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Collocation Methods for Boundary Value Problems
on ‘Long’ Intervals

By Peter A. Markowich* and Christian A. Ringhofer**

Abstract. This paper deals with the numerical solution of boundary value problems of
ordinary differential equations posed on infinite intervals. We cut the infinite interval at a
finite, large enough point and insert additional, so-called asymptotic boundary conditions at
the far (right) end and then solve the resulting two-point boundary value problem by an
A-stable symmetric collocation method. Problems arise, because standard theory predicts the
use of many grid points as the length of the interval increases. Using the exponential decay of
the ‘infinite’ solution, an ‘asymptotic’ a priori mesh-size sequence which increases exponen-
tially, and which therefore only employs a reasonable number of meshpoints, is developed and
stability, as the length of the interval tends to infinity, is shown. We also show that the
condition number of the collocation equations is asymptotically proportional to the number of
meshpoints employed when using this exponentially graded mesh. Using k-stage collocation at
Gaussian points and requiring an accuracy O(e) at the knots implies that the number of
meshpoints is O(e™'/%) as ¢ - 0.

1. Introduction. In this paper the numerical solution of boundary value problems
on infinite intervals of the form

(1.1) y =t%(t, y), 1<t<ow,a=0,

(12) b(y(1)) =0,
(1.3) yec(l,»o]): @y e C([1,0)) and ,11‘2 y(t) = y(o0) is finite

is considered. Here f: R"*! — R”, b: R" — R*, where generally k < n holds because
(1.3) furnishes “another set of boundary conditions. f fulfills certain continuity
properties at infinity which will be defined later. We assume that the Jacobian
0f(o0, y(00))/0y has no eigenvalue on the imaginary axis.

For a > -1, Eq. (1.1) has a singularity of the second kind of rank a + 1 at t = 0.
We disregard the practically unimportant case —1 < a < 0 in the sequel.

Problems of this kind often occur in fluid dynamics (boundary layer theory),
quantum mechanics and electronics. For applications see Markowich [12], [13], de
Hoog and Weiss [7], McLeod [15] and Schneider [19].
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124 PETER A. MARKOWICH AND CHRISTIAN A. RINGHOFER

For the numerical solution we proceed as follows. First the infinite interval is
substituted by a finite but large interval and n — k additional so-called asymptotic
boundary conditions, which reflect the asymptotic behavior of the solution y, are

imposed at the right (far) endpoint 7. We obtain a regular two-point boundary value
problem of the form

(1.4) x" = t%(t, x), 1<¢<T,
(1.5) b(x(1)) =0,
(1.6) S(T)x(T) = o(T).

The condition (1.6) has to be chosen such that .
(1.7) ly = xllyrm—>0 asT— oo
holds, and its construction is described in de Hoog and Weiss [8], Lentini and Keller
[10] and Markowich [13].
The two-point boundary value problem (1.4), (1.5), (1.6) now has to be solved by

an appropriate numerical method, for example by A-stable, symmetric collocation
methods whose simplest member is the Box-scheme:

(1.8) ')'C‘lilh_—XI = ttfx+l/2f(ti+1/2’ 3(Xpy T+ xi))’ i=0(1)(N—1),
(1.9) b(x,) =0,
(1.10) S(T)x, =0o(T),

wherety = 1<t <--- <ty <ty=T, t;;, =t + h, t;,,, =1+ h;/2 holds.

It is clear that the mesh-size selection is, especially for these problems, very
important since the amount of labor will be very large for long intervals and bad
(too small) mesh-size choices. We do not assume a relation of the form

(1.11) maxh;/ minh, < const
1 1

and do not formulate convergence estimates in terms of max; 4, as the standard
theory of collocation methods does (see Weiss [20]). Too many meshpoints would be
employed in order to admit a given bound for the global error. Codes which employ
adaptive mesh refinement (see Lentini and Pereyra [11] and Ascher, Christiansen
and Russell [1]) solve first with a coarse grid in order to do local error estimation.
Therefore it is important to know a priori which mesh-size distribution is ap-
propriate.

In this paper we use the asymptotic form of the solution of (1.1), (1.2), (1.3) in
order to construct an asymptotic a priori mesh by equidistributing the local
discretization error.

It turns out that mesh sizes which increase exponentially can be used since our
assumptions guarantee that y(¢) — y(o0) exponentially. For a k-stage collocation
method at Gaussian points it will be shown that the number of grid points which is
necessary in order to achieve a total accuracy O(e) (total accuracy refers to the
difference between the ‘infinite’ solution y(z,) and the discrete approximation x;)
equals O(e™'/2%). For this a suitable T = T(e) will be taken. Stability (as & — 0,
T(e) — o) holds when using this equidistributing mesh. The Newton procedure for
solving the collocation equations with these exponentially increasing stepsizes con-
verges quadratically from a domain of starting values which- does not shrink as
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¢ - 0. We also show that the condition number of the (linear) collocation equations
(using Gaussian points) is O(e™!/2¥), so that the linear system can be safely solved
by Gaussian elimination with partial pivoting.

Of course, no fully implicit difference scheme (like the implicit Euler scheme)
should be used for the integration of (1.4), (1.5), (1.6) if the fundamental matrix of
the linearized problem (1.4) contains exponentially increasing columns which are
scaled down by the boundary condition (1.6). This would cause instabilities during
the integration when using large mesh sizes.

Another way to solve problems of the kind (1.1), (1.2), (1.3) is to transform the
‘infinite’ problem by a transformation ¢ = s#, >0 to the interval [0, 1] and to
employ difference methods on the unit interval. Methods of this kind have been
investigated by de Hoog and Weiss [6]. This way of proceeding has the disadvantage
that a singular problem (the right-hand side of the equation is not defined in s = 0)
has to be solved, and therefore the obtained convergence estimates are not very
strong. Another disadvantage is that many physical problems are actually posed on
an infinite interval (for example in boundary layer theory) such that a ‘direct’
solution is desirable.

We remark that there is a close connection to singular perturbation problems since
the transformations = (+ — 1) /(T — 1), p = 1 /(T — 1) takes (1.4), (1.5), (1.6) into

(112) o l2(s) = (s + ,u)"f( s+ “,z(s)), O<s<l,a>0,

(1.13) b(zFZO)) =0,
(1.14) S(i—i—l)z(l):a(&-kl).

(Note that lim,,_ o f((s + p)/u, z) = f(c0, 2).)

The already developed mesh-size sequences for singular perturbation problems
cannot be applied without reconsideration since the linearization of the right-hand
side of (1.12) does not generally have a series expansion in powers of u uniformly in
0 < s < 1 (see Ringhofer [16]), since for most practical problems

(1.15) ;’—;’(z, W)~ S A4 1 oo,
i=0

holds.

Recently Ascher and Weiss [2] came up with a mesh-size sequence for linear
constant coefficient singular perturbation problems (a = 0) (also by equidistribu-
tion) which is equivalent to ours, and which they use within the boundary layers of
thickness O(p|In p|) (where the solution decays exponentially). Outside the layer
they use a coarse mesh just fine enough to approximate the solution of the reduced
problem (¢ = 0) well.

This paper is organized as follows. Section 2 gives a short summary of the theory
of boundary value problems on infinite intervals and their ‘finite’ approximation, in
Section 3 step-size sequences are developed for the midpoint rule for scalar initial
value problems, Section 4 deals with the midpoint rule for linear boundary value
problems and in Section 5 nonlinear problems are dealt with. Higher order colloca-
tion methods are analyzed in Section 6 and computations are reported in Section 7.
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2. Boundary Value Problems on Infinite Intervals and Their Approximation by
‘Finite’ Interval Problems—A Summary. We consider boundary value problems on
infinite intervals of the following form

(2.1) y =t4(t)y + t(¢), 1<t<o0,a=0,
(2.2) By(1) = B,
(2.3) y € C([1, ]),

where the n X n-matrix 4 € C([1, o0]) and f € C([1, oo]). B is a matrix whose rank is
(in general) less than » since (2.3) furnishes another set of boundary conditions.

Let us first consider the case where A is constant. A has the Jordan form J
obtained by

(2.4) A =EJE™".
We assume that J has the block form

(2.5)

where the 7, r, -matrix J* has only eigenvalues with positive real parts and the r_
r_-matrix J~ has only eigenvalues with negative real parts. Eigenvalues on the
imaginary axis will be excluded for the following. The diagonal projections D , D_
are defined by

I 'o0
(2.6) D, ={_’+_I__],
01ro
0' o0
(2.7) D_—{a‘:'—]r—-]
The general solution of (2.1) (with A(¢) = A) and (2.3) can now be written as
0
(29) sy = 50| [e+ E(HE D). e,
where
— J a+l)
(2.9) o(1) = exp( !
is the fundamental matrix of the transformed problem
(2.10) u =tu+ t*E"'f(1).

Eu = y holds and (HE~'f )(¢) is a suitable particular solution of (2.10) which can be
taken as

@.11) (Hg)(1) = (1) [ Do o7'(s)s°g(s) ds + (1) [ D.o7'(s)s°(s) s

for some y = 1. This operator has been analyzed by de Hoog and Weiss [7], [8] and
Markowich [12].
H has the following properties
(2.12)(a) H: C([v, 0]) = C([v, ]),
(2.12)(b) I1H 0 < ¢,
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where |- 1l(, ,; denotes the max-norm on [y, co] respectively the associated
operator-norm. The constant ¢ is independent of v.
Markowich [12] has shown that if

7(6) = F(t) exp( -1+,
FeL_([1,0]) N C([1,0)),0 >A_,,>0

holds where A ;. is the smallest modulus of the real parts of the eigenvalues of A
which are in the left half-plane, then

(2.13)

(2.14) Nl y(2)ll < const(l| Flly o) + IIEII)I¢(t)[I(r) ]”
A —
< const(I Fll 1 ., + “EH)exp(_(_:;“:_l_s)taH)’ .

holds.0 <& <A, and 8§ — 0 as f > oo hold.
The boundary value problem (2.1), (2.2), (2.3) with A(z) = A is uniquely soluble
forall B € R™-, f € C([1, o0]) if and only if the r_Xr_-matrix

0
(2.15) BEqb(l)[ I ] is nonsingular.

Here B is assumed to be an r_Xn-matrix. So the continuity requirement (2.3)
furnishes r, linearly independent boundary conditions. (2.12), (2.15) imply that
1€l < const(ll BIl + I Fll{ o)) holds.

The variable coefficient case A(¢) Z A is treated by a perturbation approach (see
de Hoog and Weiss [7], [8] and Markowich [12], [13]). A(c0) now plays the role of A4.
We assume that A(oo) has the Jordan form J given by (2.5). Then we can show (see
de Hoog and Weiss [7], [8]) that

(2.16) y(1) =Ey.(1)¢§+ EY(E'f)(1), ¢tecCr,

where _(#) is an n X r_-matrix defined by
e w0 = (- H(EUOE-0) 0| ] | € cline)

for y sufficiently large. For ¢ € [1, v], y_(¢) can be continuously extended. Ey(E~'f)
is a suitable particular solution of (2.1). The boundary value problem (2.1), (2.2),
(2.3) is uniquely soluble for every 8 € R"™-, f € C([1, o)) if and only if the r_Xr._-
matrix

(2.18) BEy_(1) is nonsingular.

Markowich [12] proved the estimate

Apn — O -
(2.19) ly()l Sconst(HFll[,m] + IIBII)exp(—(—%‘jL—I—)t"‘“), t=1.

Now we briefly consider nonlinear problems of the form (1.1), (1.2), (1.3).
From (1.1), (1.3) we conclude that

(2.20) f(o0, y(e0)) =0
has to hold. We assume that the roots y(c0) of (2.20) are isolated and take one
particular root y*(co0) for the following. Moreover, f(t, y*(c0)) shall fulfill (2.13).
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Defining
C(i,a) = {(1,y) ER™ ' [1=1,lly — y*(0)l <k},

we assume that f, f, € Cy; (C(1, y*(0))) for a sufficiently large x, We also assume
that the boundary value problem (1.1), (1.2), (1.3) has an isolated solution, i.e. the
linearized problem is nonsingular.

Now let J be the Jordan form of f (o0, y*(00)) obtained by

f(0, y*()) = EJE™!,
and let J fulfill (2.5) such that D, , D_, are defined as in (2.6), (2.7). Then A, is

defined for J as above, and ¢(¢), ¢_(¢) are as in (2.9), (2.17) with £t y*(0))
substituted for A(z). Markowich [12] showed that

(2.21) liy(z) = y*(0)ll < constlly_(2)ll < constexp(——(—)\a‘“i“+—_18)t“+‘).

The isolatedness of y now implies that
ab
(222) & (e

is nonsingular. More information on the analysis of these problems can be found in
the above cited references and in Lentini and Keller [10].

We want to approximate the ‘infinite’ problem (2.1), (2.2), (2.3) by ‘finite’
two-point boundary value problems of the form

(2.23) x'=tA(t)x + t°f(t), 1<t<T,T>1,
(2.24) Bx(1) = B,
(2.25) S(T)x(T) =o(T).

Since (2.24) is a boundary condition of rank r, we assume the S(T) is an
r, Xn-matrix. The question that arises immediately is how to construct an asymp-
totic boundary condition S(7") such that

(2.26) ly =xll7 =0 asT - oo,

and the order of convergence should be as fast as possible.

A complete theory of this kind can be found in de Hoog and Weiss [7] and
Markowich [13], and therefore we only give excerpts which will be needed in the
sequel. The basic idea is that the boundary condition (2.25) has to scale down all
solution components of (2.23) which do not decay exponentially.

We assume that (2.18) holds. A possible choice is

(2.27) S=8(T)=[1,.0]E", o(T)=0.

It has been shown in the above cited references that this boundary condition implies
convergence in the sense of (2.26) and that for general o(T')

(2.28) ly = xIly 7 < constl|Sy(T) — o(T)ll

holds. In general the admissibility conditions for a boundary condition S(T) are
(2.29) 1S(T)Il < const, T - oo,

[smel 5]

(2.30) < const, T - oo.
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Then (2.28) holds for the unique solution x of the ‘finite’ problem if T is sufficiently
large. o(T') = 0 is a natural choice for linear problems.

If f(¢) fulfills (2.13) an estimate for the order of convergence is given by the
right-hand side of (2.19). Moreover, it has been shown that the choice (2.27) is
optimal in the sense that the actual order of convergence exceeds (2.19) for
homogeneous problems.

The condition (2.25) with S fulfilling (2.29), (2.30) and o(T) = S(T)y*(o) can
also be used for nonlinear problems of the form (1.1), (1.2), (1.3) if the above stated
assumptions on f(¢, y) and the solution y hold. (2.28) still holds for nonlinear
problems. So we obtain

(}\mm - 8) o
(2.31) ly = xliy 7 < constl S(T)I -(p-exp(—Tl—T +1),
where
Amin =98 o4
(2.32) o= max |[(y(z) —y*()) exp(———t"‘ ) <
t€[1,00] + 1

has been set. The constant in (2.31) is an upper bound for the norm of the inverse
of the linearization of (1.4), (1.5), (1.6) at y. In order to get lly — xll;; ;<
const||S(T )l e, we choose

e< 1.

b

_ _ a+ l 2 1/(a+1)
(2.33) T=1(c) = (—Am Lo )

The advantage of choosing ¢ as in (2.32) is that
(2.34) 1y(T(e)) —y*(o0)ll <e

holds, such that & controls how close y(T') is to its asymptotic state y*(co), and then
the constant in (2.31) does not (at least for linear problems) depend on y. However,
if no estimate on ¢ is available, it can be incorporated into € by setting ¢ = ¢/¢.
If the function f, which sets up the differential equation (1.1) is independent of ¢, a
stronger estimate holds:
8)

2(A
(2.35) llx =yl 7 < constl|S(T)llg- exp(——(—ﬂ“‘_'T

if S fulfills (2.27) and o(T) = S(T')y*(0o0). In this case we set

_ _ 1 a+1 (P 1/a+1

min

Ta+1)

b

and [|x = yll [} 7y, < const & holds.

For constant coefficient problems (A4 is a constant matrix) we can determine &
explicitly. In this case we obtain from Markowich [13] a sharper bound for the
approximation error than (2.31):

A
(2.37) My — xlijy 7y < constl| S(T )l - TC= D~ 1)exp( ;‘_““1 T"‘“),

where r is the dimension of the largest Jordan block of A4 with an eigenvalue with
real part -\, and

(2.38) Y = max

t€[l,00]

A
—(a+1)(r—1) n_ _a+1
y(1)t e:xp(——1 t )”
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holds. Inserting (2.33) (with ¢ substituted for ¢) into the right-hand side of (2.37)
and requiring that § <A ;. /2 and [y — xll{; 1,y < constl|S(T(e))ll - € hold gives a
lower bound for § depending on ¢

(r = DAy A min
(2.39) 8= ny/e In Aot 1)ng/e
Obviously 8(g) — 0 as € — 0 such that §(e) < A min/2 holds for e sufficiently small.
8 = 8(¢) can also be used for nonlinear problems if f does not depend on r. For
variable coefficient problems whose coefficient matrix has an asymptotic series
expansion as ¢ — oo, a similar approach can be used for the determination of § by
using the estimates given in Markowich [12].

=35 (e).

3. The Scalar Case. In this section we treat the simplest case, namely scalar initial
value problems. The aim is to construct step-size sequences for the Box-scheme such
that the global error is less than O(e) on [1, T(¢)]. These step-size sequences will be
used for the general boundary value problem case.

We consider

(3.1) y' =Ny + (1), 1<t<o0,a=0,
(32) y(1) =7,

where A = A| + i\, may vary in a compact subset Q of {z € C|Rez > 0}.
The Box- (or centered Euler) scheme for (3.1), (3.2) has the form

Yirr = Vi A, « . _
(3.3) +—lh"“ = _EtH—l/Z(yH-l +y)+ 112t =0,y =y,

i

where for ;> 0

h,

(3.4)(a) to=1, t;;,=t,+h, ti+1/2=t,.+3' i=0;
(3.4)(b) fiv1,2 :f(ti+1/2)’
holds.

We define

A
m 1 "_hta_'_l/z

(3.5)(a) Lo = 11 —5—— n<m

A /= 1+Ehjtjq+1/2

I/Vn+l,n:1’ n>—1’

and for a sequence of complex numbers z = (z i1 /2)};‘l

'S Mtz .
(3.5)(b) (H_(A, 1, h)z), = 2' LX——L—gﬁLlyi_l(}\,h), i=I+1,
j=1 1+§hjtj+1/2

and (H_(A, t;, h)z); = 0 where h = (h y );;(1) is the sequence of stepsizes.
Using these definitions, the solution of (3.4) can be written as

(3-6) Y= Yo (N h)y + (H.(X, 29, B)f),,
where f = (£, /2);=¢ has been set.
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The local discretization error ¢, ,,/;,, , of the difference scheme (3.3) is defined
as

y(ti) —y(8)

(3.7) tialivin = - 7 + §’z+1/2()’(f;+1) + (1))
—tiafi 120,

where y is the solution of (3.1), (3.2).

The global error
(3-8) e, =y(t,) —
satisfies the difference equation
e, —¢€ A, N .
(3.9 "’LI}T— = _Etl+1/2(ei+l +e)+ o 2livi i=0,e,=0,

1

and therefore has the solution
(3.10) e, = (H.(A, 15, h)I),

with 1= (1, ,,)/Z0
In order to esumate the right-hand side of (3.10), we need the following

LEMMA 3.1. Let x, for k = n, n + 1,...,m, be complex numbers with Re x, > 0 and
Im x, /Re x, < x = const. Then setting Il}_,, ,a,= 0 fori=1,a, € C:

m m

|xn| |l xl]
3.11 —_— —_ —\/1+x R
( ) xgn |1+XK|2 1:1,:I+1 |1+ I‘

m k—1
| . | Il—le

3.12 1+ x2
( ) xgn |1+x |2 I—In |1+

holds.

Proof. An easy calculation gives

TETREtRE UnTr

|1+x|2

Substitution into the right-hand sides of (3.11), (3.12) yields telescoping sums.
Application of Lemma 3.1 immediately gives

LeMMA 3.2. Let f = ({1 /2)i=}- Then for every sequence h = (h;)\} with h; >0

A
(313) |(H—(}\’ tla h)f)ilsconStj:lI(I})a()i(_l) |:|fjl'+1/2| (1 + | |hjtja+1/2)]

holds for i > I uniformly for A € Q.
Proof. |
H. (Nt h < t ( . (1+——h.tf’ ))
| (H.(A, t;, h)f),| < cons j:;(rlli’i‘*l) [fi+1/21 7 Mili+12

i—1

hty
« k1,2

2“ Yk+1,i~](>" h) | ’
k=1 ‘1 + %hktll:+1/2‘

and application of (3.11) yields (3.13).
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We get from (3.10)

AL, e
(3.14) le;|< constj:g(r}ii(ig_l)[|lj+l/2| (1 +Thjtj+1/2) .
For the following we assume that
0
(3.15)(a) 1) = F@yexp( -1t ). 0=

holds where F, F’, F”" € C([1, 0)) N L_([1, oo]).
Markowich [12] shows that (3.15)(a) implies

GO O1=cMIIF o+ [F)exp( -5 ),

where ¢,(A) is bounded for A € Q.
A straightforward calculation gives

1 nr ”
(3.16) |lj+l/z|<°°n5thf[,a I I R LB ”la»mn]-

172

Differentiating (3.1) and using (3.15)(b) yields
2

2a
4

(3.17) |lj+1/2|<c2(>\)h12‘( IIF(K)“n,oo]"'- [V
0

K=

A
><exp(—a_i_l ltf‘“), t;=1y(N),

where the function 72*exp(—(A,/(a + 1))t**!) takes its maximum over [1, c0] at
tay(A). ¢(A) and ¢;y(A) are bounded for A € Q.

From (3.14) we conclude that a step-size sequence 4, which equidistributes the
local discretization error (|/;,,,|< conste) and which fulfills h;?,, , < const
implies
(3.18) | e;|< const g,

where const is independent of A € . We set T'= T(¢) as in (2.33) but substitute
(Amin — ) bY A,
(3.17) implies the bounds

co\/;, 1<1,<vy,y>0,
(3.19) h,<h(A,et)=

A
cl‘/gti_aexP(z(—a-ll-T)t?H)’ Y<1iST(8),

for the mesh size 4, at a point ¢;, depending on ¢ and A, = Re A. These bounds
increase exponentially in 7. Since i(A,, &, T(¢)) = ¢,T (e)"*/@ holds, the condition
h;t,,, < const is fulfilled and (3.18) holds on [1, T(¢)]. The constants ¢, ¢, >0
can be chosen arbitrarily; however, the constant in (3.18) is an increasing function of
cg + ¢k

We now compute the number of steps N(&) which is necessary for integration on
the interval [1, T(e)] if h, = h(A,, ¢, t,) is chosen. Therefore we set

(3.20) N(e) = Ny(e) + Ny(e),
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where N(e) is the number of steps in [1, y] and N,(¢) is the number of steps in
[v, T(¢)]. Obviously

(3.21) Ny(e) <

co\/'

and

(322) Ny(e)= 2 'h“‘l“T

hi o [T dt 2 ()\l ( y"‘+1 )) 1
< max — <= exp| — — —
t€[v,T] h; ’/;' h (A, €, t) A P 2 ‘/a a+1 ‘/;

since max, ¢y (e Air1/hi < €xp(c; Ay /2) holds. From (3.21), (3.22) we conclude

(3.33) Ne) = 0(%).
A constant step-size algorithm would need
(3.24) N T, £) X
. 3¢
“““(“;’ 7(e)"

steps because

mlaxl (H_(N, 1, Boon 1) | < ConSt(l + BzﬂhTa) max |y 5], timp <T,
1
holds, where 4, = (h)];' is a sequence of constant step sizes.

Therefore the step-size sequence / given by (3.19) is very efficient and the reason
is that no condition like %, /A < const is required. We remark that & equidis-
tributes the local error.

The problem (3.1), (3.2) can be regarded as a model for the decaying solution
components of boundary value problems on ‘long’ intervals, and now we look at the
increasing components, which can be modelled by

(3.25) ' = wt’z + t*f(t), 1<t<T,a=0,T=T(e),
(3.26) 2(T)=1z

where w = w, + iw, € € and { is again a compact subset of {z € C|Rez > 0}. We
again use the Box-scheme to approximate (3.25), (3.26)

Ziv1l T Zi _ @, o . . _ =
(3.27) +hA _Eti+l/2(zi+l +Zi)+ti+1/2fi+1/2» i=0; Iy =2,
where
(3.28) h=1<t,=tythy<- - <ty =ty ,+h, ,<ty

=ty +hy = T(e)
holds.
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The solution of (3.27) is given by
(3:29) zZ; = Y;,N—l(w’h)z-'- (H+(‘*”tN’h)f)v
where

j j+l/2f+l/2

= LS ht

(3.30) (Hy (@, ty. h)f), =~ 2 Yieh), <N,

and (H, (w, ty, h)f)y = 0.

Since the increasing components are scaled down by the asymptotic boundary
conditions at t = T, we disregard the convergence of the z, to z(z,). Stability follows
as in Lemma 3.2

LemMA 3.3. Let f = (fi41,2)}1" Then for every sequence h = (h;)N-\!

@], o
(331) |(H, (@, 1y, h)f),|< const j=i(rg?]i/(—l)[|fj+l/2| (1 + Thjtj+l/2)

holds for i < N uniformly for w € Q.
Finally we prove

LEMMA 3.4. Assume that 1;< 1, < T(e) and that h, < h(\,, &, 1,), \; = Re A > 0.
Then | Y, ;_ (A, h) |< exp(~c(t; — t,)), and ¢ = c(X) is bounded on Q.

Proof. Letz = z, + iz,, z, > 0. Then

2 4z, z,
<1-—1—<expl-4—1—
|1~i~z|2 |1+z|2

holds. This estimate has been used in de Hoog and Weiss [6]. For A = A| + i\, we
obtain

i,j—1

1—:
1+:2

Jj—1 h t*
(A, h)|<exp|-2A\, 2 ;kﬂ/z

k=i «
l ‘1 + Ehktk+l/2

|lj1 2

Since | 1 + (A/2)h 1y 5 |* < ¢(A) for 1, < T(¢) holds, we get

Jj—1
|Yi,j_l(}\,h)|<exp( (}\) Eh fk+1/2)

< exp(—c ji hk) < exp(—c(tj - t,-)).

k=i

4. Linear Boundary Value Problems. We consider

(4.1) x' = t*Ax + t*f(1), 1<t<T,a=0,
(42) Bx(1) = 4,
(4.3) S(T)x(T) = o(T),

where A4 fulfills (2.4), (2.5), B is an r_Xn-matrix, 8 € R"- and f fulfills (2.13) with
0 > A i, the r Xn-matrix S(T) fulfills (2.29), (2.30) and T = T(¢) as in (2.23).
This simple case is considered as a model for problems where 4 depends on z.
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The Box-scheme has the form

Xig1 — X% _ A

(4.4) h = jt;x+1/2(xi+1 +x,) + tﬁi—l/zfm—l/z’ i=0(1)(N — 1),
(4.5) Bx, = B,
(46) S(T)xy = o(T),

where the partition A = {t,, t,,...,y_,, ty} fulfills (3.4)(a) and & = (k)X h, > 0.
A fulfills (2.4). We employ the transformation

(4.7) x; = Eu;,
and get
Uiy — U, J o B .
(4.8) % = Eti+l/2(ui+l +u;) + 1 E 1fi+1/2’ i=0(1)(N—1),
(4.9) BEu, = B,
(4.10) S(T)Euy = o(T).

We want to derive an existence and stability theorem for (4.8), (4.9), (4.10). As de
Hoog and Weiss [7] did for the continuous case we split u; into

ul |} E°Y, N
@y @ o= ) = | E ) P
u; | }r (E_lfi+1/2) }r
and get employing (3.6) for u; and (3.29) for u;"
Yo (I, h) 0
4.12 ;= el ’ -
( ) u; [ O ]£+ +[Y0’;'l-_l(—.]—, h)e] 5_

+ (H(J’ Los Ins h)E_lf)i’

where for any k X k matrix P whose eigenvalues have positive real part

m -1 P
(413) Ynk,m(P’ h) = H ( + 2hjtj+1/2) ( kK hj _]+1/2) m
j=n

\
3

Yn+1,n(P’h):I’ n>—l,
holds and the operator H is defined as

(Hy (", ty, )zt )) z:(z+)

(H(J7, 15, h)z7),

(4.14)(@) (H(J, . 15, 1)), = ( :

and
(4.14)(b) (H, (J", tN’ h)z+ ):

r J+ [+ ! o
2 h Y (I, h)( hjtj+l/2) tj+l/2‘z;:§~l/2’

(4.14)(c) (H. (I, 1, h)z‘)i

-1
=2 hY (T, h)(I h f,+1/2) thiy2Zi41/2
j=I
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where z* = (25, )50, 27= (273, 050 and 2%, , € €7+, 2, ,, € C'- has been
set. Here (H, (J*, ty, h)z*)y =0 and (H(-J ", t;, h)z"), = 0 hold. These defini-
tions make sense because (I + 7/ ), (I — 7J")™" exist for r = 0.

In order to get bounds for the defined difference operators, we use the following
representation of a matrix function

(4.15) 6(P) = 307 [ SN = P)"an,

where the contour I', encloses all eigenvalues of P. ¢ is assumed to be analytic. (4.15)
has been used by de Hoog and Weiss [6] in a similar context.
If all eigenvalues of P have positive real parts, we get

(4.16) Viu(Poh) = 5 [ X (N WM~ PYa,
P

where Y, is defined in (3.4) and

1 fr+(H+ (w,tN,h)(wI—J"L)_lz)idw

(4.17) (H(J, 19, 1y, h)z), = 5= |
2qi fr(H_(_}\,to,h)()\I_J_)—lz_)id}\

B

whereI', C {z € C|Rez>0},T_C {z € C|Rez < 0} holds. Since

(4.18) max [[(wf —J*)'ll, max (A1 — J°)" || < const,
wel AeTl.

+

the estimates given in Section 3 can be used because they were formulated uniformly
for -\, w in compact subsets of the left half plane.
By evaluating (4.12) at the boundaries (i = 1, i = N) we get the block system

G T
S(T)E[é] S(T)E[Yo’,w_l(O—J‘,h)] (5)

B — BE(H(J, ty, ty, H)ET'f),
o(T) — S(T)E(H(J, ty, ty, W)ET'f) ]

(4.19)

We assume that (2.1), (2.2), (2.3) with A(T) = A4 has a unique solution for all
f € C(1, ©)), B € R™. Therefore (2.15) holds and implies that

ol

is nonsingular. From (2.30) we conclude that S(T)E[}] has a bounded inverse. From
(4.16) we conclude that

(4.20) 1Yy (JT, h)Il < const max | Yo n—1(w, h)|< const

and
(4.21) 1 Ygn— (=7, h)Il < const max | Yon—1(-A, h)|.
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Now let X\ be the eigenvalue of J~ which is nearest to the imaginary axis, such that
Re A = -\, and take I'_ such that
(422) dist(T_,A)=8 and dist(T_,{z € C|Rez=0}) =A,;, — 8
holds. We now choose & = (h,)¥,' such that h, < h(\, — 8, ¢, t,) defined in

(3.19).
Because of Lemma 3.4
(4.23) max | Yo v_ (A, B) [=o(1), €e-0,
NS ’

holds. Therefore, for & sufficiently small || Y5 _,(=/ ", &)l can be made sufficiently
small such that the block system (4.19) has a unique solution &, , £ _.
(4.17) and the Lemmas 3.2, 3.3 yield

4.24 max H(J,1,T(e), h)E7'f).Il <const max | f Il,
( ) i=0(l)(N—1)”( ( (e), k) f)’“ i=0(l)(N—1)|f+l/2|

and the stability estimate

4.25 a I < const +llo(T(e))ll + max [l fiy,,,]l
(425)  max x| (181 -+ Io(T(e)I + _ max e,

follows.
The local discretization error ¢/ | ,»/;,, ,, is again defined as

a x(tiyy) —x(1) 4,
(4.26) tipliny = —H_h—“’_ - 7’1+1/2(x(ti+1) +x(1,))

—ti0fiv, = 0(1)(N 1),
such that the global discretization error
(4.27) e, = x(1,) — x;

fulfills the discrete boundary value problem

(4.28) eli%ei = i;‘tz'aﬂ/z(eiﬂ +te)+ t2livi e, i=0(1)(N—1),
(4.29) Be, =0,
(4.30) S(T)ey, = 0.
From (4.26) we obtain
(4.31) max |le;ll < const max I/, I,
i=0(1)N i=0()N

where I = (/11 ,,)}5;" has been set.
As in Section 3 we obtain

1
(432) ||li+l/2” < const hlz e ||x”,||[’i’f,+1]‘+ ||x"||[l,‘»’i+]] >
i+1/2

assuming that (2.13) holds with F, F’, F” € C([1, 0)) N L_([1, 0]). Now let o(T")
= 0. Since

(I < y(e)Il + lx(2) — y()II < [l y()Il + constl S(T)y(T)I
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holds, where y is the (unique) solution of the ‘infinite’ problem (2.1), (2.2), (2.3) with
A(T) = A, we get

(4.33) llx(2)ll < const é [|F® + 1B ex (—Mﬂ’“
’ * = =0 (1,00 P a+1

+IS(T)y(T)lI

This follows from (2.14), (2.28). By using the differential equation (4.1), we derive

a (>\mm _ 8) a
(4.34) 17,4121l < const h?(ti2 CXP(_—&—-{Tt" +1) + 0(e).
Since h, < h(A ,, — 8, & 1,), we obtain
(4.35) max |lle;ll = O(e).
i=0()N

The estimate (2.14) for y(T') gives a bound for the total error

(4.36) max lly(z,) — x,ll < const(e + exp(—MT(e)aH)) = 0(e).
i=0(1)N ! ! a+1
Again y solves the ‘infinite’ problem and x; are the solutions of the Box-scheme for
the “finite’ problem on [1, 7(¢)].
We briefly investigate linear problems where the coefficient matrix 4 depends
ont.
The Box-scheme for the approximating ‘finite’ problem is

Xipy — X o N
(4.37) % = %tt+1/2A(ti+l/2)(xi+l +x,) + 0 fivr s
i=0(1)(N—1),
(4.38) Bx, = B,
4.39 S(T)xy=0(T), T=T(e)=ty.
N

For the n X n-matrix, 4 € C([1, o)) is assumed to hold and A(e0) = lim,_, , A(¢)
has the Jordan form J obtained by

(4.40) A(0) = EJE7!,

and J has the block structure (2.5). Again we set

(4.41) x; = Eu,

and define

(4.42) G(t)=EM(t)E—J; G(t1)-0,1-> 0.

We use a perturbation approach for the derivation of an existence and stability
theorem and rewrite (4.37), (4.38), (4.39)

Uiy —u;,  J o
(4.43) ”’%“ = 5’:+1/2(“i+1 +u,) + %ti+1/ZG(ti+l/2)(ui+1 + )
+181 2B fir 0 E=0(1)(N — 1),
(4.44) BEu, = B,

(4.45) S(T)Euy = o(T).
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The general solution of (4.43) can be written as

I R ] 1O [P

+(H(J, 15, ty, B)Gu), + (H(J, t;, ty, W)ETYf),.

~ ~ - N—
(447)  (Gu)iv10 = 3G (trsy o )(upy + 1), Gu= ((Gu)iv1y2)i=;

has been set. £, € C™+ and £_€ C’- hold.
From (4.17) and the Lemmas 3.2 and 3.3 we get

1

4.48 max |[(H(J, t;, ty, h)Gu), |l < const||G|| max |lu,ll,
(4.48) i:m)N”( (J, 17, ty, h) ), ey TOAX Ny

where h; < h(A, — 0, &, t;) is assumed to hold. A ;, > 0 is the modulus of the real
part of that eigenvalue of A(oo) which is closest to the imaginary axis of all
eigenvalues of 4(c0) with negative real part.

We define the operator

(4.49) H(h,t,,1y): C"N=D  CrN=I+D)

such that, for x € C"W¥~D x = Fiv1 DN

(H(J, t;, ty, h)X),;

(4.50) H(h, 1, t5)%= :
(H(J, t;, ty, h)X) y

holds. From (4.42), (4.48) we get

(4.51) IH(h, t;, ty)G Il < constllGll,, , ),

where || - || denotes the max-norm for vectors in the respective C/ or the associated
matrix norm. Therefore the operator

(4.52) I— H(h, t;,ty)G: C"V=I+D _, cr(N=I+D

is invertible for ¢, < t,, sufficiently large.

The existence theorem for (4.37), (4.38), (4.39) follows by proceeding as de Hoog
and Weiss [8] did for the continuous ‘finite’ problem (2.23), (2.24), (2.25). The
stability estimate (4.25) holds for variable coefficient problems too.

THEOREM 4.1. Assume that A € C([1, 0]); A’, A” € C([1,0)) N L_([1, o0]) and
that f fulfills (2.13) with F, F', F' € C([1, 00)) N L ([1, o0]). Let, for some & suffi-
ciently small, T = T(&) = ty as in (2.23), and assume that

(4.53) hy<cy-fe, 1<y, ¢>0,
Apin — O
(4.54) h,<\etr® exp(-T"u“:—l—.t}"“), y<t,<T(e),

holds for some fixed y. Then if the matrix (2.18) is nonsingular, the Box-scheme (4.37),
(4.38), (4.39) is uniquely soluble and

(4.55) max_|lx; — y(z,)Il = O(e)
i=0()N

holds for o(T) = 0.
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For the remainder of this section we assume that equality holds in (4.53), (4.54).
Then the number of steps N = N(¢) fulfills

(4.56) N(e) ~c- e— 0.

1
‘/; 9
The condition number of a nonsingular matrix A4 is defined by

(4.57) x(A4) = 114l14.

The condition number of the difference operator L, (given by (4.37), (4.38), (4.39),
where both sides of (4.37) are divided by 77, /,), fulfills the estimate

(4.58) x(L,) < const —\/1: ~ const N(e)

)

since

(4.59)  IIL,Il < max||BI,IS(T(e))ll, max

« + 1Al
i=0(I}(N—1) ti+1/2h,~ [1,00]

and because the stability estimate (4.25) implies || L;'|l < const. (4.58) is a very
moderate condition number, and therefore (4.37), (4.38), (4.39) can be safely solved
by Gaussian elimination with partial pivoting using for example the code
SOLVEBLOCK (de Boor and Weiss [5]).

5. Nonlinear Problems. We consider the ‘infinite’ problem

(5.1) y =t*(t, y), 1<i<ow,a=0,
(5.2) b(y(1)) =0,
(5.3) y€E C([l,oo]),

and the Box-scheme

(54) = (b T x)) P= 0N - 1),
(5.5) b(xy) =0,
(5.6) S(T)x = S(T)y*(e0),

where T = ¢, holds. The asymptotic boundary condition S(7') is set up as described
in Section 2.
As mentioned in Section 2,

(5.7) f(o0, y*(0)) =0
has to hold. We now assume that y*(o0) is an isolated zero and that f,(c0, y*(0))
has the Jordan form J obtained by

(5.8) fi(o0, y*(0)) = EJE™!,

where J fulfills (2.5). Moreover, we assume

(5.9) f€ C(C(1, y*(0))); f(1, y*(00)) = O(e™®/ =Dy g >N,
(5.10) b: R" — R"™-; b, b, are locally Lipschitz continuous in R",



COLLOCATION METHODS FOR BOUNDARY VALUE PROBLEMS 141

and that the problem (5.1), (5.2), (5.3) has an isolated solution y*(t) —» y*(0) as
t — oo. The isolatedness means that the linearized problem
2 = £,(t, y*(1))z, b,(»*(1))2(1) =0, z € C([1, ])

has only the trivial solution z =0. We set T = T(e) as defined in (2.33) and
conclude from de Hoog and Weiss [7] that the approximating problems

(5.11) x = t(t, x),
(5.12) b(x(1)) =0,
(5.13) S(T)x(T) = S(T)y*(e0),

with (2.29), (2.30), are locally (around y*(7)) uniquely soluble for T(e) sufficiently
large and

(5.14)  llx =yl 7)< const|S(T)(y(T) — y*(0))Il < const||S(T)lle

holds. Possible choices for S(T") are discussed in Lentini and Keller [10].

We apply the nonlinear stability theory given in Keller [9] with & as a grid
parameter. The result then follows from the stability estimate (4.25) for linear
problems, and we merely state it in

THEOREM 5.1. Under the given assumption the Box-scheme has ( for € sufficiently
small) a locally unique solution which converges to the locally unique solution of (5.4),
(5.5), (5.6) if a step-size sequence h; fulfilling

(5.15) higco‘/;’ <Y,

(5.16) h, < et *exp Mﬂ’“ y<t,<T(e)
' ! ! 2a+1)" ’ ! ’

is chosen. The estimate

5.17 ma t.) — x|l = O(e), -0,

(5.17) (max [1y() = xll = 0(e). e

holds. The Newton procedure for (5.4), (5.5), (5.6) is quadratically convergent for
Sstarting values in a sphere

y(1)
K=:{xeCc'™WDllx —| <t

Wty)

H

where £ > 0 is independent of «.

The mesh-size sequence (5.16) can be employed on the whole interval [1, T(¢)]
(since A(A i — 8, 6,7,) < VEY “exp((A pyn — 8)/2(a + 1))y**") holds on [1, y]);
however, there might be more efficient choices on that interval where y is not close
to y*(o0).

6. Higher Order Methods. It is intriguing to use symmetric, A-stable (higher order)
collocation methods (see de Boor and Swartz [4], Russell [17] and Weiss [20]) for the
solution of (5.11), (5.12), (5.13). We define

(6.1) t,=t+ ph 0<p, <p,<--<p_,<p. <1,

i®
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and require that the p, are symmetric about 3. We do not include p, = 0, p, = 1 (for
example Lobatto points) in this discussion. However, the results carry over to this
case if the mesh-size sequence h; fulfills h;z7 | < const as T = T(e) > co where
const is sufficiently small but 1ndependent of &. If mesh-size sequences which grow
faster are admitted and if the endpoints 0, 1 are collocation points, then instabilities
can occur in the exponentially increasing components in the case a > 0.

This is illustrated by the homogeneous problem

=21z, z(T)=:=.

The trapezoidal rule has the solutions
N1 ] — hjtj“z
e 1+ ht;
If h;>/1+p for p>1,i<j<N—1, then |(1—h;t;,,)/(] +hj_tj)|>p> 1
holds. Keeping ¢ = ¢, (and the mesh on [1, ¢,]) fixed implies | z;|> (p)" | Z| - oo as
N — oo (T — o). This exponential instability does not occur when using the
midpoint rule.

We write the k-stage collocation method for (5.11), (5.12), (5.13) as a system of
difference equations

X, — X k
(62 5= St xa), 1= 0()(N = 1).j= 11k,
(6.3) TS = S bt ), 1= 0(1)(N = 1),
(6.4) b(x,) =0,
(6:5) S(T)xy = S(T)y*(w), T =T(e),

where the x;; are the approximations to x(¢;;) (resp. to y(¢;;)). From Ascher and
Weiss [2] we get

(6.6) a; = ‘PI(PJ')’ 1;1 =¢,(1),

where ¢, is the interpolating polynomial (of degree k) which fulfills

(6.7) ?(0)=0;  ¢i(p) =8, =1k

We set A = (d;)j=10pks1=101yk> b = (51,...,5k)’, where the superscript “’” denotes

transposition. The eigenvalues of 4 have positive real parts. In particular the
Gauss-schemes belong to this class (p; are the zeros of Gauss-Legendre polynomials)
and the Box-scheme is the one-stage Gauss-scheme (with p, = 3).

At first we investigate the stability of

Yy~ Vi . S «
(6.8) jh == Aty 2 Quyut i nls V=17,
=1

i

k.
Vi Ji « A a
(6.9) +1h_ =Nl 2 byt 2k
i =1
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where ReA > 0; y;;, ;. f;;» f; € C holds. Setting 1=(,...,1, Vi= its- Vi)
f = (f1»--->fix), we obtain
- « Al
(6.10) Vi = (I + )\hitH—l/ZA) 1y, +h; tz+|/2(1 + Ak, tz+1/2A) £
(6.11)(a)  yi, = (1 - }\hit;x+1/2bl(1 + )\hxtzﬂ/zA) I)J’i
_)\h?tﬂll/zg/([ + Ahi’?ﬂ/z/i)_ fj+ hitioy o k-
The function
(6.11)(b) v(z) =1—2b(1 + zA)'1
is the growth function of the collocation scheme and fulfills
(6.12) |v(z)|<1, Rez=0(A4-stability),
(6.13)(a) |v(z)|=1=>Rez=00rz=c0, (Rez=0),
613)(6)  lim (1= |¥(:)])/|z|>0 forRez>0, if;j <c,
(6.14) y(z) =e’+ 0(z%*"), z-0,Rez=0,
(see Ascher and Weiss [2]).
From (6.1 1) we get
- i—1
A A\—-1 >
(615) 3= H V(2,7 + 5 2 (281 +24) ' [+1) T (),
=0 m=j+1
where z; = -Ah;tf,, ,, has been set. A simple calculation shows that
©.16)  |z| (1218 10CT + 24 NS+ 1£1)
<|z|max(|z|IIfIl +|f|), Rez=>0,|Imz/Rez|<c.
Using (6.12), (6.13), (6.14), we obtain
| 2] z
6.17 ——— < const(1 — z) ), <c
(6.17) T+ap (1—1v(2))) ~

Proceeding as in Lemma 3.1 gives the stability estimate

(6.18)  max(1l 1, ]1)

const(ly1+ max [( +hjtj+1/2) (hjtj"’ﬂ/2 ;H+|jj-|)]),

J=0ME—1)

which should be compared to (3.13). Now assume that /¢, ; ,, < const holds on the

whole interval of integration. Then we get stability for

Yij — i
(6.19) ’h )\2 Autiya+ U fimy  1<m;<k,y =7 a>0,

(6.20) y'*‘h y'=_>\2b,,,y,,+t L l<ms<k,

4 =1
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by the following perturbation approach:

k
Yy = .
(6.21) —U‘h—l =Nt} 2 ¥y
i =1
k =t t
A /2 tm;
— Az 4, ——7= J’i+”—"_f" ,
z+1/2(1§l ﬂ( 1712 ! 2
k
Yier " Vi _ N
(6.22) Lh——l = A1) 2 by,
13 :
e 2
z+1/2 2 bl ! « Yyt f ]
Livi,2 Liviy2

Since 17, /1%, /5 < const holds, estimate (5.18) gives

(6.23) max(ll 5 Il | 1)

_ta
2 max max(ll 51,y )

J,
|¥| + max
J=0()(E—1)

J

< const

1

+ max (At Il £ ||+
max (R, 151)]-

Choosing h; < ((a — 1)/p; — 3)t;, wherea = (1 + 8)17% we have
} (’f = tf12) /12| < 8.
Therefore if
(6.24) h;<min(dyt;, d\1;*),  d, sufficiently small but independent of ¢

holds, we get the estimate

(6.25) max(I71,]y]) < const(|y|+j ()r(r}fl()lg_l)(hjtj9‘+l/2|l]§l|+|j}|))

for the unique solution y,;, y; of (6.19), (6.20). The stability consideration for the
exponentially growing components are analogous to those following (3.25), (3.26).
This stability result, obtained for scalar initial value problems can be extended to
variable coefficient boundary value problems using the methods of Section 4.

In the sequel we assume that the function f (in (5.11)) fulfills

(6.26) fECHHC1, y*(w))

and that the assumptions on f, b, S, y of Section 5 hold.
We define the local discretization error ¢/, 17, ,,/; 0f (6.2), (6.3), (6.4), (6.5) as

itu—-)-%(tl) - 2 jlttlf(ttl’ x(tll)) lj U’

1

k
x(¢ x(t, . o
(6.28) ( H)h (1) — 2 bt (1, x(1,)) = 150l
=1

(6.27)

i
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where x(7) solves (5.11), (5.12), (5.13). A lengthy calculation (see Axelsson [3], Weiss
[20]) gives

1
(6.29) ll7;;1 < const A% - o lx® 00,
ij

i+1l?

(6.30) Il < const h¥*!.

a
i+1/2

X2

i+1l”

(6.30) holds because we only admit symmetric collocation points. We obtain

a (}\min — 8) a
(6.31) 17l < const hft} exp(—?ti “), L=y,
Apin — 6
(6.32) [l,Il < const h¥*1lk+De exp(—(—m‘“—)t;’“), =y,
a+1
and
(6.33) I, =o0(h), L= 0(hY),  1<y<y.

The stability estimate (6.25) implies that we may equidistribute the functional

a7 k+1,(k+ Da (Amin_a)al
(6.34) hytfITIl + 1411 < const h4* 1<+ D exp(_—;;—l—t,. + ) —_—
(where l_; = (l},...,1},) holds) as long as (6.24) holds. Requiring a total accuracy
O(¢), we obtain bounds for the meshsizes

(a) h; < coel/("+]), I<t,<y,
A — 8
< g/ (kT Dy _ fmin % ati <1 <T

where T(e) is defined in (2.32), (2.33). The number of meshpoints N,(¢) ~
const 1 /e'/** 1 the condition number of the linear set equations (6.2)—(6.5) x,(L,)
~const N, (&) (if equality holds in (6.35)), and we get

(6:36)  max_ max(ll y(z;;) =y, I, 1y(2;) = yll) = O(e), &0,
=100k
for the locally unique solution y; ;, y; of (6.2), (6.3), (6.4), (6.5).

Using the superconvergence property of certain collocation schemes at the knots
t;, we can improve the bounds for the meshsizes (6.35). Let

(6.37) w(s)=(s—p)(s—py) - (5= pp)
We say thatw € P,, r > 0 if

(6.38) f‘s"w(s) ds=0, i=0(1)(r—1)and j;ls’w(s) ds + 0

(6.35)

holds. Obviously, k + r — 1 is the order of accuracy of the integration formula
| k
j(; o(s)ds~ 2 ane(p).
=1

Applying the collocation scheme (6.2), (6.3) to the scalar initial value problem
(6.39) Y=y +£(1), 1<t,y(1) =y, A=A, +iA,,
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where (3.15) holds, we get for the global error e; = y(#;) — y; at the knots
(6.40) e, = v(-Ah)e; + b1, = Nn B (I —An,A) L),  ey=0.
From Weiss [20] (or Axelsson [3]) we get

(641)  max(|;| .| b/(1 = NhA)"[j]) < const REIYET N .

Using (6.16), we get

2 r r
(6.42) | e;|< const jzggi)i(_l) ((1 + b)) R e +l)”[r,-,t,+11)'
For general a = 0 we get, for the problem (3.1), (3.2),
1
(6.43) Je,|<const _max BTy 4N,

j=omi-1 7 1

if A, fulfills (6.23).
Using the stability estimate (6.24) and proceeding as in Weiss [20], we obtain

THEOREM 6.1. Assume that f(t, y) € C**"(C (1, y*(0))), that the collocation scheme
is A-stable and that w € P,. Then, for € sufficiently small, the collocation equations
(6.2), (6.3), (6.4), (6.5) with

(@) h;<cee/**D,  is<t<y,
(6.44)

Apin — 0
1/(k+1),- 1
(b) h;<e/UFDeexp 2 Ly <1, <T(e),

(k+r)at1)”

where T(¢) fulfills (2.33), have a locally unique solution x
(1)), ¥(1,) (9(1) solves (.1), (5.2), (5.3)) and

ij» X; in a neighborhood of

(6.45) max [ly(¢;,) — x,l=0(e), &-0,
i=0()N
6.46 F ) =yl = 0@k /KDY g g
(6.46) ii’éﬁ’)‘,\,”)’( ) — il = 0(e ), &e-0,
J=1(Dk

holds. The Newton procedure for the collocation equations is quadratically convergent
from a sphere of starting values which does not shrink as ¢ - 0.

The number of necessary meshpoints N, (¢) fulfills

k+r A —3§ 'Y"‘+l
< g~ V/(k+tr) min 1/(k+r) _ _
(6.47) N(e) <e (Am—se"p( k+r (‘P a+1))+7 1)’

and the condition number of the linearized collocation equations x,(L,) ~
const N(e), ¢ — 0 if equality holds in (6.44).
For Gauss points » = k holds and the bound (6.44) is best possible.

7. A Numerical Test Problem. As a test problem we solve:

(7.1) wi = _1 + exp(-iw), 1<t<oo,
(12) wi()=0, wr(1)=1,
(7.3) w € C3([1, 0]),

using the devised mesh-size sequences. This problem, which models the deflection of
a pile embedded in soil was investigated by Lentini and Keller [10].
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The obvious transformation

(74)  yi=w,om=w, o =w oy =ws y= (0, v v )
gives the four-dimensional problem

Y2
, V3
(7.5) y=f(y)= Vs ,  1<t<oo,
~1 + exp(-1y,)
0010 _ (0
(7.6) [0001 = (%)
(7.7) y € C([1, ]).
The (only) stationary solution y, is given by
(7.8) ¥, = (0,0,0,0),
and the eigenvalues of the Jacobian (1) are
(7.9) A= (4)Fei@moma 1=1,2,3,4,
so that
(7.10) ReX,=ReA;=-2%4  Rel, =ReA,=27/*

holds. Since the imaginary parts of A, ; are nonzero, we have to expect (exponen-
tially decaying) oscillating solutions.
We approximate (7.5), (7.6), (7.7) by the finite problem

(7.11) x' = f(x), 1 <t<T(e),
o it (4)
o 2288]-rn- 2.

The boundary condition (7.13) is admissible (i.e., it fulfills (2.29), (2.30)), however it
is not optimal in the sense of (2.35).

Calculations using the optimal boundary condition have been performed by
Lentini and Keller [10].

From (2.33) we get
(7.14) T(e) = 2*/4In %,
where
(7.15) Q= malxliy(t)exp(2'3/“t)ll
=

holds. Because (7.5) is autonomous and because all eigenvalues A, are simple, no
algebraic factors occur and & (in (2.31)) can be set to zero. For the following
computations the code COLSYS (see Ascher, Christiansen and Russell [1]) was used.
All computations were performed on the CDC-CYBER 74 of the TU Vienna. An
approximation to ¢ was computed numerically by solving (7.11)—(7.13) using 7-stage
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collocation at Gaussian points with equidistant grid points and meshsize # = 0.2. It
turns out that ¢ ~ 14 holds. For k-stage collocation at Gaussian points we use the
mesh-size sequence

2—7/4
(7.16)(a) h,= sl/zkexp( t,.), 1<1,<T(e),
(7.16)(b) hye—1 = =T(e) — Ine)—1-
Again, N,(¢) denotes the number of meshpoints in [1, T(¢)].
For the following calculations we choose & =1072,1073,...,1077 and k =

.,6. Table 1 lists T(¢) (rounded). Obviously
(7.17) T(5) = T(e) + 24110 ~ T(e) + 3.87

holds. Tenfold accuracy is achieved by increasing the integration interval by 3.87
units.
Table 2 lists the number of meshpoints N,(¢) and the ratios

(7.18) r(e) = N(%,k)/N(e, k).

From (6.47) we conclude that
(7.19) () =~ 101/2%

holds. The values 10'/2% for k = 1,...,6 are given in the last row of Table 2, and it

seems that the convergence of 7,(¢) to 10'/2* (as & — 0) gets slower as k increases.

Table 1 also shows the enormous superiority of high order methods. For k = 1

(midpoint rule) and e = 1077, 7920 grid points are required while for k = 7 only 60

grid points are necessary in order to achieve (at least) the same accuracy (in fact

Table 3 shows that the absolute error decreases for constant ¢ and increasing k)!
Table 3 contains the absolute errors

(7.20) e,(e) = max ly(t;) — x;(& k)l
i=0(1)N,(¢)

(where x; (¢, k) solves the k-stage collocation equations (6.2)—(6.5) for (7.11)—(7.13))
and the corresponding (rounded) orders of convergence

(7.21) (e:;(;l)o) )/m 10.

Solutions for k =1, ¢ = 10~°, 10~® could not be obtained since the storage require-
ments were too large.

As mentioned before the absolute error for fixed e decreases as k increases (except
for e = 107, k = 4, 5). This was also observed by Ascher and Weiss [2, Table 4.2] in
the case of singular perturbation problems.

The orders of convergence are even for large ¢ fairly accurate for k = 1,2. For
larger k and large € convergence is faster (than order one in €) but as £ decreases the
orders apparently converge to one.
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TABLE 1
Integration intervals
e l 1072 1073 1074 1072 1076 107’
T(e) I 12.18  16.06  19.93  23.8 27.67 31.54
TABLE 2
Number of mesh points and ratios
ok 1 2 3 4 5 6
Nl(e) Tl(E) Nz(e) TZ(E) N3(e) T3(€) N4(e) TA(E) Ns(e) TS(E) N6(e) ‘r6(e)
1072 27 |3.04 | 17 |1.88 15 |1.67 | 14 |1.57 | 14 (1.5 14 [1.43
1073 82 |2.91 32 |1.78 | 25 |1.52 | 22 {1.45 | 21 |1.38 | 20 |1.35
1074 253 |3.03 | 57 |1.81 | 38 |1.53 | 32 |1.38 | 29 |1.34 | 27 |1.33
107 794 {3.14 |103 |[1.78 | 58 [1.52 | 44 |1.43 | 39 |1.33 | 36 |1.31
107 | 2503 |3.16 [183 [1.78 | 88 |1.49 | 63 |1.38 | 52 |1.33 | 47 |1.28
1077 7920 326 131 87 69 60
10172k 3.16 1.78 1.47 1.33 1.26 1.21
TABLE 3
Errors and orders of convergence
k 1 2 3 4 5
€
el(e) ez(e) e3(€) e4(€) es(e)
1.E-2 | 3.23E-3 | 1.0 | 2.68E-4 | 1.6 | 2.24E-4 [ 2.8 | 2.205-4 .8 | 8.00E-5 |2.5
1.E-3 | 3.03E-4 | 1.0 | 5.60E-6 | 1.0 | 3.13E-7 | 1.7 | 2.84E-7 .9 | 2.84E~7 [1.8
1.E-4 | 3.05E-5 5.55E-7 | 1.0 | 6.00E-9 | 0.8 | 3.30E-9 .8 | 3.79E-9 |1.4
1.E-5 5.70E-8 | 1.0 | 1.00E-9 | 1.1 | 5.0E-10 .2 | 1.45E-10]1.1
1.E-6 5.00E-9 8.2E-11 3.0E-11 1.20E-11
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