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An Analysis of the Box and Trapezoidal
Schemes for Linear Singularly Perturbed
Boundary Value Problems

By Richard Weiss*

Abstract. Stability and convergence results are derived for the box and trapezoidal schemes
applied to boundary value problems for linear singularly perturbed first order systems of
o.d.e’s without turning points.

1. Introduction. Most numerical methods for singularly perturbed boundary value
problems in ordinary differential equations analyzed to date utilize some upwinding
procedure. So they are applicable only if the underlying problem exhibits some
special form or can be transformed to such a form by analytic techniques; see
Abrahamsson, Keller and Kreiss [2], Kreiss and Nichols [6], Ringhofer [9].

Frequently, however, such explicit transformations are not available. Then one has
to resort to some standard difference scheme combined with an adaptive mesh
selection procedure. Successful computations of this kind have been reported with
the trapezoidal scheme by Abrahamsson [1] and by Ascher, Chnstlansen and Russell
[3] and Maier [7], who have used collocation methods.

Recently, Ascher and Weiss [4] have set out to investigate the applicability of a
particular class of difference schemes, i.e. collocation with piecewise polynomials, to
singular perturbation problems. They gave a detailed analysis of these schemes when
applied to singularly perturbed first order systems with constant coefficients.

The present paper provides the basis for the extension of these results to more
general problems. We provide an analysis of the box and trapezoidal schemes
applied to boundary value problems for linear first order systems with variable
coefficients (without turning points). The box and trapezoidal schemes are the
simplest members of the families of collocation methods based on Gauss and
Lobatto points, respectively.

We consider the system of n + m equations, with n equations singularly per-
turbed,

(1.1) ey’ = A, (1,e)y + A,(2,€)z + f1(1, ¢),
(1.2) 2 =A,(t,e)y + Ap(t,e)z + f,(t,e), 0<t<l,e>0,
plus the boundary conditions

(13) By(3)© +B,(2)(1) =8
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The matrices 4,,(¢, €) and the right-hand sides f,(¢, ¢) are assumed to be smooth on
[0, 1] X [0, &,], for some g, > O.

A key assumption for our analysis is the existence of a smooth matrix-valued
function E(¢) such that

(1.4) E~'(t)A,,(1,0)E(t) = diag{A,(¢),..., A, (1)), O0<t<l,
i.e. that 4,,(¢, 0) can be diagonalized by a smooth transformation, and that
(15) ReA, (1) <0, i=1,....,n_<n,
’ ReA,(t)>0, i=n+1,....,n,n_+n,=n.

Our analysis shows that the box and trapezoidal schemes perform well provided
that

(i) the conditions (1.4) and (1.5) are satisfied,

(ii) (1.1), (1.2) and (1.3) represent a well-posed boundary value problem, uniformly
in g, .

(iii) the n X n matrix

E-'(0)
E3'(1)

is nonsingular, where E~(0) stands for the first n_rows of E~'(0) and E'(1) denotes
the last n, rows of E~'(1), and

(iv) a sufficiently fine grid with gridspacings of size comparable to ¢ is used in the
layer regions (and a “coarse” grid, just fine enough to resolve the reduced solution, is
used on the remaining part of the interval).

While condition (1.4) can be relaxed, all other assumptions are essential. In
particular, the methods do not work without the fine grids in the layer regions since
the errors in the layers otherwise pollute the solution on the whole interval. The
structure of grids suitable for the layer regions depends on the desired accuracy in
the layers, on the eigenvalues of A,,(0,0) with negative real parts and on the
eigenvalues of 4,,(1,0) with positive real parts, respectively. For instance, equidistri-
bution of the local truncation error leads to the following grid generation rule at
t = 0: The local truncation errors all have approximate size § provided that

h, = (8/¢)" %, hj=hj_,exp{—%hj_l/e>,

where c is a constant, p = max,_, _,{ReA,(0)) and 4; denotes the jth gridspacing,
counting from ¢ = 0. This strategy is employed until the contribution of layer has
decayed to &, i.e. until 1 = —pelnd. The number of gridpoints on the interval
[0, —peln 8] generated by the above procedure can be shown to be proportional to
8-'72, Note that it is independent of .

When these grids for the layer regions are combined with an appropriate coarse
grid in the interior of the interval, the local truncation error of a suitable general
solution of (1.1), (1.2) is kept below some threshold for all meshpoints on [0, 1],
uniformly in e. Still the schemes do not perform satisfactorily unless condition (iii)
holds. This is in contrast to the common opinion that meshes based on the
equidistribution of the local truncation error are always safe to use.

We conclude this section with an outline of the paper. In Section 2 we collect a
number of basic analytic results on linear singularly perturbed boundary value
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problems which will be required in the analysis of the difference schemes. The
schemes are defined in Section 3. Section 4 contains a stability result for scalar
variable coefficient problems. In Sections 5 and 6 we present the analysis for the box
and trapezoidal schemes, respectively, and some numerical results illustrating our
theory are given in Section 7.

2. Analytic Preliminaries. Here we collect a number of well-known results for
linear singularly perturbed first order systems; for details see O’'Malley [8], Kreiss
and Nichols [6].

We consider the first order system

(2.1a) ey’ =Apy+ Apz+fy,
(2.1b) 2'=Ayy +Apz+f,
where y, z are vectors with n and m components, respectively, and where 4, =
(a(t, €)), f; = f.(t,€), i, j=1,2. For simplicity of presentation we assume that
A, f; € C=([0, 1] X [0, &,]) for some positive &.

We assume that

01,

(2:2) A4(2,0) = E(1)A(1)E™'(2)
with £ € C*[0, 1] and

(2.3) A(r) = diag{A,(1),..., A, (2)}
where

(2.4) Re\,( S b |
. At
eA, (1) >0, i=n+1,...,n,n+n,=n,t[0,1].

Given an m X n matrix-valued function L € C'[0, 1], the linear transformation

(2.5) r=y, s=z—¢lLy

applied to (2.1) yields ‘

(2.6a) er' = (A, + eA,L)r + Ay,s + f,,

(2.6b) s'=(—¢eL’ — LA, + e(ApL — LA,,L) + Ay)r

+ (Ay — LAyy)s — Lf, + f,.
If L is chosen so that
(2.7) eL’ = —LA, + e(ApL — LA,L) + A4,,,

then (2.6b) is uncoupled from (2.6a). It is a consequence of (2.2), (2.3), (2.4) that for
any k > 0 and ¢ sufficiently small, say e < ¢,, there is a solution L € C¥[0,1] of
(2.7) which satisfies

k

>

j=0

L

gconst, O<exeg.

dt’

(| - || is the maximum norm.) This L has an asymptotic expansion in powers of ¢,

L=1L(t,¢)= i Li(t)e + O(e*"),
j=0

which can be determined by equating powers of ¢ in (2.7).
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With L chosen in this way, (2.6a, b) become
er' = (A, +ed,L)r+ A,s + f,
s'=(Ayp— LAy)s — Lf, + f,,

This system can be simplified further by the linear transformation

(2.8) u=E'r, ov=s
which yields

(2.9a) eu' = (A + €eB,))u+ B0 + g,
(2.9b) v’ = Bv + g,

where

By (t,¢) = E_l(’)[(An(” e) — Ay (1,0))E(¢)e”!
+A, (1, e)L(1,€)E(1) — E'(1)],
By(t,€) = E'(1)A4,,(z, ),
By (t,€) = Ap(t,€) — L(1, €) Ayy(1, €),
gi(t,e) = E'(1)f(1,¢),
g:(t,e) = fo(t,€) = L(2,€)f,(z, €).

The system (2.9) is a very convenient basis for further analysis since the equations
for u in (2.9a) are a diagonal system, up to a matrix of size . In particular, using a
contraction mapping argument as in Kreiss and Nichols [6], it is easy to obtain a
representation of the general solution of (2.9) which completely reveals the structure
inherent in such systems.

In order to state these results we introduce some notation. Let P.€ R"-*" and
P, € R"+*" be the linear maps defined by

xl xn-+| X
P x= , P.x= : , X =
x"_ -x.” Y”
Also, let
(2.10) Hw=g

be a shorthand notation for (2.9), with

(u(r) (&)
wie) = (v(z))’ g(1) = (g:(z))‘

Then we have the key result

THEOREM 2.1. The system (2.9) subject to the boundary conditions
P—“(O) =7n_€ R"™, P+“(l) =7n,€ R", U(O) =1 € R™
has a unique solution provided ¢ is sufficiently small, say ¢ < &,. This solution satisfies

(2.12) lIwll < const(ligll + [ln_ll + lln.ll + lImol), 0 <e<e,.



BOX AND TRAPEZOIDAL SCHEMES FOR SINGULARLY PERTURBED PROBLEMS 45

An asymptotic expansion argument combined with this theorem yields

THEOREM 2.2. For any k > O there is a ( particular) solution w,(1) of (2.9) (or
(2.10)) which satisfies

k

(2.13) Y

Jj=0

d'w

dr’

< const, 0<ex<e,.

Using Theorem 2.1 we can define matrix solutions W_, W, and W, of (2.10) with
g = 0in the following way:

(1)
m: ( U- )’ U_e Ran_,
0
eU'= (A +¢eB,)U; PU©0)=1, P,U(1)=0,
(i)
W+= (({; ), U+E R"X'N,
U= (A +¢B,,)U,; P.U,(0)=0, P,U,(1)=1,
(ii1)

U
= e (n+m)Xm.
%(%)R :

HW, =0, V(0) =1, P.U(0)=5(e), P.U(1)=5,(e),

where (according to Theorem 2.2) the matrices S_, S, € R"®>" can be chosen such
that

d'W,
dt’

(2.14) Y

J=0

< const, 0<ex<e,.

With the aid of these matrix solutions and the particular solution defined in
Theorem 2.2 we obtain the desired representation of the general solution of {2.9).

THEOREM 2.3. Any solution w of (2.9) can be written as
(2.15) w=Wry+ W.y,+ Wy, +w,
with y_€ R"-, vy, € R"+ and y, € R™.
The standard method yields the existence of the asymptotic expansions

U(r)= ZO U (t/e)e/ + O(<*),

k
(2.16) U, (1))=Y U, ((1 = 1)/e)¢/ + O(e**),

J=0

W) = L Woy()e/ + 0(e-*).
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It is clear that

@ ue FEOYI) v in - o)

where
(2.18) A _(¢) = diag{A,(1),..., A, (1)}, A, =diag{\, , (1),..., A, (D)}

Now we return to (2.1) and assume that boundary conditions

(2.19) Bo(e)(2)(© + Bi(2)(%) 1) = B(e)

are given, where B;, B, and B8 depend smoothly on ¢. By the transformations (2.5)
and (2.8) these boundary conditions are changed to

(2.20) Co(e)w(0) + C,(e)w(1) = ¢(e).
Substituting (2.15) into (2.20), we obtain a linear system
(2.21) M(e)y = £(e)

fory = (Y, Y, Yo)- The matrix M has an expansion
k
M(e)= ) M + O(&*).
1=0
For the sequel we assume that M, is nonsingular. This is equivalent to assuming that

the boundary value problem (2.1), (2.19) be well posed, uniformly in ¢, i.e. that

i

h

(2.22) II)Z)“ < const( + |]B]|), 0<e<e,,

with a constant independent of &.

In the analysis of the numerical methods we shall require certain representations
of the general solution of (2.9) not only on the interval [0, 1] but on any interval
[ £} with 0 < ¢ < ¢ < 1. This is achieved by defining W_, W, W, as previously,
but with 7 =0 and ¢ = 1 replaced by r =t and 1 = . W_, W_ and W, so defined
have asymptotic expansions analogous to (2.16). Of course, ¢ and f now enter into
the coefficients of these expansions. For instance, corresponding to (2.17) we have

xp( A —1)/¢ 0
(2.23) U= (P09, U+0=(exp(A+(t')(t—t-)/e)'

Denoting by (U.), and (U.), the /th column of U_and U _, respectively, we obtain
from (2.23) and (2.9) the following estimates:

d'(U A
(2.29) ”% < const e ‘(exp{Re A, (2)(t — ) /e) + O(¢)),
tl
t<t<fl=1,...,n_,i=0,1,..., k,
d'(U
“—-—((71-)—' < const e"(exp(Re A, (D - t')/s} + + O(e)),
t -

t<t<stl=1,...,n,,i=0,1,... k.



BOX AND TRAPEZOIDAL SCHEMES FOR SINGULARLY PERTURBED PROBLEMS 47

3. The Difference Schemes. On [0, 1] we introduce the partition
(3.1) A={0=1t<t,<: - <ty<ty, =1
and define h, =1, — t;, t,,, = (t; + 1,,,)/2,i=0,..., N.

i

The box scheme for (2.1), (2.19) is

Yiv1r — Vi Yty z; tz
(3.2) £+—lh—=All(ti+l/2) ) +] +A|2(ti+l/2) 2 '+‘l'+f|(’,+|/2)’
Z, - zi yi +yi Z, + Z,
'HT‘ = A21(1i+l/2)_—2—ﬂ + A22(t:+l/2) 3 1 +f2(t,+|/2)’
i=1,...,N,
Y1 IN+1) _
(3.3) B°(2|)+B'(Z~+|)_B'

(For reasons of brevity we do not indicate the potential dependence of 4, +fi» Biand

Bone)
In the trapezoidal scheme, (3.2) is replaced by

Yier =% An()y + Aa( ) vy An(t)z + A5(8, )z,
T T 2 * 2

+ £i(2) +2f|(’,+|) ’

(3.4)

i1 T4 _ Ap (1) y, + 45 (1,01) Y0 + Ap(t)z + Ay (1, )z,
i 2 2

+ fZ(tl) +2f2(tl+|) ,

i=1,...,N.

An important step in the analysis of the difference schemes is a transformation of
the discrete variables (x;, y;) analogous to the transformation of (2.1) to the form
(2.9). Introducing the new variables

(3.5) (Z) _ [ E7'(5) 0)(y,-

—eL(1,) IJ\?
we obtain, after some straightforward algebra for the box scheme (3.2),

), i=1,...,N+1,

1

i 2
(3.6) v -0 | = B(tH-l/Z) o+v,, |t R[u,u.,\,0,0,]
__h,——— L
E_I(ti+l/2)f1(t:+l/2) \ .
+ , i=1,...,N,
_L(ti+l/2)fl(t1+l/2) +f2(ti+l/2)}
where
A(t) +€eB,,(t) B, (¢
(3.7) B(t)=( ( ) € ”( ) |2( ))
0 By (1)

and where the R, are linear maps from R*"*™ in R"*™ with
(3.8) IRl < Kh,, i=1,...,N; K= const.
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The corresponding equations for the trapezoidal scheme (3.4) are

(3.9 Oi+l2_ v, =%{B(t,)(z:)+3(t,+|)( 'H)} + R [u, u,0,0, 0]

1

+..2_. ch,

L i=1,..
:+|/2) I f(2) + f(050) :

where the R, are maps analogous to the R, and they satisfy an analogous estimate.

Part of the analysis of the difference schemes will be based on (3.6) and (3.9)
rather than on (3.2) and (3.4). Note that due to the occurrence of the R, f(,, 3.6)
and (3.9) are not precisely the box and trapezoidal schemes for (2.9). This would be
the case only when E and L are constant matrices.

For the analysis of these schemes we assume that the partition A has the following
structure: The meshspacings 4, are comparable to e fori = 1,..., N®andi = N —
N +1,..., N, where NO N are given. In between, i.e. for i = N® +1,..., N
— N®, no such restriction is posed on the size of the gridspacings and we will show
that the choice h, > & is feasible.

E7Y( ,+|/2) 0][f|(-ti) + fi(tis))

N0 4

index of meshpoint 1 ~ N-N N+1
\
wh‘:ﬁ&:' . @ - \ \‘
t=0f “ A ” P ';l # Rt= ’

index of meshspacing I hN(o)

FIGURE 3.1. The grid

+1

4. A Stability Result and Notation. Here we establish an estimate for the solution
of the difference equation arising from the discretization of linear scalar singularly
perturbed differential equations. In the subsequent sections this result will be used
for the treatment of vector systems. Also, we introduce some shorthand notation.

To state our estimate we shall employ a grid

(4.1) O<sm<m< - <m<m7,, <l1),

which in later sections will be identified with different portions of the grid (3.1). As
before, let

h,=1,,—1, Torp = (1 +7.1)/2, i=1,....1,

and in addition, let
(42) h=max{h|i=1,...,1I}), A()=a(t)+iB(t), 7 <t<7,,,
witha, 8 € C[7, 7,,,}, a(?) < 0,7, <t < 7/, and define
a=min{a(r)|n <1 <7),  &=max{a()|n <1<,
yi= max{(B(t)/a(t)) Im<t< Tl+|>
o= —has2e, p=(l +0)’ + o272
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Then we have

LEMMA 4.1. The solution {y,,..., y,, ) of the recursion
(4.3) e&—*—'h—_——x( +I/2)1'—*'—))‘= =1,
satisfies
vl < yilexpla(s = m)/ep) + 10 maX(IfIJ N R N

Proof. Let w be a complex number with £ = Rew < 0 andn = Imw/§. Then

‘l+w2=(l+§)2+§2n2=1+_—_4§—

Pmel a-gi+ g (1- ) + &
< exp{4g/((1 = )" + £27°)),

whence

(4.4) ‘ : b Z}s exp(2£/((1 = &)* + £20%)).

Rewriting (4.3) as

1+ w

i hi -1
y'+l_yl(1-o)l)+€(] wi) fl’

where
(4.5) W, =}‘(",+|/z)h1/2€»
we obtain the solution

@6 5= |TI (=]

g=1Li=s+1 1 -w

h _ 4w
—e—( —wj) 'fj+ll:[l(l—4_——w-f)y,.

By (4.4) and (4.5)

(4.7)

l +w
l < exp{a@h,/pe).

Hence, by (4.6)

i—1

Iyl <e'max{|fl|j=1,...,i— 1} 3 hexp{@(r, — 1,,,)/pe)

J=1

+ylexp{a(r, — ) /pe}, i=1,...,1+1.

The lemma follows since

i—1

&' ¥ hexp(a(s, — 7.1)/pe) < &' [“expla(n, = 5)/pe) ds < p/lal. O
J=1

U

Note that Lemma 4.1 is mainly useful when A < K¢, where K, is a constant, and
when the ratio of imaginary to real parts of A(z) is of reasonable size (i.e. the
problem is not highly oscillatoty).
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Now we introduce some notation. Given a grid (4.1) and vectors or matrices
s;€ R',fori=1,...,1+ 1(ori=1,...,I)and some integer /, we set s, = {s,,...,
Sy (orsy ={s,..., 5;)). We define

llsall = max{lisll, i = 1,.... I + 1)

and analogously for the other case, where ||s,|| is the maximum norm of s,. Given a
function s € C[r,, 7,,], we define the restriction of s to the grid,

As = {s(7}),...,s(7.))).
By c,. c,,... we shall denote positive constants.

S. The Analysis of the Box Scheme. The analysis proceeds in two main steps: First
representations of the general solution of the difference equations (3.2) viz (3.6) are
derived separately for each of the intervals [1,, tyo, ), [tyo, ), Inoyoriy)s
[ty-nw41 1), and these representations are related to the general solution of the
differential system (2.1) viz. (2.9). Then the three representations are combined to
yield the general solution of the difference equations on the whole interval [0, 1], and
the remaining free constants in this general solution are determined through the

boundary conditions (3.3).

"~ 5.1. The Interval [t,,tyo,,]. Here it is convenient to use the transformed
difference equations (3.6). We write these equations for i=1,..., N + 1 in
compact form as

(5.1) [ ] [ié: 1}2“ [ ]

where
Uy =A{uy,...,uyoy )y vy ={0,..., 0p0, ),
u~+| - u, + u+|
Il 5_"_,,““‘— A(’.+ 1/2)— 5
L[uA]_ . o : i=1,...,NO®
Aloa]| |72 T\ Um0 v,+v,,., [’ T Raeees B
Ly o : h '_BZZ(ti+l/2)—’ 2""

The LY stand for the remaining parts of the difference operator, and g}, g3 contain
the inhomogeneous terms. From (3.7) it is clear that
(52) LML NERN < (A +e), A= max{h|i=1,..., N®),
and | L% < ¢,
Now we impose boundary conditions
(5.3) Pu =n_€R", Puyo,, =1,€ER", v, =n,€R"
and proceed to show that (5.1) subject to these boundary conditions has a unique
solution provided that
(5.4) h;<Kype, i=1,. ,NO

with a suitable constant K.

We begin with a discussion of the structure of the difference operator L,. The first
n components, Lyu,, are scalar recursions which can be analyzed with the aid of
Lemma 4.1 in the following way: When treating the first n_ of these recursions,
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which belong to the eigenvalues of A with negative real parts (see (2.4)), the grid
(4.1) is identified with the grid (0 = ¢, <1, < --- < {tyo, ), i.c. with the fine left
end portion of the grid (3.1). And the function A(?) of (4.2) is replaced by A, (¢) of
(2.3) when considering the ith recursion; i = 1,..., n_. When dealing with the
remaining n, recursions, the grid (4.1) is again identified with the fine left end
portion of the grid (3.1), but now according to the labeling 7, = tyo .| — tyo,,_;,
j=1,..., N9+ 1. And for A(¢) of (4.2) we take A,(tyo,, — t),i=n_+1,...,n.
Then it follows from Lemma 4.1 that the problem
LlA“A =8 Pu=m, Pouyo,, =1,
has a unique solution for all g,, 7_, 7, , and this solution satisfies

(5.5) Nugll < lln_ll + lim Il + dligall,
where the quantity d is the largest of the constants p/|a] obtained from Lemma 4.1.

When A_= K¢, thend = d(K,) in (5.5) is
(5.6) d=((1 - Koa/2)" + Kia7%/4) /1.

The last m components of L, are easily analyzed as well. It is clear that the
problem Lv, = g4, v; = 7,, has a unique solution for all g,, n, provided that

(5.7 h_< ||Byll/4,
and this solution satisfies
(5-8) lleall < e(limoll + ligall), e = const.
Applying the estimates (5.5) and (5.8) to (5.1), (5.3) and using (5.2), we obtain

lNuall < llmll + lin Il + d{c,(h_+ e)lluall + c;llvall + lI AN}
lloall < e{limoll + ¢, (A_+ e)(luall + llvall) + 1821}

When

(5.9) c(h+e)(d+e+c,de) < (2-V2)/2,

this yields the final stability result for (5.1):

lluall < 2mil + lin. 1l + dlighll + dee(linoll + I1g21)),

<
(5.10) _
lloall < 2eflimoll + ¢, (A_+ &)(ln_il + llm.ll + Nghll) + 221}

Next we state a representation of the general solution of (5.1) which is the discrete
counterpart of the representation (2.15) and is a simple consequence of (5.10). For
reasons of brevity we write (5.1) as

Hywy, = ga.
THEOREM 5.1. The general solution of (5.1) on [y, ty@ ] can be written as
(5.11) wa =W+ Wan, + Wng +w, 4,

where

NO4
Jj=1

it = (i;5-0)
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with
W- = W € R(n+mxn. W+ = U e R+ myxn,
1" v , 1 Vi ,
A
17
are matrix solutions defined by
Hy Wy =0, P U =1, P, \Uyo,, =0, V=0,
HyWe =0, P UY =0, P, Uie,, =1 W =0,

Hy l%o =0, P IUIO =5, P, IUA(I)“”+I =5 IVIO =1,

w _ Iup.A
1"p.A va,A

Hy W, a =8 P_u,,=Pu,0), P, Wy vy = Pouy(tyor, ),
v, =9,(0).

1%p.1

and

is a particular solution defined by

Here the matrices |S_and S , are defined by

IS—= P Uo(O) IS = P UO(’N“”*—I)
where Uy(t) is the “upper part™ of W,(t) (see Theorem 2.3), and w (1) = (u,(1), v,(1))
is defined in Theorem 2.2. (The subscript “1” in \W ~*° and so forth tndtcates that the
representation (5.11) is valid for the first portion of the grid (3.1).)

It is clear that W% and 1W,.a are approximations to W, () and w,(¢). Because of
the estimates (2.13), (2.14) and of (5.10), the standard consnstency plus stability
argument yields
(5.12) W — AWl < c;h2,

(5.13) lWp.a = Bw,|| < c3h2.

Also, \W,™ and W, are approximations to W.(t), W () on [0, ¢y, ,]. However,
since negative powers of € occur in the estimates (2.24), the derivation of bounds
analogous to (5.12), (5.13) is more delicate. First we consider the local truncation

error Hy[AW]: From (5.2) and (2.24) it follows that the local truncation error of .the
{th column of W_is

[A(U) ] N“’" I=1,...

i=1

withr, = (r,),..., 1, )T,

h\?
Il < ((:) +h,.)(exp(ReA,(O)t,-/e)8k,+e), k=1,...n,

and
lIs;ll < c4h,(exp{Re A, (0)t,/€} + ¢),
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fori =1,..., N. Here §,, is the Kronecker delta. If the grid is such that

(5)

for a given “tolerance” §, then, using (5.10),
(5.15) W = AW < csb.

An efficient way to achieve (5.14) is to equidistribute the principal part of the
local error, i.e., to determine the grid such that

(5.14) <8, i=1,...,NO,

(5.16) c‘,(%)zexp(Re A (0)t,/e) = q(%)z =34.

Taking the (an) / for which Re A,(0) is smallest in absolute value, this leads to the
strategy already developed in Ascher and Weiss [4],

(5.17) h, = h exp{—ReA,(0)t,/2¢}, i=2,...,NO,
h, = (8/c,)"%e.

This generates an increasing sequence {(A,|i=1,..., N®). Of course, now the
question arises whether #_= hyo obtained in this way is not too large for the
previous existence theory to be meaningful. An estimate of the magnitude of 4o
can be obtained in the following way: It is natural to terminate the strategy (5.17)
once a value ¢y o is obtained such that

exp{Re A, (0)tyo/€) = 8,

i.e. when the contribution of the layer has decreased to the magnitude of 8. Then,
using (5.16),

hN(O) 2 12
Gl= ) 8=8  hyo=ec/%

So the constant K, in (5.4) has the magnitude of ¢}/, essentially independent of e.

Equation (5.15) expresses the fact that W, is an approximation to W.(¢) on the
fine grid, provided the grid is selected according to (5.14). Given such a grid, we now
analyze W' . The reason for determining the grid on the basis of ,#,~ and not on
the basis of |W," is that \W,~ will contribute significantly to the general solution of
the difference equation (3.2) on the whole interval [0, 1]. The contribution of \W," on
the other hand will turn out to be insignificant, once the representations of the
solution on the three subintervals are combined to one representation valid on [0, 1].
Note that there is no analytic counterpart to ;" in (2.15).

We write

L]A+
(5.18) Wy = (:V:)

and consider P, \Uy,". This is a set of N + 1 matrices of size n, X n,. For
i=1..., N9+ 1 we denote the /th column of the corresponding matrix by u/, so
that

n, }N‘°’+I

P = {(“:/')/=1

=1
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Then we decompose u! in the form

(5.19) ul=¢e +nl, i=1,..,NO+1qoeRrR",
wheree, = (0,..., 0,1,0,..., 0)7 is the /th unit vector, the scalars £, are defined by
- +
(5.20) eé—“h—i - )\k(t,+,/2)§’——2—£'+—' =0, i=1,...,NO%k=n+1,
Evoyy =1,
and where the vectors 1/ will turn out to be small. From (5.20) it follows that
N~ w
¢, =11 z,
= 1+
where w; = A (¢, ,)h,/2¢. By (4.4)
l —w

/]
l+wl

< exp{—ah,/pe),

where a = ming_, .,  (ReA (1)), andp = (1 + 0)* + o*y* witho = h_a/2e,

ImA, (1))’

a= Re A, (1)}, 72 = ]
« 0<:r2?,:m,,( N k( )} Y 04!12?30)”{(RCA/((1))

Thus

(5.21) ¢, <exp{—al(tyo,, —t)/pe), i=1,...,NO4+1.

On substitution of (5.19) into the equations defining ,W,", we obtain a system of
difference equations for the 5! and the /th columns of P_,U," and ,V,". This system
has homogeneous boundary conditions and an inhomogeneity of size ¢ + A_. Hence,
the stability result (5.10) applied to this system foreach /,/ = 1,..., n,, yields

(5.22) lmall 1P Ua 1l VATl < ¢ (h_+ €).

This completes the analysis of |W,.
5.2. The Interval [ty_yo,, ty,,]. The analysis proceeds in the same way as on
the first interval. So we only state the results.

THEOREM 5.2. If h; < h,< K&, i =N — NV + 1,..., N, with a suitable constant
K\, then the general solution of (5.1) on [ty _ nuw, |, Uy, ] can be written as

(5.23) wa =3Wan_+ W+ W + 5w, 4,
where the ;W,"*° are structured like the \W,"*°, and
Hy Wy =0, PyUy yoyy =1, P,yUy,, =0, 3Vh7—{v"'+| =0,
Hy Wi =0, P Uy oy, =0, P, Uy, =1, Wu-nwg, =0,
HA3WAO =0, P SU)?—N“’+I =35, P, 3U13+1 =35, 3V}\(’)~N"’+I =350,
and
Hy 3w, s = 84, Poyu, n yoyy = P_“p(’N—N<”+ 1)

P, Up N+ = P+“p(’1v+|)’ 30 N-N4 = up(tN-N“’+I)'
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Here the matrices ,S._, , are defined by
3= P Up(ty_nywrsy)s 38:=P . Uy(tni1)s 380 = Voltw_pmsi)s
where Uy(t), V,(t) are the lower and upper parts of Wy(t) defined in Section 2.

For ;"% we have the following estimates corresponding to (5.12), (5.13), (5.15),
(5.21) and (5.22):

(5.24) 1592 — AWl < c5h3,
(5.25) lsp.a = Aw, | < cgh?,
(5.26) IsWa" — AW || < ¢4

Uy N+1
R 3t .
Wa =( V‘)’ P Uy = {(“ )I-I}r—-N N4
3¥a
withu = §e,+nl,i=N-ND+1,..,N+ 1,9 € R",
(5.27) |, < exp{a(t, — ty_nywy,)/pe), i=N-NO+1,... N+1,

(5.28) mall 1P+ UK VATl < ejoe + AL).

5.3. The Interval [tyo ., ty_ym ). For brevity of notation we set i = NO + 1,
i=N— N®+ 1. Here it is convenient to work with the difference scheme in its
original form (3.2). First we consider the “reduced” problem

(529) 0= Ay(h110) 2 4 (1) 2 4

(5.29b) ‘z“'iLh":‘z“—Azl .+|/2)-¢“'"122(’,“/2)Z;'-%ZLL’L + 12
i=i,...,i—1,

with f! € R, f* € R™. Substitution of

(5.30) Zﬁiy';l= —AI_Il(tH»I/Z)(AIZ(tH-I/Z)f’—j-TZi'iL+f:l)

into (5.29b) yields

(5.31) 'z"'iljl":i = (Ay — 454714, )( :+|/2)L12:}-“fl

+1? - (A21AI-II)(t¢+I/2)fiI’ i=1i...,i-1
Let Z; € R™> "™ satisfy

zZ,, -2z Z+ 7 .
h = (A ~ A2|A|_|‘A12)(’1+1/2);‘2_:—" i=J,..,i—1,

ij =] ; j > i
Then the general solution of (5.31) can be written as

—1
(532) 2z, = ZIIZ_: + 2 h,Z,jH(I - hj(A22 - AZIAI—IIAI2)(tj+I/2)/2)-I
7=t

X(/;z_(AZIAI-II)(t/+I/2)[,l), i=i,...,1
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The general solution of (5.30) is
(533) 3= (=)', - 2/2:( D7) 5+ A3l (1y0)1))
= (=1 =Cl1,2,0) 7+ (= 1) TC(1410) 2
+ ’i‘ | (- l)i-l_j(c(tj—l/2) - C(’j+|/z))zj

Jj=i+1

i—l . .
-2 Z (— ])l_l_!,(‘?‘il{(’j+l/2)f'l,

J=i

where C = A;]A,,. The last sum in this expression can be written as

i1 o
(5.34) Yy (—1)'~I_j/‘il-ll(’jﬂ/z)fjl

Jj=i
(i-H/2-1
= X An(’,+2,+3/2)( ,+2,+| “]fisz)
Jj=0
(i-n/2-1
+ X (Al_ll(t_i+2j+3/2)-Al-ll(t_i+2/+l/2))f:il+2j
j=0

in the case when i — 7 is even, and in a similar way when i — i is odd.
From (5.32), (5.33) and (5.34) we obtain

LEMMA 5.1. Provided h = max{h,|i = i,..., i — 1) is sufficiently small, say h < h
then (5.29) subject to initial conditions specifying Vir 2i has a unique solution, and this
solution satisfies

i1
(5.35) llyall < Iyl +c..(||z_,-||+|m'|| A2+ LN = £

J=1
lzall < e (llz, ]l + AT + 1421).

Now we turn to the “ unreduced” problem, with &(y,,, — »;)/h, replacing O on the
left-hand side of (5.29a). We decompose the solution of the problem in the form

)’1=Y1’+"h} .. -

(5.36) Z,»=Z,-’+§, 1=1,...,1,

where y/, z/ stand for the solution of the reduced problem using the starting values
Yir 2 such that n; = 0, $ = 0. Substitution of (5.36) into the unreduced equations
ylelds

(5.37) Ay (tis2) s f'*'

+
l'—mi'l‘Alz(’,H/z)

€ €, , ,
= ;(nm - "h) - 71‘_()’:‘+| - )i )

ntn §i+§i . . -
=A21(’i+l/2)_2_+|+A22(ti+l/2)_—2—+—|" i=i...,i-1,

n_,=0, {_,-=0.

g‘i+l "{,-
h.

1
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Applying Lemma 5.1 to (5.37), we obtain

z

Imall < c..(;,—z—ef + 4e h}')(llmll + 141D,
min j=i

AR cl.( —,;gi)qmu + 151D,

min
where h ;. = min{h,|i = i,..., i —1). Hence if
2
(5.38) ec“(———-—+4zh}' <K<,
hoia 2
which we will assume from now on, then, by the contraction principle, (5.37) has a

unique solution which satisfies

K r K r
(5.39) [Imall < T—:—K-"'YA"’ lISall < T_"EHYA"-

We now derive a representation of the general solution of (3.2) fori = i,..., i —1.
For ease of presentation we abbreviate (3.2) as

Hyxy = fa-
A particular solution , x,, , is defined by
(5.40) Hyyx, 0 = fas 2%pi = xp(ti_)’

where x,(¢) is the particular solution obtained from w, () by inverting the transfor-
mations (2.8) and (2.5). Let ey =,x, » — Ax,. Then e, satisfies Hye, = I, e=0,
where [, = {I_,,..., I;_,) represents the local truncation error of x,(1). It is well
known that

; = ‘P(‘H»l/z)hi2 + O(h?)

for some smooth function ¢(¢). Hence it follows from Lemma 5.1 and (5.39) that

(5.41) lleall < €2

If the grid is locally almost uniform, i.e.

(5.42) hivy = hi(l + O(hi))’

then/,,, — I, = O(h?), and from Lemma 5.1 plus (5.39) we obtain
(5.43) leall < c3h°.

Both estimates, (5.41) and (5.43), are sharp, as will be shown by a numerical example
in Section 6.
The general solution of the homogeneous discrete problem can be written as

(5.44) xa=X{v% + Xay, Y €R™,y€ER",

Y,
- (2]

where
YA 0

0 _
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and
HX$ =0, Y= Yo(t), 20 =Zy(s),

1

HAXA=0’ )’,=1, Z_,=O.

Here Y,(1), Z,(t) are obtained from Uy(t), V,(¢) by inverting (2.8) and (2.5). The
same argument as used for the particular solution yields

(5.45) I1X2 — AXoll < er4h
and

(5.46) I XS — AXoll < ¢)sh?
if (5.42) is satisfied.

Applying the same arguments as in the derivation of (5.39) we obtain
(5.47) Y=(-1)"1T+%, i=i...,i
with
(5.48a) ¥l < K/(1 — K)
and
(5.48b) 1Zsll < K/(1 = K).

So up to a perturbation of size K/(1 — K') we have
(5.49) x,.=((“())'—'1), P=i..., i

REMARK. A key assumption for the analysis of this subsection was (5.38). If a
quasiuniform family of grids is used on [z, #;], then (5.38) is equivalent to requiring
that e < const A2, with an appropriate constant of size one. For such a quasiuni-
form family the analysis of this subsection can be extended to the case & >
const b2, :

5.4. Combining the Representations of the General Solution. Here we consider the
discrete boundary value problem consisting of Egs. (3.9) for i = 1,..., N and the
boundary conditions

(550) Pu =9, P+“N =My V) = Ny

This is the counterpart of problem (2.9) subject to the boundary conditions (2.11),
which is well posed, according to Theorem 2.1. We shall show that the discrete
problem has a unique solution and that this solution approximates the solution of
(2.9), (2.11) provided 8, & and K are sufficiently small.

On each of the three subintervals we have a different representation of the general
solution of the difference scheme:

(5.51) wa = Wi+ Wl + Wt g + W, s
on [¢,, t;], with n' € R"-, 3!, € R"+, 9}, € R™,

(5.52) wi =,Wyn* +, Wy n} +W, .4

on (¢, t;], withn? € R", 93 € R™, and

(5.53) wy = Wom + W+ W0 +3W, 8
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on [1;, ty,,], with p> € R™-, ’. € R"+ and 03 € R™. Here \W,"*°, ;W,"*? are as in
Theorems 5.1, 5.2 and ,W,, ,W, are obtained from X,, X; via the transformation
(3.5).

We now determine the parameter vectors 7' , o, 7%, 13, 7°_, o such that

(5.54a) Pul =1
(5.54b) ol =1,,
(5.54c) w = w2,
(5.544d) w2 = w,
(5.54) Poup =1,

Equations (5.54) are a system of 3 X (n + m) linear equations for the 3 X (n + m)
components of the unknown vectors. We shall show that this system has a uniformly
bounded inverse if 8, 4 and K are sufficiently small. Written out explicitly, Egs.
(5.54) become

(5.55a) P U+ P Uiy + P Uy =n_— P u,,,
(5.55b) Vol Vil + V0o = me — 10, 15
(5.55¢) 1"{,--"7'_"’ ,%*n'++ 1”?0'1:) —2%712 “2"{10'0(2) =M T W

(5.55d)  Wm® + W0nG — W — W, — W0y =g, s — o,
(5.55¢) P, Uy.m+ P, Uy, '+ P, 3U)\(l)+l"?) =N,= P, Ny
Most of the matrices in (5.55) have some special structure which is now discussed for
each equation.

Structure in (5.55a). By definition,

P U =1 P U'=0, P U’=S.
Structure in (5.55b). By definition,
=0, V=0, V=1

Structure in (5.55c). By (2.17) and (5.15),
W= (2O 4 o5) - 0(s)

By (5.22),

QS

n_xXn,

= L xn, | +O0(e+h),

=
+

|
QN

mXn,

and by (5.12)
WP =wo(1,) + o(h?).
By (5.47), (5.48), on using (3.5),

= (58] + o(x).
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By (5.45), (5.46), on using (3.5),
W0 = Wo(1,) + O(K'), = lor2.
Structure in (5.55d). By (5.47), (5.48), on using (3.5),

= ((—1)"‘15-'(:»
0

+ O(K).

By (5.45), (5.46), on using (3.5),
W0 = Wy(t;) + O(h"), I=1or2.

By (5.28),

In_xn_
W= Oy xn | +0(e+h,).

Oan_

By (2.23) and (5.26),
0

W= | exp(A, (1)(1;=1)/¢) | + O(8) = O(3).

0

By (5.24),

WD = Wo(1;) + O(h3).
Structure in (5.55¢). By definition,
P Uy =0, P Uy, =1, P UV, =;S,.

Hence, up to a small perturbation, the matrix of the linear system (5.55) has the
form indicated in Figure 5.1, where R stands for different nonsingular matrices,
rectangular matrices are indicated by S, and where the vector of unknowns is

(', n',, nb, %, 3., L M)
n.ngMmn.n.mn_n, m

nf{I S : (5553)
I (5-55h)

n- S| 4 S

nl [7]s]|E% s  (5.55¢)
(5.56) R P

n- mia |S S

n, DECN ST ||t (5550

m R R|

n, I1[s]} (555e)

FIGURE 5.1. The essential part of the matrix in (5.55)
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In the matrix (5.56) blocks which are not indicated explicitly are zero. The size of
each block in (5.56) is determined by the corresponding entry in the first row and
column of Figure 5.1. The correspondence between (5.56) and the splitting (5.55a—e)
is indicated in the last column of Figure 5.1.

Using elementary row and column operations it is easy to see that the matrix
(5.56) is nonsingular if and only if the n X n matrix

¢

P.E'(1,))
(P,E"(t;)

is nonsingular. As t; = O(eln§), 1 — t;= O(elné), this matrix has a uniformly
bounded inverse for all relevant values of ,, 1;if and only if

5.57 det
(5.57) P,E (1)

P.E (0) ) .

In this case. the full problem (5.55) also has a uniformly bounded inverse when 8, 4
and K are sufficiently small.

We shall now show that the solution of (5.55) generates an O(8 + h) approxima-
tion to the solution of the corresponding continuous problem, uniformly on the
interval [0, 1]. According to Theorem 2.3 the solution of the continuous problem is

(5.58) w=Wy+ W.y.+ Wy, + w,.

where y.. v, and y, are uniquely determined through

,'P_U_(O)y + P U.(0)y,+ P.Uy0)y,=7n.— P_u,,(O).
(5.59) {V(0)y+ V,(0)y, + V(0)y, =my — vp(O)\
\P. UMy+ P U.(Dy.+P.U(1)y,=mn.- P.u,(l).

With the aid of y_. v, and vy, determined in this way we define a vector
(5.60) = (y..0, Y. 0. 'Yo-0~7+~70) € R3n+m),

It is easily verified with the aid of (5.59) and the approximation results for the
Wy and the particular solution that the vector p satisfies (5.55) up to a residual
vector of size O(8) + O(h'). where I = 1 or 2 depending on the coarse grid. Hence.
denoting the solution vector of (5.55) by 7, it follows that

(5.61) lie = nll = O(8) + O(4").

Combining the estimate (5.61) with the various approximation results for the , W0
and for the particular solution, we obtain on comparing (5.58) with (5.51). (5.52) and
(5.53):

LEMMA 5.2. The problem (3.9) subject to the boundary conditions (5.50) has a unique
solution wy provided 8, h and K are sufficiently small and (5.57) holds. This solution
satisfies

llwy — Aw|| < €,6(8 + A").

where | = | or 2, depending on the coarse grid.
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Using the inverse transformation of (3.5) and the standard procedure of extending
convergence results valid for a special set of linear boundary conditions to the case
of general linear boundary conditions, as outlined for the continuous problem in
Section 2, we obtain the principal result of this section.

THEOREM 5.3. Assume that the boundary value problem (2.1), (2.19) is well posed
uniformly in €, for 0 < & < €, and let x be its solution. Choose a grid as described in
subsections 5.1, 5.2 and 5.3, and let the quantities 8, h and K characterizing this grid be
small enough, i.e. :

0<8<8, 0<hs<h, 0<K<K,,

for suitable constants 8, hy, K,. Also assume that (5.57) holds. Then the box scheme
(3.2), (3.3) has a unique solution x, = ( yp, z,) which satisfies

(5.62) lxs — Ax|l < ¢,7(8 + A'),

where | = 2 if the coarse grid belongs to a family of locally almost uniform grids, and
I = 1 otherwise.

6. The Trapezoidal Scheme. The trapezoidal scheme (3.4) (or (3.9)) is analyzed in
very much the same way as the box scheme: separate treatment of the fine grids and
the coarse grid, and patching of the different representations of the general solution
of the difference equations. There are only minor technical differences on the fine
grids which we shall not dwell upon. Essentially all results of subsections 5.1 and 5.2
carry over to the trapezoidal scheme.

On the coarse grid however the global truncation error of the trapezoidal scheme
differs substantially from that of the box scheme, as will be borne out by the
subsequent analysis. We consider the problem

(6.1) /R . An(t)y, + A () Vi

I, )
+ Ap(t)z, + A,(1,, )z, + file) + (8. 0)
2 2 '
Zivt T2 _ Ay (1) y, + Ay (t,,0) 5
I, 2
Ap(t)z, + Ap(t )z, . L) +6(14)) o -
+ ) + > , i=i,...,i—1,

with y,, z, given. By a slight variation of the analysis of the box scheme we obtain
analogs to all results from Lemma 5.1 up to (5.39). We write (6.1) as

Hyxp = fa
and define a particular solution , x,, , of this problem by
Hy %, o = fas 2%, = xp(t_,)’
as we did for the box scheme. The global truncation error e, = 2%, 4 — Ax, satisfies
HAeA = IA’ e = O’

1
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where /y ={(/,...,/;_} is the local truncation error of x,(#). Now this local
truncation error differs markedly from that of the box scheme. It has the structure

”r

24
|- 12 (ti+|/2) eO(hf))
l= 1 " 4 k]
ZTz_(t:+|/2) O(hi)

Hence, as ¢ < A, it follows that
(6.2) lleall < ei9h*.

This estimate is to be compared with the estimates (5.41), (5.43) for the box scheme.
Note that when there is no unperturbed component z in (2.1), then (6.2) can be
replaced by

(6.3) lleall < cyoeh’,

where / = 2 if the grid is locally almost uniform, and / = | otherwise.

There are corresponding results regarding the approximation of X,(¢).

The remaining analysis of the trapezoidal scheme proceeds as for the box scheme
leading to the counterpart of Theorem 5.3, with the estimate (5.62) replaced by

(6.4) llxy — Ax|l = ¢y (8 + A?),
or
(6.5) llxs — Ax|| < ¢, (8 + €h’), [=1or2,

in case (6.3) applies.

7. Numerical Results. To provide numerical evidence for the theory of Sections 5
and 6 we present some results for the problem.

(7.1) ey’ =A(t; N)y + f(t,e;A), O0<t<],
(7.2) BOY(0)+B|)’(1) =B,

where y(1) = (y,(1), »,(1))7, A is a real parameter,

(7.3) A(5; M) = E(1; A)[ - ‘2’]5-'(:, A),
with

B A =Bl a) =[Sm0 o ],

and

B [PEON) (00 m=(os i) lon o)

Equation (7.1) can be solved explicitly. Introducing the new variable u(t) =
E~'(1)y, the homogeneous problem ey’ — A(z, \) y = 0 becomes

’ _ -1 AE
&u —(—AS 2)14
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A fundamental solution matrix of this system is

eexp{(t — 1)(2 + za)/¢) - z‘a—e exp{—1(1 + ea)/¢)
®(r) =

- 1\(1—8 exp{(z — 1)(2 + ea)/¢) eexp{—t(l + ea)/e)
where

| S I I
o = Z[—3 + ﬁ_ 482A2] = - SSAZ - §7£3A4 + 0(85)"

so the general solution of (7.1) is
(7.4) y(1) = E(1)®(t)s + y, (1),

where y,(7) is a particular solution of (7.1), and s = (s,, 5,)”. Substitution of (7.4)
into (7.2) leads to a linear system for s, which is well conditioned provided that
|A] > &

Note that the matrix

P, E'(1;Q) cosA  —sin A

P.E'(0;A) ) _ ( 0 1 )

is singular when A = w(k + 1/2), k =0, £1,..., so that condition (5.57) is not
satisfied for these values of A, and hence Theorem 5.3 and the estimates (6.4), (6.5)
for the trapezoidal scheme do not apply.

We now report computational results for the values A = 7/4 and A = /2.

7.1. The Case A = m/4. The fine grids were constructed according to (5.17) with ¢,
set equal to 1. The fine grid at the left endpoint ends once exp(—tyw, /€) < 8, and
that at the right endpoint ends when exp(2(fy_yo,, — 1)/¢) < 8. The coarse grids
were either chosen to be uniform or of the form h, = h, i = NO + 1, N + 3,
h,=h/2,i=N®+2 NO 44, . whichis not locally almost uniform.

We take 8§ = 10-%, which, for all values of & considered, leads to fine grids with a
total number of 1164 points. The coarse grids are then obtained by inserting
I=09,19,39,... points between the two endpoints of the fine grids. § was taken so
small in order to be able to verify the rates of convergence of the schemes when I is
increased.

The forcing term f(z, & A) in (7.1) is chosen such that y, (1) = (e',e™") is a
particular solution of (7.1), i.e. f(¢, & A) = ey, (1) — A(1, A)y,. The vector B was
taken to be

B, =3, B,=cos(A)exp(1) —sin(A)exp(—1) + 1,
so that y has layers at both ends.
In the following tables the values of
e, = max |y(t) =y, =12

I<jsN+1
i.e. the absolute values of the maximal error in the two components, are given for
specific values of € and /. The maximum is always obtained on the coarse grid. Away
from the coarse grid towards the left and the right endpoints, the errors decrease
rapidly and after a fairly small number of gridpoints they become of size 8.
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Table 7.1 contains the errors obtained by the box scheme for e = 10 using
uniform coarse grids. The results for the same ¢ and nonuniform coarse grids are
given in Table 7.2.

TABLE 7.1
I 9 19 39
e 7.25 E-3 1.85 E-3 467 E-4
e, 2.38 E-3 6.09 E-4 1.54 E-4
TABLE 7.2
I 9 19 39
\
e 1.55 E-2 8.39 E-3 436 E-3
e, 1.16 E-2 5.54 E-3 2.70 E-3

We observe convergence of order 2 for the uniform grids and convergence of order 1
for the others. This agrees with Theorem 5.3.

In Table 7.3 we list the values of e, obtained by the trapezoidal scheme for
different & using uniform coarse grids. The analogous entries for the nonuniform
grids are given in Table 7.4.

TABLE 7.3
I 9 19 39
14
1. E-2 9.22 E-6 2.11 E-6 1.96 E-6
5. E-3 7.45 E-6 1.96 E-6 1.96 E-6
- 25E-3 4.64 E-6 1.96 E-6 1.96 E-6
1.25 E-3 2.60 E-6 1.96 E-6 1.96 E-6
6.25 E-4 1.96 E-6 1.96 E-6 1.96 E-6
TABLE 7.4
1 9 19 39
\
1. E-2 1.18 E-5 2.80 E-6 1.96 E-6
5.E-3 1.72 E-5 2.85 E-6 1.96 E-6
25E-3 1.51 E-5 3.12E-6 1.96 E-6
1.25 E-3 1.11 E-5 293 E-6 1.96 E-6
6.25 E-4 6.81 E-6 2.26 E-6 1.96 E-6

The entry 1.96 E-6 in Table 7.3 is the maximal error in the right layer, and it
pollutes the whole interval [0, 1]. Whenever this entry occurs in Table 7.3, it means
that the error due to the discretization on the coarse grid lies below 1.96 E—6. The
entries in the first row and column support the estimate (6.4). The values of e,
behave like those of e,, and are therefore not given.
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The entry 1.96 in Table 7.4 occurs for the same reason as above. In the first
column of the table we observe an error proportional to ¢, while not much can be
inferred about the dependence on /. In our computer environment we cannot
decrease é further.

7.2. The Case A\ = w/2. We have analyzed the performance of the two schemes in
the situation when the matrix

P.E~'(0)
P.E'(1)

is singular, for systems having no z-component and for meshes having a uniformly
spaced coarse part. Assuming that all conditions of Theorem 5.3, except for (5.57),
are satisfied, we obtained the bounds for the global truncation error

2
(7.5) I3a = Ayl < ex(8 + hz)(l + ”?)
for the box scheme, and

2
(7.6) lya — Ayl < ¢34 (8 + ehz)(l + h?)

for the trapezoidal scheme, respectively.
Table 7.5 contains the results for the box scheme applied to the previous problem
with § = 10-®and / = 9 for different values of e.

TABLE 7.5
€ 10-2 10-3 10-4 103 10-¢ 10-7
e, |173E-3 554E-3 368E-2 349E-1 347E0 347E+ 1
e, |839E-2 212E-3 226E-3 228E-3 228E-3 227E-3

The behavior of e, supports the validity of (7.5). That of e, can be explained by
looking at the particular structure of the problem (7.1), (7.2).
Table 7.6 contains the analogous entries for the trapezoidal scheme.

TABLE 7.6
e\ 1. E-2 5. E-3 25E-3 1.12E-3 6.25E-4 3.125E-4
e, |1.04E-5 776 E-6 526E-6 385E-6 3.14E-6 279E-6

e, |653 E-6 449E-6 287E-6 232E-6 203E-6 1.96E-6

In this table the errors do not behave linearly in e, as they did for A\ = 7 /4.
Further agreement with (7.6) is not apparent, and there is a need for more analysis.

The computations were done on the CDC Cyber 174 of the Technical University
of Vienna, using single precision (14 digits). The code SOLVEBLOK of de Boor and
Weiss [5] was used in the implementation of the schemes. Due to the implicit scaling
feature of SOLVEBLOK, no conditioning problems were encountered even when ¢
was very small.
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