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Chebyshev Expansions for the Bessel Function J,( z)
in the Complex Plane

By J. P. Coleman and A. J. Monaghan

Abstract. Polynomial-based approximations for Jy(z) and J\(z) are presented. The first
quadrant of the complex plane is divided into six sectors, and separate approximations are
given for | z|< 8 and for | z|= 8 on each sector. Each approximation is based on a Chebyshev
expansion in which the argument of the Chebyshev polynomials is real on the central ray of
the sector. The errors involved in extrapolation off the central ray are discussed. The
approximation obtained for | z|= 8 can also be used to evaluate the Bessel functions Yy(z)
and Y|(z) and the Hankel functions of the first and second kinds.

1. Introduction. Many polynomial and rational approximations are available for
mathematical functions of real argument [1], [10], [11]. Practical approximation in
the complex plane is less well developed. Our main concern here is the Bessel
function of the first kind of integer order, but the ideas used can also be applied to
other functions.

For the Bessel function J,(z) it is possible in principle to use the Taylor expansion
within a disc |z|< R and an asymptotic expansion for |z|= R. This approach
suffers from cancellation errors and from the need for an increasingly large number
of terms in the Taylor series as | z | increases, as well as from the limitation on the
accuracy achievable from an asymptotic expansion for a given value of R.

By truncating a Chebyshev series for a function on the real interval [-1, 1] we
obtain, in many cases, a close approximation to the minimax polynomial of the same
degree. The error in truncating a rapidly convergent Chebyshev series 27_, a, T, (x)
after (n + 1) terms is dominated by the first neglected term; this, being proportional
to T,,,(x), has the equioscillation property characteristic of the error in the
minimax polynomial approximation of degree n. Approximations, based on
Chebyshev series, for Bessel functions of real argument have been obtained by
Clenshaw [3], Luke [10], and Coleman [4].

For a domain D of the complex plane we can ask what monic polynomial of
degree n will minimize

max|z"+a, 2" '+ - +a;z +ag.
z€D

The polynomial 9 ”(z) which satisfies this condition is called the Chebyshev
polynomial of degree n for the domain D. The success of Chebyshev expansions on
the real axis suggests that by truncating an expansion of the form

(1) f2)= 3 5570)
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we could hope to obtain a near-best polynomial approximation for a function f in
the domain D. When D is the real interval [-1,1], J 2 is 2! times the classical
Chebyshev polynomial 7, whereas if D is the unit disc, J,°(z) = z", in which case
the right-hand side of (1) is simply the Taylor series for f. For other domains the
properties of the polynomials J P(z) are not in general known. Explicit expressions
for a few polynomials J P(z) of low degree for specific domains have been found [8],
and algorithms exist [7], [13] which will produce numerical values of the coefficients
for a given domain D and degree n, but without a better understanding of the
properties of the polynomials J,”(z) it is not feasible to obtain the coefficients of the
expansion (1).

Our approach in this paper is to divide the complex plane into a number of
sectors and, in the absence of an expansion of the form (1), we use in each sector an
approximation

f(z) ’—“,éoaka(z/Y)a

the complex constant y being chosen so that z /vy is real on the central ray of the
sector. Our expansions for J,(z) and the generation of their coefficients are de-
scribed in Section 2. The study, in Section 3, of the truncation error requires an
upper bound for | 7,,(z) | on a sector; such a bound is established in Appendix 1.
Section 4 describes the coefficient tables and provides a guide to the accuracy
achievable.

2. Expansions for J,(z). Throughout this work we shall concentrate on values of z
in the first quadrant, 0 < arg z < = /2, only, since symmetry relations can be used to
deduce the values of J,(z) elsewhere. It is convenient to consider separately two
regions of the complex plane, an inner region |z |< R and an outer region |z |> R,
each of which will be mapped into the unit disc. It will be assumed that # is a
positive integer but the extension to nonintegral orders is straightforward.

2.1. The Inner Region. Clenshaw [3] tabulated coefficients for expansions of the
form

1 (x\" o
) 5 =57(3) 2 anlas)
on the interval [-8, 8], for n = 0 and 1. The prime on the summation sign indicates
that the first term is to be halved. Coefficients of the corresponding expansions for
n=2,3,...,10 were calculated by Coleman [4] and are incorporated in a subroutine
which calculates J,(x) to a specified accuracy.

If x is replaced by the complex variable z the expansion (2) still converges. Since
z7"J (z) is a regular function of z it can be shown [14, p. 143] that, for any p > 1,

2M(p)

|‘12r|S pzr ’

where M(p) is an upper bound on | 2"n!z""J,(z) | for | z|= 8p. Furthermore,

|T2,(§)|<%[(1 +ﬁ)2'+(1_‘/5)2']
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for | {|< 1, the bound being attained when { = =i. It follows that

2m(p)(1+2)"

lay, T, (z/8) |<

and since we may take p > (1 + y2), the convergence of the series is established.
There is nevertheless a substantial deterioration in the rate of convergence as arg z
increases. For example, if the series is truncated to give a polynomial of degree 20,
the first neglected term increases by a factor of 1.3 X 10% as arg z increases from 0°
to 90°, while | z |= 8.

It is shown in Appendix 1 that in the sector | {|< 1, |arg{|< ©

| T [<IT ()]

The right-hand side of this inequality is a monotonically increasing function of ® for
0° < ® < 90° so the smaller the angular range about the real axis in which we use a
given number of terms of the expansion (2) the less significant the loss of accuracy.

The advantages of a Chebyshev expansion on the real interval [-1, 1] may be
retained for any particular ray in the complex plane by writing

() 2 =y (/" 3 e T/ = iy /"o,

where y is a complex number having the same argument as z, and such that
0 < z/y < 1. The function v in Eq. (3) satisfies the differential equation

(4) '+ (2n+ 1)v" + y*0 =0,
with v(0) = 1 and v’(0) = 0, where the prime denotes differentiation with respect to
t = z/v. Clenshaw’s method [2] applied to this equation yields recurrence relations

for the coefficients of the Chebyshev expansions for v(z) and v'(¢); these may be
solved by backward recurrence. Since

T(1) = T,2* = 1) = TX(¢?),

where T* is a shifted Chebyshev polynomial, Eq. (3) may be expressed as
1 [eo]
() = (/)" S an T2 ).
. r=0

We have used this method for | y|= 8 and argy = 7.5° (15°) 82.5°, thus provid-
ing a separate expansion for each 15° sector in the first quadrant. The accuracy of
these expansions is discussed in Section 3.

The general theory of the expansion of generalized hypergeometric functions in
series of functions of the same kind is described by Luke [9]. From this he obtains, in
[11], recurrence relations for the Chebyshev coefficients a,, which are equivalent to
those given by Clenshaw’s method for this problem (see [10, p. 501]).

2.2. The Outer Region. The Bessel function J,(z) may be expressed as

J(z) =3[ HO(2) + HO(2)],
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in terms of the Hankel functions of the first and second kinds which have the
asymptotic forms

2 1/2 )
H'Sl)(Z) ~ (;T;) el(z——n'n/Z——'n/é‘),

2\1/2
Hf)(z) ~ (;) e—l(z—nvr/Z—w/4),

as z — oo. Any ray in the region |z|=|y| may be mapped onto [0,1] by the
transformation 1 = y/z and the function

1/2

u®(0) = ()" expli(z = 4nm — im) | HO(2)
satisfies the differential equation
(5) 2u” + 2t +iy)u' + (3 — n?)u=0,
where the prime denotes differentiation with respect to the real variable ¢, and
u®(0) = 1. Similarly, extraction of the asymptotically dominant term in H{"(z)
yields a function u(V(¢) which satisfies a differential equation differing from (5) only

in the sign of iy.
We used Clenshaw’s method to calculate the coefficients of the expansions

0
(6) u(t) = 3 aPTH1), i=1,2,
r=0
from which we can evaluate the Bessel functions of the first and second kinds, since
(7) J(z) = 2nz)"*[ud(t) exp{ia(z)} + u®(t) exp{-ia(z)}]
and

(8) Y,(z) = -iQ2mz) " [u®(t) exp{ia(z)} — u®(1) exp{-ia(2)}],

where

a(z) =z —nm — }m.

The expansions in (6) are particular cases of a series discussed by Luke [11, p. 88].

When z is real the differential equation (5) has only one solution of the required
form and the coefficients can be found by backward recurrence from an arbitrary
starting point and use of the initial condition for the differential equation. When
Im y > 0 there is no longer just one solution since (5) is also satisfied by

w(t) = e*/'u(-t) fort>0.

It follows that any solution of the recurrence relations corresponds to a linear
combination of u(¢) and w(¢). The unwanted solution w(¢) may be removed by
solving a boundary-value problem; the recurrence relations are solved twice with
independent initial values, and the known value of J,(v) is used in addition to the
condition u(0) = 1 to obtain the desired solution. In practice the extent to which the
unwanted solution w(t) enters will depend on the value of Imy. In producing the
tables we solved the recurrence systems with two different starting values and

decided by comparison of the results whether to solve an initial- or boundary-value
problem.
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3. Error Bounds. A real- or complex-valued function f of a real variable x may,
under suitable conditions, be expressed on the interval [-1, 1] as a Chebyshev series

f(x) = X' b,T(x),
r=0
where
_ 2 1 f(x)T(x)
b = p j;l \/Tj; dx

In particular, if f is differentiable to all orders on [-1, 1] and | f(x)|< Q, on that
interval, the work of Elliott [6] shows that

9,
2r— lr'
To apply this result it is convenient to write Eq. (3) as

2z (2) = f(x) = 3 ay Tx),
r=0

16 l=< =

where

x=20—1=2(z/y)" — 1.

(2L 2] (52))

= EDZm (1)) (o)

z

Then

(see[15, p. 18]). Watson [15, p. 49] establishes the bound
©) (2) [<22]

Thusif | z|<|y| and arg z = arg y = ¢, then

yexp|Imz].

2nl|y >
21 (n+r)!
An alternative bound on the coefficients is obtained by noting that, for r = 1,

2(-1)"y*n ( 1 Y
a,:———— El\r+z;n+r+1,2r+1; ——
2 24t (n+r)! 2 2 4

(see[11, p. 77]) so

(10) |ay,|< exp(| v |sin ).

2nlly & (n+r)lrt2r+2k)! v )**
2 i(n+r) (S0 (r+ k) (r+n+ k) Qr+ k)k16%
The ratio of successive terms in this series is
(@r+2k)2r+2k—1) 7] - [y
16(r +k)(r+n+k)2r+k)k 4Q2r+k)k’

‘a2r‘<
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since n > — 1, and therefore

2]y = [ 1

11 i A — —
__ 2nllypPr (1 IYI2
T2 (nt )t P\ 420 F

Note that this bound, unlike (10), is independent of the angle ¢. Table 1 gives some
comparisons of these bounds with the values of | a,,| whenn = 1.

TABLE 1
Values of | a,, | for J,(z) when y = 8 exp(i¢),

and the upper bounds (10) and (11).

¢ r |ay,| Bounds

from (10) from (11)

5 7.3 (-3) 24(-2) 1.0 (-1)

10 7.4 (-9) 1.4 (-8) 3.1(-8)
0 20 1.2 (-26) 1.8 (-26) 2.6 (-26)
30 8.2 (-49) 1.1 (-48) 1.4 (-48)
35 4.9 (-61) 6.1 (-61) 7.7 (-61)

5 7.6 (-3) 6.7 (-2) 1.0 (-1)

. 10 7.6 (-9) 4.1(-8) 3.1(-8)
2 20 1.2 (-26) 5.0 (-26) 2.6 (-26)
30 8.2 (-49) 3.0 (-48) 1.4 (-48)
35 5.0 (-61) 1.7 (-60) 7.7 (-61)

5 6.9 (-2) 66 1.0 (-1)

10 2.7 (-8) 4.0 (-5) 3.1(-8)
%w 20 2.5(-26) 4.9 (-23) 2.6 (-26)
30 1.4 (-48) 2.9 (-45) 1.4 (-48)
35 7.6 (-61) 1.7 (-57) 7.7 (-61)

Suppose that the Chebyshev series for 2"n!z "/ (z) on the ray argy = ¢ is
truncated to give a polynomial of degree 2m and the resulting approximation is used
in the domain

D= {z;|z|<|y|,¢ —O<argz<¢ + 0O},

where © is given. Then the truncation error is

Em‘n(z) = 2 aZrTZr(z/‘Y)’

r=m+1

and its magnitude is bounded by

2n'A § (%)

r=m+1

7 T,(e)]
ri(n+r)’
with

1 |yP
A =exp(]y|sing) or exp 2ImT3 )
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Since (see Appendix 1)
| T’Zr(eie) |< %(p2m+2 + p—(2m+2))p2(r—m_|)’
with
p =|exp(i®) + Jexp(2i®) — 1],

and

(m+ 1) (n+m+ 1) - 1
(m+1+k)(n+m+1+E) (m+2)(n+m+2)~

it follows that

n'A m 2m+2 (p2m+2 + p—(2m+2))
(12) |E, (2)|< ,
e (m+1)!(n+m+1)\ 4 1-R,,
where
|y [%?

R, .= .
™ 16(m 4 2)(m +n +2)

When R, , <1 the truncation error is dominated by the first neglected term. For
example, when | y|= 8 and ©® = 7.5°, Ry, , =~ 0.014 and R, ~ 0.007.

The dependence of the rate of convergence on |y | is evident from the inequality
(12). By decreasing | y | the rate of convergence in the inner region is increased, but
at the expense of a slower rate of convergence in the outer region. Thus a
compromise is necessary. We experimented with a number of different values of | y |
and eventually chose | y|= 8, as Clenshaw [3] did in the real case, having found no
compelling reason to make a different choice.

The bound (12) applies to the inner region where | z|<|y|. For |z |>|vy| we do
not have useful bounds for the coefficients of the expansions (6) but their asymptotic
forms have been investigated by Miller [12] and by Luke [11]. The latter reference
gives two slightly different asymptotic estimates. Tables 2 and 3 contain some
comparisons of our calculated coefficients with these estimates; in every case to
which we have applied them the estimate E, is better than E,, but both are
remarkably accurate.

TABLE 2
Values of | a'" | for the Hankel function H§V, and estimates E, and

E, obtained from Egs. (2) and (3) on pp. 88-89 of [11].

¢ r ald E, E,
20 3.39(-22) 3.43(-22) 3.85(-22)
7.5° 30 5.11(-29) 5.13 (-29) 5.49 (-29)
40 4.49 (-35) 4.50 (-35) 4.72 (-35)
20 1.67 (~23) 171 (-23) 1.53 (~23)
82.5° 30 4.80 (-31) 4.88 (-31) 4.57 (-31)
40 8.88 (-38) 8.99 (-38) 8.60 (-38)
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TABLE 3
Values of | a®® | for the Hankel function H{®, and estimates
E, and E, obtained as in Table 1.

¢ r a® E, E,
20 1.22 (-21) 1.21 (-21) 1.33 (-21)
7.5° 30 3.69 (-28) 3.64 (-28) 3.84 (-28)
40 6.10 (-34) 6.07 (-34) 6.29 (-34)
20 1.24 (-16) 1.20 (-16) 1.08 (-16)
82.5° 30 8.79 (-21) 8.65 (-21) 8.14 (-21)
40 1.84 (-24) 1.82 (-24) 1.75 (-24)

Since the functions of interest for |z|>|y| have a singularity at infinity the
expansions (6) converge only for 0 < ¢ < 1. Thus, when polynomial approximations
obtained by truncating these expansions are used for complex values of y/z, the
technique used to bound the truncation error when |z |<|y| is not applicable.
Empirical evidence of the accuracy of the resulting approximation is mentioned in
Section 4, where it is used in constructing Table 5.

4. The Coefficient Tables. The coefficients of the Chebyshev expansions (3) and
(6), for n =0 and 1 with |y|= 8, which are tabulated in Appendix 2, were
calculated in quadruple precision on an IBM 370 computer, and the results were
rounded to double-precision form. For each value of n, the order of the Bessel
function, there are six tables, one corresponding to each of the rays argy = 7.5°
(15°) 82.5°. In each table the top set of figures corresponds to the expansion (3) and
the two lower sets are the coefficients a{” and a®® to be used for | z |> 8.

The number of coefficients tabulated in each case, and the number of decimal
digits to which they are quoted, were determined by the requirement that a certain
accuracy be achievable in the calculation of the corresponding Bessel function in
double-precision arithmetic. In the inner region the Chebyshev series converges
rapidly, and the accuracy is limited only by rounding error. Table 4 shows the
accuracy achievable for | z | < 8 with the tabulated coefficients. As arg y increases the
low-order coefficients increase in magnitude but

2, (_l)raZr =1
r=0

in all cases; the resulting loss of significant figures reduces the achievable accuracy
as shown in the table.

TABLE 4
Maximum absolute error in using (3) with the tabulated

coefficients for | z | < 8

arg z n=20 n=1
0° — 15° 0.5, -14 0.5,-14
15° — 30° 1.0,-14 1.0, -14
30° — 45° 0.5,-13 0.5, -13
45° — 60° 1.0,-13 2.0,-13
60° — 75° 0.5,-12 0.5, -12

75° — 90° 0.5,-12 0.5, -12
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In the outer region the number of terms needed to calculate the Hankel function
H(z) to a given accuracy is not sensitive to the value of arg v in the first quadrant,
but the number required in the expansion of H(?(z) increases markedly as arg vy is
increased. Table 5, which is based on a comparison with accurate values of Jy(z) and
Ji(z), shows the accuracy achievable with the tabulated coefficients. For 75° < arg z
< 90° we have accepted a lower level of accuracy than elsewhere since the rate of
decrease of | a® | has then become very slow; greater accuracy could be obtained in
the evaluation of H{"(z) alone.

TABLE 5
Maximum relative error in using (11) with the tabulated

coefficients for |z |= 8

arg z n=0 n=1
0° — 15° 0.25, -14 0.25,-14
15° — 30° 0.25,-14 0.25, -14
30° — 45° 0.25, -14 0.25,-14
45° — 60° 0.5,-14 0.5,-14
60° — 75° 0.5,-14 0.5, -14
75° — 90° 0.1,-13 0.1,-13

The relative errors quoted in Table 5 are not applicable in the vicinity of the zeros
of J, and J,, all of which lie on the real axis. The tabulated coefficients are
sufficiently accurate to permit calculations with absolute error no greater than
5 X 107! near the zeros.

Acknowledgements. A. J. Monaghan is supported by a research studentship
awarded by the Science Research Council. We are grateful to the referee, whose
comments encouraged us to improve parts of the paper.

Appendix 1. A Bound for | 7,({) | on a Sector. Here we establish a bound for the
modulus of the Chebyshev polynomial 7,,({) on a sector D of the unit disc in which
| arg { |< © < 7/2 radians, and we show that the bound is attained. Since | 7,,({) | =
| T,(§*) | , it is only necessary to consider the upper half OAB of this sector, where O
is the origin and 4 and B are the points { = 1 and { = exp(i®), respectively.
Furthermore the maximum modulus theorem shows that the maximum occurs on the
boundary, i.e. on the radius OB or on the arc 4AB.

The polynomial 7,,,({) of even degree is an even function, and its zeros, all of
which lie in [-1, 1], may be labelled as = x, (k = 1,2,...,m). Then

m

T, (§) =2 ]I (§2—x3)

k=1
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and on the unit circle

| T, () P =242 T (1 +xi — 2x%cos26).
k=1

Clearly this expression is a monotonically increasing function of 8 for 0 < 8§ <« /2.
The maximum value on the arc AB therefore occurs at B and

| T, (e?)|=1 for0<6<m/2.

On the ray OB { = re'® and

m
| sz(reie) |2 = 94m—2 H (r4 + Xz _ 2r2xicos2®).
k=1

If 7 /4 < © < 7 /2 each term in the product is positive and monotonically increasing
with r. On the other hand, if 0 < ® < 7 /4, the kth term in the product decreases,
from the value x4 when r =0 to a positive minimum at r = x,(cos20)!/? and
thereafter increases with r. It follows that the product must take its maximum value
atr = O or 1. Since

| T2m(0) |: 1 S‘ TZm(eie) | ’

we have, for the sector D, the bound

| To($) |<| To(e™®) ] -
The Chebyshev polynomial 7T, ({) of odd degree has a zero at the origin and may
be written as

T2m+|(§) =2 H (§2 —yﬁ),
k=1

where *y, (k = 1,2,...,m) are the other zeros. Arguments analogous to those used
above show that once again the maximum modulus on the sector D is attained at the
point B.

We have therefore shown that on the sector D = {{; | {|< 1, | arg { |< ©}, where
0<0=<q7/2,

| T <[ T, ()] .
The Chebyshev polynomial of degree n may be expressed as

T(8) = z(w" +w"),
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where w({) = ¢ + ({2 — 1)!/2. Therefore, on the sector D,
(A1) | T.() [<3(p" +p7"),
where p =| e’® + (€?® — 1)!/2] . Alternatively, it may be noted that the ellipse
¢=13(pe +p7le)
intersects the unit circle | { |= 1 at the points { = exp(=*i®). On this ellipse (see [5,

p. 83]), and therefore throughout the sector D, the inequality (A1) holds.
It is also useful to note that since p = 1, for 0 < ® < 7 /2,

| T, ($) [<3(0" + p7")p*

in the sector OAB.

Appendix 2. Tables of Coefficients for the Chebyshev Expansions.
A: For |z |<8§,

1 (z\" &
1) == (2) 3 an,T(0),
r=0
with a,, = b,, + ic,,, where b,, and c,, are real,

-

Jexp(-ig). ¢ =7.5°(15°)82.5°.

oo | N

B: For |z|= 8,

J(2) = 3[H"(2) + HP(2)],

where

Tz

1) = (%) espliae)) 1 a720)

and

Tz

7 \1/2 ™
BO(G) = (2] ewl-ial2)) 3 a@TF(0),
r=0
with (™ = p"™ + ic{™ where b{™ and c¢{™ are real, a(z) =

z—4in7m — imand

= (g) exp(is), = 7.5°(15°)82.5°.



J. P. COLEMAN AND A.J. MONAGHAN

354

61-0¢°0
61-C%°0
L1-GOCGT°0-
L1-GT%%°0
91-36901°0
ST-Qe992°0-
$1-dT1110T1°0
91-GL9519°0
€1-0915596°0-
21-Cv»8L261°0
T1-dL€09T99°0
0T-G0C%66€685°0~
60-G60%50090%°0-
L0-020L£0T6002T°0
L0-G8SL995TC26T°0
50-0L1886999602%%°0-
s0-Q0060L5€2Lc926°0
20-099906£1€586%228L°0C
T0-0%09T€€%6STILTIIST O

a
2

@)

61-G2°0- 38T

81-081°0 L1

§1-0€2°0- 91

L1-01€%°0- s1

91-01L9¢€°0 %1

91-C06€9%°0- ¢TI

®1-0T9Le1°0- ¢1

€1-C1Ceg0T°C 11

€T-0L€TT2T°0 OT

¢1-09%686L°0-
11-0025L90%°0
0T-0L5612T15°0

60-099e%€1518°0~-

¥0-0LT28%TLTITE" 0~
90-06£62566L%02°0

£0-029€T1L99L59° 0~

€0-08€950922202LET 0~
€0-0EEBECTLBINEH LY C
T0+0Gs81%9652%5€221002°0

’q
(€]

C AN ®m N O« o

=

81-091°0
L1-C1e6°C-
ST-G6869%°C
ET-0%9€TLST°0-
21-09s5€66612°0
C1-GL22L200cT"0
80-0598%0€€5GTT° 0
L0-G202%8E0LETS 0
S0-0L69€0290TL25T°0~
20-0%5985290L5222¢€°0Q
€0-006LLETLOTLEYE LY 0~
C0-0L€629700189L€5L%°0
T0-01€€50L962%191562°0-
T0-C72L9€52099LSSCI€E" 0
10-09L0S059L215€566%°C—
00+Cb696%%1955€7T1T602°0-
T0-CT199TL2L99%9020€T5°C~
T0-0%60656269%929%55° 0~
Iz,

00+C0°0

61-GE"C

eT-Q06E°0-

LT-018T°0

L1-0%sT°0
91-0L86°0-

ST-0%58L°0
%1-002621°0-
€1-35TL50%°0-

¢1-56e9L6%°C
11-06%968e1°0-
01-CG12CeTe07° 0~
60-0%5089€299°0
€0-0T%85S%0L€EE6°0-
90-0T9S9T7T985T°0-
S0-0T2095L928L6C°0

20-CHT9T€BELTIIV9S°C
Cu=GCCLLTL79T60T6%5L 0
10-C2E1Cv6.CTLv%0CsT 0~

)

)
€T-0GL"0 o1
L1-Ce%L°0- 91
ST-C86219°0 ST
€1-05019568€°0- %1
TT-C62SETLE6T*0 €T
UT-CESE599T6L°0- CT
IU-GLITEYETYE%2 C 11
LG-G69650069F6S5°0-
93-0805L281L0066°0
S0-309296756953€€6° G-
SU-UY0SSYLSTYETHS 0

Z0-C0Tel9B8L9TTIOTICEST 0
T0-C2eCv6Etv895T16122° 0
00+C92S9090€6€ELESOY7T"0
00+C9c60CLTTELTSEEETY " 0
00+C6L38T185659C0T%0e2°0
T0-CG0%TET05C6TBLUEYL"D
UC+C71L9955065cS6LUY"0
hNn—

oS'L = ¢ (2)°r 40f sruarorffoon

—“ere g N e~ oo

[

9

61-0GT°C
61-05°0-

61-09°0

L1-069T1°0
ST1-C1%91°0-

41-05€65°0

$1-00LEE"0
91-35T659°0-
£1-09L2¢€€€°0
21-09999¢1°0
TT-019€806%9°0-
0T-3580L€6T6E"C
60-0869L821€2°0
L(-U%8S06TTT0T 0~
L0-0%Lb6v51628°0
€0-0680.99c2e€L2°0
v0-06589TTU926€RTT 0~
C0-098L2SL9L%LEYTST 0~
T0+0000€68L2:602,66T1°0

a

¢

81
L1
s1
st
Y1
€1
A
Tt
01

(SRR R UL

~



355

CHEBYSHEV EXPANSIONS FOR BESSEL FUNCTIONS

02-Q1°0-

0z-Gz*0

61-081°0
§1-0L21°0-

61-GL°0

L1-G80€E°0
9T1-0€6€T°0-
91-3222%°0-
51-06829°0
§1-09659°0-
£1-0L581%2°0-
21-G8L9%801°0
T1-0€0€5201°0
T1-0EES0696°0-
01-018819L29°0-
80-09209%51901°0
80-02L00TLEOEE"O
90-0L098L8T8BEET° 0~
$0-029€9986022%€° 0~
%0-G81%56L225%L08°0
20-uB096885502€895L°0
10-0T%2%618%80L896%1°0

Es
2

@

€0+00°0 12

02-0s°0- 02

61-012°0 61

61-Cec°0 31

81-099°0- .1

L1-009T1°0 91

91-0%921°0 31T

91-Q2LL6°0~- 4T

91-09999°0- €1

%1-08%06€°0 21

€1-09€L%0T°0~- 11

21-0926€€51°0- 01
11-0L18€20T1°0
11-0LL216%L°0

0T-0LS51%€896°0~

£0-0LEOEDOTBES O
L0-0%2L%08T22€T1°0
90-068€G96CLEYT 0

S0-0EELTSBSEC8YE 0~

€0-0%962%L2%0L102T°0~
20-00606696262€2%52°0
10+G680928cLLLTES002°0

a
@1

CHNMmYE W O~ OO0

61-U6°0-

L1-0%9%°0-

$1-082208°0
€1-0%06956%9°0~
21-081028%8°0
01-0L58926%0U%°0
80-0€%09T09%€1€°0~
L0-0LL96T19%10%28°0
$0-0€2L98862665%°0-
40-0055%LT0ESET092°0-
€0-GE2928L2L26229€E9°0
20-068.2L95859L9959%°0~
T10-09L6%€6E8T18E9LY2T 0~
00+05225008L5%151922°C
00+06292L0%2965€2€65°0~
10+C2020560T6229%60T°0~
00+022%0L8e9997%%521°C~
00+G9252665822T9x»9T1°0

1z,

G0+G0°0
61-C2°0-
g1-0L1°0
61-026°0-
L1-G2e1°9
91-465€°0
S1-0CTE%°0-
91-0s62¢€€°0
%1-G8E9TS°0-
21-3565¢22° 0~
T1-0L6E%B9E°0
01-062282552°0-
UT-G20€9608€°0-
50-G6076060TLL 0
$0-G0s0022920%1°0~
90-0T6991060681E°0
£0-Cv€650688c1220T°0
20-00Ts6919229271869°0~
T0-GLBST9€8EBTOCZEBET O~
1

W’

§T-381°0- L1
91-C32€1°0 o1
ST-62199€°0- ST
€1-058%9061°0- %1
T1-0269L6%12°0 &1
0T-0%81%65558°0- (1
60-C€E»B9v2LLE6°0 1T
L0-0%1996%T16LL9°0 T
$0-05226%92%25122°0- ¢
%0-36i2Tb2E6ELBZYE"Q
%0-35T7.1.82L8E€1€°0~

~ o

20-0LELLS%T19L66921E6°0~
10-00590L98255152€%5°0
10-0659¢9T1e0%68€01C€6°0~
00+GC65¢066TEL9CETLE9" 0
00+CelSS9€09LLLEv566°0
TC+C550615¢996€9cS%1°0
TO+Cv6762S9ETREECIET O

1Zq

oS TT = ¢ (2)°r 40f spuaronffao)

SR N AR

=

02-C%°0-
61-GZ°0
61-GT°0-
g1-0%L°0-
L1-6L28°0
91-G8GS°0-
91-3298°0
91-0995e2°0
€£1-012009¢€°0~-
Z1-08190.2°0
21-05%12T1°0~-
0T-06€29212¢€°0-
€0-022L521L55°0
30-0%eb€T0866E°0-
L0-066€£9L2805L°0~-
$0-05006002TLELE"O
©0-0T%0€0€99T99eL°0~
20-029552%%79513T€¢€°0-
T0+0955629S016TSE66T°C
a

o

&1
L1
91
st
kA
€l
1
Tt
['R¢
6

R

o~



J. P. COLEMAN AND A.J. MONAGHAN

356

J¢-31°0C
02-3s*0
61-G9€°0-
0Z2-uz*0-
§1-08.9°0
L1-QGLsT1°0-
91-0160T°0-
91-05585°0
$1-02T191°0
»1-0%6%8T1°0-
%1-389¢€eT* 0~
ET-CG%91%9°0
£€1-091L0%5°0
T1-08625182°0-
T1-005.TL6%9°0-
60-08956050L1°0
60-36£15606€6°0
L0O-0€E6EOLEQOBET 0~
90-0%e6269€6192°0~
90-025%9250%951°0
€0-069€€926LL908€ET"0
20-Q2251%086L1T6%L9°0
T0-C60STT95LL06%T2¢ET"C

a
2

@)

02-u2°0- T2
G2-GL*0 12
€1-321°0 vl
81-C0vyT°0- 51
ET-0€81°0 g1
L1-G9L2°0 L1
91-0L00T°0- 91
91-C822%°0- &1
ST-G%662€°0 %1
ST1-0€L809°0 €T
£1-0895901°0- 21
%1-GS0686°0- 11
21-0900860%°0 0T
21-06556€E%%°0
0T-0286066G2°0~-
0T-0T%859069°0-
50-02%€1¢%0051°0
L0=-3%9919555L%1°0
90-0T6.66L6€E6TT C-
S0-CE6%EL2TTI8ZHS 0
HU-U95959E96E2159° 0~
20-369190%668L61959°0
T0+06TLL69999€G20002°0
a
@

LIV BRC ARV S

o

~

61-01%°0-
9T-06LELT°0
ST-CeT8LZE O~
£1-000520€e5° 0~
T1-099€0¢%502°0
01-098L52Lb650L°0
€0-U6TSTS0€ESETH 0~
L0-0€€v00L66€92°0~
50-0s€L9060%26L2€°0
%0-CG0LEG9E0%T%%9TT 0~
€0-0L2%99€%60000996° 0~
¢C-060€L8LLL766900EG5°0
10-07L062%85LCT1T€26°0
00+0€85L55809Le6TL1E°0~
10+0862226LL0%T59C%C°0~
00+40.696¢%€900995%61°C~
T0+0.85E566L02€65£€665°0
10+4GLCL818T182GL2TLeE"C

iz,

0z-01°0-
€T-CT°0
€1-Ce*0-
£1-395°0
LT-CE0T 0~
L1-LT99°0-
ST-0€022°0
%1-C221L2°0-
c1-3e612€2°0
¢T-36E56T11° 0~
21-Gs0s915°0-
0T-Ccy0€2€9C"0
EL-0ELIEELILY "0~
e(0-Css001€ELLS°0
£0-C0L9%5€066LT° 0~
SC-C65E99299LT12°C~
€0-0CT90€62569%9021°0
20-0%60211629.59695°0~
T3-0592TIBTT9ECHEITT 0~
1

n?

81-06¢2°0 L1
LT-C9LTT°0- 91
»T-0R0ELE0T 0~ ST
£€1-C55%2221€°0 91
TT1-Ge9%c65812°0 1
50-0C68CcSTTLECT 0~ 2T
20-G96LLL05T8ST°0~ 11
70-0€26005%6€60€T°0 G
LU=GS6%6L229261°0~ &
v0-008256CbE685T95°0~
€0-ULsBECE0TYYSGTEE"D
T0-053899T6Ceb696601°0
T0-Geld10TLL6L56%8605° 0
00+GebT9686595cLLL96° 0
00+0EJEESTTIELYEIILTE"Q
T0+01922%5505%565129°C
T0+QL2€%T0605€66005TL"C
TC6+C00L00€852CL26TTavy"0

4

T AT N

q 1

oS’ LE = @ (2)° 40f spuadnffoor

0c-gz*¢
61-LT0-

03+00°C

s 1-CSE°0
LT-Ce9%°C-

91-06LE"D
21-0e922°C~

51-0666%°C
£1-CTTISTITC
71-06€v0eC 0~
11-310%L0062°0
01-C%€E699C2°0-
T1-68e0099°0
30-056€62950€6% 0
90-0G65590L05EYT 0~
S0-0S22€0l1T6TeC"0
20-06%2622¢%L1551°0-
C0-(GBEBLBERTCEDBSYEY "0~
TU+C9706SyTSESvEQEET ™0

a

(1

L1
91
ST
21
[
21
11
01

CHNMC SO O

-



357

CHEBYSHEV EXPANSIONS FOR BESSEL FUNCTIONS

12-G1°0- ¢ 1T-CTt0  9¢
12-C%°0- ¢ 12-0S°0- 52
Gz-atzeo ¢ 12¢-0L°0- 9¢
12-09°0 ¢ 02-09L°0 ¢<

61-G32°0- ¢
61-09¢°0 ¢
81-0G862°0 ¢
§1-0%06°0- *
L1-022€°0- ¢
91-3%%L1°0 ¢
91-3.56€°0 ¢
s1-0se61€€°0- ¢
sT1-0U8s8%9°0- ¢
91-01€9989°0 ¢
€1-00085LT°0 ¢
21-0628LLST 0 ¢
Z1-Gegv926eL°0- ¢

0Z-0Ev°0- 2¢
61-068°0- 1¢
81-0261°0 (¢
£1-0%E6°0 &1
L1-010%°0- &1
GT-QETTT*0- 21
91-0295L°0 9T
ST-QTLIST*0 ST
v1-0G9268%1°0- v1
91-00g251€°0- €1
€1-0909¢2€°0 T
21-080€260T°0 1T
ZT-GSLS%S9L°0-

—

T1-G%02€15€°0 ¢ T1-028TTEES*0- &
0T-05€59220%°0 ¢ 0T-0%0%28€2T1°0 8
01-082¢96€LT1°0 ¢ 60-06L96930TE°0 L

40-C8T196162%€C°0~ ¢ 60-3ST2€E%%T%21°0 9
L0-000L5%LT6L22°0- ¢ L0-08E82LL00S7T°0~- §
50-01%%9cL2L06°0- ¢ 90-0%9%21090L%€°0- ¥
50-0626L85€2L09%°0 ¢ S0-G8CETEC0STEE D= €
€0-0B8ET1CZSTTESLSEST O ¢ %0-002L094568618T°0 Z
20-0L9T€S09LESTTESES"D ¢ 20-U95€0959150600€9°0 {
10-3060STTI06T6296€0T°0 ¢ T0+CIETELT99286552T02°0 0
hU 4 a
@ @1

s§1-Uv61°C

91-0%%21°0-

Y1-0%6L9e1°0-
S1-0962L8°0
TI-CT9LE998E"C
0T-G¥%L106096°0
580-06555.9016€°C~
90-0€%92882EC261°C—
90-0.2€9TL06600T°0
70-Ge6T0LEO®COILLET
20-GTI%LUEYLSEYEYE0T0
10-0%2L5906T€L0ETEUT 0~
00+CSEIBLYGLSEYTLOTT 0
00+09L9€529L199€6519°0~
T0+C09ETETHETIEEYSSE"D
CO0+CEYLTSTEI6ELLIEUC O
20+02T98LT10989505L5¢°0
CO+369T9L6TSYEIB0LUY 0

1z

£1-09°0
51-00%°0-
L1-3€22°0
L1-06T€°0-
$1-0622°0-
»T-USTOTT"0
€1-3102691°0-
21-35S16902°0
T1-G80L1022°0-
CT-06LSLUSET O
0T-060602L126°0~
c0-06L05222961°0-
L0=-0598°UETEY6 0
S0=0%TESL56L2€2€°0-
€0-0L092e23TEYE0TT 0
Z0-UBTZS0C6%ECETRBTY 0=
20-0SLST92LT6TTT€6L8 0~

\_U
€D
§1-GI€2°0- L1
9T-0T%61°C- 41
S1-Cv962%°C ST
€1-C5C66ETE°0 *1
11-C62292711°0 €1
60-C9S0E1€2E%T°0- 21
60-C6L0%ETTYE%°C- T1
LO=-Cv»ET80T2999°0 Ul
SU-G88YZ000ZT956v°0 ¢
70-11S9€2T7602HECE°0
C0-0826L95859,€6T€T°0-
T0-CTLLEOE990€E%2LECT O
T0-C2T196%€%025€T11021°C
10+G79c06%e%26902€T°0
TC+GT5L9995L65,22565°0
TU+COZERSGEELTEUSITn®
20+CoceSTEERORGY LI LT O
20+CUTELi065209STI%T" 0~

uwﬂ

YIRS
o~ oo

S el 3w

=

0SS = @ (2)% 4of spuard1ffa0D

00+C0°*0
éT1-GeT1°0-
LT1-G8%2°C
91-0952° 0~
s1-G2Leeto
91-3106%4T1°0-
£1-0566501°0
€T-GL9cL52°0-
21-0ES0Ss8°0~
GT-Ce&905€2270
60-0256T1L566Y°0~
80-CE%999L0859°0
L0-06T10999L126°0C~
P0-UYBLY€EECU69°0
#0-0259569c%8E06TY" 0
Z0-C8LLCEARBTECESEUS 0~
TU+0TELEHEYTTITYELEET 0

91
ST
91
€1
<t
11
01

CmANECFTnO~o



J. P. COLEMAN AND A.J. MONAGHAN

358

22-G1°0-
22-62°0-
2Z-0é°0
zz-d1°0
12¢-0zL°0-
12-01€°0
0Z-06%°0
€1-0S€T1°0-
61-028C°0-
81-00SsT°0
81-0U9€T1°0
L1-30LST°0-
81-005%°0-
91-029891°0
81-0589°0
ST-091L6T°0-
91-0ST19%°0-
%1-062€952°0
%1-0091852°0
€1-0ST1695€°0-
€1-00L%L86°0-
21-0%0S0€€%°0
11-06%59261€°0
T1-056568691°0
0T-0896L9€LL°0-
60-0696%195€5°0-
80-0868980T112T1°0-
L0-0298692€TTL1°0
90-0%200%2S5Te6E°0
§0-0985.0%8L6959°0
€0-09%926TTLLY9L621°0
20-09291855L52€56%€°0
20-090222€960€5€999°0

hU
@

22-01°0 2¢€
22-Ug°0- T1¢
22-CGE*0- 0O€
12-092°0 ol
12-091°0- &2
02-06T1°0- 42
02-3L€£°0 92
61-06TT°0 X4
61-085%°0- %2
61-08€9°0- €2
81-098%°0 22
81-0992°0 12
LT-0S0T1S°0- 0¢C
81-0L65°0- 61
91-G2695°0 81
L1-066€°0 LT
S1-008T10L°0- 9T
ST1-0€889€°0- ST
91-0061%56°0 %1
ET-0%91%91°0 €1
21-09%820€T1°0~- 21
21-0€6202L5°0- 1T
11-056€0220T1°0 0T
01-085%10891°0 6
0T-0LSLLLT25°0 &
60-06S552TL122°0~- L
80-008€L.58€00%°0- 9
LO0-0%TT9ET9ESCEO- &
90-088292€2%L91°0- ¢
S0-0LE6SLE882YTT 0 3
€0-0%T€€068525090T1°0 2
20-0€ETTLEIBIIELETZIL O 1
T0+09L0T€E2TE6690ST02°0 0
1 x
@
L1-068°0-
ST-0%%sL°0

€1-0802656°0
TT-0€9€5108%°0
0T-0169L£88€6°0
§0-00991281L92°0
90-02L82€6€£22€E2°0
S0-0L2989€€0%99189°0
%0-0€599090L8L.%998° 0~
£0-058896891982€L2°0
10-008L66%985€89L0%52°0
00+0852805L1555%819¢€°0
T0+06L56L0v8%€EL6%9E2°0
T0+0€00898€86T9TSEET"O
10+40958558.98L6008%T°0-
20+06695€T€5928LYT16E°0~
20+09,€92€€28T1016999°0~

MNQ

61-0%°0-
81-02¢€°0
L1-3s22°0-
91-0%s1°0
31-0996°0-
S1-088L%°0
ST-0Ts%2°0-
€1-0LT€9%°0-
T1-08129L0T°0
0T-C29%1sL6T1°0-
€60-GS95S52L8%9€°0
80-00L59952L€9°0~
90-0L2T68E29921°0
SC-08566L%666987°0-
90-028%920TSYRTTLL O
¢G-028T12L56%6€££592°0~
20-0L9TETBTTEE6999S° 0~

1

0N

91-0682°0 91
91-081291°0 ST
€1-0€L052€°0 9T
11-056215¢61°0- €1
60-0%066515502°0- 21
8C-0TTT0CS666L°0- 1T
90-020658618%821°0~
S0-00€E%LLBTEEECIT 0

(=]
-

€0-3859%029L956€21°0
20-050%0%0%962068652°0
T0-0SETSTSSE962€E29%2°0
T0-0258C21€929%€L85€°0
TO+0TEZCE9€E959T926ET" 0~
20+02c6EY2EESEYYEBZT 0~
20+02€8E986915528%6%9° 0~
20+062T%9.88L220LT166°0~
€0+085€00900%€2€202T°0~

12,

oS'L9 = ¢ (2)°r 40f sruawiffoon

CHNMINO~OOT

"

00+00°0-
61-G6°0
L1-0921°0-
91-GLYT"0
ST-0T18ST°0-
#1-391%91°0
€1-0€9L89T1°0~
21-09SSELT*0
T1-026998L1°0-
0T-0Te28E6LT" 0
60-0€E8ELBE6Y9T 0~
60-09512¢€61.8°0
L0-00%66898622°0
$0-00%99291928S51°C-
%0-0T%0982L0912L8°0
20-C21eL9L8619€95689°0~
T0+096L06L%E9ETT986T°0

I
m

91
st
21
€1
1
19
ot

H OO0~ ©OoO



359

CHEBYSHEV EXPANSIONS FOR BESSEL FUNCTIONS

12-089°0
02-06%€° 0~
12-029°0~
61-0%%12°0
61-09091°0~
§1-0€€21°0~
§1-092L1°0
81-0780L°0
L1-0LT0ST°0~
L1-098€E9°0~-
91-0c6LTIT 0
91-062%0€°0
91-005888°0~
S1-0€6L552°0~
$1-0LL2€9°0
%1-00%8€52°0
%1-0€2909€°0~
€1-0L8€95L2°0~
$1-0L1612°0~
21-0%9625%82°0
21-050%9%€9°0
T1-0656E99LT°0~
0T1-0€0L2€T0%1°0~
01-0L9918TT€°0~
0T-00LLLS62L°0
8§0-00%09629S0T°0
80-0E%0%66L269°0
L0-6522€L61592%°0
90-09€TES09%LTE"0
50-01%50268€882€°0
%0-01525880€%0506°0
20-084929108E%LE96TT°0
20-0TTLE09LESSLLECT O
kg

@°

02-0%e1°0 ¢
12-096°0 1¢
02-09.8°0- 0¢

02-0622°0 62
61-0E915°0 6T
61-02€5°0- LT
81-07%962°0- 92
81-09615°0 ST
LTI-00TELT®0 %2

LT1-QT8ECH°0- €T
91-0es2T1°0- 22
91-080s2€°0 12
91-006198°0 07
S1-05986€2°0~
§1-09026L°0- &1
$1-0022651°0 LT
%1-02592€8°0 9T
%1-0099209°0- ST
€1-0908%€06°0- %1
€1-05928L26°0~ €1
Z1-a%%%%018°0 21
11-06%98292€°0 11
£1-0266181°0 0T
01-012%0€2L%°0~
60-065889TLEC 0~
60-0190L19009°0~
60-08820506€9°0
L0-066950L82652°0
90-029€9025€2LE"O
S0-02%9€9L5959%€9°0
€0-0TE9LETTEOSYY9T 0
20-0L06566€£556915€8°0
10+4085€50988998€9102°0
1

@ *

HOHNMY O~ OO

91-0%82°0

¥1-G8S091°0

€1-0L52L12L°0

11-002%689€2°0

01-09%L00%60%°0
60-0%822219L26°0~
90-06€966TTT%90T°0~
S0-0€%2109242250L%9°0~
€0-022952598259LET*0~
20-L%5815L888%9%682°0~
T0-09L5500589TT9%e%9°0~
00+40S€209LLT1009%%68%° 0~
T0+QTLELZ98ZT66596LE°0~
20+0690E9TY0TLIZY661°0~
20+0L89L9€%£92L00T89°0~
€0+CZEETLILESEVELY VT 0~
€0+00TZ5S€252TBS698T°0~

iz,

P T L L N I Y

61-0%°0

§1-062°0-

L1-022°0

I1-0€e81°0-

$T1-00LST°0
91-G%9191°0-
€T-0LYL9eT"0
21-36€L9ET°0-
11-G0L8506%1°0
0T-0T1066E9L1°0-
60-02%1869622°0
80-0L%60886%€€° 0~
L0-06€S€ETL%095°0
50-0.5266L562111°0~
%0-0LS9%88E0695LC°0
€0-06LT90LSEEESE68°0
20-0859L.9666605958T1°0~

2
2

)]

91-0121°0- 91

%1-090%¢1°0- ST
£E1-06L60€6°0- %1
T1-020559695°0~ €T
60-021%8%9L2092°0- 21
50-GT05T»98066°0- 11
90-0€e006LE8%%200€E°0~
§0-G9S59LS€L70T0TL°0- &
€0-29T€81E€88E289CT°0- &
20-35662To9T19TTTTIST*0- L
T0-CUEBEYSHEEEREEITT 0~ 9
10-0109252629189€842°0- S
00+06%99LE9YL768TL8S°0 7
T0+0%75528L57690T151L°0 ¢
20+40€8%006209T2€L2LE°0 ¢
€0+01286€50239L5T%0T1°0 T
c0+00%€06.L00€E98L%T°0 C
1

uwn

0§78 = @ (2)°r 40f sruaro1ffo0D

00+00°0
61-0€°0-
§1-06€£°0
LT-08%°0-
91-0095°0C
ST-006%9°0-
9T1-0LETLL®O
€1-3€0656°0-
11-02596921°0
01-06258228T1°0-
60-02.6888682°0
80-0%9c6€89%25°0~
90-0€ST99%9S2211°0
50-050559155600€°0-
€0-C6.88T68%050211°0
20-086LL186E9E9892L°0~
T0+02LL005TLL2€2586T°0

I
m

91
ST
41
€l
fas

o~
- -

Hormaumeunnoer~ oo



J. P. COLEMAN AND A.J. MONAGHAN

360

61-0€°0- 61-02°0 8T
61-0%°0- 81-061°0- LT
L1-0L0T°0 81-0%€°0 971
L1-098%°0- L1-0%S5%°0 ST
91-00901°0- 91-0100%°0- %1
§1-09%92°0 91-09895°0 €1

%1-02%%11°0-
%1-098899°0-
ZT1-0TTLLL0T°0
21-085L90%2°0-
T1-0T%TS8T1L°0~
01-0L806900L°0
60-090%200%5%°0
L0-0%€8S9€LEBYT 0~
L0-0966688LE89T°0—
$0-05690£8%L2619°0
%0-0€620599€61522°0~
10-00081T2%0.8928EE2°0~
T0-00€ETELTS99%96L0L9%°0~

a
2

@

¥1-0%6L%1°0 2T
€T1-0LSTT2T°0- 11
€1-0L26901°0-
21-0L09268°0
T1-02205€8%°0~
0T-0S%%LSE€LS°0-
60-0€S%8ETTI86°0
80-069T€2688EE°0
90-0S€E69ETEIHY92°0-
90-05L22L659182°0
€0-0L21925%L221822°0
20-088L521992€5€5T12°0-
10+005%18%98LLE25661°0

L I A T T T I AN NP P

H OnraumMmysno~©o o
-

@ *°

02-06°0

81-0109°0-

91-02550€°0
#1-028L011°0-
€1-05€858L1°0
21-09.608996°0
0T-08€92.90€T66°0~
80-0L%0%L%1998%°0
90-0%S%16TL22291°0~
S0-09LLEYYYTSY68E°0
%0-0858218155592L.9°0~
€0-0%0L6€9205582018°0
20-0L%L8L9%.68826€9°0~
10-0609T65T19€6989262°0
T0-09ST¥S5%S66E£E£552L5°0~
T0-0%€YSYESILBETBEST 0~
T0-00€LT9L628989%9€T18°0
20-00L9520€%L66€658%°0

PNU

00+00°0
61-0€°0-
81-01%°0
L1-0661°0-
LT1-0T€T°0-
§1-08901°0
ST-0€1L8°0-
%1-0226ST1°0
€1-382%€%%°0
21-3919695°0-
11-08s2%2L1°0
01-0L210985%°0
60-06%2269L6L°0~
80-0EEY6EELBYT O
90-00218066L202°0
$0-0%L860€5521€%°0~
%0-089€95€50%0068°0-
10-00822258%29622622°0
T0-06€62STE0L06%T09%°0

1

2
)
02-0%°0 L1
81-08%%°0- 91

91-0€6T6€°0 ST
91-0169L92°0- 91
21-0860809%T°0 €T
T1-0€STET9LE9 0~ 2T
60-0029%15%612°0 11
B0-0SS%€1526L.5°0- 01
90-06%5608680501°0
50-00%222%86%9%21° 0~
$0-0%0€880TL6025T°0
€0-00L5L62596955522°0
20-0T651L%0%26205T%° 0~
10-02€T16922%55€6959€°0
00+0T5S%T196%2%16991°0~
00+0629099L2S2TTTI9%€°0
00+02090L€L9%91902082°0~
00+000%590£T198059T€EE"0

a1
%q

HOHANMYINVOS@ O

oS'L = (2)'r40f sruaroffaon

61-0T°0-
61-09°0
61-0L°0-
L1-08LT°0-
91-098LT°0
91-0SLL9°0-
S1-06TS€°0-
%1-01692L°0
£1-05T186%9%°0~
21-0L566C21°0~-
T1-0L98€£855°0
0T-01685989%°0-
60-0%9655L552°0~
L0-09L982518%21°0
90-0108222S0€TT°0~
50-0258206LELYLE0-
€0-02L29816%66%102°0
20-0€2%TL965%08968€°0
T0+091950699€€8€L002°0

1

m?

81
L1
91
St
%1
[
fas
11
ot

H OrdNMEYNnO~OO



361

CHEBYSHEV EXPANSIONS FOR BESSEL FUNCTIONS

02-a1°0
0z-0€°0-
61-02° 0~
81-0¥%1°0
61-06°0~-
L1-052€°0~
91-00€ST°0
91-05L2%°0
$1-08289°0-
S1-0€S€E8°0
€1-0TL1292°0
¢1-0%068%21°0-
11-06L82TTT°0-
0T-0T1%20€211°0
0T-06€£2£T1689°0
80-06L969%%L21°0-
80-06%2€%95096°0~
90-0L0TE96ET9EST 0
$0-006%926LLS09%°0
€0-0L€69%00L8T196€T°0~
T0-0€6€£02858€0169222°0~
10-062€LL€€5282012%99°0~

I
2

(@

00+00°0 T2
02-G9°0 02
61-02°0- o1
61-0%°0~- 81

81-00L°0 L1
L1-008T°0- 9T
91-08TET*0- ST

ST-015901°0 T
91-0L6€5°0 €T
%1-02s€2%°0- 21
€1-0€9g221°0 11
21-0820€991°0 01
T1-01928L11°0~
T1-0LL6L518°0-
60-02909SLETT 0
60-09€20%%E1L°0
L0-0529%0901%91°0-
90-0960980865L1°0~
S0-0€5820%L5166%°0
€0-0505%8€08T9%%6T1°0
20-0%0606L295898€28°0~
TO0+QESEEETINOYYTEBET 0

Horaumyunor~ oo

X
@ *
0z-025°0-
81-0€92°0-
91-061905°0
91-099860€ *0-
€1-0LL92999°0
11-0516208862°0
60-00T81Z0EEL92 " 0-
80-0E0E¥TE06T08°0
L0-0E9S 1192059190~
$0-0Z01599%999%98L2°0-
%0-0E98L2SEE69T258°0
€£0-0012508226458828°0-
£0-00289L2EL29€6219° 0=
10-0065659%691651245°0
00+02£6819426L800T192°0-
10-0%689692061892201°0
00+QLS0T8TLZBI0SEYLY 0
00+09%62586%6850£062°0

HNO

61-02°0
81-061°0-
L1-0101°0
L1-08%1°0-
91-0%8€°0-
$1-06825°0
91-005%L€°0~
%1-061L59°0
21-32%%9%2°0
T1-09€55€2%° 0~
0T-08c2%02%€°0
60-06%E%00€0T°0
§0-QTTYEEEESY6° 0~
90-09L92€8L258T°0
90-0850%T%65€85° 0~
€0-0TLT8EZ9C92569T°0~
T0-058BSTB69EILLEE602°0
10-0659¢T198%8%050€2%°0

.HU
(@]
0Z-066°0- L1
81-0108°0 91
91-099%%2°0~- ST

%1-06LSSTT°0~- #1
21-090LT65S5T°0 €1
T1-020%8L0589°0- 21
0T-016£6895.56°0 11
80-09%60508L91%°0 0T
90-09€L0%0%%500€2°0~
S0-390T0T%219€092%°0
%0-3TL69€8EF0TE6TT 0~
€0-09TZTESBTISESZYYL 0~
T0-0ZL9€T0LLESBESSOT O
TO-0L)BELOLBTEIEELLE O~
00+02L%8T1€992%1856T1T°0~
00+06£9.2€520TL295€9°0
T0-0%0€T1952.180T8€T1§8°0~
00+0056€L00YL96%LEUY"0

pe
Zq

HOmMNMmENnO~©0

oSTL=9 ANE. dof spua1d1ff20)

61-02°0-
61-G1°0
81-08L°0
L1-0668°0-
91-0€95°0
$1-0L%01°0-
#1-360552°0~
€1-0052420%°0
21-099611€°0~
21-0L66512°0
0T-0€2E9169€£°0
60-0€0€%6L0L9°0-
80-00€T0%22505°0
L0-0%%L8%L09€6°0
S0-020%EL5%E5626°0~
€0-0866L28L9625821°0
20-0€285%0L25922€56°0
T0+405L996L90L96L8102°0

1
(1

L1
91
St
91
€1
21
191
01

HOoOrNmMmE O~ ©O



J. P. COLEMAN AND A. J. MONAGHAN

362

0¢-01°0-

02-GS*0-

61-08€°0

0z-02°0-

81-021L°0-

L1-0SLT°0

G1-02¢11°0
91-008£9°0-
51-069291°0-
%1-012102°0
%1-0€8812°0
€1-026620L°0-
€1-0L0966%°0-
T1-0LS€E29TE°0
T1-41005%8%°0
60-09%60%€L61°0—
80-055%225L€01°0~
L0-GLSB6LEBREELT O
90-0€000926€L42€°0
90-06268%T1L5T%%°0~
€0-09912L62€€%€622°0~
10-058.650L90%820561°0~
T0-0€2€92LL296%8%58E°0~

1
2

@

0¢-02*0 2¢

02-08°0- 12

61-0T1°0- 02

81-0691°0 ol

8T-0€12°0- &1

L1-0882°0- L1

91-0%011°0 91

91-00%¢%°0 ST

S1-02LL6€°0- %1

S1-02LL65°0- €1

€T1-05€291T°0 271

»1-062296°0 11

21-0€88%26%°0- 0T

¢1-081%256€°0-
01-0LSTLBLEZ"C
01-08€665189°0
80-0%2€L2E68LT 0~

L0-0C266158£82LT°0~
90-000%%LL89191°0
S0-0QLLTSEEIHSLYLO
€0-0SE6STETZL8T00T 0

T0-09SLT0LSYEZYTEGET 0~
TO+082L0TESLETSHTLET O

1

@1

HorNmEnO~©o

02-02°0-
L1-0L201°0
91-0L€622°0~-
%1-01901s€°0-
21-Ce%L18E51°0
T1-0€2%€50€16°0
60-0L658%61c5€°0-
E0-UET9ZY098T5T 0~
9U-U0%€592962L1€€°0
S0-0€51252%20£561°0-
€0-0€L892086558SLT1T1°0~
€0-0895€1980€0€0%966°0
10-0652L50929%055L€T1°0
10-0L8L9%969%10500€6°0-
00+0098261281€9L525%°0~
T0+02€92L65€29€66E0T7°0
T0+0€96199%260€L%L52°0
T0+06T15982028¢€LLLE2°0

&Nu

61-GT1°0-
§1-00T1°0
81-019°0-
L1-G82Z°0
L1-0L%9°0
S1-0T10%2°0-
%1-005T10€°0
€1-3191€92°0-
21-05ST0%1°0
21-391€€96°0
01-0L82L8%0€°0~
€0-0TE6LY6ELS 0
80-0€2656520€L°0~
L0-0TL099TETLZ 0
S0-0€TS%62660%€62°0
£0-0ST19L€000TTv902°0~
10-0625256T69%L0SLLT"0
T0-052¢%86%5€219165€°0

by
2

Q)]

61-3¢1°0 1
61-396°0- 91
91-081659°0- ST
%1-015€122°0 %1
21-C2926815T°0 €1
T1-08e0£19828°0~ 21
60-CLYCLS68ECT0- 11T
L0-0S5%0696T€L121°0 0T
L0-005%169508€52°0~- ©
SO-U%0U»88ETHEYEOTL 0~
20-0566LL99L96L955°0
2U-uZe929e€22295L91°0
TO-08LTTE6ETTITOELBTT 0~
10-0¢2%501520T€€9%€6° 0~
GO+CTEZ0LISTHZEYYT99°0
T0+GC5C%€Cb0S606TL%T"0
00+CLZT60TEZS22SBES2°0-
00+0SL2C»21€8T129T6EY 0~

a
%q

R

[N

oS'LE = b (2)'r 10f sruarorffoo)

‘
‘

00+G0°0
G0+C0°0
§1-08€°0-
L1-GLEY"0
91-0L1%°0-
ST-0LES2°0
$1-08109°0-
€1-C06%121°0-
21-0%60092°0
T1-0600062€°G-
01-0%02891L2°0
01-05906808T°0-
§0-026L2968L65°0-
50-02602992LL61°0
50-G92205219¢80%°0-
%G-Gv€2L18222690€°C
106-02.5862L96T150E%91°0
10+0€1055186uUT6L8202°0

X
(!

L1
91
St
91
€1
1
199
0t

HOoOmANMmMENnO~ oo



363

CHEBYSHEV EXPANSIONS FOR BESSEL FUNCTIONS

12-01°0
12-G%°0
0¢-02¢°0-
12-3%°0-
61-082°0
61-00%°0-
81-090€°0-
§1-G8L6°0
L1-092€€°0
91-05L8T1°0-
91-0156€°0-
ST-QT18L5€°0
$1-0892%9°0
%1-0L09%L°0-
£T1-06€T8.LT°0-
21-0923L9L1°0
21-0S8166LL°0
TT-091L€90%°0-
OT-QEEEYTy99°0-
TT1-0195%6€8°0-
§0-0S€826L65L2°0
L0-GEBT068%8992°0
80-0968LL600T°0-
50-008L6L£095E%9°0~
€0-0256€10L1129852°0-
10-010920212966%%251°0-
10-086E€L88S€ETLS558662°0~
1

@

12-g2°0- 92
12-09°0 s2
12-0L°0 %2
02-08°0- €2
02-0s°0 22

61-0€6°0 12
81-0012°0- 02
L1-0L00T°0- 6T
L1-0s2ev°0 81
91-Q1211°0 LT
91-G0eT8°0- 9T
$1-06%06T1°0- ST
21-01%6091°0 %1
21-08951€°0 €1
€1-0%0996€°0- 21
21-0%2%8211°0- 11
21-06106196°0 0T
11-06816%L5°0
0T-0T69€L425T°0~
60-091164L25€°0~
80-0808262€5eT1°0~
L0-00%089L2628T°0
90-0T%8152529€%°0
50-0612€08691815°0
%0-0886562%L6L85€° 0~
T0-0LLEEESSYZBBLLLET 0~
TO+0%EL2L6E25525296T1°0
1

@

HOoOHANMJYEWNOroo

8§1-0sL°0-
91-010%8°0-
s1-G08L2Z*0
21-085685L2°0
11-0€59%6€89°0
60-0€E%599910%E° 0~
L0-08T2€.9810651°0~
L0-0998%0%0%292%°0
%0-02%%%180S5T%16GT°0
€0-0256LL%€0SLTHTT"0
20-0520250TLT¥TL2LT 0~
T0-0LT%E%LTE6LT096T1C°0
TC-06%€SSTOSE0BGEESS 0
T0+0L%€E0625%SEETHEVTO
TG+0e6L165L8%T75168%7°0
T0+4C0L¥%%2e€11L€6L05L5°0
T0+C99SLS6LT6STELSEED

hNU

61-09°0-
81-0€%°0
L1-GL%2°0-
L1-30€6°0
91-0¢€€z°0
%1-096021°0-
€1-36L%681°0
21-3e5L5€2°0-
11-098€6552°0
07T-Ge02sTEEZ 0~
60-CE09€699L11°0
50-0€962960%£2°0
90-UE9862655L2T1°0~
50-C2%€0L%28T0L%°0
€0-0€5609€%9122061°0~
10-0109222016%529%€1°0
T0-00106T10259%0251€22°0
I

QD)

LT-330T°0- 91
91-06682°0 ST
71-0060L€5°0 %1
€1-39%180L°0 ¢1
01-00%S0TL1TT°0- 21
60-0286006568E°0-
80-06£92%£66589°0
$3-CL221%09LL28%°0
S0-GY659SLTISLELSZ O
€0-JETSETBYBTILETLI® 0~
20-G%¢059€219212€%92° 0~
Z0-0TS29%683€T9LSTL"0
00+0S5054LT68%CL8552°0
00+C8ZSES0v19Lc9SEYE"OQ
TO+0ESUE6SEEQLEPTETT 0~
T0+0v2e19T665L2Tb%E5° 0~
20+0CLB0859CL2CY50T°0~

1
Na

o
-

L CHeIMmEC O~ O

oS’ TS = ¢ (2)'r 40f sruarrffoo)

00+0G0°0
§1-C6T1°0
L1-0692°0-
91-0182°0
s1-01262°0-
%1-39.961°0
€1-0€€9121°0~
€1-0861%92°0
21-0891656°0
0T1-G1%695092°0-
€0-099¢€L5TE6%°0
g0-0T22588%9528°0~
G0-U6T1%65E20€2T°0
50-0927S€T1598S0T°0~
20-0€€06298002559°0~-
10-06€68089%58581e€6T1°0
T0+069L8099LE€6L9€E02°0
1

!

91
<t
%1
€T
ras
1t
0t

HormNmInme~ oo



J. P. COLEMAN AND A.J. MONAGHAN

364

%1-0€06TL2°0-

»1-006€0%2° 0~
€1-C9%L758€°0
21-0SLL800T°0
21-G0%£298%° 0~
T1-0%65L81%€°0~

s1-00120€°0 ST
€1-0T966101°0- %1
€1-G9910291°0- €1
21-0606L2%1°0 21
21-09112665°C 11
11-001%L2221°0- 0T

€¢-06°0 ¢ 22-01°0- ¢¢
22-62°0 ¢ c2-Cg*0 143
22-C6°0- ¢ 22-GE*0 (3
00+C0°C ¢ 12-812°0- 62
12-C%L°0 ¢ 12-061°0 X4
12-066°0- ¢ 02-061°0C L2
02-06%°0- ¢ 0e-30%°0- 92
61-0€%1°0 ¢ 61-3021°0- s2
61-06L2°0C ¢ €1-3€8Y°0 92
§1-G8ST0- ¢ 61-0819°0 x4
81-GL2T°0- ¢ g§1-0015°0- 22
LTI-JE%91°0 ¢ §1-0622°0- 12
§1-021€°0 ¢ L1-00%€S°C 02
9T-GS%9LT1°0- ¢ 61-0€6°0 61
LI-GTITIT*0 ¢ 91-09965°C- 81
ST-GTIT1L02°0 ¢ L1-0L22°0 L1
91-020€2°0 ¢ S1-0920%L°0C 91
.
‘.
‘.
.
.
.
T1-09€L9E%2T°0- ¢ 0T-05€660%6T1°0- 6
0T-00ELEEELBO ¢ 0T-0€6TL58%S°0~- &
60-0T95158265°0 ¢ 60-060%£S€L92°0 L
80-CT€9€19552T1°0 ¢ 80-0€65282629%°0 %
L0-00¢95996%212°0~ ¢ L0-0569€080L6LE°C 5
G0-0%v8S6%€2T8Y° 0~ ¢ 90-0509L96T9L6T1°C %
S0-0SeT»1888L988° 0~ ¢ S0-0961T1T000T24T°0- ¢
£0-09098L6152€5902°0- ¢ €C-0%626E%5%€999L1°0- 2
20-0€550128680922L6°0- ¢ T10-0%18%29550S5T%€€22°0- 1
10-081642L220L68%06T°0- ¢ T10+0e0L9S29T2LL9556T°0
MU 1 a
@ @1
81-08%°0-
91-028%°0

#1-056629°0
21-09920€€°0
T1-0619L959°0
60-09€%LL%9€2°0~
L0-0SEE0EYYL02°0-
$0-0950L08996€£9°0~
$0-0TL€0606L2828°0-
%0-0L10268%081¢25°0
20-CTT105LL86985%5S€°0
T0-0L€S0€999808TTES°0
00+0LL0€ES62LTTEBOSSE"C
00+005295L698L%%06€L°0
T0+0€0LT66TYTEBLTH0E°C
20+01€%0809L2L6L82LT°0-
20+0LTL06T0LTETESSLE® 0

HNU

61-GS°0
81-0s¢c°0-
L1-08%2°0
91-G0LT°0-
ST-0180T1°0
ST-0G5.95°0-
S1-05%0%°0
£T-00%S15°0
11-06062€2T1°0-
01-0€L00%1€2°0
60-096%69€02%°0-
50-010€£0,.9696L°0
G0-0LEELYSLEI9T 0~
50-00LE2TTI9€ETTIv°0
€0-CE0Y9961986LEEET 0~
20-G9118891922L56€8°0
T0-0020S52S5LL6L2950L1°0

1
2

Q)]

£1-3s1°0 91
91-Ge€6°0 ST
21-0900€2°C %1
21-089%%%1°0- €1
0T-CELTSCSST 0 2T
€0-0892L925€9°0- 11
L0-09%8295L€C1°0- GT
J0-0USeT192%25%8T1°0
#0-C%8%L50%2LT1%€1°0
€0-UZY0Z€E60%9L€2°0
20-36880L611221682°0
€0-059928T1L92€%£S5° 0~
00+079608%86€£T10E2582° 0~
10+0651€SELES2EI9%92° 0
20+0%S5L60L6E£055T5%0T° 0~
C0+CTLZS65682908T96T° 0~
20+095%6525121129012°0-

pwn

HOHNMYE N O~ O

o$S'L9 = ¢ (2)'r 10f sruarnffoo)

G0o+G0°C

61-C6°0-

L1-GLET"O

91-0T191°0-

51-06%L1°0
%1-362€81°0-
€1-0TL506T°0
21-095986T°0-
11-055€LL02°0
01-C¢0L92v12°0~
60-0956626202°0
80-0RS9%9TLSTT 0~
L0-0L68E2L5862°0-
S0-0%11v1295€22°0
€0-0L922191%6€6L%T1°0~
T0-GTSTS9%1662T19012°0
T0+09L99%229926€2%02°0

1

w1

51
ST
71
€1
T

(=]
-

Homaumtuwnor~oo



365

CHEBYSHEV EXPANSIONS FOR BESSEL FUNCTIONS

12-0L9°0- 02-U6eT*0- ¢t
0z-019¢€°0 12-CL6°0- 1t

12-G0%°0 02-d266°0 0OF
61-0022°0- 02-0$62°0- ol
6T-06ST1°0 61-0L26°0- &2
§1-30%521°0 61-0%65°0 LC
81-06981°0- g1-0%862°0 9¢C
81-00STL°0- 81-01L56°0- s¢

L1-02€091°0
L1-0€95¢e9°0
91-009521°0-
91-096%0€°0-
91-00%056°0
ST-u96L52°0
$1-096589°0-
71-052%9652°0-
91-065€90%°0
€1-0€5€6982°0
ST1-GLLY86°0-
21-0928LE0€°0-
21-09€892%9°0~-
11-08L0€086T°0
01-G2ESTEIO0ST O

L1-06T9L1°0- 92
L1-02516%°0 €2
91-G9L211°0 2¢
91-0899%€°0- 1¢
91-G19598°0- 02
$1-006.52°C 6l
§1-Gese0g°0 8T
91-0566%L1°0- LT
%1-0%€€858°0- ST
%1-08590€L°0 ST
€1-Gv€2215€°0 %1
€1-0626€vL8°0 €1
21-Q02€1.288°0- T
11-06%6€01%€°0- T1
21-00€€6105°0 0T

0T-QLT68S6T1E°0 01-099569%125°0 &
01-09%5L28L8°0~- 60-0L989929S2°C &
50-009LECTE8TIT 00— €0-0L28LSS1E9°C &
80-068L96LST8L°0- 60-00€€9€9906°0- 9
L0-02¢5€S5280€6%°0— L0-0256STT29TT€°C- 5
90-022€6ELTSS8E0— 90-3695€2901€9%°0-
S0-069€2€E8S29SEY°0— S0-086EELS982LS6°0- €
90-C065%L9095%696L°0- £0-06S€589L0869%92°0- ¢
2U-086T.9€£92€9TEvEE°0— T0-08T8EL2LTLYTISCC92°C- T
20-0vE918%€009€5€59°0~ 10+40201L292%L2902S€61°0, ©
Py I a
@° @1
L1-0291°0
$1-CL0L6"C

%1-0L0%19%°C
21-G20LL651°0

11-000€56T162°0
01-0TT92L€62E8°0~
80-0552269€156°0~
G0-QTETLTIE6TETS 0~
»0-018806L%8L0LE%1°C~
€0-0L1.0658905202c¢E°0~
20-0LE0LSTZ28BLIEYS 0
10-0L6589696€£2€96%69°C~
00+3602596199519%509° 0~
10+06€6%09€08118285¢€°C—
2C+0EWSH69950TEY95ET 0~
20+0E%50562%8697STE 0~
CO0+C%8LBLLYYTLLETETY 0~

az,

61-0%°0-
51-Q1c°0
L1-0992°0-
91-Cz02*0
ST1-059L1°0-
91-089851°0
£1-2€89261°0—
¢1-0209951°0
T1-092L2€LT1°0-
01-0€6966802°0
60-Q9L5%116L2°0-
§0-0L25T2L912%°0
L0-3€56886LE9L°0-
6C0-0225%6B8SSET9T°0
20-015569501528.%°0~
20-102€90€8%68L02562°0
20-0521L%C60261€065°0

a
2

[e9)

e1-30L°0- 91

91-02195L°0- ST
v1-05,2509°0- »1
c1-09.6108€°0- €T
0T-0€2e5L%261°0- <1
€0-0LEE698E298L°0- 1T
L0-0e€ec0E€L952°0- 0T
90-0s966L8896955°0- ©
20-18619L6%968T1L21°0- &
£0-300%92195L0%9L1°0- L
20-33%¢0TL955G152%1°0- 9
¢0-0221925%€8B66232T°0- S
00+08902295559516€21°0 7
TO+CULEGSTEQUEEDOEYST 0 «
TO0+C2Y%626268TLCSSLTED ¢
20+06TCcoeTveT1cv0962°0 1
9

a

20+C55TC(CeLBI9S0LE"0

gwn

0§78 = ¢ (2)'r 10f ssuar21ff20D

‘

‘

‘

00+G0°0

61-GE"0
§1-02%°0-

L1-0925°0
91-C819°0-
sT-Q1eeL*0
%1-0.£898°0-
21-G1626GT°0
T1-0S6959%1°0-
0T-Ce?s58&%12°0
60-078LSSEGSE 0
80-098e995%959°0
90-G%52.L6368L9T1°0~
$0-00SsTHc0eve2ev* 0
€0-02.610L95028T6T°0~
10-0L199029509282%¢C*0
10+026L86L9T16925%062°0
1

!

RO AN M N O~ o



366 J. P. COLEMAN AND A. J. MONAGHAN

Mathematics Department
University of Durham
Durham, England

1. M. ABRAMOWITZ & 1. STEGUN, Handbook of Mathematical Functions, Dover, New York, 1965.
2. C. W. CLENSHAW, “The numerical solution of linear differential equations in Chebyshev series,”
Proc. Cambridge Philos. Soc., v. 53, 1957, pp. 134-149.
3. C. W. CLENSHAW, Chebyshev Series for Mathematical Functions, NPL Mathematical Tables, Vol. 5,
HMSO London, 1962.
4. J. P. COLEMAN, “A Fortran subroutine for the Bessel function J,(x) of order 0 to 10,” Comput.
Phys. Comm., v. 21, 1980, pp. 109-118.
5. P. J. DAvIS, Interpolation and Approximation, Blaisdell, Waltham, Mass., 1963.
=+ D. ELLIOTT, “A Chebyshev series method for the numerical solution of Fredholm integral
equations,” Comput. J., v. 6, 1963, pp. 102-111.
7. G. H. ELLIOTT, The Construction of Chebyshev Approximations in the Complex Plane, Ph.D. Thesis,
University of London, 1978.
8. C. GEIGER & G. OPFER, “Complex Chebyshev polynomials in circular sectors,” J. Approx. Theory,
v. 24,1978, pp. 93-118.
9. Y. L. LUKE, The Special Functions and Their Approximations, Vol. II, Academic Press, New York
and London, 1969.
10. Y. L. LUKE, Mathematical Functions and Their Approximations, Academic Press, New York and
London, 1975.
11. Y. L. LUKE, Algorithms for the Computation of Mathematical Functions, Academic Press, New York
and London, 1977.
12. G. F. MILLER, “On the convergence of the Chebyshev series for functions possessing a singularity
in the range of representation,” SIAM J. Numer. Anal, v. 3, 1966, pp. 390-409.
13. G. OPFER, “An algorithm for the construction of best approximations based on Kolmogorov’s
criterion,” J. Approx. Theory, v. 23, 1978, pp. 299-317.
14. T. J. RIVLIN, The Chebyshev Polynomials, Wiley, New York and London, 1974.
15. G. N. WATSON, A Treatise on the Theory of Bessel Functions, Cambridge Univ. Press, 1944.



	Cit r259_c262: 


