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Numerical Methods for Flows
Through Porous Media. I

By Michael E. Rose*

Abstract. The degenerate parabolic equation
a v
F=v (u'vu), =1,

has been used to model the flow of gas through a porous medium. Error estimates for
continuous and discrete time finite element procedures to approximate the solution of this
equation are proved, and several new regularity results are given.

1. A Porous Medium Equation. Introduction. We shall study the porous medium
equation

(1.1) du/dt=v-(|u’vu) on@ X (0,T],
(1.2) du/on =0 on a2 X [0, T},
(1.3) u(x,0) = ug(x) on £,

where » = 1 is a parameter and € is a bounded domain in RY, N < 3, with a smooth
boundary. The initial function u, is assumed to be nonnegative and four times
continuously differentiable on Q. Notice that the compatibility condition du,/dn = 0
holds on 92

Our main result is the derivation of error estimates for numerical approximations
to the problem (1.1)—(1.3), which we shall refer to as “the porous medium equation”
or “PME”.

The PME does not, in general, admit classical solutions. Existence and uniqueness
of weak solutions was proved in one space dimension by Oleinik, Kalashnikov, and
Czou [15], [16] and in several space dimensions by Lions [12]. These proofs concern
the PME with different boundary conditions, but the arguments carry over to the
PME (1.1)-(1.3).

The maximum principle implies that, since u, is nonnegative on &, u(x,t) is
nonnegative for all (x, t) € € X [0, T']; see [15], [16]. If u, is nonzero, the Neumann
boundary condition implies that # will eventually become strictly positive and (1.1)
will become nondegenerate for all time ¢ = Tj,, T, sufficiently large.

We can rewrite (1.1) in the form

(1.4) du/0t = AK(u) onQ X(0,T],
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436 MICHAEL E. ROSE

where K(¢) = [§ k(7)dt and k(1) =|7|". We have defined k(r) for the negative
reals because, although u is never negative, various numerical approximations to u
may take on negative values.

The relations (1.1)—(1.3) represent a model problem for the flow of gas through a
porous medium; see [1]. In a sequel to this paper, we have extended our methods to
treat a more general porous flow model

(1.5) %u+%f(u)=%(k(u)%) on1Xx(0,T],1=(0,1).

In (1.5), k(u) is a nonnegative diffusion coefficient which may vanish for one or
more values of u. Equation (1.5) has been used to model various problems involving
the flow of fluids through porous media, including a one-dimensional waterflood
problem in petroleum engineering [8], [17]. The author’s treatment of (1.5) has
appeared in [18] and [19].

Properties of Solutions of Degenerate Parabolic Equations. The solution of Eq. (1.1)
behaves in a strikingly different way than those of nondegenerate parabolic equa-
tions (e.g., the heat equation, » = 0). Let us consider the PME (1.1)-(1.3) as an
initial value problem with @ = R'.

In 1958, Oleinik, Kalashnikov, and Czou [15], [16] proved that if u, has compact
support, then u( -, t) has compact support at any positive time. In fact, it is possible
that the support of u( -, ¢) may not expand at all for 0 < ¢ < ¢, for some ¢, > 0. The
structure of the interface 3 Supp(u(x, t)) has been studied extensively by B. Knerr in
his doctoral dissertation [10].

Another distinction between the porous medium equation and nondegenerate
parabolic equations is that smooth or real analytic initial data do not necessarily
produce a smooth solution. It is well known that nondegenerate parabolic equations
possess a ‘smoothing’ property whereby L? or even distributional initial data yield a
smooth solution. Degenerate parabolic equations could be described as having a
‘roughing’ property.

For v > 1, it has been demonstrated that smooth, compactly supported initial data
never yield a @' solution of (1.1) [15], [16]. The space derivative becomes discontinu-
ous at the interface at some positive time.

Oleinik, Kalashnikov, and Czou [16] proved that in one space dimension

(1.6) VK(u) =|u| vu € L*(0, T, L=(Q)).
In fact, YK(u) is continuous. Aronson [1] has demonstrated that
(1.7) '~ 'wu € L=(0, T, L*(R)).

This result is sharp, given his assumptions on the initial data, as shown by the
examples cited in Aronson’s paper [1]. Further results on the smoothness of u(x, ¢)
and the structure of the interface are contained in [2] and [3].

One can relate these two properties of degenerate parabolic equations. A result of
Knerr [10] roughly states that, given smooth initial data with compact support, the
support will not expand until u(x, ¢) becomes nearly vertical at the interface. When
the gradient of u becomes discontinuous at the interface, then the support will begin
to expand monotonically.
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Outline. The main results of this report are the error estimates we derive for
various Galerkin approximations to the solution of (1.1)-(1.3). We begin our
analysis in Section 2 by studying several perturbations of (1.1)-(1.3) which yield
smooth solutions which approximate the solution of the PME.

In Section 3 we study the regularity theory for (1.1)-(1.3) and a regularized
variant of the porous medium equation given by (2.3)-(2.5) below. Theorem 3.3 is a
new regularity result for the porous medium equation in a special (but physically
important) case which may be of interest aside from its application to deriving error
estimates for numerical approximations.

In Section 4 we study error estimates for a Galerkin method to approximate the
solution of (1.1)-(1.3). Section 5 contains results for the backward-difference time
discretization of the schemes in the previous chapter.

Remarks on Notation. We will use C to denote a positive generic constant. The L?
norm and inner product on  shall be given by | - || and (-, -) respectively. All other
norms and inner products will be labeled by their corresponding function spaces.
Finally, if F maps [0, T'] into a Banach space X, we define the L?(0, T, X)) norm by

T l/p
1Fleroro = ([T 1Afva)
0

This will sometimes be abbreviated to L?( X). For 1 < p < oo and a positive integer
m we define the spaces

wm(Q) = {fe L7(2): 2L e L7(@), lol< m}

and the corresponding norms

Alwmrey =2 [3%/8x o).
laj<m
We use the notation H™() to denote W™?*(). We shall find it convenient to use
the norm

2 172
(19) W= o+ 7 1)

in place of the (equivalent) W!2(2) norm.

2. Regularizations of the Porous Medium Equation. One source of difficulty in
deriving error estimates for degenerate parabolic problems is the roughness of their
solutions. In the special case of a single space dimension or when » = 1 in several
dimensions, it is unnecessary to regularize the PME to obtain continuous and
discrete time convergence rates. However, when » > 1 in more than one space
dimension, we must first perturb the problem (1.1)-(1.3) to obtain a parabolic
boundary value problem with a smooth solution ugz. There are several ways to do
this.

The method we shall discuss is the technique of nondegenerate parabolic ap-
proximation. The diffusion coefficient of (1.1) is

(2.1) k&) =ld, »=1
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We shall replace (2.1) with a new diffusion coefficient
ke(£) € CYR) for B €(0,1],

which satisfies the conditions

(2.2a) kg(§) = k() for§ = B,
(2.2b) kg(§) = B/2 for £ =0,
(2.20) kg(§) =0 for £ = 0, and
(2.2d) kg(—§&) = kg($).

Such a regularization could be produced by taking
Max{¢,38}, £=0,

rounding off the corner, and extending the result to an even function on the real
line. Replacing k(£) with k4(£) yields the nondegenerate parabolic problem

2.3) dug/dt = V - (kg(ug)Vug) onQ X (0,T],
2.4 dug/0n =0 on 9 X [0, T,
2.5) ug(x,0) = up(x) on .

Since kpg(§) is in C*R) and bounded above zero and ug(x,0) = uy(x) has been
chosen so that we have compatibility of the initial and boundary data on 9£ X
{t = 0}, (2.3)-(2.5) is a nondegenerate parabolic problem and uj is ©* on Q for all
t >0 and C? in time [11]. We shall later refer to (2.3)—(2.5) for 8 = 0; this is the
original problem (1.1)—(1.3).

Our next task is to show that u is close to u in an appropriate norm. Towards this
end we rewrite the porous medium equation (1.1) in the form

(2.6) ou/dt = AK(u),
where

[t 1 v
(2.7) K(£) _fok(T)dT-——l —ld's.
We also rewrite the nondegenerate equation (2.3) as
(2.8) dug/0t = AKg(up),
where
(2.9) Ky(£) = [*ky(r) dr.

0

Before estimating ug — u, we shall need to define an H “! norm on Q. Let T be the
solution operator w = Tf of the Neumann problem

(2.10) Aw=f—f onQ,
(2.11) ow/dn =0 on 9%,

where we define f to be the mean value of f on

.
(2.12) fszﬂfdx.
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Let
1 _ 1 _;
(2.13) ﬁfgwdx-l lffdx f

Q

for uniqueness.
For a function f(x) on & we define the norm || f || ;-1 by

2 172
(2.14) Mﬂln--(m=(rf,f)‘”={llvﬂuuﬁ( fﬂ fdx)} =1 Tfl mca-

THEOREM 2.1. Let u be the solution of (1.1)=(1.3) and let ug be the solution of
(2.3)-(2.5). Then

2 2+
(2'15) "uﬁ - u”Lw(o,T‘H-l(g)) + 7)"”3 - u”LZ:"(O,T,L“"(SZ)) < COBH—V,

where m = n(v) and C = Cy(»,| Q) are positive constants.

Proof. Using the operator T defined in (2.10)-(2.13), rewrite the equation (2.6) as

1
(2.16) Tu, + K(u) = ‘meK(u)dx
at any time ¢ > 0. Similarly, the regularized PME (2.8) is equivalent to
1
(2.17) Tug, + Ky(ug) '—‘W/S;Kp(up)dx
forallt > 0.

We subtract (2.16) from (2.17) to get
(2.18) T(ug, —u,) + (K(uB) — K(u))
1
= (K(ug) — Ky(up)) + TSTlfn (Kp(ug) — K(u)) dx
at each positive time. Integrate (2.18) against ug — uto get
(2.19) (T(ug, — u,), ug—u) + (K(uﬁ)—K(u),uB—u)
= (K(uﬂ) - KB(uB), uB - u).
Notice that, since
d _ _ _
E/;Z(uﬁ— u)dx—/s;(uﬁ, u,)dx =0
by the Neumann boundary data (1.2) and (2.4), we have
f (up(x, 1) —u(x, 1)) dx =/ (up(x,0) — u(x,0)) dx
Q Q

= fﬂ (uo(x) — uo(x)) dx = 0.

Thus,

(-I—s]z—‘ _/Q(KB(“B) — K(u)) dx, ug — u) =0.
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The first term on the left side of (2.19) can be written in the form

1 d

2
(2.20) 5 = lug = ull gy

To bound the second term on the left side of (2.19) we first use the fact [12], that
for any two real numbers a and b,

v v 2+v
(2.21) (lal'a—[b]'6)- (a—b)=mla—b["", n=n().
Thus,
2+v
(2.22) (K(uﬁ) — K(u),up — u) = Mug = ull 20 g)-
Consequently,
1d 2 24
(2.23) E ;1‘; ”uﬁ - u"H-l(ﬂ) + n"uB - u||L2+,.(Q) < (Kﬁ(uﬁ) - K(uﬁ), uB - u).
Use the inequality
(2.24) ab<la1’+lb", a,b=0, l+l= 1
P q P q

forp=2+wvand g=7vy =2+ »)/(1 + ») to bound the right side of (2.23) by

Y n 2+v
(2.25) C”KB(“B) - K(uB)”L’(Q) + E"uﬂ - “"L“'(sz)

and hide the second term on the right in (2.25) in the second term on the left in
(2.23).
Since kg(§) = k() for £ = B, at each (x, t) € Q@ X [0, T'] we have

226)  [Kylug) — KCup)|=| [ (ha(8) = ()

1
<[P (B - &) ds =8

We have used the fact that the maximum principle implies that ug(x, ¢) is nonnega-
tive. Thus,

Y
(2.27) |Kg(ug) — K(ug)| 11y < CB**
1d 2 24 )
(228) 2dr "uﬂ - u"H-l(Q) + (7'/2)"“3 - u“L2+"(Q) < CBZ+ .

Integrating (2.28) in time from 0 to T establishes the theorem. O

There are other ways to regularize the PME (1.1)-(1.3). One regularization which
appears in the literature [1], [10], [15], [16] consists of replacing the initial function
uy(x)in (1.3) with
(2.29) g o(X) = up(x) + @
for 0 < a < 1. Let u(x, t) denote the solution of (1.1)—(1.2) with the initial function
in (2.29). The strong maximum principle for parabolic partial differential equations
implies that [11]
(2.30) u(x,t)=a>0 onQ X |[0,T]
so that k(u,) is bounded above zero and (1.1) becomes nondegeneg_ate. The
regularity theory of [11] implies that u, is in the function class C*(0, T, C*()).
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The argument used to prove Theorem 2.1 can be used to demonstrate that
2 2+v
(2-31) "“a - u"L°°(H“) + 7I”ua - u"L“”(L“") < C(;az-
The lowered convergence rate is due to the replacement of (2.26) by the bound
(2.32) |K(u) — K(u,)|< Ca onQ X(0,T].

This is why we prefer the regularization (2.2)-(2.5).
We shall need a generalization of (2.22) later on: for any integrable functions f
and g on § and any 8 € [0, 1],

(2.33) nllf — glz@ < (Ko(f) — Ke(g).f — 8),

where the constant 7 is as in (2.22). To verify (2.33), it suffices to show that for all
real numbers a and b
2+v

(2.34) nla—b""" < (Ky(a) — Ky(b))- (a—b).

Since K is a monotone increasing function we may assume that a > b. By (2.2),

Kp(a) = Ko(6) = [p(@)de= [ k(€)= 2 ky(6)

/2/‘(:1 b)/zk(ﬁ)dé—l_*_p(a;b)]ﬂ,

so that (2.34) holds with n = ((1 + »)2")7".

3. Regularity Theory. The regularity properties of the solution of the PME
(1.1)—(1.3) are not completely understood. When dim(£2) = 1 or » = 1, it is possible
to establish certain L? estimates for du/d¢ which will allow us to prove the highest
convergence rate in space that the analysis in Section 4 can produce. When
dim(Q) > 1 and » > 1, our proved spatial convergence rates in the next section are
probably not sharp. When dim(2) = 1 and » <2 or when » = 1 in the multidimen-
sional case, the regularity results of this section will yield the highest convergence
rates in time that the analysis of Section 5 can produce. When v =2 in the
one-dimensional case or » > 1 in several space dimensions, our proved convergence
rates in time may not be sharp.

We begin with a collection of basic regularity results.

LEMMA 3.1. Let ug be the solution of (2.3)—(2.5) for 0 < B < 1. Then

(3.1) [Vieaup) v .., < €.

(3:2) " VKB(uB)||L°°(L2) <G

and

(33) “KB(“B)J‘LZ(LZ) < CNVkB(uB) Ug, L) <

Proof. Integrate (2.3) against ug over { to obtain

2dt"“ﬁ" " | V) V“Bn =0
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and then integrate in time to prove (3.1). Integrating (2.3) against Kg(ug),, we see

that
| eols) wa 2 a@

Integration in time yields (3.2) and (3.3). O
Our next result is based on an L'-contraction principle which may be found in
Benilan’s dissertation [4]. For completeness, we present our own proof.

THEOREM 3.2. Let ug be the solution of (2.3)~(2.5) for 0 < B < 1. Then

|VKB(“B)|| =0.

(3.4) 18u4g/3| 0.7 110y < C1»
where C; = Supyg< l|AKg(uo)ll 11q) < 00. For the case B = 0, we have
(3.5) 81/t 10,7, mc2) < Ci,

where M(X2) is the space of finite regular Baire measures on § under the total variation
norm.

Proof. Let ug and i, be two solutions of (2.3)-(2.4) with 0 < 8 < 1 corresponding
to initial data u, and i, respectively. Define the following subsets of {2

Q, (1) = {x € Q: (ug — dig)(x, 1) >0},
Q_ (1) = {x €Q: (us —1ig)(x, 1) <0},

and notice that

We shall prove that
(3.7) [ A(Ky(up) — Ky(itg)) dx <0
Q1)

for any time?,0 <t <T.

By Sard’s Theorem (see Theorem 3.1 of [22]) there is a sequence ¢, | 0 consisting of
positive real numbers which are not critical values of (Kg(ug) — Kp(ig))(-, ¢) on Q.
Let

Qn (1) = {x eQ: (KB(uB) - KB(ﬂB))(x, t) > e"}

for all positive integers n. Since 02" (¢) is ', we may use the divergence theorem to
obtain

(3.8) fg (I)A(Kﬁ(uﬁ) — Ky(a)) dx
= lim I)A(Kp(u,g) — Ky(i1g))dx

= lim o (Kalug) = Ky(5)) dx
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The integrand of the last term vanishes on 9Q% (¢) N 9§ by (2.4). Since Kp(ug) —
Ky(iig) is greater than g, on @7 (¢) and equals ¢, on dQ% (¢) N 2, we have shown
that

(3.9) L (Ky(ug) = Ky()) <0 on a2 (1),

Combine (3.8) and (3.9) to establish (3.7).
Bounds (3.6) and (3.7) imply that

d Nt a9 e
(3.10) ./95;(1“8 ig) dx _fﬂ+(t) az(”ﬁ ilg) dx < 0.
Interchanging the roles of u, and #,,
0 - g d -
(3.11) fg-g;(tt,s ilg) dx——j;ut) 8t(uﬁ ilg) dx < 0.
Let Qy(¢) = {x € Q: (up — dg)(x, t) = 0}; it is easy to see that
d
3.12 —- ug — tigldx = 0.
( ) dt Qo(t)l B Bl
These bounds yield the estimate
d . d . 0 .
(3.13) 2;”“’3 — dgll oy = Ejs‘z ug — itgldx :js; 3 |ug — dg|dx
0 + d
= —(ug—a dx + + ug — tgldx
j;;at( B B) ot Qo(t)l B Bl

3 -
_j;zgi(uﬂ_uﬂ) dx<0.
Integrate in time to establish the L'-contraction result

(3.14) ”(“ﬂ - ﬁﬂ)(’)”u(g) <|luo — ol L)

for 0 <t < T, where we have suppressed the spatial variable.
Let dig(¢) = ug(s + At) for any positive Az, and divide (3.14) by At to obtain

ug(t + At) — up(t) ug(Ar) — ug(0)
At At

<
L@

L'(@)

for0 <¢< T — At. Let At |0 to see that

”auﬁ/at(t)”v(sz) <”auﬁ/at(o)”L'(Q) :”AKB(“O)”L‘(Q) <C

for 0 < B8 < 1. This proves (3.4) and (3.5) follows immediately from the imbedding
of L'(2) into M(2). O

In the special case » = 1, a much stronger result can be proved. This case models
the isothermal horizontal flow of a perfect gas through a porous medium [17].

THEOREM 3.3. Let v = 1, and let u be the solution of (1.1)—(1.3). Then
(3.15) ”au/at” Lw(O,T,La(Q)) < Cz,
where C, depends on Ming AK(u,), | VK(u),(x,0)ll, and |AK(uo)ll 13q)-
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Proof. We begin with the special case where u, is bounded above zero. For any
a > 0, we may replace uy(x) with u(x) + a to obtain a smooth solution u(x, t) of
(1.1)~(1.3) as in Section 2 satisfying

ulx,t)=a>0 onQX|[0,T].

We suppress the a subscript until the end of the proof.
Differentiate (1.1) with respect to time, and integrate the result against K(u), to
obtain

1d 2
(3-16) (utt’K(u)tt) +§E”VK(14),” =0.
Sincev =1,

K(u)tt = uu, + utz’
and (3.16) may be rewritten as

(3.17) /;Zuu,,dx+3 dtf( u,)’ dx +— HVK( )" =o.

Since the first term is nonnegative, integration in time yields

1 1 2
(3.18) 3 Sup [ () dx + 7| VK@) Jlrmo.r.c2a
t

1 1 2
<§/;2u,(x,0)3 dx + 5 || VK (4),(x,0)|

1 3 1 2
<§||AK(“0)”L3(9) + EHVK(“)z(X,O)” = C; < o0.
We claim that
(3.19) u(x,t)= l\/gnAK(uo) =-C} > -o0

on © X [0, T] for a positive constant C;’. Since u,( -, t) always has mean value zero
~on , either u,(-,t) is identically zero or it takes on a negative value. Suppose
u,(x, t) has a negative minimum at (x,, ¢,); we shall verify (3.19) by showing that

to =0.

’ Differentiate (1.1) with respect to time, and let p = u,

(3.20) p,=ulp+2vu-vp+pAu on X(0,T].

If £, > 0, then

(3.21) 0=p,=ulp + pAu=pAu

at (x,, to)- However, since p is negative and u is positive at (x,, ¢,), (1.1) yields
(3.22) 0>p=AK(u) = ubu + (vu) = ulu,

and so

(3.23) Au(x,, t,) <O.

This yields a contradiction in (3.21), and so p must attain its minimum on
02 X (0, T] or on € X {¢t = 0}. The first possibility is ruled out by the Neumann
boundary condition and the strong maximum principle for parabolic partial dif-
ferential equations. Thus, ¢, = 0 and (3.19) is valid.
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Combining (2.24), (3.18), and (3.19), we see that
3 _
(3.24) /s;lu,] dx :—/;z(u' +2u; ) dx
Zf {u,3 + 6u(u; ) + 12(u; )Zu, + 8(u; )3} dx
Q
<[uwax+2f (u7 ) ax<G+292() =
Q Q

for 0 <t =< T. At the end of the previous section, we saw that u,(x, t) (the solution
of (1.1)-(1.3) with uy(x) replaced by uy(x) + a) tends to u(x, t) in L°(H"") and
hence distributionally as « | 0. Thus, du,/0¢ converges to du /9t distributionally and,
since (3.24) yields the bound

1820/l 10,7, 302y < Ca, 0<asxl,

a weak sequential compactness argument allows us to conclude that

191/t =0.1, 30y < G-
Estimates (3.18) and (3.19) imply that

(3.25) V| oy < (€)'
and
(3.26) 1K (1) ||e=c2y < (G3)'2,

when » =1 with C; as above. Also, since u, converges to u distributionally,
estimates (3.15), (3.25), and (3.26) are valid with 4 and K(u) replaced by u; and
K(up), respectively. U

Our next result provides a new proof of an L* bound for vk(u) in one space
dimension due to D. G. Aronson [1]. We are also able to derive L? bounds,
1 <p < oo, for Vk(u) when dim(§2) = 1.

LEMMA 3.4. When dim() = land 1 < p < 0,

(3.27) [ Vk(u)|e=0.r.70p < C5 = Vk(uo) | L2(a)

forallv=1.

Proof. As in the proof of the last result, we begin with the solution u(x, t) of
(1.1)-(1.2) with the initial function uy(x) + a, a >0, and suppress the subscript
until the end of the argument.

For any test function ¢ € H'(Q), (1.1) and (1.2) yield

(3.28) (u,,0) + (k(u)vu, vo) =0.

Choose the following test function

(3.29) = k'(u)v - (|Vk(u)[" Vk(u))
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in (3.28), where p = 1. This yields
(3.30) (k(u),.—v - (Ivk(u)]" " vk(u)))
+ (k) v - (k(u)vu), v - (|Vk(u)|p_2vk(u)))
= d,f |vk(u)[ dx

+ (k)& (u)du + (v (@), - (| V() wk(w)))
=0.
Use the relation
(3.31) k(w)Ak(u) = k(u)[k'(u)Au + k"(u)(vu)’]
= [k()k'(w)Au + (vk(u))] + (k(u)k"(u) = (k'(u))*)(vu)’
= [k(u)k (u)au + (Th())] = 5 (TA())
to rewrite (3.30) as

(332) S LIV + (@8, ¥ - (195 vk (W)

1 -2
=~ ((vk()’, v - (I9k() ™ k(w))).
In a single space dimension

(3.33) v - (|9k@) " vk(w)) = (p — 1)|vk(u)" " Ak(u)

and
(3.34) fﬂ(vk(u))zv (Ivk(u)f 7 vk(u)) dx = (p — 1)f9|vk(u)1”Ak(u)dx
= ;7;_:.[9 v (Ivk(u)!pvk(u)) dx

=T fm |vk(u)|" 9k(u)/3ndo = 0,
by the Neumann boundary condition (1.2). Thus,
d
(3.35) 217k (@)llzr@) <0

for all real numbers p = 1. Consequently

(3.36) 19k (u)lz=0.7, L2y <[ VE(u0)| 7 ca)-
Letting p 1 co, we obtain

(3.37) | Vk(W)ll=or.=@y = lim || Vk(u)]e=0r. L@y

= pl_l?:o ” vk(uO)”L"(Q) = ” vk(uo)”L""(Q)-
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Since u, converges to u in L***(L**"), k(u,) converges to k(u) almost every-
where and hence in the sense of distributions. It follows that wk(u,) tends to
vk(u) distributionally as a | 0. Since the right side of (3.37) is bounded independent
of a € (0, 1], a weak compactness argument implies that

[k (u)| ==y <Tm || Vk(u,)|| 222y < lim || Ck(ug)|| oz
al0 all

= vk(uo)l|=@y O

Estimate (3.27) is valid with k(u) replaced by kg(ug). The next lemma is not new
but it is unavailable in the literature.

LEMMA 3.5. Letv = 1 and let p > v/2 — 1. Then
N
(3.38) ” Jul Vu”LZ(O,T,LZ(Q)) < G,
where C, depends on ., v, and ||u, || 1= q,. In particular, for v <2,
(3.39) | wull2o.7. 20y < C,.

Proof. Once again we begin with the special case where u, is bounded above zero.
Since [|ull foop=y < gl oo(z=), We may assume that »/2 <p<w/2—1/2. Let
¢ = J(u) in (3.28), where

— 1 2p—v+1

This yields

v 2
(3.40)  (uy, J(w) + (|l wu, 9I(w)) = (,, J(w) +| | V] 120 = 0.
The first term in (3.40) equals

d u _ 1 d oy
(3.41) E/;/(; J(£)d£dx - m Ejg;-’; 52” +1d£dx
1 d

— el 2p—v+1
Qep—r+1)Q2p—r+2) dtj;lu dx

— _d_ 2p—v+2
=Guyg /Qu dx.
Substitute (3.41) into (3.40) and integrate in time to obtain
2p—v+2 2p—p+2 2
C,,,MfQ {u(x, T)™* —u(x,0)* 7" } dx +” IuIMVu”Lz(O,T,Lz(Q)) =0.

Thus,

2 2p—v+2
(3.42) ” |“|Fvu”L2(O,T,L2(Q)) <2|Cw, yf ”u”L':"(Z”)

2p—v+2
< 2|Cv,p! ||u0||L':°(L°°) =}

Since (3.42) holds for u,, all « > 0, and vu, approaches vu distributionally as « | 0,

we see that (3.42) also holds for the solution of (1.1)—(1.3) with nonnegative initial

data. O
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The last two lemmas may be combined to establish

THEOREM 3.6. Let v < 2 and suppose dim(2) = 1. Then
(3.43) 131/t 20,7, 2223 < Cs,
where Cs depends on v, ||uy |l 1= gy, and || Vk(up)ll 1= (q)-

Proof. Let u, be bounded above zero at first. Choose ¢ = u, in (3.28), and write
the result as

Al

2
(.44)  |ul’ + = vil| = (v~ u,vu, vu)

2 dt
1 2 v 2
= (Vk(W)u,, vu) < g lull” +3 [ 1vk()[ (vu)’ dx.

Hide the first term on the right, and integrate in time; by (3.27) and (3.39)

v/2

2
(345) i ] W | ez

2 2
<| k()| == Vuli2ey <v- CF - CF = C2.

Our usual weak compactness argument completes the proof. O

Estimate (3.43) remains valid if u, is replaced with ug,. If we use the test function
J(u), in (3.28), where J(¢) was defined above, then (3.27) and (3.38) may be used to
prove that when p > »/2 — 1 and dim(2) = 1 we have

(3.46) [ 1l <c,

L*0,T,L%(Q))

where Cg depends on p, v, [lug |l 1=(g), and || VA (o)l = (q)- As usual, we may replace
u by ug in (3.46).
Another consequence of the last two lemmas is

THEOREM 3.7. Suppose v < 2 and dim(Q) = 1. Then
(3.47) I VK () l20.7. 1200 < C>

where C; depends on v, llugll 1=g), and | Vk(up)ll 1= (q)-

Proof. Suppose u, is bounded above zero, so that u(x, t) is smooth. Differentiate
(3.28) with respect to time and choose the test function ¢ = K(u), to obtain

(3.48) L ey ) +IOK () = 5 (k) ().

To bound the right side of (3.48), use ¢ = 3k(u),u, in (3.28) to see that
(3.49) $(k(u), u7) = - (VK(u), v (3k(u)u,))

= Y k(u)vu, k”"(u)vu-u?) — (k(u)Vu, k'(u)u,vu,)
3 k(u)vu, k" (u)vu-u?) + (Vk(u)-u,, Vk(u)u,)
— (k(u)vu, + vk(u)-u,, Vk(u)-u,)

= ( ! )((vk(u))z, u?) —(vk(u),, vk(u)-u,),
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where we have used the identities
k(wk"(u)=uw -v(v — D 2=p(r — Du??

= L ) = I (R (W)

14 14

and
v (k(u)u,) = k(u)vu, + vk(u)u,.
Using (3.27), (3.48), (3.49), and the Cauchy-Schwarz inequality to verify the
inequality

(3.50) 39 | k(uyu| +1vK ().

14

-1 2 2
< (1= 25 JIvk()ler@led” +19k()]lcwl K ()] ]

1 2 2
< Livk@ I + clu

Hide the first term on the right, integrate in time, and use (3.43) to establish

(3.51) Vi) u|

for » < 2. Use a weak compactness argument to complete the proof of (3.47) and the
estimate

(3’52) H “K(u) u’”L“’(o,T,LZ(m) <G

forr<2. O

Bounds (3.47) and (3.52) remain valid when u, K, and k are replaced by ug, Kp,
and kg, respectively.

Recently, P. Benilan has demonstrated much stronger L? estimates for u, in one
space dimension than we were able to prove in Theorems 3.3 and 3.6 [5].

2 2 2
ey TIVE (@)l < Cllullzz) < €3

THEOREM 3.8. Suppose dim(2) = 1. Then

(3.53) () )l L=0,7, 220 < Cs = Cy(v, uy),
forv = 1. In particular, when dim(Q) = 1 and v = 1

(3.54) .l Lo 0,7, £y < Cs-

When v > 1, we have

(3.55) e |l 20,7, o2y < Colq, ¥)

for any g < q*(v) =v/(v = 1).
We will sometimes use the regularity hypothesis

(3.56) )l vo,7, vy < Cro = Cio(y> ¥),

wherey = (2 + »)/(1 + v) < g*(») for » = 1, in the next two sections. Bound (3.56)
is only known to be true in one space dimension (cf. (3.54)—(3.55)) or when » = 1
(cf. (3.15)). Estimates (3.53)-(3.56) are valid when u is replaced by ugs, 0 <gB < 1.
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4. A Continuous-Time Galerkin Scheme. In this section we shall derive error
estimates for a continuous-time Galerkin scheme based on C° piecewise-linear
elements. The roughness of the solution of the PME (1.1)-(1.3) implies that no
improvement in the asymptotic convergence rates will result from the use of
higher-order finite element spaces. Let {A,}, 0 < h < 1, be a family of triangulations
of ©; for convenience, we shall assume that the elements T e A, cover all of

e= U T.
T eA,
Let p(T)) be the radius of the smallest ball containing 7, € A, and let o(7}) be the
radius of the largest ball contained in 7,. We assume that
h = Maxp(T;
Max e(T;)
and that {A,} is a quasiregular family of partitions; i.e. there is a positive constant
L, for which
(4.1) Sup Max p(T;)/o(T) < L,.
o<h<1 T, €4,
We shall frequently make the further assumption that {A,} is a quasiuniform family
of triangulations, so that there exists a positive constant L, such that
(4.2) Sup Max o(T;)/p(T;) < L,
o<ih<1 T.T,€4,
holds. We will always indicate when (4.2) is assumed in our results.

Let {M,}, 0<h<1, be a family of finite-dimensional subspaces of H'(f)

defined by

M, = {x € CYQ): X |1, is linear for each T, € A,,}.

We shall always use the H' norm given in (1.8) in this and the next section. The
quasiregularity hypothesis (4.1) implies the approximation property [7]

Inf |/ = xllero) < CR| Alwara)
XEM,

for all fin W*P(Q), 1 < p < co. The quasiuniformity hypothesis (4.2) is known to
imply the ‘inverse’ property [7]

(4.3a) Ixlz@ < Ch'|Xll,  x € M,.
Moreover, (4.3a) implies

(4.3b) Ixll < ChlIxllav@, X € My,
because

Ixl* < Clixla-@lxlza < Ch~lixla-lixd
for all x in M,,.

Let B be a nonnegative parameter, 0 < < 1, and define Hp(§) = (K,,)-'(g) for
real £, where Kg(§) was defined in (2.9). Our continuous-time Galerkin procedure
consists of finding V,: [0, T] - M,, where V, is the solution of the system of
ordinary differential equations

(44) (28,7 %) + (v%, vx) =0
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for all x in M, and 0 <¢<T. We construct our initial function by letting
V,(0) € M, satisfy

(4.5) PhHB(Vh(O)) = Pyuy,
where P, is the L? projection onto M, given by

(th$X)=(f,X)a XEMM
for fin L*(Q).

For B = 0, the existence and uniqueness of ¥,(0) in (4.5) follows from the fact that
P, o Hyg is a continuous coercive monotone operator on M, and is therefore bijective
[6]. The existence and uniqueness of V,(¢) for 0 < ¢ < T follows from the fundamen-
tal theorem of ordinary differential equations.

In (4.4)-(4.5) we have approximated vz = Kg(ug) by O piecewise-linear elements
instead of approximating u, directly. We have done this because we are able to
prove a higher convergence rate in the former case. We may then approximate ugz by
U, = Hg(V,,). For future reference, we rewrite (4.4)-(4.5) as

(4.6) (%UMX) + (VKﬁ(Uh)v VX) =0

forallxin M, and 0 <¢ < T, and

(4.7) P,U, = Pyu,.

It is important to note that U, is not piecewise-linear, and hence not an element of
M,.

We may now state the main results of this section.

THEOREM 4.1. Suppose dim(R) = 1 and v = 1 or that dim(Q) =2 or 3 and v = 1.
Let B be chosen so that 0 < B < Ch*/'*"), Let V,(t) be the solution of (4.4)—(4.5), let
U, = Hy(V,,), and let u be the solution of the PME (1.1)-(1.3). Then

(4.8) lu = PUll =1y < ChY, vy = ? I :,
(4.9) lu = Ul zovzery < CRE/O+D)

and

(4.10) lu = PU | pwizy < CRY/O+D),

Estimates (4.8) and (4.10) require the quasiuniformity assumption (4.2); estimate (4.9)
does not.

For dim(f) > 1 and » > 1, the known regularity theory for the solution of the
PME (1.1)-(1.3) will allow us to demonstrate

THEOREM 4.2. Let u and U, be as above, suppose (4.2) holds, and assume that

(4.11) B=Ch°, o=(4+2»)/(2+ 4v +v?).
Then
(4.12) lu = Pyl =ty < Clin(1/m)] /2. p@+0/20,

(4.13) e = Uyll 2oy < Clin(1/m)] /4T, o,
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and
(4.14) lu — PU =12y < ClIn(1/h)]/CF2p@40/2-07 1
where a = 0 if dim(2) = 1 and a = 1 if dim(R) = 2 or 3.

The estimates in Theorem 4.2 are probably not sharp. Under certain assumptions
on the regularity of the time derivative of the solution of the PME (1.1)-(1.3), we
can improve upon the bounds (4.11)-(4.14).

THEOREM 4.3. Suppose the following regularity result is true:

(4.15) du/dt € LY(0, T, LY(Q)), y= f ::,

Let u and U, be as above and assume that (4.2) holds. Then, with 0 < B < Ch*/(*+"),
(4.16) Ju =BGyl < Clin(1/m)) /0,

(4.17) lu = Uyl 2oe 2oy < ClIn(1/h)] /TN p2/040)

and

(4.18) lu = PU 2y < ClIn(1/k)] /G2 g1/ @40,

where a = 0 when dim(Q) = 1 and a = 1 when dim(2) = 2 or 3.
If we make the stronger regularity hypothesis
(4.19) du/dt € L*(0, T, L¥(Q)),

then estimates (4.16)—(4.18) are valid with a = 0 for dim(2) = 1, 2, or 3.

We begin our analysis by introducing a discrete analogue of the solution operator
T defined in (2.10)-(2.13). Let T, be the map from H'(Q) onto M, defined by
W, = T, f, where

(4.20a) (VW,,vx) = (f— |—512—|/Qfdx,.x), X EM,,

(4.20b) [9 W, dx = fg fdx.

The restriction of T}, to M, is symmetric and positive-definite with respect to the L2
inner product. This allows us to define the inner product and norm

(4.21a) (x-¥V)up =(Tix.¥), XV EM,,
(4.21b) Xl = (Tix. )" x €M,
on M,. Let f =y € M, and x = T,y in (4.20) to see that
5 172
62 e = fIoT + ( [y as] I =1ma,

Since T, is symmetric and positive-semidefinite on L*(), the H;' norm on M,
extends to a seminorm on all of H(Q)

(4.23) | fllup = (Tufo 1) = (TP fo P 1) =Py fllmgy  fE HNQ).
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LEMMA 4.4. Let the H™'(Q) norm be given by (2.14). Then

(4.24) Ixllz <lxla-1e, — x € M.
If we assume that (4.2) holds, then there is a positive constant 8 for which
(4.25) Slxlla-1e) <lxllm,  x € My,

so that the H;' and H'(Q) norms are equivalent on M.

Proof. Let E, be the projection of H'(2) onto M, given by
(4.26) (V(E ), vX) = (Vf, VX), X EM,,

(4.27) fﬂ E, fdx = fﬂ fdx

453

for f € H'(Q). The definitions of T and T}, imply that T, = E,T. Use the well-known
fact [7) that | E,, f Il ;) < Ifll s g, in combination with (2.14) and (4.21) to obtain

(4.24)
Ixllz = (Tox, x)/* = IE, Tx o)
<[ Txlme = (Tx, x)"* = lxll#-@-
By (4.3), we have
(4.28) Ixll = Sup{(x,¥): ¥ € M,, 4|l < 1}

< Sup{[Ixllm Wl & € M, ] <1}
< Sup(llxllm Ch' W) ¥ € M, [l < 1)
= Ch™MlIxlm; -

Combine the elliptic regularity result [7]

(4.29) ITon2@) < Clidllxe), ¢ € H*(Q),

with the well-known approximation property of the elliptic projection [7]

(4.30) (1 = E)y|| < CRWllnw), ¥ € HX(R),
to see that
(4.31) I(T— Tl < cr?l¢ll, ¢ € L (Q).

Use (4.21b), (4.28), and (4.31) to obtain (4.25)

2
Ixlla-1@ = (Tx, x) = (E,Tx, x) + (I — E,)Tx, x)

= (Tyx, x) +((T = T)x, x) <lxl# + (T = T,)x, x)

2 2 2
<|Ixll&; + CR3|x|I” < Clix|l#; -

The heart of our argument is contained in the proof of the next result.
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LEMMA 4.5. Let ug(x, t) be the solution of (2.1)~(2.3) with 0 < B <1. Let U, =
Hy(V)), where V), solves (4.4)—(4.5) for the same choice of B. Then

2 T
(4.32) lug — PhUhllL“(O,T.H;') + '/0 (Kp(ug) — Ky(U,), ug — Uy ) dt

y

dup
< CH(T— Th)—a-t—'

LO.7.L7R)
wherey = 2 + v)/(1 + »).

Proof. Comparing (2.3)—(2.5) for 0 < B < 1 with (4.6)—(4.7) yields

(4.33) (%(uB—U,,),X)+(\7(K,3(u,,)—KB(U,,)),vx):O, X € M,,

for 0 <t < T. Choosing x = 1 in (4.33), we see that

%/(uﬂ—Uh)(x,t)dx:(), 0<:<T.
Q

By our choice of U,(0) in (4.7), this implies that

(4.34) [Q(uﬁ— U,)(x,t)dx = /Q(I—P,,)uodxzo

for0<¢<T.
Let x = T)(up — U,) in (4.33), and use (4.23), the time-invariance of T and T},
the fact that K4(U,) € M,, and (4.34) to obtain
1d 2
(4.35) 2 dr "“B - Uh”H,;' + (KB(“B) — Ky(U,), up — Uh)
= _((I - Eh)KB(uB)’ Uug — Uh)'
Use (2.17) to rewrite the right side of (4.35) as
((T = T,)9up/3t, us — U,),
and use Holder’s inequality, (2.24), and (2.33) to bound it by
(4.36) ”(T - Th)a“ﬁ/atllu(a)"“ﬁ - Uh”L“’(Q)
2+v

Y n
< C”(T - Th)a“ﬁ/at”mn) + 5”“3 - Uh”LZ*"(m
Y 1
< (T = T,)dup/31] gy + 5 (Kp(ug) = Ky(Uy), 45 = Uy).
Absorb the last term in the second term on the left side of (4.35), and integrate in
time to obtain (4.32). O

LEMMA 4.6. Let P, be the orthogonal projection of L*(Q) onto M,, with respect to the
L? inner product, and let ug be the solution of (2.3)-(2.5), 0 < B < 1. Then

(437) ”(] — Ph)uﬁ||L°°(L2) < Cp/(+»
and

(4.38) (T = Py ) g o g1y < C.
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Proof. Let uj be defined by
ug(x, 1) = Max{ug(x, 1), e} onQ X [0,T]
for any & > 0. Since kg(upg)(x, t) = 3¢ whenever ug(x, ) = e by (2.2), bound (3.2)
implies
(4.39) ||Vu§||L°°(O,T,L2(Q)) < Ce”.
Use the approximation property of the L? projection [7]
(4.40) (I = P,)¢|l gy < Chlllz+a)

for ¢ € H/T(Q), j = -1 or 0, together with (4.39) and the boundedness of P, as an
operator on L*() to see that

(4.41) ”(1 - Ph)“B||L°°(0,T,L2(9))
<"(1 - Ph)(“B - uz)”Lw(O,T,LZ(Q)) + "(I - Ph)u;”Lw(O,T,LZ(Q))
< C”“E - “B||L°°(0,T,L2(sz)) + Ch”Vuz?”L""(O,T,LZ(Q))
< C(e+ he™).

Letting ¢ = h'/(*%) we see that (4.41) implies (4.37). Next, use (4.40) with j = 1,
bound (4.41) and the idempotence of (I — P,) to verify (4.38)

”(1 - Ph)“ﬁ||L°°(0,T,H-'(9)) = U(I - Ph)2uﬂ||L°°(H")
< Ch|(1 = P,)ug| yoo 2y < CH' T/ = Ch*. O

LEMMA 4.7. For0 < B <11,

2+v

Y
(442) |l — Ullzvor. 2oy <|(T — Th)auﬁ/at||mo,r,p(g» + Cp**.

If we assume the quasiuniformity hypothesis (4.2), then

(443) = Pl =+l = Uil

= C{"(T — T,)(dug/0t) Z*(LY) +h* + BZH}
and
(4.44) lu — PU| o2y < Ch7Y||Pyut — PU o1y + CHV/CF

< Ch7'lu = Pl oprry + CH/OT.
Proof. Combine (2.15), (4.3), and (4.32) to obtain
2 2
(4~45) [l — up“Lw(H-l) + ”Ph“;s - PhUh||L°°(H")

+/0T(K(u) — K(up), u — ug) +(Kg(ug) — Ky(Uy), ug — Uy) dt

Y

+ CB**.

du
< C“(T - 1,)=L
LY(L")

at




456 MICHAEL E. ROSE

By (2.22) and (2.32),

2+ 2+ 2+
(446) ||u - Uh“Lz*'”"(L“") < C||u - uﬁ"sz;a(sz) + C”up - Uh||L2+I’(L2+V)

T
< C[) (K(u) — K(ug),u— uﬁ) +(KB(uB) — Kp(Uy,), ug — U,,) dt.
Bounds (4.45) and (4.46) imply (4.42).
If we assume (4.2), (4.25) yields
(4~47) “Ph“p - PhUh||L°°(H") < C“Ph“ﬁ - PhUh||L°°(H,,-')'

Combine (4.38), (4.45), and (4.47) to obtain (4.43). Finally, use (4.43), the inverse
hypothesis (4.3), and (4.37) to obtain (4.44)

"“ - PhUh“L°°<L2) s“(I - Ph)u"L“"(Lz) +“Phu - PhUh”L“’(LZ)
< ChV/) + Ch7'|Pyu — PU =y O

To establish Theorems 4.1 through 4.3 we will need some additional results for the
operator T — T,.

LeEMMA 4.8. Let T be defined by (2.10)—(2.13), and let T, be as in (4.20). Assume that
the triangulation {A,} is quasi-uniform, as in (4.2). Then, in one space dimension,

(4.48a) (T = T)flr@ < CH* I AlLr
forallf € LP(R),1 < p < o0. When dim(R) = 2 or 3, we have
(4.48b) (T = L) Alray < Clin(1/m)]" > fllLrcay

forall f€ LP(Q), 1 <p < c0.
Proof. The estimate
(4.49) (1 = E¢llray < C[n(1/8)] "™ >7 h2|¢]lw2ncay

is valid for 1 < p < oo with @ = 0 when dim(2) =1 and a = 1 for dim(2) = 2 or
3. The one-dimensional case was proved by Douglas, Dupont, and Wahlbin [9]. For
two space dimensions, (4.50) was verified by Nitsche [13] and Scott [20]. The
three-dimensional case is treated in Ciarlet [7] and Nitsche [14].

To complete the argument, we invoke the elliptic regularity result [7]

(4.50) [T¢llw2r@) < CllgllLr ),

which is valid for 1 < p < oo when dim(2) = 1 and for 1 < p < oo when dim({) >
1. O

Proof of Theorem 4.1. When v = 1 and dim(Q) = 1, estimate (3.15) implies

(4.51) 19/t 120 7 120y < C3448/31l| w0 1. 13329 < Cir-
By (4.31), we have

(4.52) (T = T)oug/d1] 1, < CI(T — T, )dup/31]| 1,

< c(h2||au,5,/at||LZ(LZ))y = Ch27||3u3/3t||Zz(Lz) < Ch?.
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When 1 < » <2 and dim() = 1, estimate (3.43) or bound (3.55) implies

(4.53) ||au,,/az||L2(0,T’L2m» < Cp,

so that (4.52) holds.
When dim(£2) = 1 and v = 2, we can use (4.49) with « = 0 and p = y together
with (3.56) to obtain

(4.54) ”(T Th)auﬂ/at”L"(L") (Ch2||3uﬁ/at||u(u>)
< Ch““auﬁ/at”mm < (.

Use (4.52) or (4.54) with 0 < B8 < Ch?/(*") to prove (4.9). Use (4.43) and (4.48)
to verify (4.8) under the quasiuniformity assumption (4.2). Combine (4.44) and
(4.52) or (4.54) to establish (4.10). O

Proof of Theorem 4.2. By estimates (4.48a) and (4.48b),

.Y —
(455) ||(T - Th )uﬁ'”L"(O,T,L"(Q))< C( [ln(l/h )] af1=2/1 hz”“Bt”LY(O‘T,LY(Q»)
= C[in(1/m)]*/" +V)h2y“uﬂl”Z"(O,T,L"(Q)) ’

where a = 0 if dim(2) = 1 and « = 1 if dim(R2) = 2 or 3. By Holder’s inequality
and the Riesz-Thorin interpolation theorem [21]

y

Y T v/(v+1) 2/(v+ l)
(4-56) ”uﬂt"L‘f(O‘T,LY(Q» < C'/O ”qu“ L\(D) ” Bt”LZ(Q)

v/(v+1) 2/(v+1)
< C""Bt"L‘(o,T,L'(n))“uﬂt"L2<o,T,L2<n))'

where the first factor on the right is known to be bounded independent of S by
Theorem 3.2. To bound the second factor, use (2.26) and (3.1) to see that

(457) ”uBl||L2( L? < CB_”/z-
Combine (4.55), (4.56), and (4.57) to obtain

(458) ”(T_ Th)uﬁt||ZY(L1)< C[ln(l/h)]a”/(l+”)h2YlB-”/(l+”)‘
Use (4.42) and (4.58) to see that
2+v p —y y
(4-59) ”“ - Uh”L“”(L“") ([ln(l/h)] th,B + ,32+ ),

and choose 8 = h° asin (4.11) to obtain (4.13). Use (4.43) and (4.58) to verify (4.12),
and combine (4.44) and (4.58) to prove (4.14).
Proof of Theorem 4.3. If we assume (4.2) and (4.15), bound (4.48) with p = vy yields

Y av, v
(460) ”(T - Th)uﬂt“L‘l(U) < C[ln(l/h )] /a )h2y,

where a = 0 if dim(22) = 1 and a = 1 when dim(2) = 2 or 3. Combine (4.60) with
(4.42), and suppose 0 < B < Ch?/(*") to prove (4.17). Use (4.43) and (4.60) to
verify (4.16), and combine (4.44) with (4.60) to prove (4.18). Under the regularity
hypothesis (4.19), the proof of Theorem 4.1 indicates that (4.16)—(4.18) are valid for
vy =2 witha =0 for dim(R)=1,2,0r3. O
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5. Backward-Difference Schemes. Let the triangulation {A,} and the finite ele-
ment spaces { M,,} be those defined in Section 4 for 0 < h < 1. Let At = T /N, where
N is a positive integer, and define ¢, = n-At forn = 0, 1,...,N. For a function F on
[0, T'], let F" denote F(¢,), and define (3* F)" = (F"*! — F")/At.

Our backward-difference scheme consists of finding V' € M,, n =0, 1,...,N, the
solution of the nonlinear algebraic equations

(5.1) (0% Hy(7))", x) + (wWirt!, wx) =0
forx € M,andn =0,1,...,N — 1, with the initial function defined by
(5.2) P, Hy (V) = Pu,.

The parameter B will be given below. The existence and uniqueness of U, = Hg(V}")
may be proved using elementary monotone operator theory [6]. We may rewrite
(5.1)-(5.2) as

(5.3a) ((3* U)", x) + (vKs(Ur*'), wx) =0
forx eM,andn =0,1,...,N — 1, and

(5.3b) PU, = Pu,.

THEOREM 5.1. Suppose dim() = 1 and v <2 or that dim(2) > 1 and v = 1. Let
0<B<Ch”C*D, and let U = Hy(Uy"), where U solves (5.1)~(5.2) for n =
0,1,...,N. Then for dim(Q) = 1, 2, or 3,

54 (2= U)oy ar)

If we assume (4.2), then
(5.5) Mnax [u* = PU 510y < C(RY + (At)),

< (/04 + (A1),

and, if we also require At < Ch?,
(5.6) Max [|u" — PUM 120y < C(AY™' + h7'(A2)) = CRV/(*D),
n
THEOREM 5.2. Suppose dim(2) = 1 and v, = 2. Then

N - 1/(2+v)
67 | 2 (u=U)|rorvay At < C(R/0+) + (A1) /4T7),
0

n=
Under the quasiuniformity assumption (4.2)
(5.8) Max u" = PU} ey < C(A + (81)""%),
n
and, if we assume At < Ch?,

(5.9 Max [[u" — P,U;|| 120 < c(hv-l + h—l(A,)Y/Z) = CpI/(+),
n

When dim(£2) > 1 and » > 1, the known convergence rates are probably not
sharp.
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THEOREM 5.3. Suppose (4.2) holds, let B be given by (4.11), let v > 1, and let
dim(Q) = 2 or 3. Then

1/2+
2+v 7@+

N
(5.10) > "(“ - Uh)n||L2+”(Q)'At
n=0

< C([In(1/R)] /2P pC+N/20 4 (AF)),
(5.11)  Max |[(u = P,U,)" | w1@) < C([In(1/R)] /I R@H0/20 1 (Ar)*7?),
and, assuming At < Ch(+77,
(5.12) Max I(u = PU) | 2@y < C([In(1/R)]*/ O+ @072 -a-1)
where a = 0 if dim(Q) = 1 and a = 1 if diim(Q) = 2 or 3.

THEOREM 5.4. Suppose (4.2)and (4.15) are valid. Suppose 0 < B < Ch*/1*+")_ and
let a = 0if diim(Q) = 1 and a = 1 if iim(Q) = 2 or 3. Then

N . 24y 1/2+v)
(5.13) 20 I = U 24t
e

< C([ln(l/h)] a/(1+V)(2+V)h2/(1+p) + (At)l/(H")),
(5.14) Max |« = PU) |10y < C([In(1/R)] 7/ C*pr + (A1) ?),
and, assuming At < Ch?,
(5.15)  Max I« = PU) | 120y < C([In(1,/R)] ¥/ @+ p1/e+D +(Ar)@),
If (4.19) is valid, then (5.13)~(5.15) hold with a = 0 for dim(®) = 1, 2, or 3.

Moreover, when (3.47) holds, then bounds (5.5)—(5.6) are still valid.
To prove these results, we shall need to modify Theorem 2.1.

LEMMA 5.5. Let ug be the solution of (2.3)—(2.5). Then
N
2 n n n
(5.16) Mnax up — “"”n-'(n) + 20 (KB(“B) — Kp(u)", (ug — u) )~At
n=

< (B> +(Ar)).

When (3.47) is valid, a stronger result is true
N
2 n n n
(5.17) Mnax ”“3 - “"”H"(n) + 2 (Kﬁ(“ﬁ) — Kp(u)", (“ﬁ —u)")- At
n=0

< (B> + (Ar)?).

Proof. Equation (2.16) can be rewritten as

(18) 070" = 8K = [ (ult0) = () s

— AK(u)n+1 _Kl';£'”+1/t”+lu,,(7) d‘TdS,
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and (2.17) can be expressed as

) n__ n+1 1t ftan

(5.19) (3% up)" = AKy(up) —A_t,f," [ ug, (7) dr ds.

Subtract (5.18) from (5.19), integrate the difference against T(ug — u)"*! and use
the Cauchy-Schwarz inequality to obtain

1 n+] n||?
(5.20) AT {"(uﬁ "H ey (ug — u) IIH-I(Q)}
+ (Kp(ug)"™" = Ky(w)™, (45— u)"™")
< (K(u)n-H _ KB(u)"H, (up _ u)n+l)
_ (zAl—tj;t"H j;tn+| (uﬁ _ u)”('r) d‘TdS, T(uﬂ _ u)n+l) ,

where we have used the fact that
f (up—u)"dx=0, n=0,1,..,N.
Q

By Holder’s inequality, (2.24), and (2.33), the first term on the right side of (5.20)
may be bounded by

(521) [[K(u)"™"" — Kg(u)"™""

n+1

L*(ﬂ)”("ﬁ —u)

< C|K(u)""" — Kp(u)

L¥(Q)
2+
L2+V(Q)

n+1 )n+l

L*(n) 4”(“3
CB2+v+ (Kﬁ(up)"+] _ KB( )n+l ( B _ u)n+l).

As for the second term on the right side of (5.20), use Holder’s inequality (2.24), and
(2.33) to see that

(522) — (Kl?f, f (ug — u), (7)drds, T(ug — u)"“)

_ 1 vt [In+1 _ . n+1
__(-A—t/;" f T(ug — u) () drds, (ug — u) )

s

L2+"(Q)

AL/ n+1 js‘t,,u “T(u,g _ u)(T)”U(Q) drds - ll(up — u)n+1

c(Alt// |7 (ug — u)(r)

2+»
L2+"(Q)

Y
| ey 47 ds)

)n+l

+ 72 | (us =

l n+ n+
<ol [ i)
Y
+C(Ait£:n+|/;fn+'IIT(u(T))”Ly(Q)deS)

Y
(@) d*rds)

+%(Kp(uﬁ)n+l _ Kﬁ(u)n-f—l, (up _ u)n+l),

where the last term may be hidden on the left side of (5.20).
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By the Jensen and Holder inequalities,

- !
(5.23) (A_t_/;t l‘/;t '"TuB"(T)”L,(deds)

C n n+ Y
<K7 tt H(/: '”Tup,,('r)”Ly(ﬂ)d'r) ds

C : Y
T Ar ,t B ((tn+1 - S)V(ZH)”T“Bu”u(s,t,,+.‘LW))) ds

y Y
< C(At)l/(l+ )”Tuﬂtt”L"(t,,,t,,+,,L"(SZ))'

Setting 8 = 0, we also have

1 n+ n+ Y v
(5.24) (A—tft 'ft T, ()]l vy d”ds) < (80N Tu | 1, 0,200

t, s

By (5.20)—(5.24),

1 n+1|2 n
(529 57 {1t = 00" [y~ = )

1 n n+1 n
5 ((Kaua)"™" = Kyw)™", (= u)"™*")

1/(1+v) Y Y
< CB*** + C(Ar) /"™ {”T“Bn”u(rmtm.v(ﬂ)) +||Tun||L*(z".z,,+|'L’<9))}‘

2
H"(ﬂ)}

Multiply by At, and sum on 7 to obtain

(5.26) Max |(ug = u)"

2 n n n+1
i + 2 (Ka(ug)™" = Kg(u)™", (5 —u)™")- At

Y Y
<Cp** + C(At)y{”T“ﬁn”u(o,r,u(ﬂ)) +| Tutt”L’(O,T,LY(SZ))}-

Recall bound (3.3)

N
=
A

”KB(“B)z"LZ(o,T,LZ(ﬂ)) <¢ 0

and note that

(5.27) ” Tuﬁtt”L’(L") =

1
Kpy(ug), — WLKB(“B),""

LY(LY)

< "KB( uﬁ)tl

for 0 < B < 1. This completes the proof of (5.16) in the former case.
Next, suppose (3.47) holds

iy S C"Kﬂ(uﬁ)t"Lz(Lz) <C

” VKﬁ(uB)t"LZ(O,T,LZ(Q)) <C 0OsBs<l

Use the representation

~T(ug — u),, = Kg(ug), — K(u), - |'512—|f9KB(“ﬂ)t — Kg(ug), dx
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and the Cauchy-Schwarz inequality to bound the second term on the right side of
(5.20) by

(5.28) (Aitft [ Tty = ), () drdis, (s~ u)"“)
<z [T = 0, i dras g = 0" e
<5 [ [ (19Kl (O I ) de s
| CoD i PR

< C- At (VK p(up) 2. 2y TN IE @0, 001,220
| g “)nH"H-'(n)

2 2
< CAt- (" VKB( uﬂ)t"Lz(,m, L) + ” VK(u)t”LZ(tn.th,Lz(ﬂ)))

n+1ls

+C||(“ﬂ —u)" l“ir'(n)‘

Bounds (5.20), (5.21), and (5.28) yield

(5.9 2t {00 = 0" @, ~ g = )"

ir'(ﬂ)}
2 (Kaug) ™" = Kg(w)™", (g = 0)"™"").

Multiply (5.29) by 2A¢, sum on n, apply the discrete Gronwall lemma, and appeal to
(3.47) to verify (5.16)

n+1

n+1

Max | (ug — )" ,(ug—u)""")- At

il"m) + 3 (Ka(ug)™" — Kp(u)

2 2
< CBZ-H’ + C(At)z( “ VKB( uﬁ)z“Lz(O,T,LZ(Q)) + “ VK(u)t”LZ(O,T.LZ(Q)))
<+ c(ar)’. O

LEMMA 5.6. Let U,' = Hy(Vy"), where V,', n =0, 1,...,N, solves (5.1)-(5.2). Then,
withm=vy =2+ v)/(1 +v),

(530)  Max |[(us — P,U,)"

2 n n .
Hy! + 2 (Kﬂ(uﬁ) - KB(Uh) ’ (uﬁ - Uh) )At
Moreover,

531) 3 [(u= ) rey At
n

< (T = T,)dup/1]| 1,1, + C(AD)™ + CB>*.
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If we assume the quasiuniformity hypothesis (4.2), then

(5.32) Max ||(u — PU,)"

:-1(9) < Ch~'Max ”(u - PhUh)n”H-l(g) + CR/(+»)
n

and

(5:33) Max [[(u = P,U,)"| 120y < CH™! Max |(u = PU,)"|n1cq) < CY/O*2.
If (3.47) is valid, then (5.32) and (5.33) hold with m = 2.

Proof. Use (5.3)~(5.4) and (5.19) to obtain
(534)  ((0*(us— U))" x) + ((Ka(up)™" = Kp(U)"™), vx)

1 vt [+
= _ (—At'/; 'f Iul,,t('r)d'rds, x).
' s

Choose x = T,(ug — U,)""", and use the fact that (uz — U,)"*! has mean value

zero on  to see that
(5.35) %At{ll(up - u)" ,2, [ (up = 6)" 121}
b (Kyla)™™ — Ky, (1~ )™
= _ (Aitf,:m ["“Tuﬁ,t(f)d'rds, (ug — Uh)n+l)
— (= T)(0" ug)". (4= 1)"™).

Use Hoélder’s inequality, (2.24), and (5.23) to bound the first term on the right side
of (5.35) by

1 n+ n+ n
(5.36) E[ 'fst T (7)] ey d"'ds'H(“ﬂ_ u)" L)

2+
L27(Q)

1 n+ n+ Y )
SC(A_tftt Ij: '”Tuﬁn("')”Lv(Q)deS') +%“(“ﬁ— Uh) +1
< c(an) +,)|| Tup,t||;(,m,"+hum»

1 n n n
+ 7 (Ka(ue)™" = KU, (s = U,)™),

where the last term may be hidden.
Next, note that

(537) (T —T,)(8% us)”

1t
LY(Q) - K_t—_/t't l”(T_ Th)uﬁt(T)”Lv(g) dr

< C(At)_l/7||(T - Th)uB“L”(l,,,t,,H,L’(Q))'
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By Holder’s inequality, (2.24), (2.33), and (5.37), the second term on the right side of
(5.35) may be bounded by

)n+l

(538) (T~ T,)(3% up)"

mm"(”ﬁ — U (@)

ZY(Q) + '}”(“ﬁ - U,)

2+
L2+"(ﬂ)

n+1

<c|(T—7,)(3% u)"

C
= At ”(T - T,,)uB,”Z,(,m,m’L,(Q»
1 n n n
+Z(Kp(“p) - — Kg(U,) H’(“B - U,) H)a

where we hide the last term as above.
By (5.35)-(5.38),

(5.39) ?‘LAI{"(u,9 -y)""!

2 il 2
H;' ~|(ue— 1) H;'}
l n n n
+ 5 (Kalug)™ " = Ko(U)™", (g~ U,)""")

Y _ Y
< C(At)l/(l+V)||TuBtt”LV(z,,,z,,H,LY(ﬂ)) + C(At) '”(T - Th)uBt”L’(t,,,t,,H,L’(ﬂ))'

Multiply by Az and sum on 7 to obtain

(5:40)  Max (g = U) s + 2 (Kpltp)" = Kp(U)" (5 = U)") -1

Y Y
< C(A’)y” T“Bn||u(0,r,um)) + C”(T - Th)“ﬁt”L*(o,T,L*(ﬂ))'

Use (5.27) and (5.40) to prove (5.30) with m = y. Combine (2.33), (5.16), and (5.27)
to verify (5.31) withm = .

When (3.47) is valid, we can establish bounds (5.30)-(5.33) with m = 2. We
replace (5.36) with the following bound for the second term in (5.35)

(5.41) KI;["“ j:"“ ||TuB,,(7)||H.(md'rds- H(“B - U,,)"HHH_,(Q)

n+1

<C- \/B7 llTuﬁttlle(r,,,:,,+,,H'(ﬂ))”(“ﬁ = U,) ”H"(ﬂ)

2 2
< C-At-|Tug | 2, v, ey + C”(“B - U")"+l||H"(ﬂ)

) 2
<C-Ar- ” TuBtt”Lz(t,,,t,,H,H'(ﬂ)) + C"(uﬁ o U")n+l”H"(ﬂ)

2 2
< C 80| VK (ug) N, @y + (s = Uh)"H”H-'(m’
where we have used the identity

1
-TuB" = KB(uB)t - m/&;Kﬁ(uﬁ)tdx
and the consequent relation

” Tuﬁu”H'(ﬂ) = ]I VKB( uﬁ)t“Lz(ﬂ)'
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Next, use (2.24), (2.33), and (4.31) to see that

(5.42) “(uﬁ - U,) "*‘”;,m)

=[(4p = G e+ (7= T) (g = 5" (= 1))

<[5 = )" + w7l g = )™

<l = 2 s+ = ) [

<Nty = )" o + 3lCts = 03) 7 g, + R

<||(u3 - U,,)"“”;_, +%(KB(uB)"+I KU ugt — )
+Ch*.

Combining (5.35), (5.38), (5.41), and (5.42) yields
1 n+1)2 nf 2
(5.43) 2—A—t{||(up = 0)" e — (s — U H;'}

1 n .
+ 5 (Kalup)" " = Kp(U)"™ gt — U )

< C(At)” VK(ug) ||L2(r s 1, L))
+C(A) (T - Th)“ﬁr“mz e L@ T C”(“B Ui "H"H'

Multiply (5.43) by 2A¢ and sum on 7 using the discrete Gronwall lemma

il;' +2 (KB(“B)n - KB(Uh)n’ (“ﬁ - Uh)")'At

(5.44) Mnax “(u‘B -U,)"

2 Y
< C(A’)ZH VKB( uﬁ):”LZ(O,T,LZ(Q)) + C”(T - Th)uﬁ'“L"(O,T,L’(Q))'

Use (3.47) and (5.44) to prove (5.30) with m = 2. Use (2.33), (5.17), and (5.44) to
prove (5.31) with m = 2.
Under the quasiuniformity assumption (4.2), we have

(5:45) Max |[(u = PU) | o0

< Mnax {"(u -

H\Q) +”(I - Ph)“E”H-'(n) + ”Ph(uﬁ - Uh)" H-I(Q)}

ey T Palg = Uh)n"H;‘} + Ch?,

< CMax {llu—

where we have used (4.23), (4.25), and (4.38). Bounds (4.23), (4.25), (4.37), (4.38),
(5.16)—(5.17), (5.40), (5.44), and (5.45) yield (5.33).

Under the hypotheses of Theorem 5.1, we may use (3.15), (3.26), (3.43), and (3.47)
to see that

”“Bt”LZ(Ll) + ” VK( uﬁ)r”Lz(Lz) <C, 0<pB=<1,
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so that (4.31) and Lemma 5.6 imply (5.4)-(5.6). Combine (3.3), (3.55), (4.48), and
Lemma 5.6 to verify Theorem 5.2. Use (3.3), (4.59), and Lemma 5.5 to prove
Theorem 5.3. Finally, use (3.3), (4.31), (4.48), and Lemma 5.6 to justify the
conclusions of Theorem 5.4.

Remark. The argument of Lemma 4.6 may be used to show that ug can be
replaced by U, in estimates (4.37) and (4.38). To see that bound (4.39) holds for U,
just substitute aV, /9t € M, into Eq. (4.4), integrate in time, and recall that V, =
Ky(U,).

This remark allows us to delete the projection P, preceding U, on the left sides of
error estimates (4.8), (4.10), (4.12), (4.14), (4.16), (4.18), (4.43), (4.44), (5.5), (5.6),
(5.11), (5.12), (5.14), (5.15), (5.32), and (5.33).
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