2 — —
+ §kb(AU"“, AU 2, v) = %k(f"“, v), 0<n<J-2,
V[v,q] EH, ;.

The initial conditions U°, U" are chosen as follows. First we put U° = «°. (It is not
necessary that U° be in Sj.) We then define two intermediate values [U2/3, P2/3],
[U*/3,P*3] in H, ;, with two consecutive applications of the backward Euler
method, by

(U2 =, 0) + kB[, P>°], [0,q]) + S kb(u, w0, v)
2
= 3k(f2/3, v), V[v,q] €H,,
(U*3 — U3, 0) + %kB([U“”, P*], [v,q]) + %kb(uo, u®, )

=2k(s*,0), Vlo.ql €H,
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and finally define
U'=4U?3 + UY?).
It can be seen, using the methods of Section 3, albeit in a much more straightfor-
ward manner, that

U — u'll < c(k*+ h"),
unconditionally. Using now the methods of Section 2, appropriately simplified, we
can show that if U°, U' are chosen as above, if kh™*/> < a for any @ > 0, and if a
condition of the form (2.35) holds, then, for k and 4 sufficiently small (specifically if
c(k?+ ™Y <, cT(a*h®/3 + h?72) <), it follows that
IU" —urll<c(1+ T)2(k2+h"), 2<n<lJ.
Again, if (2.35) is not required to hold we may obtain again the analog of (2.65), i.e.,
that
" —ull <ce(k*+hn"), 2<n<lJ,

for k, h appropriately small. For the pressure we obtain now that | P" — p" |2 g1 =
Ok+k "W+hnhH2<n<J 0O

4.3. For the proof of Proposition 2.1 we need a preliminary result.

LEMMA 4.1. Let p € H' /R". Then, there exists a unique b € H? N H' satisfying
(4.6) {va =gradp inQ,
b=0 on 0%).
Moreover, for positive constants C|, C,, C;, where C{ = C(Q)/v, C; = C(N)p,
C; = C(R)v, we have

N Bp 2 1/2
(4.7) bl <cl S (-—) dx
=170\ 9%,
and
(4.8) Cz’a(b,b)'/2<|p|Lz/R| < Cla(b, b)'"*.

Proof. Standard elliptic existence and regularity theory shows that the solution b
of (4.6) exists uniquely and satisfies (4.7). Moreover, for any real constant A

va(b,v) = — (b, vAb) = (-b, grad p) = — (b, grad(p + X))
= (divbh, p + A)<|p + A||divb|< C(N) |p|.2 malb, b)"?,

from which the first inequality of (4.8) follows.
Now note that if u(£2) = f; dx, then

) 1Plizyw = ink 17 +M<|p = (n(2) [ pax

= sup <p—(u(9))”'fgpdx,g>/lgl-

0#geL?
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Consider the boundary value problem
—vAy + gradp =0 in @,
(4.10) v=0 on 0%,
divy =D in Q.

It is known, cf. [18, Proposition 2.3, p. 35], that if D € L? is such that [, Ddx = 0,
then, (4.10) has a unique solution [y, p] € H' X L?/R'. Moreover it can be seen
that, for some constant C = C(2),

(4.11) vIvll, + el m<Cr|D|.

Let now g € L? and [y, p] satisfy (4.10) with D = g — (u(R)) "'/, g dx. There
follows that

(4.12) <p - (u(ﬂ))"fﬂp dx, g>= (p,divy)= - (¥, grad p)

= — (¢, vAb) = va(y, b) <va(¥,¥)"a(b, b)"?
<vlyl,a(b, b)* < Cv|g|a(b,b)"?,

for some constant C = C(€); here (4.11) was used in the last inequality. (4.9) and
(4.12) yield now the second inequality of (4.8). O

Proof of Proposition 2.1. (2.1) follows in a straightforward manner from the
Cauchy-Schwartz inequality. To prove (2.2), let [u, p] € H, ;. Let then b satisfy
(4.6) and x € S}, be such that

(4.13) 16— xll, < Chllbll,.
For any ¢ € P:/R" we have, as a consequence of (4.6), that
B([u, p], [u — x, q]) = va(u, u) = va(u, x = b) + (u, grad p)
+ (u, grad(p + ¢q)) — (x — b, grad p) + »a(b, b).

Putting ¢ = -2p in the above and using (1.3) we obtain, for some constant
C = C(N), that

(414) B([ua p]’ [u - Xa_zp])

=va(u,u) —va(u,x — b) + {(div(x — b),p)+ va(b, b)

= vCllull} — wllull, b — xIl, = Cllb = x| P2 r + va(b, b).
Now, from (4.13), (4.7), (1.7) there follows

C
(4.15) ||b_X||1<‘V‘( ) PAVEVE

NI

Also, from (4.8) we obtain
C
va(b, b) = —“; |p |§,2/R"
In view of the above (4.14) gives, for some positive constants C’,, i=1,23

depending on Q only, and for any ¢ > 0, that
B([u’ p]’ [u - x,—2p])

¢, G(h\y G(n\?
=06, — ol +[ S-S (4) - S (2] e
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Pick now, e.g., ¢ = »C,/2. Then, given any positive constant A < C‘,, it is possible to
choose a constant 3 so that

e aft) -5 {3 nmo
for 0 < h/h < B. For such h/h we conclude therefore that
(4.16) B([u, pl, [u = x,-2p]) = C(B,», Q)ulu, plu>.
Now note, using (1.3), (4.8), (4.16) and the fact that A /h < B, that
N — xIl, < lull, + 1161, + 16 = xII, < llull, + C(B, v,ﬂ)|p|Lz/R..
We conclude then that, for some constant C = C(8, », Q),
(4.17) Wlu—x,-2pJn < Culu, plu.
Hence (4.16) and (4.17) yield

sup | B([u, p],[v.q]) |= B([u, p]. [u— x,-2p])/0[u — x,-2p N
[O[vq]e]Hh,{;
Wo,ql=<

= Gy(B, v, Q)lu, plu,

which is precisely (2.2). O

Proof of Proposition 2.2. We suppress the t-dependence to simplify notation. The
existence and uniqueness of [w, 7] satisfying (2.3), and the estimates (2.4) for p = 1,
j =0 and (2.5) follow in a straightforward manner from the properties of the
bilinear form B proved in Proposition 2.1 and the approximation properties (1.4)
and (1.6). For a proof in a more abstract setting (motivated by analogous results of
[1]), cf. Theorem 3.1 of an article by the first author in Math. Comp., v. 29, 1975, p.
999.

To prove (2.4) for p = 0, j = 0, one may use the classic Aubin-Nitsche duality
argument as follows. Pute = 4 — w, e = p — 7, and let ¢ € (C®(Q))". Consider the
boundary value problem

—vAy +gradp =¢ in,
(4.18) y=0 on 9%2,

divy =20 in Q,
which, cf. [18, Proposition 2.3, p. 35], for each integer m = -1, has a unique solution
[¥, p] € H' N H™"2 X H™*! /R! that satisfies the estimate
(419) ”4/”m+2+ lle"'+‘/R| S(?m”‘;b”m
Using (4.18), the symmetry of B and (2.3) yields

(e,9) = B([¥, p], [e, e]) = B([e, €], [¥, p])
= B([e’ E]’ [‘P) P] "‘[D, Q]), V[D, q] € Hh,l:'

Hence, in view of (2.1), the first part of this proof and (4.19) with m = 0 yield

|(e,d)|< Cimle, elm inf nle, e] = [v, gl
[v.q]€H, ;

< Ch(I¥ll, + |l r)ile, elil < Chllgl nle, el

h

It follows that ‘
llell < Chile, €,
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from which we obtain (2.4) for p = 0, j = 0. The case j = 1 follows easily by noting
that [w,, 7] is the B-projection of [u,, p,]. O

4.4. The restriction of having the subspace S;, satisfy the zero boundary conditions
may be alleviated, as done in [2], by using other nonstandard Galerkin methods, e.g.,
similar techniques to the ones used by Nitsche [16], [17] for the Dirichlet problem or
by using subspaces satisfying “nearly zero” boundary conditions [17]. Following [2],
for r =2 we may let, e.g., S; be a one-parameter family of subspaces of H!(Q)
consisting of N-tuples of polynomials of degree at most r — 1 satisfying certain
approximation and inverse properties, cf. [2, Section 2] for details, and P} be the
pressure space as in Section 1. Letting again H, » = S; X P£/R' we now use, for the
space approximation, instead of B(-,-), the bilinear form BY(-,-), defined on
H, X H, jas

BY([u, p], [v, q]) = B([4, P, [v, q])
- (vu—v+vvﬂ—yh_'uv) do,
Q n

where du/dn is the outward normal derivative of u on dQ and y > 0 is a suitably
chosen parameter. We refer the reader to [2] for the analogs of Propositions 2.1 and
2.2. The time-stepping method and its analysis proceed then in an entirely analogous
manner to what was done here, yielding, e.g., the optimal L?-error estimate ||U” —
u"|l = O(k3® + h"), 0 < n < J, under similar hypotheses on k, & and u. The method
may be further extended to the case of nonhomogeneous boundary conditions, e.g.,
with u(x, t) prescribed on 9Q X [0, T'] but not necessarily equal to zero; cf. [2]. O
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