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Gauss-Kronrod Integration Rules
for Cauchy Principal Value Integrals

By Philip Rabinowitz

Abstract. Kronrod extensions to two classes of Gauss and Lobatto integration rules for the
evaluation of Cauchy principal value integrals are derived. Since in one frequently occurring
case, the Kronrod extension involves evaluating the derivative of the integrand, a new
extension is introduced using n + 2 points which requires only values of the integrand.
However, this new rule does not exist for all #n. and when it does, several significant figures are
lost in its use.

1. Introduction. In this paper we shall consider Kronrod extensions (KE) to
integration rules based on Gauss and Lobatto points for the evaluation of Cauchy
principal value (CPV) integrals of the form

(1) I(f‘,)\):fillw(x)%dx, “1<A<.

Since the existence theory of KE’s for regular integrals insures such extensions for
only certain classes of weight functions, w(x), we shall restrict our attention here to
the most important class, namely w(x) = (1 — x?)*~!/2 where 0 < <2 in the
Gauss case and — 3 < p <1 in the Lobatto case [9]. (The only other relevant weight
functions are the Jacobi weight functions w(x) = (1 — x)%(1 + x)? with a = 1,
—is<B<jof=3 -i<asiandwx)=V1—x2/1—rx?), —0<r<1l
[5].) For our case, w(x) = (1 — x?)*~!/2, the corresponding orthogonal polynomials
are the Gegenbauer polynomials G, (x) (usually written C!(x)) which have the
following normalization [11, p. 174]

@ [ HICU)C(x) dx = 8,h

where

(3) B = V7 T(n + 20)T(p + 1)/ (n + p)n T(w)0(2p),
which implies that C,, = k,,x" + - - -, where

(4) k,,=2"T(n+p)/n'T(p).

G,u(x) is even (odd) if n is even (odd). Special cases of C,.(x), perhaps with a
different normalization, are 7,(x), the Chebyshev polynomials of the first kind
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64 PHILIP RABINOWITZ

(w=0), P(x), the Legendre polynomials (u = 3), and U,(x), the Chebyshev
polynomials of the second kind (g = 1).

The G, (x) satisfy the following differential equation

(5) (1= x*)C(x) = Qu + 1)xC;,(x) + n(n + 2p)C,(x) =0,

n

and the recurrence relation

6)  (n+ )Gy u(x) = 2(n + p)xCu(x) = (n+2p = DG, ,(x).
n=20,1,...,

with G (x) =1, C, (x) =0.

We shall now consider integration rules approximating I( f; A) as well as rules
approximating If = ['w(x)f(x) dx, since the latter are intimately connected with
the former as we shall see. We shall say that an integration rule is of exact precision
N (EP = N) if it is exact for all polynomials of degree < N and if there exists a
polynomial of degree N + 1 for which the integration rule is not exact. While in
many cases, more exact information about the integration error exists, the value of
the EP is sufficient for our purpose.

The n-point Gauss-Gegenbauer integration rule (GGIR) approximating If is given
by

n
(7) Gan: 2 W,f(x,), EP:2n~— 1’

=1
where we have omitted the dependence of w, and x, on p and n. The abscissas x, are
the zeros of C,,(x), and the weights w,, as well as the weights in the next three
integration rules, are interpolatory weights to be discussed below. The Lobatto-
Gegenbauer integration rule (LGIR) with EP =2n — 1 has n + 1 points and is
given by

n+1

(8) LG, f= Z wf(X),

=1
where the x, are the zeros of C‘;H‘”H =(1- xz)Cn_l‘”H. The KEGGIR is given
by
n+1

(9 KGG,f= S uf(x)+ 3 0f(n).

=1 =1
with
3n+ 1, neven,
3n+2, nodd, O<A<Zp¥#l
4n—1, p=0,
4n+1, p=1.

EP =

The y, are the zeros of the Szegd polynomial E, ., (x), which we shall treat in
Section 2. For the moment we state a result of Szegd [10] that, for 0 < p < 2, the y,
are real, lie in [-1, 1], and are separated by the x,. (For p # 0, the y, lie in (-1, 1).)
The corresponding KELGIR is given by

n+1 n

(10) KLG, .\ f= 21 4, /(%) + 2 5/(5),

1= i

i=1
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where the y, are the zeros of E, , . (x), and

3n, n odd, .
-3 <1, .
EP=<3n+1, neven, sspslp=0
4n—1, pn=0.

As mentioned above, the weights in rules (7)-(10) are interpolatory weights
defined as follows: Consider the not necessarily monic polynomial

(1) Py(x) =9y I (v = 2),

where the z, are the integration points of a particular rule and vy, is the leading
coefficient of P, (x). The weight a, corresponding to the point z, is given by

w(x)Py(x)
(12) a—f =2 )P, (z)dx

This can also be written as a, = Qy(z,)/P}(z,), where the ‘function of the second
kind’ Q,(¢) is defined by

(13) o) =I(Pyi0) = f

The error E, f in the interpolatory integration rule may be written as

w(x)Py(x)
X —1

N
(14)  Ef=1f~ S af(z) =% [ weOPy () L2102y, x] d,
=1 -

where f[z,,...,zy, x] is the Nth divided difference of f(x) based on the points
Zy,....zy and x. The EP of such a rule depends on the nature of P,(x). However, if
I(Py) # 0, we have that EP = N — 1.

If we wish to compute the CPV integral (1), we can follow an interpolatory path
and get immediately

(15)  1(f:A) = 2 b(z) + ' f dCLTCIERIL YL WS

:RN(f;A) + Ey(f; M),
where

o w(x)Py(x) o
(16) b, —)fl (x—z,)(x—)\)P,(,(z,)dx’ i=1,...,N.

If A # z,, we can write

_ 4 ‘W(X)PN(X) _ 0Oy(z) — Ox(N)
) b= 25 - e o T G

while for A = z, we have by limiting process that

(18) b= Qn(z,)/Pi(z,) = Qy(X)/Py(X).

As above, EP = N — 1 unless Q,(A) = 0 which will occur only for a finite number
of values of A. Thus, in this approach there is no advantage to Gauss points over any
other set of integration points for arbitrary A since, for any set of N distinct points,
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EP = N — 1. However, for those A such that Q,(A) =0, Gauss rules will be
superior as we shall see.

To improve on this situation, we define a second class of interpolatory rules for
CPV integrals, where we interpolate at the point x = A in addition to the points
Zi., zy. If we define Py, (x) = (x — A)Py(x) and z, = A assumed distinct from
F AT z,, we have

(19)  1(£:\) = S d f(z) + v [ W) Py(x)f (20,0 o2 x] dx
=0

= Iézvﬂ(f; A) + EN+1(f; A),

where
P d
(20) d=f wix) ”*‘(X)A,x . i=0,...,N.
(x_—zl)(zl _A)PN+I(ZI)
Fori = 1,...,N, this reduces to
(21) d, — QN(ZI) — az

(ZI - A)P}(,(Z,) - ZI - A '
while fori =0
(22) dy = Qn(X)/Py(N).
By comparing ENH(f; \) with E, f in (14), we conclude that the EP of (19) is
1 + EP of (14).
If A =z, for some j, we can again apply a limiting process to get the following

rule, which turns out to have a different structure from (19) in that it involves a
derivative. Thus, writing

(23) Ry (fi N) =dof(N) + Edf(2)+df(2)

and letting A — z,, we have

(24) Ryi(f;N) = S d.f(z) + Jim [dof(x) +d,f(z)].
=1

i)

The term in brackets can be written as

1 On(z,) _ oyv(A)
@) =X ey I, 0 —z,)f(”}
_ 1 | 9(2) _ B ov(A)  0n(2)
e Pfil(zj)(f(zj) 1) (Hz(il;mej(}‘_z,) P;(f(zj))f(k)]‘
Hence,

(26) lim [dof(A) + d,f(2))] = a,f(2)) + 4,f(2),

2
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where

@) 5= Ov@)PE(z)  0(z) _aPi(z)/2— Q4(z)
LRz PeE) Py(z,)

so that in this case

)

(28) RN+l(f; zj)

SadE e are) car).

1#/

The formulas for Ry(f; A) and R ~+1(f3 A) derived above are not new. See, for
example, Section 3.2 in the survey paper by Gautschi [3] and the references cited
therein. (Note that Gautschi’s formulas refer to f( f(x)/(A — x))dx = -I( f; X).)

In Section 3, we shall recover the known Gauss and Lobatto type rules for CPV
integrals by specializing P, (x) to the appropriate set of points. In addition we shall
derive KE’s of these rules. Now, in contrast to the application of KE’s to usual
GGIR’s and LGIR’s, it may turn out that in the CPV case the rule IQNH(f; A)
based on Gauss or Lobatto points does not involve a derivative, whereas the
corresponding KE does, so that the KE has a different structure. This is not a rare
situation! In fact, it will invariably occur when we approximate I( f; 0) by a Gauss or
Lobatto rule using an even number of points, which implies that the rule is of the
form (19), whereas the KE which has x = 0 as one of the integration points will be
of the form (28). Furthermore, for w(x) = 1, the most important case, any CPV
integral /( f; A) can be reduced to the sum of a regular integral and I( g; 0) for some
g closely related to f. Since it is not always convenient to evaluate derivatives, we
investigate in Section 4 another possibility for extending 2m-point Gauss and
Lobatto rules by adding 2m + 2 points rather than 2m + 1 points as in the Kronrod
case, thus avoiding the point x = 0. We shall define a polynomial E,,, +2,.(2) closely
related to the Szegd polynomial E,,,,, ,(z), whose zeros are the required integration
points. However, it turns out that E,, ., (x) does not always have 2m + 2 real
zeros, and when it does, the ensuing integration rule loses a few significant figures,
the number increasing with n. As a byproduct of our investigation we get a partial
answer to the question of the existence of KE’s for Gauss rules with respect to the
Jacobi weight functions w(x) = (1 — x)%(1 + x)f witha = -1, -1 <g< 3 B#1
andB=-1, -I<a<i a3l

While this paper is mostly of a theoretical nature, we believe that the results
presented have practical implications for the computation of CPV integrals. The use
of Gauss-Kronrod pairs in numerical integration is well established by now [3, Sec-
tion 2.1.2],[5], so that the extension to CPV integrals is only natural. There is a
considerable literature on numerical evaluation of CPV integrals; see, for example,
the survey [8]. Automatic programs have been published by Piessens et al. [7] and in
QUADPACK [6], the latter program also appearing in the NAG library. However,
these programs are for a single CPV integral. The Gauss-Kronrod approach is much
more efficient when we wish to evaluate I( f; A) for a series of values of A in (-1, 1).
Then, provided we choose a Gauss-Kronrod pair with abscissas not too close to the
A of interest, we have a useful tool for computing CPV integrals together with error
estimates.
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If A is close to one of the integration points, the formulas for Ry(f; A) and
R ~+1(f; A) are numerically unstable. For a stable way to evaluate R y( f; A) in the
Gauss case, see [3, Section 3.2.3]. Unfortunately, this process does not carry over to
the Kronrod extension, so that to preserve accuracy in this case, one must use higher
precision arithmetic. For R, ,( f; A), Elliott and Paget [2] give an algorithm similar
to that for R, (f; A) for use in the Gauss case. A close inspection of this algorithm
reveals that it requires the computation of ( f(z,) — f(A))/(z, — A) for all abscissas
z,. If this term can be computed accurately for all z,, then the rule Ry, (f; ) can
be rewritten in such a way as to require computation of a similar term so that the
Kronrod extension is no more unstable than the Gauss rule. Thus, if A is close to z ,
for some j, then, referring to (23)-(25), we have that

1 QN(Z,)
Zj_A P}:/(Zj)

onv (D)
H1N=l:l9&j(A - Z:)

N
Ry (fiN)= 24, f(z)+ |

=1
1)

/(z) =

The computation of the last term requires the same care as that of
(£(x,) = f(N))/ (x, = 7).

2. The Szego Polynomials E, , | ,. In this section, we recall from [9] the properties
of the polynomials E, ., ,, which we shall need to give explicit expressions for the
weights of the KE’s of the Gauss and Lobatto based integration rules for CPV
integrals. We shall also need some of these properties to study the related poly-
nomial E,, +2,,» Which we shall introduce in Section 4.

We have the following representations:

n+1

(29) En+|.l.¢(x) = Anu E/amT;+l—21('x) = A)1;1.2'" H (X _.yj)’
1=0 =1

where

(30) Ay =20(n + p+ 1)/ |aT(n + 2p),

m = [(n + 1)/2], the prime indicates that the constant term, if it appears, is to be
halved and the a,, are the first m + 1 coefficients in the series

(31) S aul = { S ];Muf}_ ,
i=0 J=0

with f,, = 1 and
The a;, may be computed from the triangular system a, = 1, @y, = —f,,, and

k—1
(33) ak“ = _fk[l. - 2 f;-uak_l,”', k = 2,...,m.
i=1

We have not shown the dependence of the a,, on n.
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The connection between E, and the Gegenbauer polynomials is given by the

L
identity

(34) W ,(6) = T e yl)

from which it follows that

(35) f-llw(x)C,m(x)E,,H‘“(x)xkdx =0, k=0,1,...,n,

so that, by the theorem in [1,p. 77], an interpolatory integration rule based on the
zeros of G, (x) and E, ., ,(x) is exact for all polynomials of degree < 3n + 1 which

forms the basis for KEGGIR’s. The ¢, = c,(u, n) are given by

(36) Cp = Ifk/hn+l+k.p’
where
(37) fk(x) = Cnu.(x)ErH-I,p,(x)cn+l+k,u(x)’ k=0,1,....n,

and A, ., 1s given by (3).
If we now define the function of the second kind Q, (1) by

1 w(x)G, (X
(38) 0, (1) =1(Cyi 1) = f wdx,

; ~l1<t<1,
—~1 X —

which differs by a constant from the function Q.ﬁ(t) in [9], we have that

n

(39) an,(x)En-F].u(x) = 6;1 + 2 ciQn+]+1.p.(x)’
=0

where

(40) 8, =2I(n +3)/T(2p).

As is well known, the Q,,(1) also satisfy the recurrence relation (6) with Q,,(¢) =
I(1; 1) and Q,,(¢) = 2p[1Q,,(?) + h¢,). Furthermore Q,, € C'(-1,1).

3. The Weights in the Integration Rules for CPV Integrals. By identifying P, (x)
with the appropriate polynomial, we get explicit expressions for the weights b, and 4,
in the rules Ry(f; \) and Ry, ,(f; ) as well as information about the exact
precision of these rules. Thus, if we set Py(x) = C,,(x), the first Gauss-based rule
becomes, for A # x,,

n A x
(41) I(fi0)= 2 (W"_ S:m((xi)){.(—l)}\
e _: w(x)Cn”(xlf_[x}i,...,xn, x] ix.

where the w, and x; are as in (7). If A = x,

(42) R,(fix)=3 (w,« - %((;‘)) ) x’: (f’ij + (g)((j)) f(x).

np\vj

1=1
i)
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We get the KE of this rule by setting Py(x) = C,,(x)E, . ,(x). Then, for A # x,, y,

@) 1N =3 (n-un) L5 +"2 (o ;‘(y,
-+—k”’12 "}\"# ]W(X) ”}'-)Ex_)in+l.u(x)

XE[X1se e sXps YiannsVpars X] dx,
where the x,, y,, 4, and v, are as in (9),
(44)  ur = (Qu(NE, 1 u(A) = 8,)/E, 1 (x)C(x,).  i=1....n.
and
(45) oF = (Qu(ME,1,(A) = 8)/E; 1, (3)Cu(3), i=1.n+ 1.

The value of the numerators in (44) and (45) is derived as follows, using (34), (38),
and (39):

E, ;. (x
(46) 0u() = f i) el Eaeral)

2 ][l W(X)C,,+|+,,‘(X) dx

2 CIQn+l+1‘p,(A) - an,(A)En+l,p,(A) - Su

1=0
As for the denominators, the first or second of the two terms in the sum

(En+l.,u(x)cnu(x))/ E, . u(x) (x) + En+],p,(x)Cn,p,(x)

vanishes for x = x, or x = y,, respectively.
If A = x,, the coefficient of f(x,) in (43) is replaced by

0(x)) | Qulx)Ep (%)
C’:[L(xj) Cr:u(xj)En+].u(xj) ’

while if A =y, the coefficient of f(y,) in (43) is replaced by Q, (,)/C,,.(,). This
follows from (18) by differentiating (46). If we compare the Gauss-based rule (41)
with its KE (43) for the important case A = 0 and n even = 2m, we see that since
05n,,(0) = 0, the rule in (41) reduces to GG,( f/x), ignoring the fact that we are
dealing with a CPV integral. In the corresponding KE, we are not so fortunate
inasmuch as ! and v* do not vanish for A = 0 because of the 8§, component.
However, since y; = 0 for some j in the KE of an even-point rule, we see that the
coefficient of f(0) vanishes so that the KE contains only 2» rather than 2n + 1
points. As for the error, in (41), as we shall see, EP = 2n and this is also the EP of
the KE so that nothing is gained in this case. Of course, for arbitrary A, when
Q,.(A) # 0, the KE increases the EP from n — 1 to 2n, but as we have indicated
above, this could have been achieved by any (n + 1)-point extension to any n-point
interpolatory rule.
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In the Lobatto case, we set Py(x) = G, 1,4 (%) = (I — x*)C,_; ,.(x) and get
a similar set of formulas. Thus, for A # X,

0, l,m(?\))_f( X,)

n+1

(47)  I(fiN)= 2

=1

W, —
Cn+|p.+](x) X A

_ IW(X) n+1 +](x) _
+knl—].lt+lf] x — “ f[ Xips- "’xn+l’x] dx,

where the w, and X, are as in (8). In the case A =X, for some ;j such that
C,—14+1(X,) = 0 (A # =1 since I( f; A) is only defined for A € (-1, 1)), the coeffi-

cient of f(X)) is replaced by Q51 ,+1(X,)/(1 = £})C,_, ,41(X)). For the KE of this
rule, Py(x) = G4y i (X)E, ,+1(x), and we have for AFX, 7,

n+1

@) 1N ="S - m L5 3 6 g

P 2y ][I w(x)C‘n+]‘u+](x)En‘u+](x)
n—1l,u+1 n—1,u+1 0 x—A

XELX oo sXits Vise-sDys X dx,

where
(49)

|

;k = ( n |u+](>\)En ;1.+](A) p.+|)/En,p.+l(xi)€‘r;+],u+l(xi)

and
(50) o = (Qn ]u+l(>\)En ,L+1(>\) ,L+1)/E/ p+l(y1)cn+lp+l(yz)
If A = x,, the coefficient of f(X,) in (48) is replaced by
0 1pii(5) | Qe (5 (5)
Girtuni(F)  Cloruni(F)E, (X))
while if A = y,, the coefficient of f( ) in (48) is replaced by
Qn1w1(5)/ Coryr(3)-

The same remarks as above about the error for general A apply here too, in that in
(47) EP = n and in (48) EP = 2n. Similarly, the special case A = 0 and »n odd leads
to the same conclusions as in the Gauss case.
We now turn to the rule R, ,(f; A) and its error term E, , ,(f; A). In the Gauss
case, we have that for A # x,
nf(x,) Q,,u( )

(51) IfiN) = Zw 25+ .,

ol [ WOOGu()f [0, N, ] s

J(N)

and EP = 2n because of orthogonality. Note that, for A = 0 and n = 2m, the rules
(41) and (51) are identical so that, for (41), EP = 2n as mentioned above. If A = x,
the two terms

wf(x) | Qu(MIA)
x; = A C,u(N)
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must be replaced by w, f(x;) + w, f'(x,) with

(52) o o WGu(0)/2 = Qx) _wlpt i)y, Qulx)
/ np(x_/) 1 - xZ Cr:u(x_/) ,

]

where we have used (5).
The KE of this rule has three forms depending on the value of A. If A # x,, y,,
then

o 10 = SudE s, S0

+ 00 f(A)
+k;;z-"m /_ lw(x)c,,,t(x)Em,L(x)
XE[X1eosXys ViseeesVurrs Ny x] dx,

where

0.,(A) 5,
Cu(A)  Epii(M)C(N)

(54) vy =

Thus, the only additional quantity we need here is the second term in (54). The EP
of (53)isequal to 1 + EP of KGG, f.
If X=x, then u f(x,)/(x, —X)+ 0y f(A) must be replaced by u, f'(x,) +

4, f(x,), where

. En+lp(x ) (P‘+%)x,
G3) S n+lp,(x)+ l—xlz
_ Qn[t(xj)En+],[L(xj) + Q:lp(x[)En-Fl,p,(x/)
Cr:p,(xj)En‘Fl,p,(‘x/) .

While this involves a more complicated coefficient for f(x,) = f(A), it does not
involve any function values aside from the KE values inasmuch as the Gauss
formula had already included the derivative term. The situation is different if A = .
For then, the terms v, f(y,)/(y; — A) + vy f(A) in (53) must be replaced by v, f'(y,)
+ ©,f(y,), where

El;,+l p,(yj) Dan, (yj) Qnu(yj)
56 b, =
(6) e 2Er:+];;( ) (yj)

Here we have an extension which involves f'(y;) = f'(A), whereas the Gauss formula
did not involve f’(A\) at all. This is a serious drawback of this extension since it
occurs in the frequent case where A = 0 and we use an even Gauss rule (also called
symmetric pairing) in which case the KE contains an odd number of points
including one at x = 0 = A, In Section 4, we shall suggest an alternate extension
which sidesteps this problem.
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Returning to R, ,(f; A), we list now the formulas in the Lobatto case and the
corresponding KE’s. For A # x;, we have

-n+1 f(X) n 1p,+l( )
(7 AN = ZREER T T stV

1
+k;Ll‘u+]/:]w(x)(l - xz)Cn—l,u-f-l(x)

XF[Xpse s Xy A, x] dx.

As in (51) EP = 2n because of orthogonality. If A = X, where C,_, ,,(X;) = 0, the
terms involving f(x;) and f(A) must be replaced by w, f'(X;) + W, f(X;), where

(58) W= (l" - %)5‘—, _ Q::—L;H'l()_c-j)
1= Ejz (1 - sz)cr;—l,p+l(gj)

As for the KE, the three forms are, first for A + X, y,,

f(A)

n+1

9 10 =3 alE s 3o s

+k;‘~|‘u+12_"“}‘7:‘—1‘,”—1_/IW(X)(l - x?)

XCn-l,uH(X)En,uH(X)f[fl’- s X ts Visee s Vus N x] dx,
where
QD 811
(1 - }‘2)Cn—|,u+1(}‘) (1 - >\2) 1u+l(}‘) u+1(>‘)
The EP of (59) is equal to 1 + EP of KLG, ., f.

If A =X, where C,_, ,.((X;) =0, the sum #,f(X;)/(x; — A) + ¥, f(A) must be
replaced by #, f'(X;) + @, f(X,), where
E X; - )x.
©6)  &=a ’j"“( ), Lo 2_)2 !
E u+|(‘x ) | S x'
_ (Qn lp,-H(x ) u+|(x ) + 0, 1u+1( j)En,,u,+l(5ej))
Cn+l,p,+1(xj)En,p,+l(xj)

while if A =y, the sum 0, f(7,)/(y; — A) + 0, f(A) must be replaced by v, f'(y;) +
o, f(;), where

(60) 0y =

b

(62) 5= E”[l.+l(-yj) " 5,"5'+1u+1()7,) =0, 1,.+|()7j)

! 2E' ,4+1(J’,) (1 ")’,) 1,,+1(yj

The remarks above about Gauss rules for I( f; 0) with n even apply here for odd n.
4. The Orthogonal Polynomials E~2m+2,u' In this section we introduce and derive

some properties of the polynomial of degree n + 2, n = 2m, En“’p, which satisfies
the orthogonality conditions

(63) j'w(x)c,,,,(x)E,,H,"(x)xk dx=0, k=01,..n+]1.
-1



74 PHILIP RABINOWITZ

Note that for n odd, we already have that
(64) /]w(x)C,,”(x)E,,H_“(x)x"'dx=0, k=0,1,...,n+ 1,
-1

by the odd-even effect. Now, if we consider the polynomial of degree n + 2,
xE, ., ,(x) — a, for any constant a, we have that

(65) /w(x) Cou(x)(xE 4 (x) —a)x*dx =0, k=0,1,....n—1,

by (35) and the orthogonality of C,,. Hence, if we define E, vou(X) = xE, 1 (x) —

a,,> where

(66) dnﬂzjillw(x) (x)E,,HM(x)x"“dx/f w(x)C,,(x)x" dx,

it follows that (63) holds for £ = n and, by the odd-even effect, also for k = n + 1.
An explicit expression for 4, follows from some results in [9] and the properties of

the orthogonal polynomials C,m, so that
-~ C()hn+l,u hnu _
(67) anu - krl—Jrlu_/k—n: - (amp. T Oy I.;L)Anu./4'

Monegato [4] has shown that the polynomial £, , ,, defined above is the unique (up
to a constant multiplier) polynomial of degree n + 2 satisfying (63).

We now investigate the zeros of E,Hz‘u Since, for n even, E,,,“ is an even
function, it suffices to deal with the posmve zeros. First we see that at the zeros y, of
E, iy EHZ'#(y,) . Furthermore, E,HZ#(O) 0, so that E, , 2, has a maxi-
mum or minimum at x = 0 depending on the sign of E ,,+2”(0) Smce E/,, L{0) =
2E,,, (0), this sign depends on the parity of m = n/2. For m even, E,, I‘“(0) >0,
while for m odd, E,., ,(0) <0 as can be verified by tracing the curve of the
polynomial of odd degree E, ., ,. Thus, for m odd, E, ., , has a maximum at x = 0,
while for even m, it has a minimum.

Let us now consider the case 0 <p < 1. From the results in [9], we see that

a,, < 0. Now, if m is even, E’mﬁ‘” has a minimum value of -4, w 0atx =0.If we

label the nonnegative zeros of E, ., as 0 =y, <y, < -~ < y,,, <1, then in every
interval (y,, ¥, 1) E,,H# has an extreme point. Hence, E,,+2 has a maximum in
(Yo» ¥1), @ minimum in (y,, ,),..., and, finally, a minimum in (y,,_,, y,,)- In each

interval in which E, , , ., has a maximum, it has no zeros. If it has a minimum in an
interval, it will have no zeros, a double zero, or two zeros there depending on
whether the minimum value of E,,, u 18 posmve zero, or negative. Thus the
maximum number of positive zeros is m, so that E, +2,, has at most n real zeros for
m even and 0 < p < 1. On the other hand, if m is odd, E,,, , may have n + 2 real
zeros and most probably does inasmuch as 4, is small s0 that E,., , 1s indeed
negative at the minimum points. In fact, the zeros of E,,, » are quite close to the
zerosof E, .

For 1 < p <2, the situation is reversed inasmuch as 4,, > 0 [9], so that in every
interval in which E, _,  has a minimum there are no zeros while when E, , , ahasa
maximum there are no zeros, a double zero, or two zeros depending on whether the
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value of E at this maximum is negative, zero, or positive. Thus, for m odd and
n+2.p 8 p
l<p<2E,, ., has at most n real zeros, while for m even, E,., , may, and most
probably does, have n + 2 real zeros which are quite close to the zeros of E,, ;| .
Before discussing the use of these results in numerical integration, we remark here
that Monegato [5] has shown that
(68)  Espiz,(x) = EAHV/271/D(2x2 — 1) = (-1)" T ESI2#T /(1 - 2x2),

m+1

where E(*%A)(x) satisfies the orthogonality conditions

(69) [ (1=x)"(1+x) PP EA (x)x dx =0, k=0...m.

and P!*P is the Jacobi polynomial. Our investigation therefore shows that a
Kronrod extension to the Gauss-Jacobi integration rule based on the zeros of
PrH1/2-1/2) op p1/20%1/2) with all zeros in [-1, 1] cannot exist for m even and
0<u<1andformodd and 1 <pu < 2. For m odd and 0 < p < 1 and for m even

and 1 <p <2, KE’s can probably be computed even though the theory is incom-
plete.

Once we have a situation where we have n + 2 zeros jj of E, ., ,, we can use them
to derive an extension to GG, f. We have that
n+2

(10) 17= S rfx)+ S 5.1(5)

=1 =1

+knl.ltz "A_npf W(x) np(x)En-f-Z p(x)f[xl’ s Xy _}71,...,)’}"_'_2,)(] dx’

with EP = 3n + 3, where

x,u En+| p('x )

(71) r= (et np 1’
X, n+l p,(x )
-6
(72) 5, = :

np()’,)( n+1,u()7,) +)7,E,:+|.p()7,)) '

and x,, u;, w, are as in (7) and (9). From (19)-(22) with Py(x) = Cn“(x)EnH'u(x),
we have that

LI (6 Y

(1) 15N = 3l

=1 ! i=1 !

1 ~
a2 [ W) G Eea(3)

XE[ X0 o3 Xy PioeeesPasas Ny x] dx,
with EP = 3n + 4, where
Cnn(}\) En+2 u(>\) (A)

(74) So =
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(71), (72), and (74) follow from the fact that

DI QL CLACLASH G

- X —t

o w(X)G([XE, . (%) — 4,
N ][_] x—t ]

1 WX Cnu X n+1l,p X ~
:tf_l (x) )(C_)lj ( )dx—aann,L(t)

= t[Qnu(t)En+l.y,(t) - 8#] - dannp,(t)
= 0,1, (1) — 18,

We are only interested in the case A # x,, Ji,, since otherwise we would use the usual
KE’s given in Section 3. We notice that, as before, for A = 0, 5, = 0 and we have a
case of symmetric pairing. Unfortunately, for the very value A = 0, for which we
developed this new formula, there are problems. In Table 1, we list some values of
a,, and y, the smallest positive zero of E,,“.u for p = %, the most prevalent case.
Since the integration rule in (73) can be rewritten, for A = 0, as

(75) grl[f(xl);f(—xl)] +m§]s’[f(ﬁl)if(_ﬁt)]

=1 ! i=1 !

dx

’

where we assume that the positive zeros are x; <x, < --- <x, and j, <j, <
-+ <Jj, .1, we see that one term in the second sum in (75) is s,[ f(J,) — f(-=P)I/ 7,
and, as the numbers in Table 1 show, this term can lead to the loss of several
significant figures, the number increasing with increasing n.

TABLE 1
a,, and y,, the first positive zero ofE,,H‘H,for p=13%andoddm,n=2m

m o D
3 -1.54(-2) 4.14664(-2)
5 -5.70(-3) 1.97603(-2)
7 -2.46(-3) 1.20896(-2)
9 -1.81(-3) 8.36055(-3)
11 -1.22(-3) 6.22128(-3)
13 —-8.79(-4) 4.86127(-3)
15 —-6.63(-4) 3.93369(-3)
17 -5.18(-4) 3.26778(-3)
19 -4.16(-4) 2.77069(-3)
21 -3.41(-4) 2.38801(-3)
23 -2.85(-4) 2.08599(-3)
25 -2.42(-4) 1.84268(-3)

In the Lobatto case, the appropriate orthogonal polynomial for # odd, i.e. an even
number of integration points, is E, , , ,,(x). In this case, we see that if -3 < p <0,



GAUSS-KRONROD INTEGRATION RULES 77

=2m+1, E, +1,+1 has at most 2m real roots if m is even and probably has
2m + 2 real roots if m is odd, while for 0 < p < 1, which includes the usual Lobatto
case, =1, E, +1,u+1 has at most 2m real roots if m is odd and probably has
2m + 2 real roots if m is even. Thus, for the usual case of w(x) = 1, a 2n + 2 point
extension exists in the Gauss case if #n/2 is odd and in the Lobatto case if n/2 is
even. The formulas in the Lobatto case, corresponding to the Gauss formulas
(70)-(74), are as follows:

Let y, be the n + 1 real zeros of E, , u+1- Then

n+1 n+1

(76) If: 2 ’-.If(fl) + 2 sf(yl) + k:—lp,+l2—"+l>\n—lu+l

i=1 i=1
1 ~
X J WO =)t (B (%)
XELX oo s Xt PrseeesPosr> X] dx,

with EP = 3n + 2, where

x;u,E, X;)—a,_ W,

(77) - — u+l( ) L+l ,

En p.+l(x ) n—l TR

8,1,

(78) 5= " " . " T N
(1 - yiz)cn-—l.u+l(yi)(En.u+l(yi) + yiEn.p,+l(yi))

and Xx,, #;, w, are as in (8) and (10). From (19)-(22) with

Py(x)=(1-x%)C —1u+1(x) +|,L+1(x)

we have that

09) 1(£8)="3 7 L5 "2 L

i=1 Xi

+k;l~1,u+12_n+l)\}'—1,u+1f w(x)(1 = x2)Co i i(X) iy (%)

+ 5 f(A)

XFIX0- Xty Do Puvrs A, x] dx,
with EP = 3n + 3, where
Qn“l,u+l(}\) _ A8M+l
Cn+|,p+l(}\) En+l,u+l(>\)cn+l,u+l(k)

The same remarks about loss of significance apply here as in the Gauss case.

(80) 5=
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