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On the Approximate Calculation
of Double Integrals

By Moshe Levin

Abstract. Cubature formulas are obtained which are optimal or asymptotically optimal on
given sets of functions. These formulas consist of line integrals which may be evaluated by
optimal or asymptotically optimal quadrature formulas. The advantage of these formulas over
the optimal and asymptotically optimal cubature formulas with rectangular-lattices of knots is
shown.

1. Introduction. Notations and Definitions. The problem of constructing efficient
cubature formulas is a difficult problem. The results in this field are reviewed in
[1]-[4]. Below we consider the problem of obtaining optimal and near to optimal
cubature formulas. The approach is based on the idea of blending [5], [6].

Letl <p<oo,r,s=1,M, N, Pbegiven, p~' +¢~' =1, D =][0,1] X[0, 1]. Let
us introduce the notation of derivatives

FED(x,y) = =2 f(x, y) 0,1
b x’ = : : x’ b i’ .: b 9
») = geay 0 J
of norms
[ 1 1/p
([1rcopa)” p<ew,
G, =170
supvrai | f(x) |, p = oo,
0=x=<1

< (ffplf(x,y)l"dxdy)l/p’ p<oo,

supvrai |f(x, y) |, p= o,
(x,y)ED

G,

and the sets of functions
W = { f(x): f®(x) piecewise continuous on [0, 1], Il f ()l , < 1},
Ve ={f(x,y): f*(x, y) (i <r, j <s) piecewise continuous on D,
I fO9(-, I, < M},
VARES {f(x, y):fEV,, I feOC, ), <N, ¥y € [0,1],
I £O)(x, )Il, < P,¥x € [0,1]},
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I;;;’s = {f(x’ y):fE V:nr‘s’f(i‘o)(o’ y) Ef(iyo)(l’ y)9i: 0,....,r—1,
fO(x,0) =fO(x,1),j=0,...,s — 1},
ljpr,s — {f(x, y)fE (Jpr,s N I;;’r,s},

wpr =i sse v | [ ronc sl < v 1o el <2

Let Q be a set of linear functionals defined on a set H of functions f, and let L be
a given linear functional defined on the set H. Consider approximate formulas of the
form

<N,
P

1
(1.1) Lf= 2 Lf+r(f), Li€Qk=1,-1,
k=1

where r( f) is the error of the formula.
Formula (1.1) is called an optimal formula on the set H, if the functionals L, € Q
are chosen so that the quantity

(1.2) r[H] =fsglf>l|r(f)l

has the minimal value.

Denote the minimal value of r[ H] by r*[ H].

Formula (1.1) is called asymptotically optimal on the set H, if the functionals
L € Q are chosen so that

. r*H
hm __[_._] =
I~ r[H]
Designate
AP AP XD, XD D,

4 . .
BO,.. BO; y,. .. D rO,

the coefficients, knots and the value (1.2) of the optimal formulas

o
(13 [U)dx= 3 ad() +r(f), 0<x < <x<),
=1

on the sets W, and W), respectively.

It follows by the results of [3, Theorem 5.2.1 and 3.6.1] that r{” = O(I™"),
r{? = O(I7*). J. Girshovich [3] has obtained an asymptotically optical formula (1.3)
on the set W} with the knots x, = (k — 1)/(I — 1), k = 1,...,/, and given a simple
scheme for the evaluation of the coefficients of this formula.

Designate by

(1.4) AP, AP O, BO, L B D,

the coefficients and the value (1.2) of the asymptotically optimal formulas (1.3) on
the sets W,” and W, respectively.
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It is shown in [3], [7] that the optimal formula

(15) [[fan)dedr= 3 T Coflxe ) + R,

k=1 j=1
O0sx<---<x<1,0sy <---<y,=1,
on the set W,"* has coefficients C,; = 4{’B™, knots (x,, y;) = (x{", y*) and exact
bound for the remainder

R[W; ] = fsup |R(f)|= 00"+ »).
EW,

The asymptotically optical formula (1.5) on the set W’ has coefficients C, ; =
APB, knots (x;, ;) = (k — 1)/(I— 1), (j — 1)/(» — 1)) and exact bound for
the remainder O(/~" + »~*) [3]. The optimal and asymptotically optimal formulas
(1.5) on the set ¥, do not exist since by Lemma 1.5.1 of [3,pp. 18-19], these
formulas must be exact for all functions @(x)y’, Y(y)x' € V,>* (i <r, j <s). Also,
we do not know the optimal and asymptotically optimal formulas (1.5) on the set
Urs.

I4

The first optimal quadrature formulas were found by A. Sard in the case of fixed
knots [8], by S. Nikolsky [9] and by I. Schoenberg [10]. The first optimal cubature
formula with arbitrary knots was presented in [11].

2. Cubature Formulas Based on Optimal Quadrature Formulas. We shall find an
optimal formula of the form

@1) f[ fCx, y)dxdy = élak [ Hxe v ay + él B fx. ;) dx

+ § éijf(xlwyj)-i_E(f)a

k=1 j=1
Osx<---<x,<1,0sy <---<y, <1,

on the set V. In other words, we shall find the formula (2.1) with the minimal
value of

B[y = sup 1B(/)]1-
P

THEOREM 2.1. The coefficients and knots

X =x™, y =", k=1,....m;j=1,...,n,
and the exact bound of the remainder
(2.3) E[V;,"s] = Mr{™r{m

are the coefficients, knots and exact bound of the remainder of the optimal formula (2.1)
on the set V,*.

Proof. The optimal formula (2.1) must satisfy the condition

(24) E(e(x)y’) = E(p(y)x*) =0 VYo(x)y", o(y)x* € V7,
v=0,....s — 1;A=0,...,r — 1,
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by Lemma 1.5.1 of [3]. In view of this we only consider formulas (2.1) with the

property (2.4). Taking in (2.1) f(x, y) = @(x)y” and f(x, y) = @(y)x*, where @(x)
is an arbitrary function, we obtain by (2.4)

n 1 m 1
(2.5) > By = 1’ 2 akxli\:}\_’_l’
n m
AT I xpo o sk k= lem:
i=1 k=1
j= ,n;A=0,.. L;v=0,...,s — 1

Now let f(x, y) € V%,

By Taylor’s formula

f(x,p) = ?Otla(y)x‘ + ?O%(x)y’

= 1)!1(s —1)! ffpf(m)(” w)(x =05 (v =)y drdu,
where
‘Pl(y) = .;lif(i’())(09 )’),
%) = o 0 = 0

Hence by (2.4)

1 s o\l s—1
(26) E(f)= (r—1)!(s— 1),ffo< (6, w)E((x — )7 (v — u)'") dr du
Z.Uf(m)(’» u)K(t,u)dt du,

where K(¢, u) is monospline,

l—t)(l—u) _a

( —u)’ _
K(t’u) ( _ 1) (S— 1) [ s 2 ak(xk t)

S S g0

C S S0 (y—w.

k=1 j=1

The monospline K(¢, u) satisfies the condition

2.7) K*90,y) =K% (x,00=0, A=0,....r—1;»=0,...,s—1,
by the equalities (2.5).
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By Holder’s inequality we obtain from (2.6) that
(2.8) [E(f)|<MIKC(-, ),
For the function
0 (y—u)y

“Di(s— 1)

_ M g—1 (x —
£(x, ») _Wﬁbm(z,un sgn K (1, u) C dt du

belonging to V,"*, it follows from (2.6) that

E(f,) =MIK(-, ),
Then we have from (2.8) the equality
(2.9) E[v,;] = MIK(-, )l

Now we have to minimize this value.
Consider only functions K(x, y) satisfying condition (2.7) and consider the
monosplines

— (1 — t)r 1 “ r—1
(2.10) K\(1) = a0 (r—1)! kglak(xk 1),
KO@0) =0, i=0,...,r—1,
(2.11) Ky(w) = L= IS
2 s! (s — 1)' =i

K{P(0) =0, I1=0,...,s — 1.
Let

inf WK, I, = 1K*(-, )l
[CPYRAETN N ( ) 9 ( ) q

{oue, x4} s Vi

It is shown in [3] that

K*(t) = (1 r! ) ( _ 1)' 2 A(M)( ):—_1 ’
k() = :!u) (s — 1)v 2 B(ym —u)
(2.12) IKECl, = r(™,  IKEC), =",

Also we have the equality

(2.13) K*(t,u) = K¥(1)K3(u)

by the result on polynomials of least derivation from zero [7]. This, together with
(2.12), give us the values (2.2) and (2.3). The formula (2.1) with coefficients and

knots (2.2) satisfies the condition (2.4).
The theorem is proved.



278 MOSHE LEVIN

COROLLARY. Consider the formula

(2.14) fff(x y)dxdy—kzl 121A<m)3(n )f( (m (n))

m? n
2 2
+ 33 ArBOf(x, )
k=1 j=1

m n
= 3 T ABOS(x, 5) + E(f).
k=1 j=1
Let f(x, y) € U,"*. Then

(2.15) LE\(f)|< Nrf™ + Pri™ + Mr(™r™.

Proof. We can consider the formula (2.1) with coefficients and knots (2.2) on the
set U, " as Uy C V.
Applying optimal quadrature formulas [3]

mz
1 2 2
[ 5) e = B Aer(x, 50) + 1),
k=1
|n(f)|<Nr(™, N-f(x, y) € Wy vy €[0,1],

[ 1) -5 BA(5f0 ) + ),

J=

|n(f)|< Prs™, P7f(x, y) € W Vx €[0,1],

to the integrals in formula (2.1) with coefficients and knots (2.2), we obtain formula
(2.14) and the estimate

(2.16)  |E(f)|<Pr™ 2 | AY™ | +Nri™ 2 | B™ | +Mr{™r{m.
k=1 Jj=1
Since by [12] A{™ >0, Bj(") >0, k=1....m; j=1,...,n; A™ + -+ +4™ =
B{" + ... +B™ =1, (2.15) follows.
The corollary is proved.

THEOREM 2.2. The formula

is the optimal formula (2.1) on the set I;;,"s. The exact bound for the remainder of this
Sformula is

i) =M 5,

"S r,q Sq’

where B, , = min || B,(-) — cll ,, and B,(x) is the Bernoulli polynomial of degree .
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The proof is similar to the proof of Theorem 2.1 and uses the optimal quadrature
formulas for periodic functions [3] and the formula

fx,y) = 9(x) +9(3) + 0 | S w) B (x = 0By = w) de du,

where
1 1
= — (r,O) % i —_
9(x) =57 [[ 1O B (x = ) dedu, - 4(y) = [ St ) dr,
B¥(x) =B,(x) ifx€ [0,1),  BXx+1)=B}x).
The latter can be obtained by the analogous one-dimensional formula [13].

COROLLARY. Consider the formula

2
m n k 1 m n k
e [frnaa=-1 3 35 L) +—== 3 55
k=1 j=1 k=1 j=1
g5 ﬁ;q
‘mn,ElE,f(m’n +E(f)
Letf(x, y) € ljp”s. Then
P M
!E(f)|< B + s'n 2sBsq r!s!mrn:Br,qu,q'

The proof is similar to the proof of the corollary of Theorem 2.1.

3. Cubature Formulas Based on Asymptotically Optimal Quadrature Formulas. The
optimal formula (2.1) and formula (2.14) are based on the optimal quadrature
formulas (1.3) on W}, which are known only for few values of u [3],[4]). Therefore, it
is useful to obtain formulas (2.1) and formulas of type (2.14) based on asymptoti-
cally optimal quadratures on W}, which are known for all integers p [3, p. 108].

THEOREM 3.1. The coefficients and knots

) @ =, f=E, v, = A5,
k—1 -1

e R A

k=1,....m;j=1,...,n,

and the exact bound for the remainder

MB, ,B C\Vi( G\
rs] — r.qs.q 1 2
(32) E[V, ]———(1+—m) (1+ n)

ris'm’n’®

are the coefficients, knots and exact bound for the remainder of the asymptotically
optimal formula (2.1) on the set V,".

The ,:1_5(’"), l?j(") are those alluded to in Section 1, the numbers B, , are determined
in Theorem 2.1, and C, and C, are constants independent of m and n.

Proof. Consider formula (2.1) on the set V. By (2.9) and (2.13) we have the exact
bound for the remainder for the optimal formula (2.1) on the set V,"".

(3.3) E*[Ve] = MUK, IKZC)I,.
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Consider formula (2.1) with the corresponding monospline

K(t,u) =K (t,u) = K,(1)K,(u),
where K. (¢) and Ez(u) are the monosplines (2.10) and (2.11) with coefficients and
knots (3.1); that is, formula (2.1) with coefficients and knots (3.1). The exact bound
for the remainder of this formula is

(3.4) E[vre] = MUK K,

As the monosplines K (7) and K,(u) define the asymptotically optimal quadrature
formulas (3.1) with /= m and /= n on the sets W, and W}, respectively, [3, pp.
22-26], we have by [3, pp. 108-109] the equalities
_ Bw (1 +£3)1/q
S n >

B, C, \\/e —
(=3 R AT
K¥(-
KON, _ 1K,
m-oo ||K\(:)l, n—oo HKz( )llq
Then by (3.3) and (3.4) the equality
lim E*[V,;|/E[v;*] =1

m,n— oo

and the equality (3.2) hold.
The theorem is proved.

(I, =

COROLLARY. Consider the formula

59 [fpenaca=§ 5 amgey =t 2L

k=1 j=1 m—l, =1

\

T Q i k—1 j—1
+ () gin) ( )
k§1 jgl K / f m2 - 1 n— 1
-3 S AR (AL 2 B
k=1 j=1

Let f(x, y) € U,"". Then

ANB C.\'/¢ BPB C\/a
< rq 1 5,9 2
LE,(f)] r'mZ'(H_m) +—(1+—n)

MB, B, C, \Va C, \Va
1) )
ris!m’n’® m n

sin?

where A and B do not depend on m and n,
A+ | A< A, (B B |< B

The proof is the same as the proof of the Corollary following Theorem 2.1.

4. Comparison of the Formulas. Example. Consider the formula (1.5) with / = m?,
v = n? and the formulas obtained in the Corollaries of Sections 2 and 3. For
simplicity we take m = n, r = 5. As follows from [3] and Sections 1-3 the optimal
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formula (1.5) and the corresponding formulas (2.14), (2.17) and (3.5) have the same

estimate O(m™2"). However, formulas (2.14), (2.17) and (3.5) have a remarkable

advantage over the optimal formula (1.5). The latter uses m* values of f(x, y), while

formulas (2.14), (2.17) and (3.5) use only m*(2m + 1) values of function f(x, y).
Example. We compare the evaluation of the integral

2.5
1=/ LA (= x =y + ) b — 1505058
D 0.5 + sin(xy)

by the optimal formula (1.5) with / = » = m? and by formula (2.14) with m = n.
Both formulas are taken for the set W,22. By [3, pp. 50-51] we have

XM =ym=(2k—2+05/3)h,, k=1,..m,

A = 4 = B = B = (1+0.5/3 )h,,

A =B =2n,, k=2,..m—1,
hy=(2m+ 3 —2)".

Let I, be the approximate value of I obtained by formula (2.14) with g,, = 2m> + m?
values of f(x, y), and let I, be the approximate value of I obtained by the optimal
formula (1.5) with k,, = m* values of f(x, y). We obtain for m = 3,6,9

1.59480. .. 63 1.59484... 81 3
1.595899... 468 1.595901... 1296 6
1.595947... 1539 1.595947... 6561 9

The superiority of formula (2.14) over the optimal formula of the form (1.5) is
obvious.

Acknowledgement. I am obliged to Professor L. Collatz and to Professor N. Dyn
for stimulating discussions on the material presented in this paper.

School of Mathematical Sciences
Tel-Aviv University
Ramat-Aviv, Tel-Aviv, Israel

1. A. H. STROUD, Approximate Calculation of Multiple Integrals, Prentice-Hall, Englewood Cliffs, N. J.,
1971.

2. S. SOBOLEV, Introduction to the Theory of Cubature Formulas, “ Nauka”, Moscow, 1974. (Russian)

3. M. LEVIN & J. GIRSHOVICH, Optimal Quadrature Formulas, Teubner Verlag, Leipzig, 1979.

4. S. M. NIKOLSKY, Quadrature Formulas, “ Nauka”, Moscow, 1980. (Russian)

5. W. J. GorDON, “Distributive lattices and the approximation of multivariate functions,” in
Approximations with Special Emphasis of Spline Functions (L. J. Schoenberg, ed.), Academic Press, New
York and London, 1969, pp. 223-277.

6. F. J. DELVOS & H. POSDORF, “N-th order blending,” in Constructive Theory of Functions of Several
Variables (W. Schempp and K. Zeller, eds.), Springer-Verlag, Berlin, Heidelberg, and New York, 1977, pp.
53-64.

7. M. LEVIN & J. GIRSHOVICH, “Extremal problems for cubature formulas,” Soviet Math. Dokl., v. 18,
1977, pp. 1355-1358.



282 MOSHE LEVIN

=+ A. SARD, “Best approximate integration formulas, best approximation formulas,” Amer. J. Math., v.
71, 1949, pp. 80-91.
9. S. M. NIKOLSKY, “To the question of estimations of approximation with quadrature formulas,”
Uspekhy Mat. Nauk. v. 2 (36), 1950, pp. 165-177. (Russian)

10. I. J. SCHOENBERG, “Spline interpolation and best quadrature formulas,” Amer. J. Math., v. 70,
1964, pp. 143-148.

11. M. LEVIN, “Extremal problem for one class of functions,” Izv. Akad. Nauk ESSR, Fiz., Mat. i
Tekhn. Nauk, v. 12, 1963, pp. 141-145. (Russian)

12. A. ZENSYKBAEV, “On one property of best quadrature formulas,” Mat. Zametki v. 23, 1978, pp.
551-562. (Russian)

13. V. I. KRYLOV, Approximate Calculation of Integrals, Macmillan, New York, 1962.



	Cit r184_c187: 


