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A Posteriori Improvements for
Interpolating Periodic Splines

By Thomas R. Lucas*

Abstract. A method of a posteriori improvements of interpolating periodic splines of order 2r
and their derivatives over a uniform mesh is developed using polynomial-type correction
terms. These improvements enhance the order of convergence by several powers of the step
size h and are convenient and inexpensive to implement. The polynomials are specified in
closed form using the Bernoulli numbers. That the first of these is related to the Bernoulli
polynomial of degree 2r is due to Swartz [10], but no general development beyond the first has
previously been made. These polynomials are multiplied by high order derivatives of the
function evaluated at the mesh points. Some recent results by Lucas [8] are used to accurately
estimate these values. Some numerical results are given which correspond closely with the
predictions of the theory.

1. Introduction. For notation let C;'[a, b] denote the class of all functions
f € C"(—o0, ) such that f is periodic of period b — a. S is said to be a periodic
spline of order 2r over a partition of [a, b], m: a=x,<x; < ---<Xx,=b, if §
restricted to (x,_,, x;) is a polynomial of degree 2r — 1 (1 </=<n), S(a) = S(b)
and S € sz’"z[a, b] where S is the periodic extension of S. If also S(x,) = f(x,),
I1</<n for fE€ Cpo[a, b], we say that S is the (smooth) periodic interpolating
spline to f of order 2r over the mesh ,. Throughout this paper the mesh 7, will be
uniform, hence x, = a + lh, 0 <! < n where h = (b — a)/n. The function f will be
in various spaces C"[4, b]. S©)(x,) and f*)(x,) will be denoted by S/*) and f,*).

It has been known (Ahlberg, Nilson and Walsh [2]) for many years that if S is the
periodic interpolating spline of order 27 to f € le’[a, b], then

(1.1) fO(x) = 8D(x)=0(h*77), 0<j<2r—1

In Section 2 a method is developed for increasing the global accuracy of such
periodic spline approximations by several powers of 4 by adding to S certain
polynomial correction terms. It is shown that if f € C?"*[a, b], then

3 2r+i—j
; : heTTid : .
1.2 D(x, +AR) = SD(x, + Ah) + —pW @r+i)

+O(R¥+47)),  0<j<2r,0<A<],
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where P, is a polynomial of degree 27 + i depending only on r. Here,

2r—2
2 r—i —
(1.3) Py(N) = 2 ( l-r)Bi)\z =B,,(A) — B,
i=0
where the B, are Bernoulli numbers (see [1], where for reference B, = 1, B, = -1/2,

B,=1/6, B,=-1/30, B,=1/42, By =-1/30, etc. with B;=0 for i >1 and
odd), and B, ,(A) is the 2rth Bernoulli polynomial [1]. The polynomials P,, P, and P,
are also given in closed form in terms of Bernoulli numbers.

Next, a recent result of Lucas [8], that for f € C;"[a, b],

SR = 25072 + ST
h 2

(1.4) 80— = 0(h*),

will be used to develop practical estimates of £,?7, f,2"*D and £?"+2. Together these
results lead to a powerful but computationally simple method of a posteriori
corrections to (1.1) which improve the order of convergence by three powers of 4.
These methods could be extended to give even higher orders of improvement.

The polynomials P; will be derived in general closed form using some results
previously developed by the author [8] concerning asymptotic expansions of periodic
interpolating splines. The main results will be given in Section 2 where (1.2) will be
developed using (1.4). Some numerical results will be given in Section 3 which
conform very closely with the predictions of the theory.

The first term of the expansion (1.2),
f(x,+ Mh) = S(x, + Ah) + h¥Py(X) £/ (2r) 1+ O(h> ),

with the closed form formula (1.3) for P,, was found by Swartz [10], [11], but he did
not have (1.4) available. Fyfe [4], considering quintic splines only (r = 3), found
both P, and P, in numerical form using the heuristic methods of Curtis and Powell
[3]. He did not develop or apply (1.4) as specialized to quintics. Rosenblatt [9] has
recently rediscovered a form of (1.3) as B,(A\) — B, for the special case of cubic
splines. Innes [6], in working with quintic splines, rediscovered Fyfe’s P, and P, and
developed for the first time P, and P, in numerical form. Using heuristic methods, he
developed (1.4) as specialized to quintics and applied it to estimate the derivatives in
(1.2).

While these results have been developed for periodic interpolating splines, it is to
be expected that for end conditions of sufficiently high order (for some good choices
for cubics, see Lucas [7]; for quintics, see Innes [6]) similar results will hold for
(smooth) interpolating splines over a finite interval, and this will lead to some
interesting applications of these results.

2. High Order Approximations to f and Its Derivatives. Theorem 1 below uses some
recent results by Lucas [8] concerning asymptotic expansions of periodic interpolat-
ing splines to display correction terms, in the form of polynomials, which increase
the accuracy of the spline approximate by four powers of h. A practical and effective
way of estimating the terms f@"** for low values of k will be presented later.
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THEOREM 1. If S is the periodic interpolating spline of f of order 2r, r = 2, over a
uniform mesh of [a, b), then for f € C}"**[a, b],and 0 <A <1,

3 2r+k
h
(1) fCxi+ MR) = G+ M) + 3 Sy AT IR + 0,
k=0 :
where
2r—2 2 A
(2.2) A= 3 ( ; ) BXi = B, (\) — B,
i=0

B, (X) is the 2rth Bernoulli polynomial and B, is the ith Bernoulli number,

2r
@3 pM)=3 (¥ Fea-aerno— (2 e,
i=0

24) P(\) = 22r (2r ;!- 2)B'Q:2(!L{lxh+2—i __(2r +2 )Bzr}\z,

i=0 ' 2
2r+2 . . .

@5 pn= 3 (¥F3)pm0C 8D
i=0 :
o m() et

Remark 1. If f € Cj’*"[a, b] for 1 < g <3, then f(x,+ Ah) may be approxi-
mated by use of the first g correction terms and will be of order O(h*"*9).
Proof. Expanding f and S at X = x, + Ah about x, gives

2r—1 >\jhj 2r+3 >\jhj

(2-6) f(f)—S()?) = ‘j_!(f,(j)—sl(j))+ 2 I fl(j)+ 0(h2r+4).
J=1 j=2r
By Theorem 1 and Remark 1 of Lucas [8]
! ~ A
(2.7) O =S =_ S AY) p2r2keif@ri2kei=))

k=0
+O(h?4),  1<j<2r-2,
where
_ 1 Qk+j—j)
T @r=1) 2k —))!
% By, 1ok}
2k +j—=N)2r+2k—7))’

@r—1)!
Qr—1— )

(2.8) AS) (-1

and J equals j for j even and j — 1 for j odd. By convention the term

2k +j =)/ 2k =))!
is taken to be zero if f> 2k. From Lucas [8, Theorem 2],

— _ h.,, B
(2.9) £GrD — g@rh = _Ef}(z)_._é__;_hZfI(lr+l)

B,
— gt L+ 882 + o(h),
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where §,, is the Kronecker delta. Substituting (2.7) and (2.9) into (2.6), and noting
that B, = — 1, gives
2r—2 A j

1 ~ ~

f(X) _ S(X) — 2 ( 2 A k) h2r+2k+j—jf}(2r+2k+j—j))
= ! - "
Jj=1 =

AZr—l (

B
_ (2’, — 1)' Bthrf}(Zr) + ‘2—?'h2r+1f1(2r+1)

B
+4_‘:(1 +8r2)h2r+3fl(2r+3))

2r+3 )\h
+ 2 J_fl(j)+ O(h2r+4)

j=2r

This can be rewritten considering the cases k = 0 or 1; j even or odd as:

2.10) f(x)—S(%) = —ril A5 iy B ey By o TR LA
B S AL TR S
/=0 2+ 1) Q2r—1) 2!
+ (2"—?:_1?}\2r+1) h2r+lf}(2r+ 1)
r—1 2j
42D B,
i . N4 A2 | pre2pertd
2yt T ) S
+ _riz A(22,{+I) A2+ — (1+ 2) B4>\2r 1
E=NCYEST (2r — 1)! 4
(2 i 3)' A2r+3)h2r+3f(2r+3)
”
+0(h2r+4)
— 2 (2r+k)'f(2r+k)P ()\) + O(h2r+4)
Using (2.8) to evaluate A(sz),, for k = 0 and 1 gives
B 4
i ACH = 22
(2.112) 0r = T2r—2))!
4 By, B;, 5
@j+D) = - + = (2r—1-2j),
@116) A = i) Gr—2)) T @r -2 /)
B2r+2 2j

2j)) —
(2.11e) - 437 Gr—1)12—2/)l(2r +2 - 2))

B2r 2—2j . .
_ T 2+_ 2})'2' 2r—2)2r+1-2j),
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B. .
2.11d) A@+D = 2r2-2
( ) 45 @r=D12-2)1r+2-2))

By i 2

F T e T 1 -2 2)er +1-2).

Applying (2.11) to the polynomials P,(A) defined by (2.10), and recalling the
convention on negative factorials, will lead to (2.2)-(2.5):

r—1

2 r— 2r ;

BN = 2 (2;)32’ o0+ (Bt () o
Jj=1
2r—2

= 2 ( )Bi)\zr_iszr(}‘)_Bzr’

2r+1 N2
P\()\):‘(zrr I)Bzr)\l 2 (2;+1)B2r 2,(2’_1_21))\21+1
J=

_ (2r+ I)B2>\2r—l + (2r+ I)B()}@H—l

2 0
2r

=3 (2’7 1)B,.(l — )Nt (2’;“ I)BZ,N,
i=0

Pz(x)____(zr-i-z)Bzr}\z_*_ » (2r+2)B2r+2 2j(2r—2j)(2r+l—2j)>\2j
=1

5 2 2!
+ (27‘(";' 2)B0>\2r+2
2r
. (ZrTI-Z)BX_(_l__’#__’_)}@Hz i (2’+2)Bzr>\2,
i=0 ! 2 ?
2r + 3)1 2r +3)!
PN = ( ) o )

-_— —_—_— 3 —_—
(2r —1)!2!(2r+2)32’+2>‘ (2r—1)!3!2rB2’>\(1 52)

2r+3 2r—1—=25)2r—2,)2r+1-2j),.
_2 (2”1)32’” ! )(2r = 2)) 0 yaren

3!
_ (zr:3)B4(l+3,2)>\2’_l+(2r3-3)30)\2r+3
2r+2 2,.+3 Q=2 =)B=i) 915, 2r+3 3
- 2 ( )" 31 X _( 3 )Bzf}‘
2r+3)(2r+
_( rl )( r2 1)B2r+2xl
2+ 3 2+ 3) g g2
[

The last term in P, is zero for all r.
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Remark 2. For cubic (r =2) and quintic (r = 3) splines, the polynomials of
Theorem 1 are:
for cubic splines

Py(A) =M =208 + N2,
5 2
35 __ 233 4~
P(A) =X =N + 3\,
P(A) =2 — N,
7 10
— \/ N3 2
P(A) =X 43N = \;
for quintic splines
Py(A) =20 = 3N + 2N — 2,
7 7
— 2\ — IS 23
P(A) =N =N + 3N =],
Py(A) = N — TX* + 602,
P,(A\) =N+ %l—AS - 220 + 8—54>\.

THEOREM 2. Under the hypotheses of Theorem 1, for 0 <A <1and0 <j <2r,
3 h2r+k~j

(212) 7P+ M) = SO0+ M) + 2 sy

ﬁ(2r+k)P/£j)( A )
+O(h*r+47),
Proof. We will first consider the case j = 2r. By Taylor’s Theorem

3 k
(2.13) 7o +any = 3 BA
k=0 :

ﬁ(2r+k) + 0(/’!4),

while a direct calculation from (2.2)-(2.5) gives

}\k
(2.14) PEP(A\) = (2r+k)!m, 0<k=<3.
Solving (2.14) for A* /k! and substituting into (2.13) gives
3 k
h
@ — T rerthpen + 4

which is (2.12) for j = 2r. The result now follows from (2.15) by induction using
successive definite integrations: suppose for some j, 0 <j < 2r,
3 p2roitk

(2.16)  fO(x,+Ah) = SO(x,+AR) + 3

mﬂ‘””"l’/ﬁ”(?\)
k=0 :

+O(h>*47).
Integrating with respect to A from 0 to A gives (2.16) for j — 1 provided that

3 h2r—s+k

(2.17) fO(x) = SO (x)) + 2

mﬁ(2r+k)P’$s)(o) + 0(h2r+4—s)
k=0 °
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with s = j — 1. But from (2.10)
PED(0) = (2r)!B,,
— (2r + k)!
(k+ 1)

which validates (2.17) for s = 2r — 1 by (2.9). From (2.10), for 0 <s<2r — 2,
k=0or2,

PED(0) = (1+8, ,—1)Bii1s 1<k<3,

— A(s)
PO(0) = {0 AP, (2r + k), iz\;edn,

Fork =1or3,
0 s even
() — ) )
P(0) { —AP,,(2r + k)!, sodd.
So (2.17) is established by comparison with (2.7).
COROLLARY 1. Under the hypotheses of Theorem 2, for f € C*"*V[a, b), and s odd,

1<s<2r—1,
FO(x, + 5h) = SO(x, + 5h) + O(K2r+1-9).
Proof. P{(.5) = B§)(.5) = 0, forodd s, 1 <s<2r — 1.
Note. This result was first proven by Swartz [10].
Theorem 2 is an extremely practical result as f")(x,) can be very accurately

estimated by use of (1.4), and f ®"*9(x,) can be estimated from these results for low
values of i:

THEOREM 3. If S is the periodic interpolating spline of order 2r of f € C}"**[a, b),
then

SETY — 2P + sPY

(2.18) [0 = E + 0o(h?),
(2.19) fer+h = S — 282717 4+ 282170 — §2r-2) + o0,
2h3
84s(2r—2)
(220)  fertd = —;14— + 0(h).

Proof. Equation (2.18) is a consequence of Theorem 3 and Remark 5 of Lucas [8].
Equations (2.19)-(2.20) follow from (2.18).

THEOREM 4. If S is the periodic interpolating spline of order 2r of f € C}""*[a, b,
then for 0 <j <2r,

FO(x, + Ah) = SD(x,+ Ah)
h2r—j—2 ) (62SI(2r—2) _ 82s(3r—2))
+ 822 DPI(N) + - L
(2r)! ! oA 2(2r + 1)

64s(2r—2)
+ !
2r + 1)(2r +2)

P{(N)

P{O(A)

+0(h?r*37).
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Proof. This is a direct consequence of Theorems 2 and 3.

Remark 3. If only the first (first two) of the above three correction terms is used
the error will be O(h*"*'™/) (O(h*"**>7/)). In this case f need only be in C}"*'[a, b]
(G2*?[a, b))

3. A Numerical Example. Consider the smooth periodic cubic (r = 2) spline
interpolant S of f € Cp7[a, b] with uniform mesh #,. S may be expressed as

n+1

(3.1) S(x) = 2 cig((x - xi)/h)’

i=-1

where S is the standard B-spline basis function for smooth cubic splines with
support in [—2,2]. Since S(—1) = S(1) =1/6 and S(0) = 4/6, the interpolation
condition leads to the circulant system

¢y tae+e =6f(x), 0<i<n-—1,

which, along with the periodic end conditions ¢_, = ¢,_; and ¢, = ¢, leads to a
symmetric, strictly diagonally dominant circulant matrix equation in {c;}. (In (3.1),
¢,+1 = ¢;-) This sparse system may be conveniently and rapidly solved using the
Cholesky method with storage required for just the diagonal, subdiagonal, bottom
row and right-hand side. For purposes of repeated evaluation of S and its derivatives
the results may be reexpressed in terms of the polynomial pieces S|, . . for
0 <i<n— 1. In any case, from (3.1)

i+l]

SP = (e, —2¢+ ¢)/h?, 0<I<n,

as SP(—1) = §@(1) = 1 and §@(0) = -2. An alternate method of computing S is
given in Golomb [5].

Thus the expressions 8252, 8§25, — 825, and §4S® required for the applica-
tion of Theorem 4 may be easily evaluated and stored in arrays. If the polynomials
PP are only to be evaluated for a small set of A’s, this could also be done before use
of a general evaluative routine. Alternatively the piecewise cubic polynomial used to
approximate f may be replaced with a piecewise polynomial of degree 4, 5 or 6
according as to how many levels of correction are desired, with a similar procedure
for estimating derivatives of f.

Table 1 below illustrates the quality of these results by considering the function
f(x) = sin x over the interval [0,2#] using respectively 0, 1, 2 and 3 levels of
correction and n = 20. The observed error rates for f, f* and f” were experimentally
computed, sampling the error at intervals of 4 /12 and comparing with the observed
errors for n = 10. These observed rates are given in parentheses after the observed
errors with n = 20 for f, f’ and f”. A comparison with Theorem 4 and the remark
following it shows excellent agreement with the asymptotic rates.
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TABLE 1
Maximum errors and asymptotic rates for periodic

cubic splines interpolating sin x

periodic cubic one Corr. two corr. three corr.
spline (no corr.) term terms terms
f 2.57E-5 (4.1) 4.40E-6 (5.1) 5.16E-7 (6.1) 1.48E-7 (7.0)

f 2.44E-4 (3.1) 5.48E-5 (4.1) 8.67E-6 (5.0) 1.53E-6 (6.0)
f 8.25E-3 (1.9) 1.59E-3 (2.9) 2.58E-4 (3.9) 1.57E-5 (5.0)

4. Conclusions. A method of a posteriori corrections has been developed for
(smooth) periodic interpolating splines over a uniform mesh. After the interpolating
periodic spline has been computed, a few simple additional calculations allow for an
improvement by a factor of 4> in the error of both the spline and its derivatives at all
points.
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