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Navier-Stokes Equations* 

By Garth A. Baker, Vassilios A. Dougalis and Ohannes A. Karakashian 

Abstract. We consider approximating the solution of the initial and boundary value problem 
for the Navier-Stokes equations in bounded two- and three-dimensional domains using a 
nonstandard Galerkin (finite element) method for the space discretization and the third order 
accurate, three-step backward differentiation method (coupled with extrapolation for the 
nonlinear terms) for the time stepping. The resulting scheme requires the solution of one 
linear system per time step plus the solution of five linear systems for the computation of the 
required initial conditions; all these linear systems have the same matrix. The resulting 
approximations of the velocity are shown to have optimal rate of convergence in L2 under 
suitable restrictions on the discretization parameters of the problem and the size of the 
solution in an appropriate function space. 

1. Introduction. Let Q be a bounded domain in RN, N= 2 or 3, with a smooth 
boundary aR. Given 0 < T< cc, we seek an RN_valued function u = (u1,. .. ,uN) 
(the velocity), and a real-valued function p (the pressure), defined for (x, t) E Q X 
[0, T] and satisfying the Navier-Stokes equations 

ut - vAu + (u- grad)u + grad p f in Q X (0, TI, 
u=O onaQX[0,T], 

divu=O inQ X[0,T], 

u(x,O)=u?(x) inQ, 

wheref is a given RN_valued function defined on S X [0, T], uo is a given RN_valued 
function defined on Q with uo = 0 on aQ and div uo = 0 in Q and v > 0 is a 
constant (the coefficient of the kinematic viscosity). It will be assumed that the data 
of the problem (1.1) are such that (1.1) has a unique solution pair [u, p] (with p 
being unique up to an additive constant) sufficiently smooth so that the convergence 
results hold. We refer the reader to the books by Ladyzhenskaya [12], Lions [15], and 
Temam [18] for existence, uniqueness, and regularity results for (1.1). 

Our goal in this work is to construct and analyze a fully discrete Galerkin (finite 
element) method for the approximation of the solution of (1.1). Our method is based 
on a nonstandard Galerkin approximation in the space variables which uses finite- 
dimensional subspaces, the elements of which are not required to be divergence-free. 
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For the time discretization we shall use the third order accurate, three-step backward 
differentiation method coupled with a suitable extrapolation procedure for the 
nonlinear terms so that only one linear system (with the same matrix) will have to be 
solved at each time step. The use of a three-step method necessitates providing three 
initial conditions (starting values) for the scheme. We generate these initial condi- 
tions by appropriate single-step methods and extrapolation procedures; their con- 
struction involves the solution of five linear systems with the same matrix as the one 
associated with the linear systems of the subsequent time-stepping. Hence only one 
matrix need be formed (and, e.g., LU-decomposed once if the systems are solved by 
a direct method) in the whole computation. 

To this end we begin by introducing notation and the appropriate function spaces 
that we shall use. For integer s a 0 and real 1 s p < so we denote by Wps = Wps(l) 
the (real) Sobolev spaces, defined in the customary way, of scalar, real-valued 
functions defined on Q and let I * Isp denote the associated norms. We put Hs = W2s 

and let I * isK < , - )s denote the associated norm, resp. inner product. For s = 0 we 
denote the norm on Wp - LP by I ILP and, in particular, on L2 by I and the 
associated L2-inner product by <- ,-). As usual, we let H' be the space of those 
functions in H' which vanish on a2 in the sense of trace. We let Hs = (HS)N be the 
space of RN-valued functions u . (Ul... , UN) defined on S2 such that ui E Hs, 
1 s i < N. Correspondingly, we put H' (H)N and equip Hs with the inner 
product (u, v)5 = v1)5, generating the product norm (. .)l/2. On 

(L2)N, the inner product, resp. norm, is denoted by (-, *), resp. fl * II. We shall 
also use the Banach spaces LX = (L2)N, WI,X = (Wl )N, which we equip with the 
norms I I vI0 = maxI, iIN I viIL??, I IvII 1, - maxlIiIN I vi I11, respectively, and the 
quotient space Hs/RI, equipped with the norm I v IHs/RI = infCER1 I v + c 1. Finally, 
if v: [0, t] -* X is a (strongly) measurable map with values in a Banach space 
{X, x1 IIx}, we let II vItL (Vt; x) (fo IIv(T)II P dT)'Ip for 1 ?p < oo, and 
IV 110(0t; x) = essSuPOT't 1v(T)IIX. In case t = T we shall write LP(O, t; X) 

as LP(X), 1 s p - oo. 

For u, v E H' we define the bilinear form 
N 3d 

(1.2) a(u,) E -'8 dx 

for which it is well known that there exists a constant Ca = Ca(Q) such that 

(1.3) {a(u, v)I 
u 

I IvII 
V u, v E H', 

lCaIIull < a(u, u), v u E H'. 

We now consider approximating the solution [u, p] of (1.1) by a Galerkin-type 
method. For the space discretization we shall adopt the Lagrange multiplier tech- 
nique of [2] that allows the use of subspaces, the elements of which are not 
necessarily divergence-free. A similar technique was originally proposed by Babuska 
[1] for the stationary (linear) Stokes equations and was analyzed by Falk in [8]; cf. 
also the works of Crouzeix and Raviart [5], and of Jamet and Raviart [10]. 

For integer r > 2 and for 0 < h < I consider a family S' - S(2) of finite-dimen- 
sional subspaces of H' in which approximations to the velocity will be sought. (In [2] 
these subspaces are not required to satisfy the essential boundary conditions-they 
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are just subspaces of H1. To simplify matters we require here that Sh C H. See 
Remark 4.4 for the nonconforming case.) Sr will consist of ordered N-tuples of 
piecewise polynomials of degree at most r - 1 defined on a quasiuniform partition 
of ii and satisfying, for some constant C independent of h, the approximation 
property 

(1.4) inf (llu - Xl + hiiu -Xli) < ChsiiuIis, V u E Hs n H', 1 < s < r, 
XE Sr 

and the inverse property 

( 1.5) 11 X 11 < Ch 11 X 11, Sh. 

Consider also, with r as above and for 0 < h < 1, a family Pk = P2(Q) of 
finite-dimensional subspaces of H', (approximations to the pressure will be sought 
in Pk/R'), consisting of piecewise polynomials of degree < 1 if r = 2 and < r - 2 if 
r > 2, defined on a (generally different from that associated with Sr) quasiuniform 
partition of S. We require that Pk satisfy, for some constant C independent of h, the 
approximation property 

(1.6) inf (Ip- +h lp - Il) Chs lp Is, Vp Hs, 1 < s r1, 
4) Ph 

and the inverse property 

(1.7) |4 Ch | | 4E r 

Let now H - H' X HH/R' and Hh h= Sr X Pk/R'. On H X H define the bilin- 
ear form 

(1.8) B([u, pl, [v, q]) = va(u, v) + (u, grad q) + (v, grad p), 

using which we can define, if h/h is sufficiently small, a suitable projection of the 
solution [u, p] of (1.1) onto Hh h. (See Section 2 for a statement of the relevant 
results, which are special cases of more general results of [2]. However, for the 
convenience of the reader we include their proofs in Section 4.) This projection will 
be suitably close to [u, p] provided /3' < h/h < ,/ holds for some constant , 
sufficiently small, and any 0 <13' < ,/. (All subsequent results will hold provided 
this condition on h/h holds.) 

We now consider the trilinear form 

N 3v 
b u ,w) I fu 31w1 dx , 

i J= lI1 axi 

which is well defined, e.g., for u, v, w E H', [18], since N = 2 or 3. We shall actually 
use the form 

(1.9) b(u, v, w) = {(b,(u, v, w) - b,(u, w, v)). 

It is well known [18, p. 163] that, for u E H' with div u = 0 in S2 and for v, w E Hi, 
there holds 

(1.10) b(u, v, w) = b,(u, v, w) = -b,(u, w, v). 

We shall use on occasion several inequalities involving the trilinear form b; we shall 
list them in Section 2. We remark here that it is well known (since N= 2 or 3; cf. 
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[18, p. 161]) that there exists a constant Cb = Cb(Q) such that 

(1.11) I b(u, v, w) I< CbIIuIIl IIvIIlw IIl, V u, v, w E H1. 

Using the notation introduced above it is easily seen that the solution [u, p] of 

(1.1) satisfies the following weak formulation of (1.1) 

I(Utlv) +B([u, p], [v,q]) +b(u,u,v) (f,v), V[v,q] e H,0<t? T, 

u(O) = u0. 

Following [2] one may seek Uh: [0, T] -* S', p,: [0, T] -* Pk/R', satisfying the 

semidiscrete equations 

(1.12) | ( at ) + B([uh, ph], [v,q]) + 
b(Uh, Uh, v) =(f,v) 

V t[v, q] E Hh;, 0?< t h T, 

(Uh(O), V) = (Uo, V), hV S 

In [2] it is proved that a unique solution [Uh, Ph] of (1.12) exists for 0 < t < T and 

that for u, p sufficiently smooth the error estimates 11 Uh - u 11 L'(L2) =O(hr) and 

I Ph - P lLO(L2/RI) =0(hT- 1) hold. We shall not use the semidiscrete approximations 
Uh,Ph-at all in this paper. 

We now consider full discretizations of (1.12). In [2] a second order fully discrete 

scheme based on the trapezoidal rule with extrapolation for the nonlinear terms is 

analyzed. In [9] Girault and Raviart analyze the application of a family of two-step, 

second order accurate A-stable methods combined with extrapolation for the nonlin- 

ear terms for the time discretization of the abstract problem (no space discretization) 

for the Navier-Stokes equations. We point out that such two-step methods with 

extrapolation have been used for general nonlinear parabolic equations by Dupont, 
Fairweather and Johnson [7] and Zlamal [19], among others. In both [2] and [9] only 

partial extrapolation of the nonlinear terms is done, so that the resulting discrete 

schemes require the solution of a linear system at each time step whose linear 

operator changes at each time step. In [11] Jureidini considers the (fourth order in 

space) stream function formulation for the Navier-Stokes equations with N = 2 and 

uses full extrapolation of the nonlinear terms in a fully discrete Crank-Nicolson- 

Galerkin approximation. 
We shall consider the application of the third order accurate three-step backward 

differentiation method, cf. e.g., [13], for the full discretization of (1.12). To that 

effect we let k = T/J, k < 1 be the (constant) time step, where J is a positive 
integer. Then, the method, in the context of approximating the solution y(t), 
0 < t < T, of the (scalar) initial value problem y'(t) = F(y(t)), 0 < t < T, y(O) = yo 
given, becomes 

1) n+3 18 n+2+ 9 n+1 - 2 6n= 6 kFn+3 n=O,l,...,J 3 ~1l)y - ~jyyf I + ~jyyf I - fjyf I IkF I I 

where yfn approximates y(t n), tn = nk, Fn = F(y n) and where, e.g., y? = yo and y', 

y2 have to be supplied by a single-step scheme. We shall use (1.13) with appropriate 
initial conditions to fully discretize (1.12). We shall modify the scheme by fully 

extrapolating (totally "lagging") the nonlinear term in (1.12) so that a single linear 
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system with the same matrix need be solved at each time step. To this end we define 
the "lag" operator 

(1.14) Ayn+3 = 3yn+2 - 3yn+I + yn, 0 n < J- 3 

and note that Ay(tn+3) = y(tn+3) + 0(k3) for sufficiently smooth y(t). We seek 

{[n pn]n= E H h-satisfying 

(Un+3 18 un+2 + 9Uun+1 - AU,v ) 

6+ kB([Un+3, Pn+33] [V, q]) + 6 kb(AUn+3 AUn+3 v) (1.15) + ~11 11U~~,v 

k fk( fn3 v), V[v, q] E Hh h < n < J- 3, 

where U?, U', U2 will be functions in Sr that will be appropriately chosen below. It 
will be shown in Section 2 that for each n, 0 < n < J - 3, there exists a unique pair 
[un+3, Pn+3] E H h'satisfying (1.15) (given Ui E Sr,j = n, n + 1, n + 2), which is 
found as solution of a linear system whose matrix corresponds to the bilinear form, 
defined on (H h)2, 

(1.16) A([U, PI, [v, q]) = (U, v) + 6jkB([U, PI, [v, q]). 

In order to describe our convergence results we introduce some more notation. In 
what follows C will denote a generic constant independent of k, h, h, u, p, T, uo, or 

f; c will denote constants independent of k, h, and h but depending on u?, f, u, and 
p. The constants c will not depend explicitly on T; they may depend implicitly on T 
though, through La(0, T; X)-norms of u, p, or f. We shall suppose that the solution 
[u, p] of (1.1) is smooth enough so that all constants c below exist and are finite. 

In Section 2 we analyze the convergence of the scheme (1.15), under the assump- 
tion that the initial values Uj, j = 0, 1, 2, in S r satisfy IIU Uj- uiI < c(k3 + hr), 
j = 0, 1, 2, where we put Un = U(tn) for the solution of (1.1). Specifically, assuming 
that kh-4/7 < a, for any positive constant a, and that k and h are sufficiently small 
in the sense that c(k3 + hr- l) < v (condition (2.42)) and that 

c(l + T)(a6h10/7 + h2r-2) <V 

(condition (2.58)), then, if 

(1.17) 11 U 10(H<) ? Cv 

holds, where C is a constant depending on Q only-taken in the proof equal to 
Ca/660Cb where Ca and Cb have been defined by (1.3) and (1.11), respectively- we 
prove in Theorem 2.1 that 11 Un - un11 c(l + T)1/2(k3 + hr), 0 < n ?J, where c 
depends of course on a too. 

A condition of the form (1.17) on the solution of (1.1) is needed for the proof of 
uniqueness and regularity of the Navier-Stokes equations for N = 3 [18, p. 303 et 
seq.], but is not necessary for N 2. However, our proof does not distinguish 
between the two- and the three-dimensional case. In Section 4 we show, following 
[18], that (1.17) holds provided v is sufficiently large and/or the data uo, f are 
sufficiently small in appropriate function spaces. In Theorem 2.2 we give an 
alternative result of convergence according to which if (1.17) is not imposed, then a 
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strengthening of condition (2.58) to a condition of the type ceCT(a66h10/7 + h2r-2) < 
(condition (2.78)) will give (with the other hypotheses of Theorem 2.1 remaining 
unchanged) the error estimate II U' - II < cecT(k3 + hr), 0 < n < J. For the 
pressure we obtain (cf. Proposition 2.3 and Theorem 2.2) the estimate 

I pn-p(tn) IL2/R O = O(k2?+ k-lhr?+ hrrl) 3 < n s J 

with no additional hypotheses. 
In Section 3 we address the problem of choosing the initial conditions UJ,j = 0, 1, 

2, in Sr so that II U' - uI O(k3 + hr). Moreover we ask that their computation 
involve again only solving linear systems with the matrix corresponding to the 
bilinear form A defined by (1.16). What complicates matters somewhat is that 
p(x,0) is not given as part of the initial data for (1.1)-if that were the case, (1.1) 
would have been overspecified. 

We first compute U0 (and a pressure P0 not to be used in sequel), i.e., a pair 
[U0, PO] E Hh-by 

(1.18) (U?, v) + 
6 
l kB([Uo, Po], [v, q]) 

(u?, v) + l l kB([u?, 0O, [v, q]), V[v, q] C Hh;. 

We then obtain an intermediate value U611' by the application of the single-step 
backward Euler method, i.e., by finding [U6/"1, J6/"] E Hh - by solving 

(1.19) (C6/111 - U0, v) + 6 kB([U6/111, p6/11] [V, q]) 

+ 6 kb(u? u? v) 
6 

lk (f6/1, V), lV[v,q] ECH 11 U,,VIT f,I) h,h' 

where by fJ we mean of course f(, t?) =f(., ak). Using U6/1", we compute 
[Ul, PI] E Hh,h by one application of the trapezoidal method as the solution of 

(UL1- U0, v) + kB([Ul, PI], [v, q]) + kb(u0, u?, v) 

(1.20) + 
3 l kb(2CT6/11 - uo, 2U61 - u, v) 3k ( f12/11 + f 0, v), 

V[v, q] ECHh,h' 
and then obtain a corrected [U2, P2] E H -by 

(CU - U0, v) + 6kB([C2, A2], [v, q]) + + kb(u0, u?, v) 

(1.21) + + kb(26f - uo, 2 -u, v) = 3 k(f12/11 +0, v), 

Vd[v, q] ECHh,h, 

i.e., by one more application of the trapezoidal rule using UL for the evaluation of 
one part of the nonlinear term. We let then 

(1.22) U'27" - 2U2 - E 
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and compute [U3, P3] E Hh by 

(Q - u'2/11, V) + 6j kB([U3, A3], [v, q]) 

(1.23) + 
3 

kb(UI2111, U12/11, v) + 3 kb(2U12/11 - u0, 2U12/1 -uO, v) 
3kb(U24/11, U'f2/" , V) 

3 k(f24/11 + f2/11 v), V[v, q] E Hh, 

letting subsequently 

(1.24) U24/11 - 23 U12/11 E Sr 

It will be proved in Section 4 that U0 is an O(hr) approximation (in L2) to uo and 
that, under the hypothesis that kh-2/3 < a, for any positive constant a, U12!/ 1, 

U24/71 are O(k3 + hr) approximations in the L2-sense to u12/11, u24/11, respectively. 
Hence, finally, if we define Ul, U2 E Sr by polynomial interpolation as 

(1.25) U1 = (13U? + 286U12/1 - I1U24/11 )/288, 

(1.26) U2 = (-5U? + 22U12/711 + 55U24/11 )/72, 

we prove in Theorem 3.1 that (for kh-2/3 < a) 11 UJ -uj 1 = O(k3 + hr),j - 0, 1, 2. 
We note that a total of five linear systems with the matrix corresponding to the 
bilinear form A need be solved for the determination of Uj, j = 0, 1, 2. 

We close the paper with a section of remarks in which, in addition to giving 
sufficient conditions for (1.17) to hold and providing the proofs of Propositions 2.1 
and 2.2, we outline the algorithm for an analogous fully discrete method that uses 
the two-step, second order accurate backward differentiation method and state 
without proof an analogous optimal rate convergence theorem. 

In [14], M.-N. Le Roux considers the application of strongly A(O)-stable multistep 
methods (the third order backward differentiation method is strongly A(O)-stable 
with 0 - 880, cf. [13]) for the time discretization of the abstract Navier-Stokes 
problem (no space discretization) in two dimensions and gives an optimal rate of 
convergence estimate under a condition of the type (1.17) if 0 < v/2. However, only 
partial extrapolation of the nonlinearity is employed so that the linear operator to be 
inverted at each step changes from step to step. 

Backward differentiation methods of order up to six have been analyzed by 
Bramble and Sammon, cf., e.g., [3] for an announcement of the results, for the 
efficient full discretizations of Galerkin-type methods for general quasilinear para- 
bolic equations for which the type of the nonlinearity necessitates the use of 
preconditioned iterative methods, cf. [6], [4], with a time-independent precondition- 
ing operator leading to the solution of a number of linear systems with the same 
matrix at each step. In the Navier-Stokes case, due to the "semilinear" nature of the 
problem "linearization" may be achieved by totally "lagging" the nonlinear term 
and then solving one linear system per step, corresponding to the time-independent 
part of the Navier-Stokes operator. 

2. Time Stepping With the Three-Step Backward Differentiation Method. In this 
section we analyze the convergence of the scheme (1.15) under the assumption that 
UJ are optimally close in 19 to the exact values uJ for j = 0, 1, 2. First we state two 
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results of [2] concerning the bilinear form B defined by (1.8). These results, which 
appear here appropriately simplified for our purposes, will be used repeatedly. For 
the convenience of the reader we shall provide their proofs in Section 4 (cf. Remark 
4.3). We consider 

11[U, P]l|I= (IIuI12 + Ip 12/R)2 
which is a norm on H X H. We then have 

PROPOSITION 2.1. There exists a constant C C(N) such that for C1 = C max(v, 1) 
we have 

(2.1) I B([u, p], [v, q]) J< C1Ii1[u, P]iIII[v, q]III, V[u, p], [v, q] E H. 

Moreover, there exists a positive constant /, independent of v, h, h, such that, for 
h/h ? /3, there exists a constant C2 C2(,8, v, 2) such that 

(2.2) sup I B([u, P] [v, q]) j> C2III[u, p111, V[u, p] E Hh,h. L 
[v,q] CHh,k 
IIJ[v,q]II- l1 

In addition the following projection result holds. 

PROPOSITION 2.2. Let [u, p] be the solution of (1.1), and suppose that, for j 0 O, 1 
andfor some 1 ? a ox, 

ra'u alp] 0 Hs1/I), <-s 
[at', at'] ELa((H nHs)xH 2Rsr. 

Suppose that h/h < / as in Proposition 2.1 and that, for some positive constant /3' 

there holds that /3' ? h/h. Then, there exists a unique pair [w, 7T] E L(Hh O 
henceforth referred to as the "B-projection" of [u, pl onto H h-satisfying 

(2.3) B([w(t), 7r(t)], [v, q]) = B([u(t), p(t)], [v, q]), 

V[v, q] EH ?O t T. 

Moreover, the following error estimates hold for some constant C, independent of h, h, 
u,p, and T: 

(2.4) a (u - )) cChs ( s atu + a'p 
atj L-(HA) atj L-(H') at' La(Hs-1RI) 

2 < s < r, ,u, j = 0,1. 

(2.5) |P -T ILV(L2/R') S ChsI (IIuI L(Hs) + IP lLa(Hs-I/RI)) 2 < s - r. LI 

Henceforth we shall always assume that /3' ? h/h < /3, so that the conclusions of 
Propositions 2.1 and 2.2 hold, under the appropriate smoothness assumptions on u 
and p. 

It is easy now to see that, for each 0 < n ? J - 3, given UJ E Sr, j n, n + 1, 
n + 2, a unique solution [Un+3, pn+?31 E Hh h of (1.15) exists. For, assuming that 
there exists [U, PI E Hh ^satisfying 

(2.6) A([U, P], [v, q]) = 0, V[v, q] E Hh, 

(where the bilinear form A has been defined by (1.16)) and choosing [ v, q [U, -P ] 
in (2.6), we obtain by (1.8) that U 0. It follows by (2.6) that (v, grad P) 0 O 
V v E Sh. Putting now u - 0, p = P in (2.2) we see that P - 0 in Pk/R'. Hence (2.6) 
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has only the trivial solution, a fact that establishes the existence and uniqueness of 
the solution [U,+3, Pn+3], 0 < n < J - 3, of (1.15). 

We shall henceforth denote by S S(r, h, h) the subspace of Sr consisting of all 
functions v E Sr for which (v, grad q) = 0 holds for all q E Pkr. Clearly S is not 
empty under the hypotheses of Propositions 2.1 and 2.2. For example, putting v = 0 
in (2.3) and using the fact that div u(t) = 0, we see that c(t) E S for t E [0, T]. 

Before proceeding to the error estimates we list some more inequalities associated 
with the trilinear form b(u, v, w), defined by (1.9), that will be repeatedly used in 
sequel along with (1.11). It follows easily from (1.9) that there exists a constant 
C = C(N) such that 

(2.7) Ib(u, v,w) 1< C(IIuII IIvI I,lIwII + llull llvllv llwll1), 

V u C L2, v C W" x, w C H'. 

On the other hand, it follows from (1.10) that there exists a constant C = C(N) such 
that for u E h1 n Ln , such that div u = 0 in Q and for v, w 

(2.8) Ib(u, v, w)? < C 1u l ll vf11w 

and 

(2.8') b(u, v, w) 1< Cllul llvll llwll 

hold. In addition, for u E H' with div u = 0 in S2 and for v E fi n w" , w H 
we have that 

(2.9) Ib(u, v,w) I< Clluvll wlvl1Iwl 

and if u EE H with div u - 0 in i2 and if v E (P n LH , w E H', 
(2.9') 1 b(u, v,w) I< Cllull IIvII,,,IIwII, 

Let now [w(t), -(t)] E Hh ,' 0 S t < T, be the B-projection, defined by (2.3), of 
the solution [u(t), p(t)] of (1.1), and put yn = y(tn), 0 < n < J, for a function y 
defined in [0, T]. Define Dn = un 0 ,n,o < n < J, en - pn - , 3 < n < J, 'q(t) 

u U(t) - o(t), 0 < t < T. Then, using (2.3) and (1.15), we easily obtain 

(n+3 - 18n+2 + 9 Dn+1 _ 2 n, v + 6 kB([ n+3, en+3], [v, q]) 

(2.10) - 

(pn+3 + Sn+3, V) + 6 k(b(u n+3, un+3 v) - b(AUn+3, AUn+3, v)), 

V[v,q] E H ,O < n < J - 3, 

where 

(2.11) pn+3 =- 
6 

kun+3 un?3-8un+2 + 9 un+? - 2 un) 

0 < n < J- 3, 

and 

(2.11') Sn+3 n+3 18 n+2 + 9 nn+ - 2 n O (2.1 F) . 1. ' 11 . I . I 0?<n?<J - 3 
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We look first at the nonlinear terms in the right-hand side of (2.10), which we write 
as 

b(un+3, u n+3? v) b(AUn+3 ,AUn+3, V) 

=b(un?3 U3 
Un+3 -AUn?3,v) + b(un+3, A n+3, v) 

-b( un+3, ADn+3, V) + b( un+3 - Aun+3 Awn+3 v) 

(2.12) + b(un+3 - Aun+3 An+3, v) + b(Anjn+3 Aun+3, v) 

-b(A7nn+3, A nn+3, v) + b(ADn+3, A nn+3, v) 

-b(ADn+3, Un+3 V) + b(ADn+3, Un+3 - Aun+3, v) 

+b(A 1n+3 ADn+3 v)- b(ADn+3 ADn+3, v), ? n <J -3. 

We now estimate the individual terms in the right-hand side of (2.12). Since u is the 
solution of (1.1), div u = 0 in i2 and hence (2.8) gives 

(2.13) lb(un+3, un+3- Aun+3 v) I 

< C 11 Un+3 11 11 Un+3vA11U11 

< Ck3IIUIL U (L ) at3 ?2 11 111 0 n J- 3 . 

Using again (2.8) and also (2.4), we obtain 

(2.14) lb( Un+3 A7n+3 , v) I-< C 11 Un+3 11 c11 A7qn+3 V 
< Ch rIUIILw(Lw)(11UIIL L(Hr) + |P ILyJ(Hr-I/R')) IIv li 0 n ?J - 3. 

For the purposes of Theorem 2.1 we shall estimate the third term of the right-hand 
side of (2.12) in two different ways depending on n. First, using (1. 1 1), we have 

(2.15) b(un3 ADn3 v< Cb II Un+3 11 11 D+ 11 A 1V1 
? Cb11IU1ILOO(HII)1 A ~n 3 11 11 V 111 3 < n < J - 3. 

In addition, using (2.8), 

(2.15') I b(u3 A v) < C 11 Un+3 11 11 A 11 
? ~~~~~~n31 11 V11 15 n = 0, 1,2. < C 11 U 11 L??(L??) 11 ADn311 11 n=O ,2 

Again (2.8) gives 

b(un+3 - Aun+3, Awn+3 ,V) I< Cun+3-Aun+3 11 IIAwn+3 11 11 V11 

0 < n <J- 3. 

To estimate II A n+3 11 we recall that o(t) E S. Hence, putting v = c in (2.3), we see 
that 

va(c, c) =va(u, c) + (c, grad p) = va(u, c) + (divc,p + C) 

< C(OIU11I + IP IL2/R)IIWII1- 

It follows that 

11 WIILL(L2) < ?IZIILw(Hl) < C(IIUIIL L(Hl) + IP IL'(L2/RI)) 



GALERKIN APPROXIMATION TO THE NAVIER-STOKES EQUATIONS 349 

Hence we see that 

(2.16) b(Un+3- Aun+3, A,n+3, v) 

|| at3 UL(H ) O I n I J- 3. 

Applying (1. 1 1), we now obtain 

(2.17) b(-n+3 -Aun+3, An+3 v) 1< Cb IIUn+3 - AUn+311 IAn+3 V 

ck at3 IU ( 11 An+ 11II 11 V 11 < n < J - 3 
at3 Lco(H') 

From (2.7), (2.4) it follows that 

(2.18) I b(A 1n+3, Au <3, v) 1s C(IIA7qn+3 11 IIAun+3 11 11 11 

+ 11 A7n+3 11 11 IUn+3 11 a, 11 11 1) 
< Ch rl uli L'(W'-o)(11 uli L(HW) + |P ILoo(H r-/R')) * v|| I1 

0 <n ?J -3. 
Using now (1.1 1), (2.4) and the facts that h < 1, r ~> 2, we see that 

(2.19) I b(Aqn +3 ,Ann+3 v) 1 < Cb 11 Aqn+3 112 i V 11 

< Chr (1 U 1 Lw?(Hr) + IP ILOO(Hr-I/R'))2 1 V 11 1, ' < n < J- 3. 

Again, (1.1 1) and (2.4) give 

(2.20) b(ATn+3 , Ann+3, v) 1 < Cb 11 A in+3 11 11 A"n+3 11 V111 
s Ch (11 U 11 L-(Hr) + I P ILoo(Hr /R- ) )) 11 A 11v 11 v 0 n < J- 3 . 

Using (1. 1 1), we obtain 

(2.21) | b(A;n 3, un3, v) | Cb 1 u I L(H) 11 A'n+3 IIlI I v l, 1 3 ? n ? J - 3, 

while (2.7) gives 

I b(Ag;n+3, u n+3 v) I < C(Il Atn+3 11 11 Un+3 111 X1v 11 + 11 ADn+3 11 11 Un+3 11 00 11 v 111 

(2.21') < IUgo(w,olAn+31 gVIS n = O, 1,2. 

From (1. 1 1) we obtain 

(2.22) I b(An+3 Un3 - Au n+3 I v) I s Cb 11 111A11 - 111 11 v 1A U 

Ck3 ||3u| |A 11 A 1+ 11 v 1 0 n < J 3 3. 
a3LOO(H') 

By (1.1 1), (2.4) we see that 

(2.23) b(Aqn+3, ADn+3, v) I< Cb l Aqn+3 11 Il Atn+3 II 11 11 

? Chrl(IUII L-(Hr) + IPILoo(H l/RI))iiA'I ilIIvIil, 0? n ?J - 3. 

Finally, (1.1 1) gives 

(2.24) I b(An+3 ,An+3 v) V Cb 11 Adn+3I112 I V 11 0 < n < J -3. 
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We return now to the estimation of gn in (2.10). For reasons that will become 
evident in Section 3, where the error estimates for IUJ - u' I1, j = 0, 1, 2, will be 
given, we need to estimate D n n = 3, 4, 5, in a different way than n, 6 - n < J. 
Henceforth we shall make the hypothesis (to be verified in Section 3 for our 
particular initial conditions) that 

(2.25) 11 j 11 < co(k3+ hr), j 0, 1,2, 

is satisfied. Here, the lower-case constant co depends on u, p as noted in the 
Introduction. 

LEMMA 2.1. Let (2.25) be satisfied. Then, if we assume that 

(2.26) kh-4/7 s <a 

for any positive constant a (i.e. not necessarily small), then there exists a constant 
cl 1c,(u, p, a) such that 

(2.27) 11i1l112 + kva(D", /") < cl(k3 + hr)2, 1 = 3,4,5. 

Proof. Putting v = 0 in (2.10), we see that (t n+3, grad q) =0 V q E Pk/R1, i.e., 
that n+E S, for 0 < n < J - 3. Hence the choice v =,+3 in (2.10) gives 

(n+3 - 18 n+2 + 9 tn+1- 2 tn, n+3) + 
6 

kva(t n+3, gn+3) 

(2.28) (pn+3 + sn+3, ?+3) 

+ 6jjk(b(U n+3,Un+3 n+3) -b(AUn+3, AUn+3, Dn+3)) 

0 n JJ- 3. 

Using now the Cauchy-Schwarz inequality and the inequality 2ab ? a2/c + cb2 
for c > 0, we obtain, for any -I, -2 > 0, 

(1-222) jjn+3112 + -6 k-va(tn+3 'n+3) 

2 (18In+2112 + 911tn+1112 + 211I 112) 
22E 

+ 1 jjpn+3 + sn+3ii2 + kE, 11tn+3112 2v1k 2 

+ -jk b(un+3 un+3, n+3) -b(AUn+3 AUn+3, n+3) 

n - 0,1,2. 

Then, using the second inequality of (1.3) and choosing E2 = 11/29, El = vCa/l 1, we 
obtain 

11~ n3112 + kva( n"3, 'n+3) 

(2.29) < C(ii7n+2112 + jj'n+1112 + jj1njj2) + Ck-1llpn+3 + Sn+3112 

+ 12k b(Un+3, un+3, - +3)-b(AUn+3 AUn+3, In+3)1 

n = 0,1,2. 
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Now, (2.11) and (2.11 '), (2.4) and the consistency of (1.13) give 

(2.30) 1pn+3 1 Ck4 a, 
4 

0 ?< n < J-3, 
8tLO(L2) 

(2.31) iSn+3 11 < Ckh(r a 
u 

+ ap 0 < n <J -3. 
at Loo(Hr) at L??(Hfr-11I/R) 

Using now (2.30), (2.31) and (2.12)-(2.14), (2.15'), (2.16)-(2.20), (2.21'), (2.22)- 
(2.24) in the right-hand side of (2.29), we obtain 

llUn+3112 + kva( n+3, tn+3) 

? C( 1n+2 112 + 11 n+ I 11 2 + 11 n 11 2 

+ck(k3 + hr)2 + ck(k3 + hr + 11ADn+3jj + k3iIADn+3 Ii, 

+hr-111An+3 11, + 11An+3 j j2)n+3jj, n= 0,1,2, 

which gives upon application of the arithmetic-geometric mean inequality with c > 0 
that 

II n+3 112 + kva( n+3, Dn+3) 

? C(U Dn+2112 + 1L Dn+ I2 + 1Dn 11 2) + ck(k3 + hr)2 

+cG l{k(k3 + hr)2 + k 11 ADn+3112 + k7 11 Agn+3112 

+kh2r-2 1 IAn+3 I112 + k 11 An+3 114} + ekIlln+3 112 

n - 0, 1,2. 
Hence, picking, e.g., c vCa/2 yields 

I n+3?112 + kpa( n+3, n+3 

(2.32) < ck(k3 + hr)2 
2 2 2 

ICt J ll'n?ill2 + (Ih2r-2 + k7) Dn?il + k n+'114 
i=O i=O i=O 

n = 0, 1,2. 

Consider first (2.32) for n = 0. Using the inverse assumption (1.5), the hypothesis 
(2.25), the fact that k, h < 1 and r 2 2 and the hypothesis (2.26), we see that 

2 

(2.33) (kh2r-2 + k7) 2 IItlil2 < c(kh2r-2 + k7)h-2(k3 + hr)2 
i=O 

< C(k7h2r4 + kh4r-4 + k3h-2 + k7h2r-2) < c(a)(k6 + h2r). 

Moreover, (1.5), (2.26) and (2.25) give also 
2 

(2.34) k I I114 -kh4(k3 + hr)4 
1=0 

? c(k'3h-4 + kh4r-4) ? c()(k6 + h2r). 

Now, (2.25), (2.33), and (2.34) substituted in (2.32) yield 

I3 112 + kpa(3', ~3) < c(a)(k + h r)2. 
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In particular, II D3II = O(k3 + hr), and the argument can be repeated using (2.32) for 
n = 1 and then for n = 2 to yield (2.27). Of course, this type of estimation can only 
be used for a small (i.e., independent of k) number of steps. DG 

We continue now with the estimation of 'n+3 for 3 < n < J - 3. As an inter- 
mediate step we prove the following 

LEMMA 2.2. Let k and h be sufficiently small (cf. (2.42) below). Then if 

(2.35) 1l Ull .(HI) < CV 

holds, where C C(=Q) is a constant that can be determined, e.g., by (2.43) below, it 
follows that 

llF ll -_ 
ll3 17 

+ 121 kva(n+3, n+3) 

(2.36) - 4 kpa(; ;n+2)- 17 kpa(Dn+l, n+l) - 4kVa(~n n) 
121 121 121 

ck(k3 + hr)2 + CkllA?n+3ll4 3 < n< J 3, 

where 

7 
11 

2 2 < 1 < J 

Proof. Noting that 

;n+3 - 18 n+2 + 9 ;n+I 2 n = 1qn+3 - qn+2 
11 11 11 

and since + n S for 0 < n < J - 3, inserting v = fn +3 in (2.10) gives 

ii qn+3 ii_ (2qn+2 irn+3) + j6 kpa( n+3I qtn+3) 

(2.37) = (ppn+3 + 3n+3, Fn+3) 

+ 61 k(b(un+3, Un+3 Fqn+3) - b(AUn+3, AUn+3, Fn+3)) 

3 < n < J- 3. 

Using the Cauchy-Schwarz inequality and the arithmetic-geometric mean inequality 
for the last two terms of the left-hand side of the above and estimating its right-hand 
side using (2.12)-(2.24), we obtain 

+3 Fr'l 2-11 n+2 112 + 78 kpa(; n+3, .n+3) 

42 kpa( n+?2 n+2)- 12 kpa( I, n+l) 

(2.38) < 211pn+3 + ln+3 11 1f qn+3 II 

+ 12 kfc(k3 + hr) + c'(k3 + hr-l)llAn+3l11l 

+2CbllUl !0(H) j IAn+3jjI + Cb II An+3j3 I2 2} llF;n+3 jj,1 3 < n J - 3 . 
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where we note from (2.17), (2.20), (2.22), (2.23) that 

(2.39) ( t IL(H)+IIUII L(H ) +IPVL(HW-1/RI)) 

We now estimate some of the terms in the right-hand side of (2.38), using the 
weighted arithmetic-geometric mean inequality for - > 0 and (2.30), (2.31), (1.3) and 
the definition of F7' 

211 pn+3 + sn+3 II + 172ck(k3 + hr) + 1U2 CbkjjA'n+311} IIFn+31 11 

? C-'k(k3 + hr)2 + Ce- 'k 11 A'n+3114 

+ek[a(;n+3, gn+3) + a(g;n+2, n+2) + a( 'n+l, r fl+1)] 

3 <n ?J- 3. 

Hence, choosing, e.g., e v/121, we obtain from (2.38) and the above, using again 
(1.3), 

fn+3fl - II12 r+2112 + 77 kva(; n+3, gn+3) 

- nka(?+2, .n+2) - 13 k na(;+1, Dn+l) 

(2.40) < ck(k3 + hr)2 + k{c'(k3 + hr-I) + 11 Cb 11LU(H0)J 

{a gn+ 3 Agn+ 3 ) rn+ 3, tn+ 3 1/2 + k11An+ 3 1 1 4 {a(A A~3 )a n3}l2+ CkIIA 1~fl, 

3 < n < J- 3. 

(In (2.40) c' is again of the form (2.39), albeit with different C.) 
The triangle inequality and the arithmetic-geometric mean inequality yield, if we 

recall the definitions of A n+3, fln+3, the (convenient) estimate 

(2.41) a(A?n+3 , Agn+3)1/2 a(qn+3, qn+3)1/2 
? 5{a('n+3, n+3) + ( Dn+2) + a (n+l, n+l) + a n;n)} 

We conclude then that if we take k, h sufficiently small so that, e.g., the "cell 
Reynolds number"-type condition 

(2.42) 5c'(k3 + hr-I) < 2v 121 

holds and in addition require, e.g., that 

(2.43) 120 C 11U11L(Hl) <2' 
1 1 Ca 121' 

i.e., a condition of the form (2.35), then (2.36) follows from (2.40)-(2.43). D 
Remark 2.1. As we remarked in the Introduction a condition of the form (2.35) on 

the solution of (1.1) is needed for the proof of uniqueness and regularity of the 
Navier-Stokes equations for N = 3, cf. [18, p. 303], but is not necessary for N = 2. It 
may be shown that it is guaranteed if v is sufficiently large and/or the data u?, f are 
sufficiently small in appropriate function spaces; cf. Section 4 below. In Theorem 2.2 
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we shall replace this condition by a requirement that k and h be sufficiently small; 
however this requirement will be qualitatively more stringent than, e.g., the one of 
the type (2.42). LI 

We now complete by an inductive argument the estimation of II 'n?3 11 3 < n < 

J - 3, starting from (2.36). 

LEMMA 2.3. Let the hypotheses of Lemmata 2.1 and 2.2 be satisfied. In addition 
suppose that h is further sufficiently small (so that (2.58) below is satisfied). Then, it 
follows that 

(2.44) I1 ~II2 + kpa(?', g') < c(l + T)(k3 + hr)2, 6 < 1 < J, 

where the constant c, as usual, does not depend on T otherwise except through 
La(O, T; X)-norms of u and p. 

Proof. The proof proceeds by induction. For integer M, 5 < M < J, let dM 
dM(u, p, k) be a constant (to be determined and bounded uniformly with respect to 
M and k later, cf. (2.56), (2.57)) such that 

(2.45) ii1"ii + k1/2v1/2(a(t', d,))1/2 ? dMIl(k3 + hr), 3 < 1 < M - 1, 

holds. Clearly (2.45) holds for M = 6 with d5 2c, with cl as in (2.27). We now 
have, using (1.3), (1.5), that 

1 A In+3114 < Ch-2 ( E n+i 2) [E a(gn+?1 in+i)j 
i=O i=O 

Hence, using the induction hypothesis (2.45), we conclude that 

(2.46) An+3jj 4< Cjd 2-jh 2(k6 + h2r4a) ( na ( >nD )j n a M -3 . 

Now, using (2.26), we note that 

h-2(k6 + h2r) = k6h-2 + h2r-2 < a6h10/7 + h2r-2. 

Hence, supposing that h is sufficiently small, e.g., with C as in (2.36) and Cl as in 
(2.46), that 

(2.47) CC1d2 (a6h10/7 + h2r-2) < P/121, 

(note that eventually we shall replace dMlI in (2.47) by SUpMk(dM)-cf. (2.57) 
below), we obtain by (2.36), (2.46), (2.47) that 

IIq+12 -I n+2112 '73 48 J'rfl+3l2 1lrDn+2+ 12 kva(~n+3, n+3) - 121 kpa(rn+2,n+2) 
(2.48) - ~~~~18 5kv 

(2.48) -8 ~kpa(+l' gn+l) _-1la(" 121 1k2a (a'r , 3n1 11 n) 

?ck(k + hr)2, 3 <n ?--M -3. 
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Now we sum both sides of (2.48) with respect to n from n - 3 to n = m - 3 
where m < M, and we obtain 

riFm i 2 - jil jiF 12 + 73 kva('m im) 

< 
kp 

[71a(D, '5) + 23a( D4 4) + 5a(W3 p3)] 

+ck(m - 5)(k3 + hr)2, 6 < m < M. 

Hence, using (2.27), we conclude that 

(2.49) 1IF mII + kl/2vl/2(a(?m, dm))1/2 < Em-5(k3 + hr) 6 < m < M, 

where 

(2.50) Em = Ej(u p k) = c+l +km. 

(It is straightforward to show following the constants c through the proof that the c 
occurring in (2.50) is a positive polynomial function of 11 a4U/at4 11 L(L2) 

1| au/at || L(Hr) I ap/8t IL??(Hr-1/R') u 11 L( 1 II) u 11 L? (Hr) I P ILO(H '/RR) 5 

1 a3U/at3 11 L?(L??) and cl (as in (2.27)), with coefficients independent of h, h, k, m or 
T.) Recalling the definition of Frm, we may conclude from (2.49) that 

(2.51) 11 ml1- 
7 ZIIm 11- 

2 IIm-2II + kl/2Pl/2(a(m, rm))1/2 

< Em-5(k3 + hr), 6 < m < M. 

Let X = (7 + 137 )/22 _ .85 denote the root of the quadratic equation x2 -7x/l 1 
- 2/11 = 0 in the interval (0, 1). Multiply the mth equation in (2.51) by x6-m and 
sum the resulting equations with respect to m for m = 6 to m = M to obtain 

(2.52) vm IV(m II _ _ m-1 
1- 

_ m-2 1) 

m=6 

M M 

+k /2v/2 2 ? (a(D , D )) 1/2 (k + hr) 2 ? MEm_5 
m=6 m=6 

Using the definition of X, it is seen that 

:E ?y ( 1 1m-1 m-2 2 

= X6-MHMH+ 2 X5 MHM' 11-(7 2 )2 I 5II - 2i11411 

>x6MI~m 7 
- (7 2Xcl )5 2 A- ~4 M 6. 

Hence from (2.52) we deduce that 

M 

(2.53) 1m 11 + k1/2Vp/2 E XM-m(a(?m m,))1/2 

m=6 

( < XM-61Jt5jj + 21 XM-6 11 D4 I + (k 3 + h r) 2 XM Em-5- 
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Now, (2.50) gives 

(2.54) Em-5 = c(l + k(m - 5))l/2 < c(l + T)""2 if 6 < m < J. 

Hence, since 0 < X < 1, M > 6, (2.53) and (2.27) give 

(2.55) 1'M 11 + k1/2vl/2(a(?M, .M))l/2 < dm(k3 + hr), 

where 

(2.56) dM= (7 11 +2)/2 +1 _ (I + k(M - 5))2. 

In (2.56) cl, c are the constants occurring in (2.27), (2.50), respectively. By (2.56) we 
see that dM is an increasing function of M and is bounded above uniformly in k and 
M by 

(2.57) sup dM D 7( 7+ 2)' +2 c/2 + c (I + T)1/2. 

Hence the induction proof started with (2.45) works if we define dM by (2.56) and 
we replace dMl I in (2.47) by the upper bound D defined by (2.57). Hence, ultimately 
(2.47) is of the form 

(2.58) c(l + T)(a 6h'0/7 + h2r-2) < v 

which shows it to be qualitatively more stringent than, e.g., (2.42) which does not 
involve T explicitly in its left-hand side. Finally then, if h is sufficiently small so that 
(2.58) is satisfied, (2.45), (2.55), (2.57) give (2.44). D 

We now collect the results of the previous three lemmata in the main theorem of 
this section. 

THEOREM 2.1. Let the initial conditions UJ, j = 0, 1, 2, of (1.15) be chosen so that 
(2.25) is satisfied. Moreover, let (2.26) and (2.35) hold, and assume that k and h are 
sufficiently small, so that (2.42) and (2.58) are satisfied. Then, if Un and u are solutions 
of (1.15), (1.1), respectively, we have that 

(2.59) max IIU'n - unII < c(l + T)1/2(k' + hr). 
0< n<J 

Proof. (2.59) follows from (2.4), (2.25), (2.27), and (2.44). DG 
The following error estimate for the pressure follows from Theorem 2.1. 

PROPOSITION 2.3. Let the hypotheses of Theorem 2.1 hold. Then, if p n, p are 
solutions of (1.15), (1.1), respectively, we have that 

(2.60) max I Pn P IL2/RI C(1 + T)/22(k2 + k-lhr + hr-). 
3<n?J 

Proof. By (2.10) we see that 

B([;n+3, en+3], [v, q]) 

11 ?n+3 ? 18 3\n+2 + 9 ?n+l - 2 n 

+ 6k (pn+3 + Sn+31 V) + b(un+3, un+3 'V) -b(AUn+3 AUn+3, V), 

0 n IJ- 3,'[v,q] E Hh. 
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Hence, (2.2), (2.12)-(2.24) (noting that (2.15'), (2.21') hold for n > 3 as well), (2.30) 
and (2.31) yield 

n e3 L2/RI ? Ck' ln+3 - 1%n+2 + 9 n+? - 2 gn 

(2.61) + c{(k3 + hr) + 11 An+3 11 + (k3 + hr-l )IIA n+3 11, +11 Agn+3112 

O < n ?J- 3. 

Now, by (2.25), (2.27), (2.44), 

(2.62) k-' ~n+3 
- 18 tn+2 + 9 n+_ 2 tn < c(k2 + klh r), 

0 < n < i-3 . 

Moreover, (1.5), (2.25), (2.27), (2.44), (2.26) and the facts that k, h < 1 and r 2 2 
give 

(k3 + hr-l )II ADn+3 11, < c(k3 + hr- l)(k3h-l + hr-I) 

(2.63) c(k6h-' + k3hr-2 + k3hr-I + h2r-2 

< c(k + hr), O < n < J-3, 

and 

(2.64) 11 A?n+3 ii 2< ch-2(k6+ h2r) < c(k2+ hr), O < n s J-3. 

Hence, (2.61)-(2.64) and (2.25), (2.27), (2.44), and (2.5) yield (2.60). DG 
Remark 2.2. (2.60) shows that, if we suppose, e.g., that k -> a'h for some positive 

constant a' (a condition which for sufficiently small h is certainly compatible with a 
condition of the form (2.26)), then I pn pn IL2/RI = O(k2 + hr- l). DG 

We now state and prove a convergence result for which a condition of the type 
(2.35) is no longer needed. On the other hand a more stringent (than, e.g., the one 
given by (2.58)) "smallness" requirement on k and h will come into the picture. 

THEOREM 2.2. Let the initial conditions UJ, j= 0, 1, 2, of (1.15) be chosen so that 
(2.25) is satisfied. Moreover, let (2.26) hold, and assume that k and h are sufficiently 
small, so that (2.42) and (2.78) below are satisfied. Then if [Un, Pn] and [u, p] are 
solutions of (1.15), (1.1), respectively, we have that 

(2.65) max 11 Un -Un 11 < cecT(k3 + hr), 

and 

(2.66) max I pn pn IL2/RI cecT(k2 + k-lhr + hr-I). 

Proof. Obviously (2.27) still holds and so does (2.37). In (2.37) estimating the 
left-hand side as in Lemma 2.2 but estimating the right-hand side using (2.12)-(2.14), 
(2.16)-(2.20), (2.22)-(2.24) and (2.15') and (2.21') (the last two obviously hold for 
0 A n J -3 but they were used only for n 0,1,2 in the proof of Lemma 2.1), 
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we obtain, instead of (2.38), 

l -In+3112I- Fqn+2 112 + 78 kva(g;n+3, tn+3) 

121 
- 421 ka(tn+2, tn+2) - 12 kr(n+ 1, n+ 1) 

(2.67) < 2IIp+3 + n31 pn 11 f'sn+3 11 

+ 1y k{c(k3 + hr) + c'(k3 + hr-l)IIAn+3 III 

+cIIA||n+311 + Cb 11 An+3 11 2 11 qn+3 11 

3 < n < J- 3, 

with c' as in (2.39). Proceeding as in the proof of Lemma 2.2, we obtain 

t211pn+3 + sn+3 II + 12ck(k3 + hr) + 
l2ck11 

An+311 

+ 
1 
HCbkIIA n+3112} ii n+3111 

? cG1k(k3 + hr)2 + c-G'kII Ag;n+3112 + CG 'kIIAi;n+3114 

+ck[a(~n+3, 'n+3) + a(t n+2, tn+2) + a(tn+l, n+1)] 

3 < n < J -3. 
Choosing again ? v/ 121 gives, instead of (2.40), 

II In+3112 - II In+2112 + 77 kva( n+3, 'n+3) 

43 
k na(n+2, tn+2) - 13 

k n,a(+I' ;n+l) 

(2.68) < ck(k3 + hr)2 + CkIIA n+311i4 + c'k(k3 + hr-1) 
2 

{a(A'n+3, An+3 )a (n+3, Fqn+3))1/2 + ck 2 jjtn+iII2, 
i=O 

3 < n < J- 3. 

Applying (2.41) in the right-hand side of the above and choosing k, h sufficiently 
small so that (2.42) is satisfied, we obtain, instead of (2.36), 

IIqn+3112 - IIF qn+2112 + 75 kpa(n+3, 'n+3) - 45 kpa(' n+2, n+2) 
- 15 2kv12 12 

(2.69) -15_l kva( n+I n+I) 
- 2kV a(~n n ) (2.69) ~121 121(~,) 

2 
? ck(k3 + hr)2 + CkI1A'tn+3114 + ck 2 jjtn+i 12, 3< n ?J - 3 

i=O 

We now proceed as in the proof of Lemma 2.3. We assume again that 

(2.70) II II + k0/v2/2a(g', D') < dM-l(k + hr), 3 < 1 < M - 1, 

where dM - dM(u, p, k) is a constant to be determined later. Assuming the analog 
of (2.47), i.e., that 

(2.71) CC1d2_1(a6hIO/7 + h2r-2) < v/121, 
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we obtain, instead of (2.48), 

jjqn+32 - 11 n+2112 + 75 kpa(' n+3, Dn+3) 

121 k na('2, tn+2) - 121 k na('+1, tn+l) - 3k1 ) 

2 

< ck(k3 + hr)2 + ck E IItn?lII2 3 < n < M 3 
I=0 

Summing both sides of the above with respect to n from n = 3 to n m - 3, 
m < M gives 

2+75 tII I2?+ 1721 kva(tm, Vm) 

5 

C z [iiij 112 + kpa(tJ, cJ)] + ck(m - 5)(k3 + hr)2 
j=3 

m-1 

+ck :: qln112, 6 < m < M, 

from which it follows that the analog of (2.49) is now 

(2.72) IIFrmII + kI/2l/2(a(tm tm))I/2 A 2A 6?m M, 

where {Am}, m = 6, 7,. .. , M, is an increasing sequence of positive numbers, defined 
by 

rn-I 

(2.73) Am = c(l + k(m - 5))(k3 + hr)2 + ck q 
tn 112. 

n=3 

Proceeding now as in the proof of Lemma 2.3 yields 

1111 + k1/2PI/2 (a(m 1 tM))M1/2 

< (7 + 2;)-1 511 + 2 
T411 + 1 41/2 

from which it follows by (2.27) and (2.73) that 

(2.74) 1ItM 1 + kpa(tM tM) 

M-1 

j1(l + T)(k3 + hr)2 + ck E (nII 112 kva(t', tn)), 
n=3 

with appropriate constants ci = C1(u, p), i = 1, 2. The discrete form of Gronwall's 
inequality gives then, by (2.74), that 

tM?12 + kpa(M, tM) 
? 

el(I + T)(k3 + hr)2exp[e2k(M - 1)], 

i.e., that 

(2.75) 1 ?tmii + k1/2PI/2a(tM, tM) < dm(k3 + hr), 

where 

(2.76) d {2j(1 + T)exp[D2k(M -1)]) 1/2_ 
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Hence, dM is an increasing function of M and is bounded above uniformly in k 
and M by 

(2.77) sup dM? = {2el(1 + T)exp[2T]} 1/2. 
k>O,6<M<J 

Therefore, the induction proof started with (2.70) works if we define dM by (2.75) 
and replace dM-I in (2.71) by D. Hence, ultimately, (2.71) is of the form 

(2.78) ce cT(a6lO/7 + h2-2) 

which shows it to be qualitatively more stringent than (2.58). Hence, if h is 
sufficiently small so that (2.78) is satisfied, (2.70), (2.75), (2.76), (2.4), (2.25), (2.27) 
give (2.65). The estimate (2.66) for the pressure follows verbatim from Proposition 
2.3 taking into account (2.65). Of course, Remark 2.2 is relevant here too. El 

3. Initial Conditions. In this section we consider the initial conditions U,j = 0, 1, 2, 
constructed by (1.18)-(1.26), and we prove that they satisfy (2.25) for an appropriate 
constant co = co(u, p). Clearly all the intermediate approximations needed for 
finding the initial conditions exist uniquely. The error estimates will be proved in a 
series of lemmata and will be summarized in Theorem 3.1. 

LEMMA 3.1. Let U0 be the solution of (1.18) and let coo = co(O) be defined by (2.3) for 
t = 0. Then U0 E S and 

(3.1) 11U? - w011 c < ch, 

and consequently 

(3.2) 11UO - UO ? chr. 

Proof. That U0 E S follows by putting v 0 in (1.18). We now define [-O, 7-0] E 

H,h-by 

(3.3) B([-C0?, r?7], [v, q]) =B([u?,O], [v, q]), dV[v, q] E Hh,h^' 

We see that ? E S and, putting 

(3.4) 1j cu u- , 

we see from (2.4) that 

(3.5) ll o 11 < chr 

Let now 

(3.6) - - 

Then, (1.18) and (3.3) give that V[v, q] E Hhh' 

(W0 v) + 
6 
l ( [D, P0 - ?], [v, q]) - (r, v). 

Since by (3.6) t? E S, putting v = t? in the above yields 

110112 + 6l kPa(WO, ) = (O t0) < I 
11 +O 11 2 + IO 112. 

It follows by (3.5) that 

(3.7) 110112 + 
12 

kpa(t , DO) ch2r. 
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Since now 11U0 - II fU? - -t -11 + IIU?- i0o11 + ttuo - co11, it follows from 
(3.7), (3.5), (2.4) that (3.1) holds. By (2.4) we also obtain (3.2). D 

LEMMA 3.2. Let U6711 be defined by (1.19), and let '6/11 = T6/11 - W6/111 Then 
(6/11 eSand 

(3.8) t 6/lIi2 + kva(f6/l 1, f6/ 1) s c(k2 + hr) . 

Proof. Putting v 0 O in (1.19), we see that U6/1" E S. Letting 6/11 (-6/11- 

co 6/11 1 e6/11 = i6/11 - V6/11 (where of course, ,.6/11 - =(6k/11), q66/k1l 1) 

are defined by (2.3)) and = U?0 - , we obtain, using (1.19), (2.3), that 

(f6/11 - t0,v) + 
6 

kB([616/1 , p6/11] [v, qi) 

=(q6/11 _ 
0 v) - (u6/11 - u 0-_ 6ku6/11 Iv) 

+ 6k [b(U6/1, u6/11, v) - b(u0, u?, v)], V[v, q] E Hh 

Noting that f6/ 11 - 
C61l - C06/11 E- S, putting v = 

f6/ 
" in the above, and using 

the Cauchy-Schwarz inequality, we see that 

II 6 /11112 + 12 k1 a(f6/1 6/1 ) 

(3.9) ? 211q6/11 -? q11I6/11l + 2 U6/11 - UO - 
6 

ku6/1" 11K6/"11 

+q0112 + 12k lb(u6/1', u66/11, f6/11)-b(uO, u0, f6/11) 

Now, (2.4) and Taylor's theorem with the remainder in integral form yield 

(3.10) t'0671_ 1- < 'q1)qf6k//llt(s)II ds ? ckhr, 
o 

(-3.11) u|a6/11 -U0 _ 6 U6/ 1 ck2. 
(3.11) u u k 

t 
< 

ck~~1 

Moreover we have, by (2.9), 

k b(u6/'1, u6/11, f6/1) - b(u0, uo, f6/11)1 

(3.12) k b(u6/'1 - u 0 u6/11, f6/l1) + b(u0, u6/11 -u0, p6/11) 

? k u6/"' - U011 U6/!11 l, 11 6/,11II + kIIu?II 11 U6/11 - u0 l 6/11 

c 2 11 t6/1 11 

Hence, (3.9)-(3.12), (3.1) and the arithmetic-geometric mean inequality yield 

(3.8). L 

LEMMA 3.3. Let U, be the solution of (1.20). Then U, E S. Assuming that 

(3.13) kh-2/3 < a, 

for any positive constant a, then there exists a constant c = c(u, p, a) such that, if 

UI - 1(w12/11 + c,o), then 

(3.14) 11 112 + kva( ,,<) ?c(k5 + h2r). 
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Proof. Clearly U1 e S as may be seen by putting v = 0 in (1.20). We define 

P1 - P Q7Sl2/ll 2 vO) and ? = U0 - as usual. Then, (1.20), (2.3) yield 

-t -Do v) + 1j1 kB([Vi, el, [v, q]) 

(3.15) = {2 (q12/11 - , V) (U12/11 - u0 - 
6 

u12/1l + uO), v) 

+ 3k 
[b(U12/11 u12/11, v) - b(2U6/11 - u0,2U6111 - u0, v)], 

Vl[v, q] C Hh,h 

We have, using (2.4) and Taylor's theorem with remainder in integral form, that 

(3.16) 112/11 - _ 1II < ckhr, 

(3.17) u12/"11 - u0 _ 6 k( U12/11 + uO) < ck/3. 

We now have that 

b(U12/11, u12/11, V) - b(2U6/111 - uo,26/11 - U, V) 

- b(u12/11 - (26/111 - UO), u12/11, V) 

+b(2 T6111 - U0, U12/11 - (206/11 - U0), V) 

(3.18) = b( U12/11 - AU12/11 - 26/11 + 2q6/711, U12/11, V) 

+b(2f6/l"- 2,16/11, U12/11 - AU12/11 - 2f6/11 + 2 6/11, V) 

+b(AU12/11, u12/11 - AU12/11 - 2f6/11 + 2q6/11, V), 

where p6/11 was defined in Lemma 3.2 and 

(3.19) Au12/11 = 2u6/11 - uO. 

We now estimate the three terms in the right-hand side of (3.18). For every v E Sr 
we have first by (2.7) that 

(3.20) klb(u12/" -Au12 /11 -2f6/11 + 2-4 6/1 U12/11 v 

< CkIIU12/11 - AU12/11 - 26/11 + 2,6/111 1Iul 2/11IIIVI 

Now (3.19) gives 

(3.21) l u2/1' - Au12/11 cl1 ck2, j0, I. 

We conclude by (3.20), the triangle inequality, (3.21), (3.8), (2.4), (1.3) and from 
the weighted arithmetic-geometric mean inequality that, for any - > 0, 

k 1 b(u12/11 - Au12/11 - 2f6/11 + 2 q6/11, u12/11, v) | 

(3.22) ? ce k(k + h r)2 + eka(v, v) 

C- l(k5 + h2r) + eka(v, v), Vv E Sr. 
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For the second term in the right-hand side of (3.18) we obtain, using (1.11) and (1.3), 
for any,c > 0, v c Sh 

k I b(2f6/11 -2n6711, u12/11 -Au'2/""- 26/11 + 2,6/11 v)I 
s C k112f6/11 - 2 q6/11 7lu 12/11- Au12/l Iv11V 

(3.23) + Cbk 112f6/11 - 26/11111 V1IIv11 

SCke - (Ilf6/11 - q6/11112 11u1 2 /11 A aU12 /1111l2 + 11f6/11 _q n6/11114 

+k-ka(v, v). 

Now, using (3.21) yields 

(3.24) kII1"6/"11 - 16/"11I12 Iul 2/11 - Au12/l112 + kIllf6/"1' - 6/111f4 

? ck5((li6/ 1112 + IIr,6/11112) + Ck(Ilf6"'Ill4 + 11q6/11Il ) 

Now, (3.8), (2.4) and the facts that r > 2, k, h < 1, yield 

(3.25) k5(lif6/"'I112 + II#6/11112 ) < Ck4(vka('6/1', f6/1')) + ck5h2r-2 

s c(k8 + k4h2r + k5h2r-2) s c(k5 + h)2r 

and 

(3.26) kfl#"6/11 11?4s ckh4r-4 s Ch2r 

Also, (3.8), (1.5), (3.13) and the facts that r > 2, k, h < 1 yield 

kIll 6/l < 11 Ckpa(f6/l, f 6/1 I ) f 6/11 11 2 

(3.27) s c(k4 4+ h2r)h-2(k4 + h 2) s c(k8h-2 + k4h2r-2 + h 4r-2 

s c(a 3k5 + a 3kh 2r + h4r-2) s c(k5 + h2r). 

Hence, (3.23)-(3.27) yield for any c > 0, v C Sr 

(3.28) k I b(2 i6/11 - 2q6/11, u12/11 - Au12/1" - 2f6/11 + 2q6/11, v) I 
s cc-'(k5 + h2r) + kEa(v, v). 

Finally, for the third term in the right-hand side of (3.18) we obtain, using (1.3), 
(2.8), (3.19), (3.21), (3.8), (2.4) for any c > 0, v C Sr 

k I b(Au12/"1, u12/11 - Au12/11 - 2f6/11 + 2q6/1 I, v) 

s Ck I IAu'"2'/111' (11 12/1- A'u'2/''1 11 + II 6/11 + ? Ir6/1' 11) IIv 1 

s ck(k2 + hr)HvH < ccE'(k5 + h +) + kca(v, v). 

Now, putting v = S in (3.15), we obtain, using the standard inequalities, (3.16), 
(3.17), (3.22), (3.28) and the above, for any , ' > 0, 

IIIl, 2+ kpa(U1 ,') 
2 111 

s 11 2 + C( c-(khr)2 + ,q 112 

+c(EY)-lk6 + 'I1fl2 c+ Cl(k5 + h2') + 3cka(?', i'), 

which, with the choice of, for example, ' 1/8, / v/33 and (3.1) yields 
(3.14). El 
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LEMMA 3.4. Let U2 be the solution of (1.21). Then U2 C S. Moreover, if (3.13) holds 
and 2 = U2 - '(12/" + coo), we have that 

(3.29) 11' 112 + kpa c(k3 + hr)2. 

Proof. Clearly U2 C S (put v = 0 in (1.21)). Define now e2 = P2 - (12/11 +O 

and ? = U?- as usual. Then, (1.21), (2.3) yield 

(t2- v) + 6j kB([2, e2], [v, q]) 

(3.30) - 
1 

(r,12/11 - V v)- (u12/11 - u- + u12/'1), v) 

+ 3k {b( U12"'', 12/11 v)-b(2U' -u02U--u, v)}, 

V[v, q] C Hh,h. 

Now we see that 

b( U12/"1, U12/1, v) -b(2U -u0,2Uo - uo, v) 

= b( u12/l -(2O' - u0), U12/11 v) 

+-b(2U -U u 12/11 - (2L1- uo), V) 

(3.31) = b('q12/"1- 2' + I, u 12/11 v) 

+ b( U12/l 11_ 12/'11 + 2' -rj0 q12/1l - 2D' + nro v) 

= b('q12/11 - 2' + ?, u 12/11 v) + b(u12/'1, 12/11 - 2' + v) 

-b( 12/11 - 2t' +n ? 7o 12/11 - 2D' + nr v), 

where tj was defined in Lemma 3.3. 
For the first term in the right-hand side of (3.31) we obtain using (2.7), (2.4), 

(3.14), for any c > 0, v C Sr that 

k I b( 2/11 - 2' + 0, U12/11 v) 

< Ck - 2112 -2 + 1o 11u2/11 11,vII1 

(3.32) < ck(II r,12/1 fl + f11 + Iln0 11) 11 v 1 I < ck(k5/2 + h')II v II 

? cc'k(k5 + h2) -+ CaekIv11LV ? c2'-(k6 + h2r) e cka(v, v) 

Similarly, for the second term, using (2.8) and then exactly as above, for any v Srh, 
> 0, 

(3.33) k I b ( U12/11, rn12/1 1- 2 + no v ) 

Ck II ul2/l1111 0 I jInl2/l - 2' + OI 11v111 

-ce '(k6 + h 2r) +A-ka(v, v). 

We estimate now the third term of the right-hand side of (3.31). Using (1.1 1) we see 
that, for c > 0, 

(3.34) k I b(12/11 - 2t + o0, n12/l - 2t + no, v) 

< kCb 1 l2/H1 - 2t + no 11 2 Iv1 

? CG'kIkllq'l2/"- 2D + ?111 + 1ka(v, v). 
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Now, (2.4), (3.14), (1.5), (3.13), and the facts that k, h < 1, r : 2 give 

k 11 n12/11 - 2 + , 0114 < C k(I (III2/1J1114 + I I, 11J4) + Ck 11' 114 

? ckh4r-4 + C(kva('1 1 ? c2 4r-4 + c(k5 + h2r)h-2(k5 + h2r) 

? c(kh4r-4 + k'0-2 + k5h2r-2 + h4r-2) 

? C(h2' +- a4k6h2/3 + a5h2r+4/3 + h4r-2) < c(k6 + h2r). 

Hence (3.34) becomes, V c > 0, v C Sr: 

(3.35) kI b(qI2/II - 2 + qr 12/ll - 2 + qj v) I 
C,-'(k6 + h2r) + cka(v, v). 

Picking now v = 2 E S in (3.30) and proceeding as in the previous lemma, we see 
that (3.31)-(3.35), (3.16), (3.17) and (3.1) yield (3.29). EZ 

We now let U'2/11 be defined by (1.22). Clearly U 12"" S. Defining p12/11 by 

(3.36) 
1 
12/11 - U,12/11 

we see by (1.22), the definition of t2, (3.29) and (3.1) that 

(3.37) JJl2/l - 112U2 - U= - '2"J - 

1 112D2 + co U? 1 

? 211 11 + 110 - U?11 < c(k3 + hr). 

LEMMA 3.5. Let U3 be the solution of (1.23). Then U3 E S. Moreover, if (3.13) holds 
and 3 = U3 - c(o24/" + w'2/") we have 

(3.38) 11g 11 2+ kpa ( .1, 
' 

) < c(k3 + h r)2. 

Proof. Putting v = 0 in (1.23), we see that U3 C S. We define now e P3 
- 2e7T24/" + qT12/1) and p12/11 by (3.36). (Note for future reference that t3 E S.) 
Using (1.23) and (2.3), we obtain that 

' - _ 12/11, v) + 6k B([ 3, e3], [v, q]) 

= (n24/11 - 12/11 V) 

(3.39) _ 1(u24/11 - u12/11 - 6k (U 24/11 + U2/11 

+ 
3k 

[b(u12/11, u12/11, v) - b(U2/11, U12/11, V)] 

+ 3k [b(U24111, u24/11 v) - b(2U12/11 - u0,2U'2/11 -U, V)], 

[v, q] C Hh,h- 

Now we write the third term of the right-hand side of the above as 

b(u'2/11, u12/'11, v) - b(UI2/11, U12/11, V) 

= b(u'2/11 - U12/11, U12/11, V) + b(U12/11, U12/11 - U12/11, V) 

(3.40) = b(q 12/11 - _12/11, U12/11, V) + b(U12/11, 12/11 - '12/11 V) 

h(,nl211I - t12/11 n12/11 - p12/11 V), WV E Sr. 
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From (2.7), (2.4) and (3.37) we see for E > 0, v e Sr that 

k b('q'2/11' - -12/11, U12/11, V) 

(3.41) ! Ck 1l 12/l1 - '12/11 u1 1U12/"11 11 v11 

, ck(ll 12/"I 11 +Il'2/ 11)11vII1 < cG-lk(k6 + h2') + vka(v, v). 

From (2.8), (2.4) and (3.37), for c > 0, v e Sr 

(3.42) k b(u12/11, q12/11 - p12/11 v) I 

S Ck 11 u'2/1'111 ' InI12/11 - t12/llj11 V 

cG-'k(k6 + h2r) + dka(v, v). 

Finally, using (1.1 1), (2.4), (1.5), (3.37), (3.13), r > 2 yields for ? > 0, v E Sr 

k j b(712/'' - A;12/11 12/l1 - ?12/11 ) V 

(3.43) ? Cb k rII12 /11 - s 12/11112III ? Ck(I 1qI2/11112 + II D12/1112I) IIVII 

c k(h2r-2 + h2k6 + h2r-2)IIv II V Cl'k(k'2h-4 + h4r 4) + 8ka(v, v) 

c C? k(ak + h 2) + eka(v, v) < c?'k(k6 + h2r) + vka(v, v). 

Hence, (3.40)-(3.43) give for ? > 0, v E Sh, 

(3.44) k I b(u'2//, u12/11, v) - b(U12/1, U12/1, v) 

s CG-lk(k6 + h2r) + Eka(v, v). 

To estimate now the fourth term of the right-hand side of (3.39) we define 
AU24/ = 2U'12/1 - U, AU24/1" = 2U12/11 - U0, &A24"1 = 2w12/1 - w0 and ob- 
tain 

(3.45) b(u24/"1, u24/", v) - b(2U12/1 - uo 2U12/11 - uO v) 

- b(AU24/11, u24/11 - AU24/", v) + b(AU24/11, AU24/11 - AW 24 v) 

+b(Au24/11, A24/1 - AU24/"", V) + b(u24/11 - AU24/", u24/11 V) 

+b( A24/11- Aw24/11, AU24/11, V) + b(Aw24/11 - AU24/"" AU24/11 V) 

-b( AU 24/1 1 _- A24/1, Au24/1"1 - A24/1 ,v) 

-b( AU 24/1 1 _- A24/1 I AW24/11 AU 24/1 ,v) 

-b( AK,24/11 - AU24/11, AU24/"1 A_i24/11 v) 

-b(AW24/11 - AU24/11, AW24/11 AU24/11, V). 

By Taylor's theorem with remainder in integral form we obtain 

(3.46) llu24/11 ' Au24/"11? Ck2, j=0,1. 

From (2.8'), (3.46), for ?' > 0, 

(3.47) k Ib(Au24/1", u24/11 -Au24/"", v)I 

< Ck 1Au24/1ll 1 u24/ 1- Au24/" 11 Iiv1 

< ck3 1v3 j 11 < c(E')-lk6 + '11 Vll2. 



GALERKIN APPROXIMATION TO THE NAVIER-STOKES EQUATIONS 367 

From (2.8), (2.4), for ? > 0, 

(3.48) k b( u24/1, Au24/11 - A>24/1 1v) V 

? Ck I IAU24/11 "I Io 11 Au24/11 - AW24/11 lVii, 

? ck(211 U12/11 - W12111 11 + 11 uo - I ? ckhr 1 V 11i 

Ce- kh 2r +eka(V, V). 

From (2.8), (3.36), (3.37), (2.4) it follows for e > 0 

(3.49) kIb( Au24/1", AW24/1 - AU24/1, V)I 

< CkllAu24/1lX0jiAo24/11 - AU24/11i lVI I 

? ck(2llt'2/"l 11 + llO v 11)11 vii, < ck(k3 + hr)ii vii, 

? ce-lk(k6 + h2r) + eka(v, v). 

From (2.9), (3.46), for ?' > 0, 

(3.50) k b(U24/1 - Au24/""' u24/11, v) 

< Ck i U24/"1 - Au24/1"1 11 Iu24/111 'iiii V 

? ck3 I I v I C(?) k6 + ?|iiV112. 

From (2.7), (2.4), for e > 0, 

(3.51) k1b(Au24/11 - AW24/11 AU24/ , V)I 

< CkiiAu24"11 - AC024/11 11 11 iU24/"1 11 11 v 11 

ck(211 q12/"1 11 + 11 o1)11v11?ckhr I Iv II 

cc- 'kh2r + eka(V, v). 

From (2.7), (3.36), (3.37), (2.4), for c > 0, 

(3.52) k1b(Aw24/1 - AU24/", AU24/11, v)I 

< Ck I i A24/" 1 Au24/"11 iAUA24/l11 11iv II 

< ck(211 2/11 + 11qo 11)11 v 11i < ck(k3 + hr)iivii1 

C cG-'k(k6 + h2r) + cka(v, v). 

From (1.1 1), (2.4), for ? > 0, since r > 2, 

(3.53) k1b(AU24/11 - A o24/" AU 24/11 - A224/11 v) I 
< Cbkll Au24/"" -& A24/11112iVi11 

C ckh412 /111 12 + 11 k( 11 2 ) 11 v 11 ckh2r-2 V v 11 

C? 1kh 4r4+ ka(v, v) < C?- kh2 + ?at ) 
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From (1.1 1), (3.36), (2.4), (1.5), (3.37) and the fact that r > 2, h < 1, for E > 0, 

(3.54) k I b(Au24/11 - A,24/11 A024/11 - Au24/11 v) I 

< Cb k II AU 24/ - 4/1 - AU24/"1IV 

< Cb k(2 11 n12/1 1 III + 11 ? 11 1)(211 D 12/ 11111 + 1Iqo11 )II1I11 

ckhr-I(h-lk3 + hr- 1t)II v III < ck(k3hr-2 + h2r-2)IIvII1 

? ck(k3 + h 2r-2) v II < c'- k(k6 + h4r-4) + Eka(v, v) 
l 'k(k6 + h2r) + Eka(v, v). 

Exactly as in (3.54), 

(3.55) k b( Aw024/1 - AU24/11, Au24/11 - ,24/11 v) 

? CbkII1 Aw24/" - AU24/11 1I IU24/11 - AS24/li11 1V1 

< c- lk(k6 + h2r) + Eka(v, v). 

Finally, by (1.11), (3.36), (3.37), (1.5), (2.4), (3.13) and the facts that h < 1, r> 2 we 
obtain for E > 0 

(3.56) kl b( Aw24/1 - Au24/11, A24/1 - Au24/11, v) I 

< CbkIIAw024/1 - AU24/11112"IV I 

? Ce-G'kI11 &A24/11 - AU24/"11114 + -ka(v, v) 

?C l k(1112/11114 + IIq 11 14) + eka(v, v) 

< cG' -k[( k3h-1 + hr- 1)4 + h4r-4] + Eka(v, v) 

< cc'(k13h-4 + kh4r-4) + eka(v, v) 

< c E'(k7a6 + kh2r) + Eka(v, v) 

cc-lk(k6 + h2r) + eka(v, v). 

Hence, (3.45) and (3.47)-(3.56) give, for E, E' > 0, 

(3.57) kI b(u24/", u24/11, v) - b(2U12/1 - u0,2U12/11 - u, v) I 

c c((E')-l + e-1)(k6 + h2r) + E,IIV I2 + Eka(v, v). 

Now, (2.4) and Taylor's theorem with remainder in integral form give 

(3.58) 11,B24/11 - r12/1111 < ckhr, 

(3.59) u 24/11 - _u12/1 _- 6k( 24/l1 + U12/11) ck3. 

Hence, putting v = S in (3.39) and using the standard inequalities, we obtain, 
by (3.44), (3.57)-(3.59) for c, E' > 0, 

I11 D311 2 + 
6 

kpa ( , t3) 

< 1 11t2/1111 + c((El)-' + e-1)(k6 + h2') + I'II - cka('3, ) 

which in conjunction with (3.37) yields (3.38) for suitable O, c'. D 
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We finally define U24/11 by (1.24) and obtain, if 224/11 - U _ 24/11, by 
(3.38), (3.37) 
(3.60) 1I 24/11 = 1U3 - U24/11 - w24/11 = II23 + w12/11 - U 12/11 

? 211J3 1 1?12/1111 < c(k3 + hr). 

In particular, as a consequence of (3.37), (3.60) and (2.4) we see that our results 
imply (under the hypothesis (3.13)) that 

(3.61) lU'2/" - u12/11"l ? c(k3 + h') 

(3.62) 11 U24/11 - U24/11 < c (k3 + hr) 
The main result of this section may now be proved easily. 

THEOREM 3.1. Let U0, Ul, U2 be defined by (1.18)-(1.26). Then UJ C S for 

j = 0, 1, 2. In addition, let (3.13) be satisfied for any positive constant a. Then, there 

exists a constant c = c(u, p, a) such that 

(3.63) 11U - uJ 11 < c(k3 + hr), j = 0, 1, 2. 

In particular (taking into account (2.4)), (2.25) is satisfied for the initial values UJ, 

j = 0, 1,2. 

Proof. The case j = 0 has already been proved in (3.2). For j = 1 (3.2), (3.61), 

(3.62) and Taylor's theorem with remainder in integral form yields 

11IU' - u11 288 (1311UU - U? 11- 286I U'2/"1 - U'2"2 11 + I I 11 U24/1 - U24/11) 

+ 1 (13u? + 286U12/11 - 11U24/11 - 288u') 
288 

< c(k3 + hr) + ck3 

thus proving (3.63) for j ] 1. The case j = 2 is entirely analogous. El 

4. Remarks. 4.1. It is quite straightforward to show that, by choosing uo and f 
sufficiently small in appropriate function spaces and/or v sufficiently large, we can 

guarantee the validity of (2.35)-more precisely (2.43)-which we rewrite here as 

(4.1) 11 U I L??(HI)? V CaI660 Cb. 

The relevant estimates are easy to obtain, following, e.g., [12], [15], [18]. We state 

here the final results omitting the details of the proofs. 

For N = 2 we may show that if u? e H2 f H' (such that div uo = 0 in 2) and if 

f C Loc(L2), ft C L2(L2), then 

( I0112 IIf 112 L2L2 
(4.2) llIu ll ??(HI) exp v 2C] ? (L 

(4.2)~~~~~~X 11 U 112 + V 1U1 lU1 

X (~ -IIu112 + ~A IIuIIIHu 112 

? VGa f( )11 
+ 

)/ 11 ft 1 L2(L2) + C a 1 1 v l(VC)3/2 ' 

? 11 IJ L(1L2)' 
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where C* is a constant depending on Q only. It is clear then that (4.1) may be 
satisfied for v sufficiently large and/or u?, f small in an appropriate sense. 

For N = 3, following, e.g., the analysis of [18, p. 303 et seq.] one may show in 
particular the following type of result-cf. also Remark 2.1 -especially suitable to 
guarantee the validity of (2.43). Under the previous hypotheses on uo, f, suppose 
that for some E > 0, 

(4.3) IIfL(L) [I + (- ( 3vIIU 12 +C C*IIUOII2 + 11f(0)112)] 

( 
? 

0 112 T 
Lj(L2) 1/ 

exp(I fll 1I L(L2)) < 2 
Ca 

where C* = C*(Q). (Note that for each E > 0 and fixed T (4.3) can be guaranteed 
again for v sufficiently large and/or uo, f appropriately small.) It follows then that 

(4.4) 1lU 1l L (H') 
< 

Ca 

which is (4.1) if E 660. O 
4.2. Instead of the third order accurate backward differentiation method used here 

one may also use the two-step, second order accurate backward differentiation 
method, which, in the casey' = F(y), becomes 

n+2 ? 4 n+1 + Iyn = 2 kFn+2, 0 < n -J-2, y01 given. y 3 y +- given. l 

Introducing now the second order "lag" operator A by 

Ay= 2y- yn-2 2 < n < J, 

we may formulate a second order backward differentiation-Galerkin method as 
follows: seek {[Un, Pn]}, 2 < n < J in Hh - satisfying 

(4.5) (un2 - un' + 3u n) + 2kB([Un?2, pn2], [v, q]) 

+2 kb(AUn+2,AU 2,) 1 2k(fn+2, V), 0?nJ-2 

Vd[v, q] EE Hh, 

The initial conditions U?, U' are chosen as follows. First we put U0 = uo. (It is not 
necessary that U0 be in S'.) We then define two intermediate values [U2/3, p2/3], 
[U4/3, P473] in Hh ,', with two consecutive applications of the backward Euler 
method, by 

(U2/3 - U?, V) + 2kB([U2/3, p2/3], [v, q]) + 2 
kb(uo, u?, v) 

= 3k( f , v), [v, q] EE Hh ^ 
(U4/3-[2/3 v h,h+ 

(U4/3 - U2/3, V) + 2'kB([u4/3, P4/3], [v, q]) + 
2 

kb(uo, u0,v) 
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and finally define 

Ul - '(U2/3 + U4/3) 

It can be seen, using the methods of Section 3, albeit in a much more straightfor- 
ward manner, that 

II U' - u'll < c(k2 + hr) 

unconditionally. Using now the methods of Section 2, appropriately simplified, we 
can show that if U?, U' are chosen as above, if kh-4/5 < a for any a > 0, and if a 
condition of the form (2.35) holds, then, for k and h sufficiently small (specifically if 
c(k2 + hr-1) < v, cT( a4h6/5 + h2r-2) < v), it follows that 

IIU'- un 1 < c(l + T)l/2(k2 + hr), 2 ?n ?J. 

Again, if (2.35) is not required to hold we may obtain again the analog of (2.65), i.e., 
that 

IIUnun < cecT(k2 + hr), 2 < n J, 

for k, h appropriately small. For the pressure we obtain now that I pn - pn IL2/R = 
O(k + k-lhr+ hr-l), 2 < n < J. D 

4.3. For the proof of Proposition 2.1 we need a preliminary result. 

LEMMA 4.1. Let p E H1 R1. Then, there exists a unique b E H2 2n H1 satisfying 

(4.6) f vAb=grad p in Si, 
b. =0 on Mi. 

Moreover, for positive constants C', C2, C3, where Cl C(Q)Iv, C2= C(N)v, 
C3= C(Q)v, we have 

[N aP )2 ]I/2 

and 

(4.8) C2a(b, b)'/2 SIP L2/R < C'a(b, b)'/2. 

Proof. Standard elliptic existence and regularity theory shows that the solution b 
of (4.6) exists uniquely and satisfies (4.7). Moreover, for any real constant X 

va(b, v) = - (b, vAb) = (-b, grad p) = - (b, grad(p + X)) 

= (divb, p + X) lp + X I I divb IC C(N) IP IL2/Rla(b, b)1/2, 

from which the first inequality of (4.8) follows. 
Now note that if pt(i) fa dx, then 

(4.9) IP IL2IRI inf p + X I<p -((2)) p dx 

= Lsup (p - (G4W) f tdx, g / g 
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Consider the boundary value problem 

[-v4' + grad p = 0 in Q, 
(4.10) p = 0 on aM, 

Ldiv 4 = D in U. 

It is known, cf. [18, Proposition 2.3, p. 35], that if D E L2 is such that fa D dx = 0, 
then, (4.10) has a unique solution [4, p] E H' X L2/R'. Moreover it can be seen 
that, for some constant C = C(Q), 

(4.11) I'II + P L2/RI < CI|D| 

Let now g E L2 and [4' p] satisfy (4.10) with D g - (i(0)) - 'fa g dx. There 
follows that 

(4.12) ( - (G4Wi2)Y fpdx, g) p, div 4 =-(4' grad p) 

=-(4', Ab) = va(4, b) < va(4, 4)"1/2a(b, b)'/2 

< II4 11'IIa(b, b)'72 Cv I g I a(b, b)'72 

for some constant C = C(Q); here (4.11) was used in the last inequality. (4.9) and 
(4.12) yield now the second inequality of (4.8). O 

Proof of Proposition 2.1. (2.1) follows in a straightforward manner from the 
Cauchy-Schwartz inequality. To prove (2.2), let [u, p] E H -. Let then b satisfy 
(4.6) and X E Sr be such that 

(4.13) blb-XI < ChIIbII2. 

For any q E Pk/R' we have, as a consequence of (4.6), that 

B([u, p], [u - X, q]) = va(u, u) - va(u, X - b) + (u, grad p) 

+ (u, grad(p + q)) - (X - b, grad p) + va(b, b). 

Putting q =-2p in the above and using (1.3) we obtain, for some constant 
C = C(N), that 

(4.14) B([u, p], [u-x,-2p]) 

=a(u, u)-va(u, X-b) + (div(x-b ),p) + va(b, b) 

? 1 CIUIL1 - vIIuII,IIb - XIIi - Cllb -IIPL2/+vabb) 
1 IClui-tllll-l-Cl- X I I PIL IRI + Pa(b, b). 

Now, from (4.13), (4.7), (1.7) there follows 

(4.15) llb-XII, < xII) P IL2/RI 

Also, from (4.8) we obtain 

va(b, b) >-lP 12 2 

In view of the above (4.14) gives, for some positive constants C,, i 1,2,3 
depending on Q only, and for any E > 0, that 

B([u, p], [u -x-2p]) 
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Pick now, e.g., E = PVCa/2. Then, given any positive constant X < C1, it is possible to 
choose a constant ,3 so that 

Cic2(h )_ 2C3( hk),>O 

A~~~~~~~~ 
for 0 < h/h < P8. For such h/h we conclude therefore that 

(4.16) B([u, p], [u - x, -2p]) > C(13, P, 0) i2,i[U, P]l 2 

Now note, using (1.3), (4.8), (4.16) and the fact that h/h < /3, that 

|I u - X II < lul 1I + IlbI 1, + llb - x11 ? lul 1I + C(13, P, Q) |P IL2/R. 

We conclude then that, for some constant C QC(f, P, Q), 

(4.17) iiI[u - X, -2p]III < Clll[u, p]ll. 
Hence (4.16) and (4.17) yield 

sup B([u, p], [v, q]) ? B([u, p, [u - X -2p])/III[u - X -2p]III 
[v,q]EHh,h 

C20,B It, 4)lllU, P]lll, 

which is precisely (2.2). C] 
Proof of Proposition 2.2. We suppress the t-dependence to simplify notation. The 

existence and uniqueness of [w, v] satisfying (2.3), and the estimates (2.4) for y = 1, 
j 0 O and (2.5) follow in a straightforward manner from the properties of the 
bilinear form B proved in Proposition 2.1 and the approximation properties (1.4) 
and (1.6). For a proof in a more abstract setting (motivated by analogous results of 
[1]), cf. Theorem 3.1 of an article by the first author in Math. Comp., v. 29, 1975, p. 
999. 

To prove (2.4) for y = 0, j = O, one may use the classic Aubin-Nitsche duality 
argument as follows. Put e = u - , Ep - v, and let , EE (Cci(Q))N. Consider the 
boundary value problem 

-v4 + grad p= in Q, 
(4.18) 4:=0 on aQ, 

tdiv + = O in Q,9 

which, cf. [18, Proposition 2.3, p. 35], for each integer m > -1, has a unique solution 
[4, pi E H' 0 Hm+2 X Hm+l/Rl that satisfies the estimate 

(4.19) 1 m+2 + I P |Hfm+'IRl mll? m 

Using (4.18), the symmetry of B and (2.3) yields 

(e, 4) B([4,, p], [e, E]) B([e, p], [, p]) 

B([e, p] [, -[v, q]), V[v, q] E Hh h, 

Hence, in view of (2.1), the first part of this proof and (4.19) with m 0 O yield 

(e, ) < C1II [ e, E]III inf jj[4, p1 [v, q][EH 
[v,q]EHh,~ 

? Ch(ll4,112 + I P IH1/R1)I[e, -liII < Ch loll If[e, ciw. 

It follows that 

11e 11? Ch111[e, cliii, 



374 GARTH A. BAKER, VASSILIOS A. DOUGALIS AND OHANNES A. KARAKASHIAN 

from which we obtain (2.4) for t = 0, j = O. The case j = 1 follows easily by noting 
that [cot, 't] is the B-projection of [ut, Pt] D 

4.4. The restriction of having the subspace S' satisfy the zero boundary conditions 
may be alleviated, as done in [2], by using other nonstandard Galerkin methods, e.g., 
similar techniques to the ones used by Nitsche [16], [17] for the Dirichlet problem or 
by using subspaces satisfying "nearly zero" boundary conditions [17]. Following [2], 
for r > 2 we may let, e.g., Sr be a one-parameter family of subspaces of H'(Q) 
consisting of N-tuples of polynomials of degree at most r - 1 satisfying certain 
approximation and inverse properties, cf. [2, Section 2] for details, and Pk be the 
pressure space as in Section 1. Letting again Hh = Sr X PkI/R we now use, for the 
space approximation, instead of B(-, -), the bilinear form B Y(., .), defined on 

Hh,h'X Hh h'as 

B-Y([U, p], [V, q]) = B([u, p], [v, q]) 

PU( 'an + Pvvau - yh-luv) d, 

where au/an is the outward normal derivative of u on ai and y > 0 is a suitably 
chosen parameter. We refer the reader to [2] for the analogs of Propositions 2.1 and 
2.2. The time-stepping method and its analysis proceed then in an entirely analogous 
manner to what was done here, yielding, e.g., the optimal L2-error estimate IlUn - 
un 1 = O(k3 + hr), 0 < n < J, under similar hypotheses on k, h and u. The method 
may be further extended to the case of nonhomogeneous boundary conditions, e.g., 
with u(x, t) prescribed on aI X [0, T] but not necessarily equal to zero; cf. [2]. D 
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