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Some Integrals Relating to the / -Function
By Shigehiko Okui

Abstract. Various integrals relating to the /,-function
Zz
I(k,z) = [0 e™*Io(kx) dx,

which finds a wide variety of applications in the fields of statistical communication theory and
noise analysis, are evaluated in closed form.

1. Introduction. Rice [1] in his study of statistical properties of a sine wave
influenced by Gaussian noise, presented a number of basic relations concerning the
I -function. The above function yields the Nakagami-Hoyt probability distribution
function [2], and hence it is often encountered in problems of statistical communica-
tion theory and noise analysis [3], [4], [5], [6]. In the present paper, we evaluate in
closed form certain integrals involving the I,-function, and also others reducible to
it. Many of these results are believed to be new.

Short statements on derivations are presented in the Appendix. The notations for
the special functions involved are consistent with those given in works by Erdelyi [7],
[8] and Gradshteyn and Ryzhik [9]. Additional references [10], [11], [12], [13], [14] are
also available for properties of integrals of Bessel functions.

2. Integrals Involving the I,-Function.

z 1 1 k
-pXx _ - - — -pz
(2.1) foe Ie(k,x)dx—p{P ll"(p 1,[p+ l]z) e Ie(k,z)}.

(2.2) fze'P"Ie(k, x) x dx
0

1 1 1
_;HP(P"‘ 1) i (p+ 1)2—k2}
‘IE(P%’ [p+ l]z) ~<z +-};)e'1’zle(k,z)

z

_ me'“’“)‘{kll(kz) +(p+ l)IO(kz)}],

(2.3) fozle(k,x) dx = (z - _lkz)le(k, z) +%_;2 (Io(kz) + KkI,(kz)}.
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: zle(k,x)xdle{zz—iﬂ‘z—} 2) + 2=
24 [ 2[ e —E

{(z = ’: )Io(kz) + k( %H)Il(kz)}}.

(2.5) folle(k, x)(1—x)"dx

! cp[llp+2 C—k),-(+k)], o

V(V+1) 2°2°
1 1 (115 1—k 1+k
(2.6) joze(k,x[l—x])xdx_—q>2(-2-,5, Lo ,_—)
T(») 11 1—k 1+k)
pXx v—2 o . . R
(2.7) /e I(k,x)x""%dx = » FI<V,2,2,2, > 5 )
p>k—1ifk=1,p>0if 1>k >0;»>0.

(2.8) fooe‘l”‘le(k, x)dx =
0

P(P+1)2—k2
p>k=1ifk=1p>0if1>k>0.
) + + 1) — k2
(2.9) fe-pxle(k,x)xdx:(p Der+ D -k
0 ((p+1) -k}

p>k—1ifk=1,p>0if 1 >k>0.

(2.10) f()ooe‘P"Ie(k,x)xzdx
3p+2-k2  3p+D[(p+D2p+1) -k

p3\/{(p+ = k2Y’ pz\/{(p+ 1° - k2)°
p>k—1ifk=1,p>0if1>k>0.

b

@11) [T, (k, x)x7" dx
0

1 ) +1—k?
:——21 1 {sin"(z)—sm"(P—p—k—)}, k>1,p>k—1;

\/P+2_ s k=1’P>O;
| p+1/1—kg{\/(p+l)2—k2+\/l—k2}
= 1 s
J1—k&2 " p(l +1 —k2)

1>k>0,p>0.
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(1 — 1—p 2-
(2.12) f()oole(k,x)x“”+”dx= (V V)ZF,( 5 2”;1;k2),

1>k>0,1>»>0.

o 2 2k
2y, -2 - 2 ===
(2.13) j(; I(k,x*)x*dx K\/'rrk K(k), where«k Tk 1>k>0.

(2.14) fowle(k,xz)Jl(zax)dx
ka?

e el
afi ok U=k

0 -v — a"_l 1 . . 2 2
(2.15) fo L(k, x)J,, (ax)x™" dx = T T 1)F4(5,1,v+ 1,1; a2 k )

2% 1>k>0.

1>k>0,v> 3.

(2.16) j:ole(k, x)J,(ax) dx = %1/ ai;‘; K(x),

.2 2
wherexzzé 1 — I~k ta ,
\/(1 — k2 + a?)’ + 4a%k?

k?=1—-k*1>k>0.

2

k(1 + 2k)K(")’

(2.17) /()”ze(k, x)K,(kx) dx =

1 —2k
1+ 2k

2
wherex2=( ),1>k>0.

3. Integrals Reducible to the / -Function.

(3.1) j:e"""lo(ax)dx 2%1‘,(11/p. pz).
(3.2) foze'f”‘lo(ax)xdx
= = 1 o [Ie(a/p, pz) — ze""*{al\(az) +pIO(az)}].
(3.3) fo “e P (ax) x? dx
1
= m[@pz +a*)1(a/p, pz)

—pze " p(p* — a®)z + 2p* + a*}1y(az)

—apze P*{(p* — a*)z + 3p}I,(az)].

1

(3.4) /Oze'f’xll(ax)dx = ;[Ie(a/p, pz) + e Ply(az) — 1].
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(3.5) foze"”‘ll(ax) xdx

1
p(p* — a*)

(3.6) j(;ze “P?L,(ax) x dx

[aIe(a/p, pz) — pze ?*{ pI\(az) + aly(az)}].

) [(3a* — 2p?)L(a/p, pz)
—aze Pl (az) — {a®pz + 2(p* — a*)}e PIy(az)
+2(p? - a?)].
1 a2) a? — 4p2s?
3.7 e P*'I)(ax) x dx = —ex | ———————1I/(k,Z
60 ferinen = oo )1 - SR Lk 2)
1 2
— —exp\—pz°)I,(az),
4P p( P ) 0( Z)
where in (3.7)-(3.13),
dap:z , , a®
=P z=p2+3-, p>0
a® + 4p*s? e P

(3.8) fze"l”‘zlo(ax)x3 dx
0

2 az) a? — 4p%2?
= 1+—Jexp|— |1l ————=I(k, Z
4p* ( 4P) p( 4p a’ + 4p?z? o )

1 ) a’
~ — exp(-pz ){(1 + e + 2p22)10(az) + ale(az)}.

(3.9) fo 7L (ax) dx = = e)q>(4;){1—i (, z)}

a’ + 4p%z% ¢

1 , 1
+ 2aexp(—pz Vy(az) — .

z 2 a? a*— 4p’z
(3.10) Le'”*ll(ax)xzdx =;exp(4p){l ———2——-%—- (K, Z)}

8 2(=,xp(—p22){10(az) + 4—I (az)}

2, 1 1 a? a* — 4p*z?
-px == - = Rl - VA
(3.11) /(;e PXT(ax) x dx (4 2)exp( 4p){1 pE 4pzzzl,_,(k, )



(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)
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j:e"p"zlz(ax) x3dx

a? ( a> ) a? — 4pz?
= expl — |31 —————=—1I(k, Z
16p° P 4p a’ + 4p?z? L )

B 16p
/ze‘p"213(ax) x%dx
0

_a » a2 a? — 4p?z?
= 8——+32 exp| —— |31 ————*—1I(k,Z
8p? ( a? a* ) p( 4p ){ 2 pz ( )

2
-9 2 — gl _ 3P Pz —
szexp(—pz ){(1 802 32 T )Io(az) +4s Il(az)}

[eS) b2
f Jo(ax)ln(l +—2-)cos(cx)dx=zle(£,bc), c>a>0,b>0.
0 X C C

o 2
f Jl(ax)ln(l +-l%)sin(cx)dx
0 x

a

fole(ax Ytan™'(b/x)cos(ex ) dx

=—-{1—-e'b‘10(ab)—~1( bc)} c>a>0b>0.

e}
/ Jo(ax)tan™"(b/x)sin(cx ) dx = lIe(—, bc), c>a>0,b>0.
0 2¢ “\¢

where in (3.18)-(3.21),

(3.19)

(3.20)

®© 3 1 ab 02 - b2
px —_ — ,-Z
[) e J,(ax)JO(bx)dx——-za {1 e IO( 2p) prae I(k, Z)}
2ab a’ + b?
k= , Z= R > 0.
a’+ b? 4p p

fowe"”‘f}',(ax)J,(bx)x"dx
_1fa b (b a\a®-p?
_4{b+a+(; 3) a® + b’ *’(kz)}

S fh (5 2ol ) +(2))

fowe"’xflz(ax )o(bx) x dx

_ 1 a*\ _, [ ab
—a"-{l (1+2_1;) 10(2p)+2+b“(k2)}

=Z{Ie(%,bc)+e"’clo(ab)-—1}, c>a>0,b>0.
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(3.21) foooe"”‘z.lz(ax)J,(bx) dx

_ b -z ab ab a’—
=Ll {’0(2,;)”1)’(2,;)}* 2+b2 Lk 7).

®© 2
(3.22) fe"”‘]o(ax)erf(bx)xdx
0

b | 2Yp + b? ( 2) ( )
= | ———exp| — | L(k, Z
27| prap? T\4
1 a? a?
+ ex 1
/p + b2 p{8(p+b2)} 1 8(p+b?)
where in (3.22)-(3.24),
2 2
k=—2 z:“—(1+ b ) p>0.
p+2b? 8p p+b?
2byp + b2

(3.23) f:e-ﬂxz],(ax)erf(bx) dx = exp( % ) I(k,Z).

a(p +2b%)

(3.24) foce“‘”‘zlz(ax Jerf(bx) x dx
0

) Vp + b?

p p+2b2(1_4f)exP( p)I(k Z)

1

a? } [ a?
=+ exp I
2p + b {8(P+b2) | 8(p + %)

o 2 2
'PXZ 2 =
(3.25) fo e=?*I(ax*)J,(bx) dx o I(k,Z),
where in (3.25)-(3.31),
a _ pb?
k==, Z=—"4"_ >a>0.
P T N

(3.26) fooe"”‘zlo( ax?)J,(bx) x dx
0

2P2_02
I(k,Z) —

1 b?
— ) expy— P I,
pb* ‘ 2{p? — a? 4(p* —a?)
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(3.27) fooe“”‘zll(axz)Jo(bx) x dx
0

1 p pb? ab?
= — | —f—exp{- 1
2a) \p>—a? xp{ a(p?—a) ) | 4(p* — a?)

(3.28) foooe‘p"zll(axz)ll(bx) dx

(3.29) '/me“”"zll(a)«:z)Jz(bx)x‘l dx
0

b 1 pb?
" 16a 2 2exp _4( 2 _ g2
p-—a p*—a?)

+

+a(1 —47%)1,[:@%5}}
FE
P

a2
1+ 16;;)1e(k,2)—1 .

(3.30) fwe“”‘zll(axz).@(bx) dx

I(k Z)— b—zexp{—i-—}
da\p? — a? 4(p* —a?)

ab? ab?
‘{pI'L(pz—az) a(p?—a )H '

+ al,
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(3.31) '/;)we'PXZIZ(axz)JO(bx) x3dx

= 1 exp{— pb }
‘[{4a2P(P2 —a’) = a’*(p* +a*) — 8p(p* — a?)’}

b2
+2a%D%pl| | ————
“ve 'L(f—f)”

ab?
g —%
0[ 4( p* — a?)

2 2
1 p-—a
+—2{1 ———;—Ie(k, Z)}

a

Appendix— Derivations. In this appendix derivations of the above results are
summarized:

(2.1) Integrate by parts, with u = I(k, x) and dv = e ?* dx.

(2.2) Differentiate (2.1) with respect to p.

(2.3), (2.4) Integrate by parts. Use (3.2) and (3.3), respectively.

(2.5), (2.6) Give series expansions for I,(k, x) in powers of x. The results follow
by use of the Beta integral. Refer to [7, art. 5.7.1 (21)]; [8, appendices]; or [9, art.
9.261 (2)] for definition of ®,.

(2.7) Use the series expansions in powers of x. Refer to [7, art. 5.7.1 (6)]; [8,
appendices]; or [9, art. 9.180 (1)] for definition of F.

(2.8) This is a limiting case of (2.1) as z > oo.

(2.9)-(2.11) Differentiate and integrate (2.8), respectively, with respect to p.

(2.12) Integrate by parts, with u = I (k, x) and do = x D dx.

(2.13) Let » = } in (2.12). Refer to [15, art. 1.13 (13.5)].

(2.14) Integrate by parts, with u = I (k, x*) and dv = J,(ax) dx. Employ [16,
(7h).

(2.15) Integrate by parts, with u = I(k, x) and dv = J, |(ax) x~” dx. Employ [8,
art. 4.16 (13)] after replacing a by ia. Refer to [7, art. 5.7.1 (9)]; [8, appendices]; or
[9, art. 9.180 (4)] for definition of F,.

(2.16) This integral is a special case of (2.15) with » = 0, in which [18, art. 4.1 (1)]
is useful.

(2.17) Integrate by parts, with u = I (k, x) and dv = K,(kx) dx. Employ [17, art.
4.3 (1)}

(3.1) Substitute x = pt into the integral representation of the I -function in the
Abstract and reidentify k as a/p.

(3.2), (3.3) Differentiate (3.1) with respect to p.

(3.4) Integrate by parts, with u = e ?* and dv = I|(ax) dx.

(3.5) Differentiate (3.4) with respect to p.

(3.6) Combine (3.2) and (3.4) via [9, art. 8.486 (1)].

(3.7) Use the relation between the Marcum’s Q-function and the I -function. Refer
to [16, (25)].
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(3.8) Differentiate (3.7) with respect to p.

(3.9) Integrate by parts, with u = e ?* and dv = I,(ax) dx.

(3.10) Integrate by parts, with u = xI,(ax) and dv = xe ?*" dx.

(3.11) Combine (3.7) and (3.9) via [9, art. 8.486 (1)].

(3.12) Combine (3.8) and (3.10) via [9, art. 8.486 (1)].

(3.13) Combine (3.10) and (3.11) via [9, art. 8.486 (1)].

(3.14) Multiply [9, art. 6.695 (2)] by 8, and then integrate with respect to 3.

(3.15) Employ [9, art. 6.718 (3)] with » = 1. Multiply both sides by B, and then
integrate with respect to .

(3.16) Employ [9, art. 6.718 (4)] with » = 1. Multiply both sides by 82, and then
integrate with respect to 3.

(3.17) Integrate [9, art. 6.695 (3)] with respect to .

(3.18) Combine [16, (21) and (25)].

(3.19) Combine (3.18) and (3.21) via [9, art. 8.486 (1)].

(3.20) Employ [9, art. 6.633 (2)] with p = 0, and then combine this result and
(3.18) via [9, art. 8.486 (1)].

(3.21) Use a procedure similar to that for (3.20). Here let p = 2 and then combine
it with (3.20).

(3.22) Integrate by parts, with ¥ = erf(bx) and dv = e"""llo(ax)x dx. Employ
[16, (10), (62) and (25)].

(3.23) Integrate by parts, with u = erf(bx) and dv = e 7*] (ax) dx. Employ [16,
(14), (63) and (25)].

(3.24) Combine (3.22) and (3.23) via [9, art. 8.486 (1)].

(3.25) Multiply [16, (71)] by b, and then integrate with respect to b.

(3.26) Combine (3.25) and [16, (71)] via [9, art. 8.473 (1)].

(3.27) Combine [16, (72) and (25)].

(3.28) Combine [16, (80) and (25)].

(3.29) Combine (3.28) and (3.30) via [7, art. 7.2.8 (56)].

(3.30) Employ [9, art. 6.651 (6)] after letting » = 2 and replacing 8 by i. Multiply
this equation by y>, and then integrate it with respect to v.

(3.31) Differentiate [16, (71)] with respect to g. Combine this result and (3.27) via
[9, art. 8.486 (1)].
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