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On the Integral [° e *¢t"~'log™ t dt
By K. S. Kolbig

Abstract. A recurrence relation is given for the integral in the title. Formulae which allow casy
evaluation by formula manipulation are given for integer and half-integer values of v. Explicit
expressions for these integrals for small values of 7 and » = n, » = n + }, are also presented.

1. Introduction. The purpose of this note is to give expressions for the Laplace (or
Mellin) integral

(1) R, (p,»)= fwe—‘“t"—' log”tdi  (Rep>0,Rer>0),
0
in particular for integer and half-integer values of ». This integral, with integer

values of », occurs when establishing an asymptotic expansion, as x — oo, for the
Landau density function [2], [10]

(2) $(x) = lfooe""’t_’sin mt dt
T Jo )

A contour integral related to (1) appears in the theory of heat conduction [4], [12]
and in other physical problems. For m < 3, R, (p, ») can be found, for example, in
[6, No. 4.3521, 4.3582, 4.3583]:

(3) Ri(hs») = T [4(s) = togal.
(4) R, ) = L ([4(0) = logl? + £(2.9)).
(5) Ry(p,v)= rf;) {[y(») — logp]® + 3[¢(») — log u] (2, ) — 2£(3. %)} *
where
© Ux) = g tog T(x) = T
and where
ad 1
7 rg) =3 ——
(7) ()= 3
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172 K.S. KOLBIG

is the generalized zeta function related to Y(x) by [6, No. 8.3638]
(8) YO(x) = (=) Rk + 1, x),

2. A Recurrence Formula for R, (u, v). In order to give a recurrence formula for
R, (p, v), we need the following

LEMMA. Let f(x) be m times differentiable. Then

9) (L) e = erog (),
where Fy(x) = 1, Fi(x) = f'(x), and
(10) F(x)=F_|(x)+ F(x)F_(x) (k=2,3,...,m).

The proof by induction is easy.
We apply this lemma to R, (p, ») and obtain

[o0)
(11) R,,,(u,u)=f e M og™t dt
0

) e ()T T

dv dv

where Gy(p, ») = 1, G,(p, ») = Y(») — log p, and

(12 Gulhs ) = 456Gy, 7) + Gl 9)Gs (. v).

With a formula manipulation system, such as REDUCE (8], it is easy to compute
R, (p, ») from (8) and (12) in terms of Y(») — logp and {(k, ») 2 <k < m). The
resulting expressions for R, (u, ») for m = 1(1)9 are given in Table 1.

TABLE 1
Let
= "'v X -1 m — }lv
Y'"_I‘(v)./o e " log tdt——F(V)R,,,(;L,v) (Rep>0,Rev >0)
¢ =y(v) —logp,
and
B,=%(2,»)
By =¢(3,v)

Bs=$*(2.v) +28(4,v)

Bs = 5¢(2.»)¢(3. ) + 6¢(5.v)

Bs =38%(2,v) + 185(2,»)¢(4, v) + 8L2(3,v) + 245(6,v)

By = 35842, )§(3, v) + 848(2, »)E(5. v) + T0¢(3, »)E(4. v) + 120¢(7, »)

By = 15¢4(2,v) + 1808%(2, ») (4, ) + 1608(2, »)E2(3. ) + 480¢(2, »)(6, »)
+3848(3,)¢(5, v) + 1808%(4, ») + T20¢(8, »)

Bs =31583(2,»)¢(3,v) + 113482(2, v)E(5,v) + 1890¢(2, »){(3, »)$(4, v)
+32408(2, v){(7, v) + 280833, ») + 252083, »)¢(6, )
+2268{(4,v)$(5,v) + 5040¢(9, »).
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Then
=1
Yi=¢
vy =¢+ B,
V3 =¢"+ 30 — 28,
Y, =¢* + 6B,0> — 8836 + 3B,
Y5 = ¢ + 10B,¢° — 2083¢° + 158,46 — 4Bs
Y, = ¢° + 158,9* — 40839 + 45B,0” — 24Bso + 5B,
Y, = ¢ + 21B,¢° — T0B3¢* + 1058,6° — 84B5¢* + 3586 — 68,
Yo = ¢' + 28B,0° — 11285¢° + 210B,¢* — 224856’ + 140B,¢” — 48,0 + TBs
Yy = ¢° + 36B,¢" — 16883¢° + 3788,° — 504854
+420B,4° — 216859 + 63B4d — 8B,
Thus

V= ¢"+ X ¢, Be"  (m=2,...9)
j=2
» (k=1
Cmj = =n’'G-1 2 (j“ 1 )
k=j

3. A Formula for R, (p, n + 1), n an Integer. Expressions for R, (u, n + 1), where
n is an integer, can be obtained from (12) by setting» = n + 1in G,(u, ») and using

(13) $(k,n+ 1) = (k) —o(n, k),

(14) Y(n+1)=—y+a(n,1),

where

(15) o(n k)= 3 L,
j=1J

v is Euler’s constant and {(k) is the Riemann zeta function.
In order to derive another formula for this case, we set Rm(p,, n)y=R, (p,n+1)
and write

(16) R,(u,n) =f°°e“"’t"log'"tdt (n=0)
0
d\"
- —ptynta
(da)./oe t"redt| o

- “n1+| (di)m[i;r(l +n+ a)]

R

a=0

el [hostro -]

« a=0

=

where [1, No. 24.1.3]

(17) (a),=ala+1)---(a+k—1)= § (1) sVa/
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is the Pochhammer symbol. The S{/’ are the Stirling numbers of the first kind,
defined by
(18) S =SV —kSP  (k=j=1),
SO =(=1)""(k -1,
SH=1, SO =3,
SHN=0  fork<j,
' k—=1+i\[ 2k=j |,
(J) = k—)+1
SU 2 2( ( )(k_j+i)(k j_l)xl
Applying the Leibniz formula, we have

_ 1 & ymy[1 @[ 1 (m=p)
19 Rl =iy $ ()5 @na]|era a7,
We see from (17) that

d)pl _ =D (p<in),
(20) (da a(a)"ﬂl"‘:()_{o (p>n).

We note that [6, No. 8.3421]

(21) logp™T(1 +a) = —(y + logp)a + I\gz(—l)k{(k)a"/k (Ja|< 1),

and therefore, by exponentiation (see, for example, Henrici [9, Section 1.6]),

(22) WT(1 + ) = éobkak (1x]<1),
where b, = 1,

k
(23) h=g 3 ()b

and {(1) = v + log p, §(x) = {(x) for k > 1.
Substituting (20) and (22) into (19), we finally have

~ o0
(24) R, (u,n) =f e Mt"log™t dt
(_ 1) 1 min(m,n)
e 2 (-1’5%%,,,  (n=>0).
p=0

We consider a few special cases. For n = 0 we obtain

(25) R,(p,0) =—M—'bm~
For m = 1 we have
n” n!
0o Rk m = (5210~ 52) = 2 [o(m.1) ~ v~ ogal
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in accordance with (3), since from (18),

(27) SOy =(=1"nt, 8@, =(=1)""nla(n,1).
For m = 2 it follows from (24) and (4) that

2iby+ S2)

n

(28) Ry, n)—z(”"” (51,5, — 5

=2+ o) = 2y + log ot

n! 5
- wt! {(Y + logp)” — 2(y + logp)o(n. 1)

6

2
+02(n,1)—o(n,2)+%},

where we have used {(2) = #2/6. Note that S\, =0 for n = 0, and S{3, = 0 for
n = 0, 1. From (28), we obtain the relation

(29) sy =5 (=1 ntfo?(n.1) = o(n.2)].

which is not immediately obvious from (18). In general, by comparing the result
obtained from the recurrence relation (12) with that given by (24), we find that

n+h N
(30) SHhHD = (1) “k,szt“ o(n.1).....0(n. k)).
where Q* is a ‘“homogeneous™ polynomial with integer coefficients in the k
variables a(n. 1),...,0(n, k). By a different approach, Comtet [5] has shown that

(31) Q*(o(n,1),..., o(n, k))

= Y, (o(n.1), = 1'6(n.2).2!6(n.2),.... (=1)* " '(k = 1)to(n. k)).
where Y,(x,,..., x,) is the exponential complete Bell polynomial in k variables
defined by

hd t’ % tk
(32) exp| x| =14+ 2 Yilx, o ox) 57
j=1 " k=1 k!

We give two more examples:

(33) SW, = %(— )" 'nt[e3(n, 1) = 30(n,1)0(n,2) + 20(n,3)],
S, = 5 (= 1)"mi[o*(n. 1) + 307(n,2) = 60%(n, o(n,2)

+80(n,1)o(n,3) — 6a(n,4)].

Note that Q%) =0 for 0 <n < k. This fact is not apparent when one derives
R, (. v) by means of the recurrence (12), replacing » by n + 1in R, (g, »).

In general, formula (24) can easily be evaluated by formula manipulation.

Expressions for R, (u, n), m = 0(1)5, n = 0(1)5, are given in Table 2. For special
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values of m and n (e.g. n > 0, m = 1, or n = 0, m < 3), these expressions can also be
found in the relevant handbooks or tables of integral transforms.

TABLE 2
Let
o« ~
I,,,,,Zu"““'f e Mt"log™rdt = p"" 'R, (p,n), C=vy+logp (Rep>0)
0
Then
Iy, = n! (n=0)
hy=—C
n
lln n! EJ_I -C ('1>0)
Jj=1
2
—c2,. T
= 4+
12() C 6
2
Iy=C?=2C+%

2
122=2c2-6c+3’3-+2

I3 =6C2—22C+ 7%+ 12
I, = 24C%* — 100C + 472 + 70
s = 120C? — 548C + 2072 + 450

2
= 3T
13() C 2

C—-203)
2 2
= —C+3C = T-C-2A3) + 5
Iy = —2C*+9C? — (72 + 6)C — 45(3) + %72
— 3 2 2 11 2
Iy = —6C7 +33C? = 3(n + 12)C — 124 (3) + 57* +6

Iy = —24C% + 150C2 — 6(272 + 35)C — 48¢(3) + 2572 + 60
Is = —120C° + 822C2 — 30272 + 45)C — 240¢(3) + 13722 + 510

Iy = C*+ 72C? + 8¢(3)C + 536”4
Iy =C*—4C + 22C* + 2(4{(3) — 7?)C — 8(3) + 23—0174
I =2C* = 12C% + 2(n% + 6)C* + 2(8¢(3) — 372)C — 245(3) + %74 + 272
I3 = 6C* — 44C% + 6(n? + 12)C? + 2(248(3) — 1172 — 12)C — 88¢(3) + 1—907“ + 1272
44 = 24C* = 200C3 + 12(27% + 35)C? + 4(48§(3) — 2572 — 60)C
—400¢(3) + ]—58-74 + 7072 + 24

I,s = 120C* — 1096C> + 60(27? + 45)C? + 4(240¢(3) — 1377% — 510)C
—2192¢(3) + 187* + 45072 + 360
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Sprct— 208(3)C? — 3 poc — —lgg(a)qr2 — 24¢(5)
3 ( 4 3

Isy=—C*—
I =—C*+5C*— %72C3 —5(45(3) —7?)C* + (40;(3) - %w“)c
_10 1 3 4
3 $3)m — 248(5) + id

—2C° + 15C* - 10(%172 + 2)c3 —5(85(3) — 377)C?

~
-
3
I

+ (l20§(3) - %ﬂ" — 107* ) C- ?s“&)wl — 40¢(3) — 48¢(5) + 374
Iy = —6C% 4+ 55C* — 10(n? +12)C? — 5(245(3) — 1172 — 12)C?
+ (440;(3) ~ St~ 60n )c ~ 208(3) 7 — 2408(3) — 1441(5) + 2w + 10m2

54 = —24C% + 250C* — 20272 + 35)C* — 10(48¢(3) — 2572 — 60)C?
+2(1000¢(3) — 97* — 17572 — 60)C — 80¢(3) w2

— 14008 (3) — 5768(5) + —a* + 1007

Iss = —120C% + 1370C* — 100272 + 45)C* — 10(240¢(3) — 1377 — 510)C?
+10(1096(3) — 9% — 22572 — 180)C — 400§(3) 7>
‘ 411

—9000% (3) — 28808(5) + ——=* + 8507 + 120

2

4. A Formula for R, (g, n + 1/2), n an Integer. Setting v = n + 1/2 and [1, No.
6.3.4,23.2.20]

(34) Ckon+1/2)=(0F—1)¢(k) — 2% (n, k),
v(n+1/2)= —y —logd + 26(n.1),
where
n 1
(35) §(n k)= —,
= @ji-nt
in the expression for R, (p, ») obtained from (12), leads to expressions for R} (p, n)

=R, (p, n + 1/2). In the same way as in Section 3, we may also derive another
formula in this case. We start with

(36) R;*,,(,u,n)=f°°e-#'z"—'/2log"'zdt (n = 0)
0
d\" [® _pin—1/2+4a
[

P er(n e dea)]
M 2 a=0
Using

(37) I‘(—;—-i-n +a) = (a+%)"1"(%+a) = ‘/;,_(a_{._;_)nz—zal;‘((ll‘:z:)),

1 (_d_
“n+l/2 da

we obtain

(39) Re () = ;—%(d—‘f,)m[(a +1) Haw|
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where

(39) H(ap) = —) r(1 + 2a)

(4p)* T +a) °

As for the series (22), we can write

— < *ak a _1_
(40) Hw = 3 bt (jal<g).
where b§ = 1,
k

(41) g (=1 ¢*(x)by_
and

sy = | Y Tlogdr (k=)
(2 () {(r—l)«x) (x> 1).

Applying the Leibniz formula to (38), we use (17) and write
4\’ 1 ~ (4 S ()t (k)( l)k
(43) (da) (a+2)n —(da) El( DS at 3
p! S (~1) s K)2e k(o)
k=

0 (p>n),

a=0

and therefore finally

(@) Ri(wom) = [T Pognidr - (n20)

\/’(—1)

We consider two special cases. For n = 0, we have

mm( m, n)

Y 2 (-1 S<k>( )2P k.

(45) R*(p,0) = \/—gm!bj};.
For m = 1 we obtain from (3) and (44) the expression [6, No. 4.3523]
T(n+1)

(46) R}(p,n )—Wg—[ y — log4u + 26 (n,1)]

T @n— )N
m ) [—v —logdp + 26(n,1)]
- \/;i_[— (%)n(y +logdu) + 2(—1)"21(-1)"&(“1(2-"

Thus, by comparison,

(47) S (—1) 50k * = (— )(2” DY (0. 1),
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Similarly, for m = 2, one finds

(48) 3 (=1 stokk— 1274 = (—1y B D 2 1) — (2],

k=2
In general, as in the case of R, (p, n), a comparison of the result obtained from (12)
with expression (44) shows that

(49) k’E_I( 1) S‘“(k*')' k= (— 1)"(—2"—)42(")( 5(n,1),...,6(n,p)),

where Q(*’ is defined by (31), and 2’ = 0 for 0 < n < p.

Formula (44) can be evaluated easily by formula manipulation. Expressions for
Ry (p, n), m = 0(1)5, n = 0(1)5, are given in Table 3. R¥(u, n) can also be found in
[6, No. 4.3523].

TABLE 3
Let
p— "" n g - n— nm p— ‘L
Jon = 1/;#}(‘) e 1/ 2og™ 1 dr = ‘/;u"R’,“"(u,n) (Rep>0)
and
C=1y+logdp.
Then
Joo =1
1
Jon = (2n— o ) (n>0)
JIO— e
_@n—1nn
Jln— bL —1 (n>0)
2
o= C2+ T

1 2
12,:5C2—2C+14—

122:%C2—4C+%772+2

15 , 23

123:TC —7C+1—6ﬂ'2+9

12421—05C2 44c+'3025 2+43
945 1689 . 945 475

hs =y O - CHgm -

— 3
Jyp = _C3_Eﬂz( —14¢(3)

=13 2_3 2 3,
I3 2C +3C 4ﬂ'C 7{(3)-!-—2'”

3 3
Jp=—7C +6C7 - 3(572 + 2)c —2§(3) + 372

Jyz3 = ‘EC3 8

8 C2—9(-—1r +3)C— l05;(3) 69 72 +6
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Jo =

JM:—C“ 88C3 +3(—67r + 86)C2+ 3
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1
JM:_%ScHsscz 3( '302517 +43)C——§(3)+33w + 48
94 7
135:_3_25C 506 C2_7(l3829 2+95)C_6615§(3)+5067" + 345

Ja = C* +372C% + 568(3)C + %ﬂ"

C*—4C + %ﬂzcz +2(145(3) — 372)C — 56¢(3) + 1774

Blw N|—

ct 8C3+3(3w +4)C2+6(7§(3)—21r2)C—]]2{(3)+——1r + 6>
15

Jyy=—C* - 23C3+9(5 2+6)C2+3(35§(3)—§'n —x)c

8

—322¢(3) + '—057“ + 27m?

105 105 ( 245

¢(3) — 4472 — 64)C

—1232¢(3) + 5 74+ 12972 + 24

_ 945 ., 1689 (_ ) (2205 3 1689 s )
Jas = 35 CH = == C*+ 15 3211+95C+3-——§() ——m?— 460 | C
11823 6615, 1425 ,
A0 gt 300
Jso = —C* = 572C* — 140¢(3)C? — %74(‘ = 708(3) w2 — 744%(5)
Jsy = — lCS +5C% — ngc‘ +5(3n% — 144(3)) C?

+35(x§(3) - %)c — 35¢(3)m2 — 372¢(5) + ﬁﬂ‘*

Jsp =~ 20541004 - 5( Zm?+ 4)c* 15272 — 7¢(3)) C?

2
+5(112§(3)——7r — 6m? )C—L)S§(3)7r ~ 280(3) — S38(5) + > 35 4

15 115

Js3 = — C5+——C4 15(%w2+6)c’ 15(23 2—%{(3)+4)C2

+5(322§(3)— 105 4 27772)C—-5%§§(3)7r2

—1260(3) — 1395¢(5) + 3934# + 3072
oy — 105C5+ 10C4 — 5( 1(25 2+86)C3+ 15(22 2 ::5§(3)+32)C2
+5( 1232¢(3) — Ew“ 12972 — 24)C - ﬁs°(3) 2
—~6020¢(3) — m§(5) 385 7% + 24072
Js=—acs+ B e 25 %9—”2 +95) 00 15( 1202 - B3y 4 20)¢?
+15(ﬂ§(3)_ 2122085 “—422772— lOO)C
33075 87885 591 15

e Y07 = 33250¢(3) — ——4(5) + 7%+ 172572 + 120
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5. Two Related Integrals. Substituting r = T2 in Rm( w, n), we find that

® —uTrpan+l 1 5
(50) [[e T o TAT = s R ),

and, by the same substitution in R* (pu, n),

(51) fwe_“TzTZ" log” TdT = —— R*(p, n).
0

2m+l

Three particular combinations of these integrals for m = 1 are given in [6, No.
4.3551, 4.3553, 4.3554].

6. A Related Contour Integral. When deriving the asymptotic form of an integral
of modified Bessel functions appearing in a problem of heat conduction, Ritchie and
Sakakura [12] were led to the contour integral

1 ro+) .
(52) I"(p) = —f e*z" log™ z dz,

2miJ_
where Reu > 0, m, n integers. The contour of integration is one which begins at
— o0 — ia, proceeds around the origin in a counterclockwise direction and ends at
— o0 + ia, with arbitrary a > 0. For m > 0, they give the expression

k

(53) ['(p) =p™" 2 A" log/ p,
]=0

where the coefficients A)" are given implicitly in [12] as derivatives of gamma
functions, and can therefore be expressed by the polygamma function (8). For n > 0,

the contour of (52) can be contracted to the cut along the negative real axis, and we
can write, using (1),

(54) I"(p) = L—li—j(’)ooe_“’t""[(logt —im)" — (log + im)"] at

27i
[(m—1)/2] m
SR R G Py L ST B L)
/=
For m = —k, k > 0, the authors of [12] derive an asymptotic series for I, *(p),

valid for u — co. The coefficients of this series are again given by derivatives of the
gamma function. Under the further restriction n = 0, they present an alternative
asymptotic series.

Wood [13] shows that I, “(¢) (k > 0, integer) can be expressed by combinations of
the Ramanujan integral ¢(p) = ¢(r) [7] and its derivatives

(55)  ¢(p) = (gd,;) 9(n) = ("l)kj:oe_‘”t"_’(vrz +log21) ' dr.

In particular one may show, analogously to (54), that I '(p) = —¢(p). Wood also
gives the first few coefficients of an asymptotic expansion for ¢*)(n) (k= 1) as
u — co. (Note that the labels on two curves in Figure 3 of [13] should read n = 2,
k= —2:n=2k= —3, instead of n = 2, k = 2; n = 3, k = 3, respectively. These
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curves agree with formulae (2f) and (2g) in [13]. The author was not able to identify
the curve labelled n = 1, kK = 2 in Figure 3.)
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