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Galerkin Methods for Singular Boundary Value
Problems in One Space Dimension

By Kenneth Eriksson and Vidar Thomée

Abstract. Two Galerkin type piecewise polynomial approximation procedures based on
bilinear forms with different weight functions are analyzed and compared. Optimal order
error estimates are proved and numerical results are presented.

1. Introduction. In this paper we shall discuss Galerkin piecewise polynomial
approximation methods for the singular two-point boundary value problem
(11) Lu(x) = -u"(x) = 2w'(x) + (x)u(x) =f(x),  x=1=(0.),
u'(0) = u(1) =0,
and also for the corresponding time-dependent problem

u,(x,t) + Lu(x,t)=f(x,t), x€I,t>0,
w(,t)=u(l,t)=0, >0,
u(x,0)=v(x), xe€l,

(1.2)

where u, = du /9t and u’ = 9u/dx, and where b is a positive constant, ¢ = g(x) is a
bounded nonnegative function, and f and v are given data. We shall always assume
that these problems admit unique solutions which are sufficiently smooth for our
purposes. Note that if u € C*(]) and if f is bounded at zero, then the boundary
condition there is automatically satisfied. In fact, for b > 1 it is easy to see that if
u € C?((0,1]) and u and f are bounded at zero, then u € C'(J) and u’(0) = 0.

Problems of the form (1.1) and (1.2) arise naturally from spherically symmetric
problems in higher dimensions. For example, if u = u(x) with x = (x,,..., x,) is the
solution of the Dirichlet problem

~Au+qu=f inB,
u=0 onoB,

where B = B,(0) is the unit ball in R” and A the Laplacian, and where g and f
depend only on [x|, then u depends only on |x| and, introducing polar coordinates
with x = x|, one finds that u = u(x) is the solution of (1.1) withb = n — 1.
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Also, the problem of finding a bounded solution of

"+ 0(y)v=F(y), ye(l, ),
v(1) =0,
reduces to (1.1) by means of the transformation of variable y = x~* for a > 0,
givingh = 1 + a, ¢(x) = a’Q(x"*)x"272%, and f(x) = a®F(x~*)x~272¢,

We shall consider approximate solutions of (1.1) and (1.2) in the finite dimen-
sional space S, of continuous functions which vanish at x = 1 and which reduce to
polynomials of degree at most r — 1 on each subinterval I, = (x,_y, x;) of the
partition of I defined by 0 = x5 <x; <--- <xy=1. We set h,=x, — x,_,,
h = max, _, .y h;, and B = h™' min,h,, where the latter quantity measures the uni-
formity of the partition. Throughout the paper we denote by C various constants
which may depend on b, g, 8, and r, but not on 4 and the data of (1.1) and (1.2).

We first consider the stationary problem (1.1). Writing the differential equation in
the form

—(x®uw) + x’qu = x°f,
we find at once that u also solves the variational problem
A(u,9) = (xf,9) Vo e H,
where A(-,- ) denotes the symmetric bilinear form

(1.3) A(u, ) = fl(x”u’tp’ + x%que) dx,
0

where (-, ) is the inner product in L,(I), and where H! is the space of all v €
C((0,1]) which vanish at x = 1 and for which x*/%’ € L,. We are therefore led to
pose as a discrete analogue of (1.1) the problem of finding u, € S, such that

A(uy, x) = (x%f,x) Vx€S,.

Using straightforward variational methods, Eisenstat, Schreiber and Schultz [3],
[8] have shown the following weighted norm error estimate for this approximation,
namely

(14) 1x°72(uy, — )il < Ch7||x*2u"),

where || - || denotes the norm in L,(I) and (" the rth derivative of u, and, by a
somewhat more refined analysis, Jespersen [6] was able to derive the uniform error
estimate

1 r
(1.5) lluy = ull,, < C(lnz) hr“u(r)“an

where 7= 1if r = 2 and 7 = 0 if r > 2. For completeness and ease of reference we
shall demonstrate (1.4) in Section 2 below.

Turning to the time-dependent problem (1.2), we take the analogous approach and
propose in Section 3, as a first step towards a complete discretization, the semidis-
crete problem to find u, = u,(¢) € S, such that

(xPup 1 x) + Aup, x) = (xf,x) VX €E€S,,1> 0,
uh(o) = Uh9
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where v, € S, is a suitable approximation of v. Given a basis for S, this variational
problem reduces to a nonsingular linear system of ordinary differential equations
and therefore admits a unique solution. For the error in the semidiscrete approxima-
tion we prove the estimate

(1.6)  |x¥2(uy(r) = u(2))| < 1x** (v, = 0)I

t
sl ) + [ ul ds)
0

Having once obtained (1.4), the proof of (1.6) essentially reduces to a comparison of
u,, and the projection i, € S, of u defined by
In fact, it can be shown that

llx°72 (i, — up)ll = O(h"),
which is one power of / better than one might first expect. This type of superconver-
gence was used by Wheeler [9] to derive optimal order uniform convergence for the
approximate solution of a nonsingular problem. Using similar arguments we obtain

essentially optimal order uniform convergence for x bounded away from zero, or,
more precisely, for a suitable choice of v, and for a € (0, 1),

r 1\ o i b/2,(m)(2 vz
Jin(0) = (O < | (10 | 1w, + ( [t as ).

For 0 < b < 1 one may, in fact, take a = 0.

However, numerical experiments using the above procedures for both the sta-
tionary and the time-dependent problems show a marked loss of accuracy near
x = 0. Since this appears to be caused by the weight x° in the weak formulation of
the problem, we shall consider an alternative approach for b > 1.

We return first to the stationary equation (1.1), which we now write in the form

—(xu’) — (b —1)u’' + xqu = xf,
and observe that u satisfies the variational equation
B(u’ X) = (Xf, X) VX € Sha
where B(-,- ) is the nonsymmetric bilinear form

(1.7) B(u,x) = (xu',x') = (b= 1)(w', x) + (xqu, x).
For b > 1 we therefore propose the discrete problem to find u;, € S, such that
(1.8) B(uy, x) = (xf,x) Vx €S,

Note that for b = 1 this method coincides with the previous symmetric one. Note
also that B(-,- ) is positive and that hence (1.8) admits a unique solution. In fact, for
v # 0 vanishing at x = 1 we have

b —

B(v,v) = (xv',v') + 3 1 v2(0) + (xqu, v) > 0.

A natural norm associated with the above nonsymmetric variational formulation
of the problem and therefore suitable for error estimates would be ||x'/2 - ||. Instead
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of pursuing an analysis in this norm we shall concentrate on the uniform norm and
devote Section 4 to showing the optimal order estimate
Nup = ull, < CAT[u|,,.

Turning now to the time-dependent problem, again with b > 1, we shall study in
Section 5 the semidiscrete approximate solution u, = u,(¢) € S, defined by

(xuy ., x) + B(uy, x) = (xf, x) VX E€S,,1>0,
u,(0) = v,,.
We first show that if v, is chosen as the elliptic projection Pgv € S, of v defined by
B(Pg—v,x)=0 Vx€S,
then

1 1/2 N t
p(6) = (O, < W (ing ) { 1O, + WP O, + [Tl s

We then use a smoothing property of the solution operator of the homogeneous
semidiscrete equation to remove the restrictions on v,, and show

1) _
hun (1) = (D), < C(Ing )22 (P = )

+Ch’(ln%)l/2{ 15O, + 17O, + [Pl s

In practice our above methods require the evaluation by numerical quadrature of
the coefficients involving ¢ and f. As an example we demonstrate in Section 6, for
the nonsymmetric stationary problem, how quadrature rules may be chosen so as to
retain the convergence properties of the exact semidiscrete solution.

Finally, in Section 7 we show some numerical results from computations on some
test problems.

For other treatments of problems of the type considered here, see, for instance ,[1],
[2], [4], [5), and [7], and references in these.

In addition to the usual Banach spaces L, = L,(I) with norms || - || (| - || when
p = 2), and the Sobolev spaces Wp" with norms

) 1/p
Iolhwg = [ Z 1020z, )

Jj<k

we shall use the piecewise Sobolev norms defined by

N 1/p
||U||w;‘-" = (2:1”0”5/;‘(1,)) .
i=
If the domain considered is a subinterval of 7, this is specified in the notation. Also,
we denote by || 4||, the matrix norm max;X;|a;;|, where 4 = (a;;).

2. The Symmetric Method. In this section we shall consider the symmetric
variational problem to find u € H! such that

(2.1) A(u, @) = (xbuw', ¢') + (xbqu, 9) = (x%f, ¢) Vo € H,
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and its discrete analogue to find u, € S, with

(22) A(up, x) = (x°f,x) VX €S,
Note that since S, C H, it follows from (2.1) and (2.2) that the error u, — u is
orthogonal to S, with respect to the bilinear form A(-,- ), or

(2.3) A(u, —u,x)=0 Vx€S,.

This also defines u, as a projection of u onto S,
Assuming that the solution of (2.1) is sufficiently smooth, we shall prove the
following error estimate.

THEOREM 1. Let u and u,, be the solutions of (2.1) and (2.2), respectively. Then
llx*/2(uy — w)l| < Ch7||x>2u)]|.

Before we proceed to prove this result we state a simple Poincaré- type inequality
and also an approximation property of S,.

LEMMA 1. Fora > 0,1 < p < o, d > 0, and functions v with v(d ) = 0, we have
”xav”Lp(O,d) < d”xav,”Lp(O,d)'

Proof. We have at once

lx(x)| =

x“f:s‘ 5’(s) ds’ < 1%Vl Ly0,a) 5
so that by Holder’s inequality
”xav”Lp(O,d) < dl/p”x“U”Lw(o,d) < dl/p“xav/”Ll(O,d)
< d“-xav/”Lp(O,d)’
which is the desired estimate.

LEMMA 2. There is a constant C = C(b, B) and for each integer m with1 < m < r
and each appropriately regular v with v(1) = 0 an interpolant & € S, of v such that

Ix*72(v" = &) < Ch™=1lx?/ 2|,

Proof. On the first interval I}, let & be the polynomial of degree m — 1 determined
by

M (x) =0vP(x), j=0,...,m—1.

On the remaining intervals, let & € P, _,(1,) interpolate v at any m distinct points
including the endpoints. It is well known that for such an interpolant

10" = Dyiay < AP M0y
so that fori > 1
1x272(v — N3 < xi”x,.'_blh,.z'"—2||xb/zv(m)||iz(l,)
< C(b, B)R*™ 2| xP/ 23 ..

Repeated use of Lemma 1 shows the analogous estimate for i = 1. Summation over i
then yields the desired estimate and completes the proof.
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We are now ready to give the
Proof of Theorem 1. With e = u, — u we shall first prove directly from the
variational formulation that

(2.4) X% < Ch™=Y|x*2u"),
and then, by a duality argument, that
(2.5) l|x*%|| < Chl|x*/%|.

Together these estimates prove Theorem 1.
By our assumptions on ¢ and by (2.3) we have

lIx*7%|* < A(e, e) = A(e,u — x)
< C(DNx>2e1x>2(u" = X Yx € S,

where we have used Lemma 1 in the last step. In view of Lemma 2 this proves (2.4).

In preparation for the proof of (2.5), note that the space H' defined in the
introduction may be equipped with the inner product A(-,- ) and the corresponding
norm to form a Hilbert space. By the Riesz representation theorem there is a unique
solution ¢ € H of (the adjoint problem)

(2.6) A(p, ¢) = (x’p,e) Voe H'
Setting ¢ = e and using (2.3) and Lemma 2, we have for a suitable x
lx*/%||> = A(e, ¢) = A(e, ¢ — x)
< Cllx2e|1x°72(¢" = x)
< Ch||x*/%|| || x*/%¢".
It remains then to show that, for some constant C = C(b, q),

(2.7) l1x%%"|| < Cl|x*"e]l.
For this purpose we note that the problem corresponding to ¢ = 0,
(2.8) (xb9’, y') = (x%p, g) Vo € H,

has the unique solution

v(x) = [ye [ se(s) as

X

and differentiating twice we obtain
v'(x) = -g(x)+bx=t" 1/ s%g(s) ds.

Recalling Hardy’s inequality,

-1 fo "fds

<211,

we find

x> 27| < [1x*72

x—lfx(s/x)b/Zsb/Zg dS“ < C||x”/2g||
0

Since ¢ solves the equation (2.8) with g = e — g¢, we conclude
(2.9) 1x°72%") < C(1Ix>Zell + [1x*/2$).
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On the other hand, we have at once from Lemma 1 and (2.6) that
1x°%911* < A(9, $) = (x"9, e) < l|x"/8]| [|x""%]|
so that
(2.10) 1x°7%|| < [|x*%]|.
Together (2.9) and (2.10) complete the proof of (2.7) and hence of the theorem.

3. The Symmetric Method for the Time-Dependent Problem. In this section we
shall consider the semidiscrete parabolic problem

(3.1) (xPup 0 x) + A(uy, x) = (x%f, x) VX E€S,, 1> 0,
uh(O) = vh)

where again A(-,- ) is the symmetric bilinear form defined in (1.3). We shall first
show the following weighted norm estimate.

THEOREM 2. Let u and u,, be the solutions of (1.2) and (3.1), respectively. Then
11272 (up (£) = u()Il < 11x*/2 (0, = V)

ran{ 1x0200) + [x2ud) s}
0

Proof. We define the elliptic projection P, onto S, by
(3.2) A(Pu—u,x)=0 Vxes,
and write
u, —u=(u,— Pu)+ (Pu—u)=10+op.
We first note that, by the error estimate of Theorem 1,
(33) 5% ()l < Ch7[|x"u(2))|

t
< anr{ 1200 + [t 2ull ds
0

Combining (3.1) and the corresponding weak form of (1.2) with (3.2), we find for
0 € S, that
(34) (x%6,, x) +4(8,x) = - (x%0,,x) VX €S,
With x = 6 this yields
1d
2 dt
from which we conclude

x27%6]|> + 4(8, 8) = —(x,, 8) < |Ix>/p,| IIx*26],

d
=Ix2726)) < |12
and hence, using now Theorem 1 also to estimate p,,
t
(3:5) 200 < 1x*/2 (0, = By}l + ['x*/%p ) ds
1
<20, = o)l + G| 20 + [l ds

Together (3.3) and (3.5) prove the theorem.
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We shall show now that a similar argument yields a superconvergent weighted
norm estimate for §’ which, together with a maximum norm estimate for the
stationary problem, implies an essentially optimal order uniform error estimate for
(3.1) away from x = 0.

THEOREM 3. Let u be the solution of (1.1) and u, that of (3.1) with v, = P,v. Then
for any a € (0,1) there is a constant C, such that

r 1)" (r N b/2,,(r)(2 2
I3 (0) = 4Oy < Gl (In ) 1O, + ( [l 21 ) ),
whereF =1ifr=2andF=0ifr > 2.

Proof. With the notation of Theorem 2 we have by the maximum norm estimate
(1.5) for the stationary problem

1 r
16N, < 0 (ing) 10}
Further, by obvious estimates
Ilolle(a‘l) < ”0,”L1(a,l) < C(a, b)“xb/20/”’

and hence the appropriate estimate for the latter quantity will complete the proof.
Setting x = 6, in (3.4), we have

1d 1 1
1x2/20)12 + 5 S A(6,8) = - (x%0,, 6,) < FlIx* 012 + FlIx*/2G 1,
so that in view of Theorem 1
d ,
EA(e, 0) < [1x%,|1> < Ch¥||x*/*u(”||?

and hence by integration, since 8(0) = 0,
20 (7 < A(8(1), 01)) < O [ x>/ 2u(P)* ds.

This completes the proof.
Remark. For 0 < b <1 we may take a = 0 in Theorem 3 and thus obtain
(essentially) optimal order global uniform convergence of the approximate solution.

4. The Nonsymmetric Method. For b > 1 we shall now analyze the approximate
solution in S, of the stationary problem (1.1) defined by

(4.1) B(u,,x)=(xf,x) VYX€ES,,
where B(-,- ) is the nonsymmetric bilinear form
B(v,w) = (xv',w’) — (b —1)(V',w) + (xqu,w).
In view of the corresponding variational equations for the exact solution of (1.1) we
have
(4.2) B(u,—u,x)=0 Vx€S,,
and using this we shall devote the rest of this section to the proof of the following
optimal order uniform error estimate.
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THEOREM 4. With b > 1, let u be the solution of (1.1) and u,, that of (4.1). Then
lup — ull, < ChIlu@l|.
The essential steps in the proof of this theorem are the following two lemmas.
LEMMA 3. Under the assumptions of Theorem 4,
Nlup = ull, < Chlluy — ull,.
LEMMA 4. Let Py be the elliptic projection onto S, defined by
(4.3) B(Pgw —v,x)=0 VxE€ES,.
Then, for v vanishing at x = 1,

I(Pgo) ., < Cll,.

Before we prove these lemmas we shall show how the theorem follows.
Proof of Theorem 4. Note that, for x € S,
wp = u = Pp(u—x)— (u—x),
so that, by Lemma 4 and the standard approximation property of S,,,

(4.4) llup — wllp,, < € inf |lu' = x|l < CA" Hu|i,_.
XES; ©
The result now follows by Lemma 3.
We shall now prove Lemmas 3 and 4.

Proof of Lemma 3. Assuming that the maximal error is attained at the point
x € I,, we have

lup — ull,, =

(s = 0)(x) + [ (s, = w) |
< I(up = w)(x)| + hlluy, — i,

and it hence suffices to estimate u, — u at the interior mesh points x;, i = 1,...,
N — 1. For this we shall use the Green’s function g = g, vanishing at x = 0 and
= 1 and satisfying

(4.5) B(v, g) =v(x;) Vve W} witho(1) =0,

or, with 8 the Dirac delta function,

(4.6) -xg”+(b-2)g’ +xq(x)g=08(x-x), g(0)=g(1)=0.
We shall show that this problem has a unique solution g such that

N

(4.7) lIxg"llzs = 2 1%8" Ly < €
j=1

where the constant is bounded independently of i for fixed b and gq.
Assuming this for a moment and using (4.2) and Lemma 1, we have

Iy, — u)(x;)| = |B(uy — u, g — x)|
< Clluy = wil, (1x(8" = X, + 18 = xllz,) Vx € S,
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We shall prove the following

PROPOSITION 1. There is a constant C = C(B) and for each appropriately regular v
vanishing at x = 1 an interpolant o € S, such that

lx(v" = My, + llo = oll, < Chllxv”|| .

Clearly, the proposition together with (4.7) completes the proof of Lemma 3.

To prove the proposition, let & be the piecewise linear function which interpolates
v at the points x;, j = 1,..., N, and which is determined on /; by the additional
requirement that 7'(x;) = v’(x;). We then have the standard estimate

AT <
. llo — l—’"Ll(IJ) + hj”U, - ’7’“L1(1,) < Chj“U ’”LI(IJ)’ J=1...,N,
and hence, for all intervals except I,
(4.8) lIx (v — '7')”1,1(1,) o = ollp,g) < Ch”xvnnLl(lj)'

In order to show the analogous estimate on /; we note that, for x € I,

(0" = 2)(x) =

X1
xf sl (s) ds’ < X0 Ly
X

so that
Ix(v" = 0N g ry < PIXV N 2y,

Further, since both v — & and its first derivative vanish at x;, we have

(0= () =| [ (5 = 2)0"(5) | < 10"l

and hence
lo = 8l < AllXVN Ly

which completes the proof of (4.8) for j = 1. The proposition now follows at once by
summation of (4.8).

It remains to show that (4.5) admits a solution with the properties stated. Recall
that b > 1 and define

———I——(y‘(”“) —1)x*1  fory > x,

Y(x»y)= 1

'b——_“T(l - xb“l) fory < x.

In the special case g = 0 the solution of (4.5) is g, = v(-,x;), and the verification of
its regularity properties is straightforward. In the general case we may formulate
(4.5) (or (4.6)) as the integral equation

(4.9) g+ Kg=v(x, x,),
where K is the integral operator defined by

Ko(x) =folv(x, Y)ya(y)e(y) dy.

Since y is uniformly bounded and ||y,;(x, )|l , is bounded, uniformly in x, it follows
by Arzela-Ascoli’s theorem that K is compact on C([). Hence (4.9) admits a unique
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solution in C([) as a result of the fact that the corresponding homogeneous equation
B(v,9) =0 Vve W} withv(1) =0,

has only the trivial solution, since B(-,- ) is positive. It follows that (I + K)! is
bounded on C(I) so that, in particular,

(4.10) lgllz,, < Clivll,, = C—5=1— < C.
In order to complete the proof we note from (4.6) that
Ixg"lls < C(I&N., + llgllz,) < Cligy,»
and that from (4.9) and (4.10)
g1z, < M¥llz, + ICKE) Nz, < CllYllL, (1 +ligll,,) < C.

This completes the proof of (4.7) and hence of Lemma 3.
We now turn to the
Proof of Lemma 4. We shall prove that for v, = Pzv we have

(4.11) loallz, < Clivl., -
We introduce the principal part of B(-,- ),
By(v,w) = (v, xw” — (b — 1)w),
and write (4.3) in the form
(4.12) By(vh, x) = Bo(v, x) — (xq(v, = v), X) VX ES).

We now introduce a basis {¢@;; i=1,...,N, k=1,...,r — 1} for the trial
functions by
—h; forx < x;_4,
@u(x) = (-1 'h,((x = x,)/h,)* forx,_; < x < x,,
0 for x; < x,

and set
Up = Zvik%k-
1,k

Since the derivatives of the ;, are uniformly bounded, we have
okl < Cm?(xlvikl’
i,

and it thus suffices to bound each of the v;,, appropriately. By (4.12) these
components satisfy

(4~13) ZvikBo(‘Pik, x) = Bo(v, X) — (’“I(Uh -v), X) Vx €S,.
ik

We shall now construct a basis {($ps J=1,...,N, I=1,...,r = 1) for the test
functions such that

(4.14) By(@u,¥y) =0 fori#j,1<k,I<r-1,
such that the matrix B; = (By(@;, ¥;;)) is nonsingular, with

- -1
(4.15) 187, < C(x;h,) 7,
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and finally such that
(4.16) lxdille, + I¥lle, < Cx;h;.

Assuming such a basis { ¥} already at our disposal, we observe from (4.14) that the
system (4.13) now splits into one smaller system for each interval /;, namely, with (-)
denoting column vectors,

Bj(vjk) = (30(09 ‘Pﬂ) - (X‘I(Uh - v), \Pﬂ))-
Solving for v;, we obtain, using (4.15) and (4.16),
10l < 11871, max| By (v, ¥;,) = (xa(vs = 0), ¥,0)l
< Cx ' max (10l = (b= Dylle, + oy = ol Wl )

< C{Ivll, +llog = vl ) -
We now apply Lemma 3 to estimate the last term and obtain
loillz, < Cllvll,, + Chllv, = vl < Cllvl., + Chlvill, -

Since A may be considered small, this implies the desired estimate (4.11).

We now turn to the construction of the y;. This will be accomplished by a
modification of the ¢ in (0, x;_, ), or by setting

‘I’jl(x) = (pjl(x) + Z'bjl,pq(ppq(x)’
P

with b, ,, suitably chosen. We thus think of j and / as fixed and note at once that
(4.14) automatically holds for i > j since then ¢j, vanishes on the support of y ;. We
also note that By(@;, ¥,;) = By(®j, ;) and hence, with ( -,- ) the usual inner
productin R, andy = £,m9,m = (5., M,-1) € R},

(B, m) = Bo(y, y) > [y dx > Cxjh, T,
J k

where we have used a scaling argument and the equivalence of different norms on
P._,(I) in the last step. In view of the equivalence of different norms on R"~!, we
conclude in particular that (4.15) holds. Now consider the case i < j in (4.14). By our
definition of ¥, and with the coefficients b,, = b ,, at our disposal we shall obtain
Bo(qa,.k, ~h; + ) bpqqapq) =0 fori<j,1<k<r-—-1
p<j
q

Rearranging terms and using that B,(;;, 9,,) vanishes for p < i, we write this as

ZbiqBO((pik"piq) = Bo(‘Pik’ h; - _ )y bpq‘qu) fori<j,1<k<r—-1L
q i<p<j
q

Since the matrices B, = (B,(®;, ¢;,)) are invertible, we can solve this system
successively fori =j — 1,j — 2,..., 1. We have thus proved that the construction of
a basis { Y} satisfying (4.14) is indeed possible, and we shall proceed now to prove
also (4.16).
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Since ¢, equals @ on (x;_,, 1), we have at once
Xl Ly e,y 15l 2y, 1) S Cx;h;,

so it remains to show the appropriate estimate on (0, x;_,).
For transparency we shall write ¢ for ¢, ¢ for ¢;, and J for (0, x;_;) in the
ensuing computation. We have

1/2 1/2 1/2
||X‘V||L1(J) < ||IxY ||L2(J)||x / ‘V”LZ(J) < Cxjllx / ‘V“Lz(l),

and further

W(x) = I—hj - fx’”‘s—l/zsl/z,p'(s) dsl

)1/2

- 1/2
<+ 157y, oI W L0y < By + (I0(x;20/%)) 12V 1y

and hence

Xy + 1L,y < Cxjh; + ij"xl/Z‘VHLZ(J)-
It remains to show that
(4.17) X2l .,y < Ch;.

Using the equation of ¢ and (4.14), we have
BO(‘P, '4’) = BO((p’ ‘P) + Z bquo(prq, ‘P) = Bo((P, (P)-

pP<Jj
q
Since
By(¥,¥) = (x¢,¢) = (b - 1)(¥,¥)
, ’ot b-1
=KW + [ x99 dx + =5=(0),
and since
— oot b-1 2
By(9,9) = flxwv dx + ——¢ (x;-1),
we obtain

, b—1 b-1 b-1
llx'/ 2y ||2LZ(J) = ‘_2‘—¢’2(xj-1) - ‘_2—‘4’2(0) < _Tq)z(xj—l) < Ch}-
This shows (4.17) and thus completes the proof of Lemma 4.

5. The Nonsymmetric Method for the Time-Dependent Problem. For the case
b > 1 we shall now also consider the semidiscrete problem

(5'1) (xuh,n X) + B(uh’ X) = (xf’ X) VX € Sh’ > 0’
uh(o) = Uy,

where B(-,-) is the nonsymmetric bilinear form defined in (1.7). Recalling the
definition of the corresponding elliptic projection Py onto S,,,

we shall first demonstrate the following uniform error estimate.
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THEOREM 5. Assume that b > 1, and let u be the solution of (1.2) and u,, that of (5.1)
with v, = Pgv. Then

1 1/2 , ' ,
e (1) = (O, < (i) A WO, + 10O, + [0, a5} -
Proof. We write
u, — u=(u, — Pgu) + (Pgu—u) =0 +p,
and recall first that, by Theorem 4,
le(Ollz, < Chllu (DI,
so that it only remains to estimate 6. For this we shall show below that, for any
x (S Sh’
1 1/2 1
(5.3) Iz, <Ixlz, < €[ing )~ 121

and to complete the proof, we shall apply (5.3) to x = 6 and show that
t
(5.4) 11728 () < O 1O, + [Pl ds ) -

The first inequality of (5.3) is obvious, since x(1) = 0. For the second we have,
using first the equivalence of the L, norms over (0, x,) and (x,/2, x,) for functions
in ), and then Schwarz’ inequality,

-1/2 1,2
XNz, < CliXNeyx 2 < Clix / l2,(x,2.011% / XN Lycx 2.1

1 1/2 ,
< Cling ) e x

In order to prove (5.4) we note that by (5.1), its analogue for (1.2), and (5.2)
(5.5) (x6,,x) +B(8,x) = - (xp, x) VYXES,,t>0.
With x = 6 this yields
172671 < B(8,6) < (Ix'/261 + lIx'/%e,1)llx*/>6],
and hence, by Lemma 1,
(5.6) [1x1720°) < 12611 + l1x"/ %]l

Here, from Theorem 4,
t
(7)1 < leOl, < W { 12O, + [Pl s

In order to estimate the term in 6,, we differentiate (5.5) and set x = 6, to obtain
(x0,, 6,)+ B(6, 01) = — (xpy> 01) fort >0,
whence

d 1/2 172
1261 126,11 < 16 2o, 126,

and

(5.8) 1x1/26,(2)Il < [1x+/%6,0)]| + fo 1%/ %0, ds.
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Since 8(0) = 0, we obtain from (5.5) with x = 6,(0)
11x2/26,(0)]I* = - (xp,(0), 8,(0)) < IIx"/%0, (O)II 1x"/26, (O},

so that
(5.9) [1x*/26,(0)l < lle, (Ol ,, < Ch'lug” (Ol .-
Finally, again by Theorem 4,
t t t
(5.10) Lo ds < Mol ds < € [[u?l, ds

Together, (5.6), (5.7), (5.8), (5.9), and (5.10) show (5.4) and thus complete the proof.
In the proof of the above result the discrete initial data had to be chosen as
v, = Pgv. We shall now show, using a smoothing property of the discrete solution
operator, that any optimal order initial approximation will produce a discrete
solution which is of essentially optimal order in the uniform norm for ¢ positive.

THEOREM 6. Let u and u,, be the solutions of (1.2) and (5.1), respectively. Then

1
ey (£) = w(D)llz,, < C72Ingrl|x™2 (Pgo = o)

L\2 o %) e
+C(ing ) A OOl + 1O, + [Pl ds)

Proof. Let i, (¢) be the solution of the semidiscrete problem (5.1) with v, = Pgv,
and letn = @, — u,,. Then, in view of (5.3) and Theorem 5, it suffices to show that

, ~ 1 172
2 () < € g )R A O),

where 7 satisfies the homogeneous equations

(5.11) (xm,,x)+B(n,x)=0 Vxe€S,, t>0.
With x = 1 we have
(5.12) x> < B(n, m) = = (x7,, 1) < [[x} 7/l [|x*7].

It follows at once from (5.11) that

1d

5 %' all* + B(m,m) = 0,
and hence

(5.13) X2 (2 + 2 /0 ‘B(m,n) ds = x> (0)]2,

which bounds, in particular, the second factor in (5.12). The proof will be completed
by showing that

1
(5.14) 162, (Ol < Cen1x* 2 (0)].

In the proof of this we shall need the boundedness of B(-,- ) on S, or
(5.15) B(x,$) = (xx,$) — (b — 1)(X, §) + (xqx, )
1
< Clny-B(x, x)?B(4,8)? vx.t €5,
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which follows easily if we note that, by (5.3),

’ ? 1 7 7|
1 < XN L8, < Cln’gllxmx I 11%*/28"]-
We now proceed with the proof of (5.14). We have from (5.11)

d
(5.16) = (I 20,01%) + 2028 (n,, m,) = 2e[1%* |1,
Here, using (5.15),
1
Ix**n,|i* = ~B(n,7,) < Cln+B(n, 1)/*B(n,,m,)">.

Hence

1 2
2t”x1/21'r"2 < 2[23(1'19 Th) + C(an) B(T" 7’),

so that, by integration of (5.16) and using (5.13),

201/2. 12 1\? e 1) 1/2 2
2 < ¢(ing | [B(n,m) ds < C(ing ) =20 (012
h] Jy h
This completes the proof.

6. Numerical Integration. In this section we shall discuss the computational
solution of the nonsymmetric variational problem for the stationary problem, i.e., the
equations

(6.1) B(u,,x) = (xf,x) Vx€ES,.
With respect to some basis { x ;} M for S, we may write this system in the form

M
Y U(Bo(xi ;) + (xqxi, x;)) = (/. x,)s  j=1,..., M.
i=1

Except for simple choices of ¢ and f, the terms involving these functions will have to
be approximated by numerical quadrature, and we shall see now how this can be
done so as to maintain the convergence rate of the exact solution of (6.1).

Consider a quadrature formula

n
1
0(v) = L wp(y) ~ [ o(x) dx = I(v),
s=1
with o, > 0 and y, € [0, 1] and such that
E(p)=0(p)—1(p)=0 VpeP,.
For example, the trapezoidal rule and Simpson’s rule are of this form with k =1
and k = 3, respectively, and so is the Gauss rule with k = 2n — 1, if n is the number

of nodes. For the computation of the terms in ¢ and f we shall employ a composite
scheme using such a quadrature method on each of the intervals I;, or

N N n
O(v) = .§1hiQ(U(xi—l +ho))= Lk Y eo(xy + k),

i=1 s=1

and define thus the approximate solution i, € S, by
(6.2) B(ay, x) = Bo(#, x) + O(xqitx) = O(xfX) VX €S,
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Since ¢ and the quadrature weights w, are all nonnegative, it follows that B(-,- ) is
positive, so that, in particular, (6.2) admits a unique solution. We shall prove the
following estimate for the error introduced by the quadrature:

THEOREM 7. Withk > r — 2,b > 1 and g € WE*37", let u, and i, be the solutions
of (6.1) and (6.2), respectively. Then

iy = uyll,, < CH T fllygra=r + Nullygea-r) -

Proof. Set 0 = i, — u, and F = f — qu,. We shall prove below that

(6.3) N0l < Chll0N,, + CH||Fllyyr, O0<j<k+1,
and that
(6.4) 107, < Cll6ll,, + Ch/|Fllyyr, O<j<k+2-—r.

Since we may consider 4 small, we deduce from these estimates that

k+3—
1611, < CREP2 | Fllyga-ra

< Chk+3_r{ k+3-r + max uls) h}
X ||f||W°°+ 1<s<min(r—1,k+3—r)” h ||LOc >

where we have also used Lemma 1 and the fact that u, is a piecewise polynomial of
degree at most r — 1. Given s with 1 < s < r we have for a suitable interpolant
ii € S, of u, using the first part of (4.4),

Ny = @llp, < lwp — wilp, +llu" = @,
< Cllw' =@, < ChHju®,,

and since the interpolant may be taken to be a piecewise polynomial of degree at
most s — 1 and since inverse estimates hold, we obtain

a2l s, = 1wy = @)l < CHCDllug, = @, < Clul,-
Except for the verification of (6.3) and (6.4) this completes the proof of the theorem.
For the proof of (6.3) we have first
Oll, < max |0(x;)|+ A0, .
1011, < | _max 16(x,)] + A1,
With g = g, defined as in the proof of Lemma 3 and with g € S, the piecewise

linear interpolant of g defined by g(x,) = g(x;) fori = 1,..., Nand g(x;) = g'(x)),
we have

0(x1)=B(0’ g)=B(0’g_g) +B(0’ g),

and consequently, by the approximation properties of the interpolant stated in
Proposition 1 of Section 4,

16(x)l < CllOI L {lIx(g" = &r, + 118 — &I} +1B(6,3)l
< Chl|¢"ll,, +1B(6, g)I-

It remains to estimate the latter term by the right-hand side of (6.3). We begin by a
bound for g’. We have first, using an inverse estimate,

- -1 /)
18N Lycry < CR N8 Ly < CUNBL, 1y < CliglL, < CliglL,
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and hence, using Proposition 1 once more,
g, < 8N ey 18 — 8Ly TIN5 1)
< C(Igl, + Ixg"llz) < C.

Introducing the notation

E(v)= glhiE(v(xi_l +h;+)) = 0(v) = I(v),

we have by (6.1) and (6.2)
B(6, g) = E(xFg) — E(xq0%).
By the assumptions on the quadrature rule Q we have

|E(v)| = inf [E(v —p)|< C inf |o = pll,_ < Clo9,, O0<j<k+],
PEP PEP *

and hence

N
1E() < CY Rll(o(xioy + ki )l
i=1

N
<CW Y hi”v(j)”Lw(l,)’ 0<j<k+1
i=1
Using also the fact that, for piecewise polynomials of degree at most r — 1,
N
)> kPl < CllpllL,s
i=1
we thus obtain

N .
|E(xFg)| < C ¥ hlI(xFR) NIy

i=1

N
< CW||Fllypr X 1 (181 ry + 18ty
i=1

< CWN\F |l (18N, + 18Il L,) < CRIFlypn,
and similarly
|E(xq02)| < Chl|0l 2 1|8l < ChIIOII,_ -

Together these estimates now prove (6.3).
Next we shall prove (6.4). For this we adopt the ideas and notation of the proof of
Lemma 4 and set § = £ 8,9, so that, in particular,

19, < Cmax|fy

and so that for our special choice of test functions ¢, and in view of (6.1) and (6.2)
we have

gﬂjkBo(‘ij, ‘Pﬂ) = Bo(o’ ‘/"jl) = E(XF‘PJ'I) - Q(xqo‘l’jl),

j=1,..,N,i=1,...,r—1.
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Recalling the estimates for the inverse of B; = (By(@x, ¥,1)),
_ -1
187 M, < C(x;h,)",
and for the test functions

Ix¥ille, + Myl < Cxhy,

it only remains to find the appropriate estimates for E(xFy 1) and Q(xqﬂxpj,) in
terms of ¢, and xy;.
First, since Q(-) is bounded in L, we have

N
10( x84l < Cllbl L, 2 sl ay < CUONL ¥l
i=1
In order to estimate E(xFy 1) we have first

N
\E(xFy, | < CIFll, X k¥l ) < CIFI L Wl 2,
i=1

which completes the proof of (6.4) in the case k = r — 2. Fork > r — 2, sety = y,
and let n be a piecewise constant interpolant of xy. Then, as before,

N
|E(Fn)|l < CH\|Fllyun X Bl 1,

i=1

N
< ChI|[Fllyyr 20 hlx ¥l 11,

1=1

< CH |\ Fllygrll¥ll L, -

Moreover, since Q is exact on P,, we have for any p, € P, (with P_; = (0})

|E(vp,)| = inf |E((v—p)p,)I<C inf |lo—pl.lpllL,
PEP,_, PEP_,

< C Y lipll,, O0<j<k+1-rv,

and therefore

N
|E(F(xy — )| < Ch/||Fllyyr X hillxy =l qys  O<j<k+1-r,

i=1

so that, by the approximation properties of the interpolant,

N
|E(F(x¥ = n))| < CRI Y| Fllyun 2 B NI(X¥ )y

i=1
< Ch Y F e (1691 2, + 1911 ,)-

Altogether the above estimates prove (6.4) and thereby the theorem.

Note that with k = 2r — 3 in the local quadrature scheme, the O(h") convergence
of Theorem 4 is preserved in the computational scheme (6.2), and if k > 2r — 3, the
quadrature error is at most O(h"*') and thus dominated by the error in the exact
solution of (6.1).



364 KENNETH ERIKSSON AND VIDAR THOMEE

7. Numerical Results. Several test problems have been run using our above
methods with piecewise linear approximating functions on uniform partitions. These
all show the same qualitative and quantitative behavior.

For the stationary problem, with b =2, { ¢,}§ ' the basis of S, defined by
®;(x,)) =9;,, and U, = u,(x;), the symmetric discrete variational problem (2.2)
reduces to the difference scheme

h
§(Uo = U) + (x%q90, 90) Uy + (x%q91, 90 ) Uy = (x%f, @),

1o (Un-U\_ . (U-U
“ﬁ(xxz'n/z(‘_ﬂ;‘,‘“”)_x?—l/z(_h—l))

1
+ 7 E (xzqq’k, %)Uk =
k=i-1

(x*f,9,) fori=1,...,N -1,

S| =

where %7, , = (5x2 + 2x,x,,, + 5x%,). Similarly, the nonsymmetric method
takes the form

Up — Uy + (xq90, 90) Uy + (xq91, 90) Uy = (xf, @),
U —2U6+ U, U~ U 1 d

_ i i—1 &
=X hz 2 2h + h kg—-l(xq(pk’ (P,')Uk

1
=Z(Xf,(p,), i=1,...,N—1,
Uy =0,
and, for instance, using Simpson’s rule for the local quadratures with x, ., , =

(X + %,01)/2 410 = 4(Xi410) a0d fiiq 5 = f(Xi41 ),
h U+ U h
L-U+ §x1/2‘11/2L2“‘1” = §x1/2f1/2,
—x.U’“ -2U+U., ) Ui~ U,
! h? 2h

1
+ g(xi—l/zqz'—l/zUlﬂ + (xi-l/Zqi—l/Z + 2x,q;, + xi+1/2qi+1/2)U1
+xi+1/2qi+1/2Ui+1)
1 .
= '3'(xi~1/2fi—1/2 + x,f; + xi+1/2fi+1/2) fori=1,...,N—1,
Uy =0.
In our first example we present some numbers relating to the problem
-u” - Eu’ +4u=-4 inl,
x
u’'(0) = u(1) =0,

the exact solution of which is u = sinh 2x/(x sinh 2) — 1. The tables below show the
distributions of the errors over the interval for our two methods, using N = 10 and
Simpson’s rule (which is in fact exact for the nonsymmetric method in this case).
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The symmetric method

x le(x)|
0,0 0,004978
0,1 0,003170
0,2 0,002414
0,3 0,001958
0,4 0,001628
0,5 0,001358
0,6 0,001114
0,7 0,000873
0,8 0,000618
0,9 0,000333

Our next table concerns

—u” - %u' +(1—-x2)u=7-2x>+ x4,

Nonsymmetric method

x le(x)|
0,0 0,000375
0,1 0,000373
0,2 0,000368
0,3 0,000359
0,4 0,000344
0,5 0,000323
0,6 0,000292
0,7 0,000249
0,8 0,000190
0,9 0,000109

u'(0) =u(1) =0,

365

with the exact solution u = 1 — x2. It shows maximum mesh points errors for some
different values of N and using the trapezoidal rule, the midpoint rule, and
Simpson’s rule for the quadrature. As predicted by the theory all these schemes
preserve the O(h?) rate of convergence of the exact solution. The results indicate
that since the errors in the nonsymmetric method are quite small, it is worthwhile to
use the more accurate Simpson’s rule.

Symmetric

trapez. midpoint Simpson exact
N=5 0,078773 0,098332 0,039826 0,039821
N=10 0,024214 0,030415 0,012256 0,012257
N=20 0,007193 0,009048 0,003635 0,003637
N=40 0,002064 0,002577 0,001023 0,001022

Nonsymmetric

trapez. midpoint Simpson exact
N=5 0,040000 0,020919 0,000729 0,000721
N=10 0,009997 0,005257 0,000178 0,000181
N=20 0,002495 0,001324 0,000047 0,000053
N=40 0,000621 0,000301 0,000009 0,000009
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Finally, our above semidiscrete methods (using Simpson’s rule for the quadrature)
were applied to the time-dependent problem

sinh 2x
x sinh 2

w(©0,t)=u(1,¢) =u(x,00=0, >0,

2
u,—u"—;u’+3u= — 4e' + 3, xel,t>0,

with exact solution ¥ = (e’ — 1) - sinh2x/(xsinh2) — e’ + 1. For the discretization
in time the Crank-Nicolson scheme was used with Az = 1,/500.

The first tables show the distribution of the errors over the interval for the two
methods at 1 = 1 with N = 10.

Symmetric Nonsymmetric
x le(x)| x le(x)|
0,0 0,008470 0,0 0,000713
0,1 0,005368 0,1 0,000707
0,2 0,004080 0,2 0,000699
0,3 0,003311 0,3 0,000682
0,4 0,002759 0,4 0,000656
0,5 0,002311 0,5 0,000618
0,6 0,001905 0,6 0,000560
0,7 0,001503 0,7 0,000479
0,8 0,001071 0,8 0,000366
0,9 0,000581 0,9 0,000211

Our final table shows the maximum mesh point errors at ¢ = 1 for various choices
of N.

Symmetric Nonsymmetric
N=S5 0,027922 0,002902
N=10 0,008469 0,000713
N=20 0,002486 0,000177
N=40 0,000713 0,000044
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