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A Difference Method for a Singular
Boundary Value Problem of Second Order

By Ewa Weinmiiller

Abstract. The standard three-point discretization applied to the numerical solution of linear
boundary value problems for second order systems with a singularity at the origin is
investigated. A number of numerical examples illustrating the theoretical results are pre-
sented.

1. Introduction. We consider the three-point difference method applied to the
linear boundary value problem

) -2y - 200~ ), 0<isn,

(1.1b) B,Y(0) + B,Y(1) = B,

where Y(7) = (y(t), y’(¢))". Here, y and f are vector-valued functions of dimension
n, Ay(t) and 4,(¢) are n X n matrices, By and B, are m X 2n constant matrices and
B is an m-vector, where m < 2n.

The numerical solution of scalar equations of this type has been investigated by
several authors; see Jamet [5], Natterer [10], Russel and Shampine [15]. The finite
difference method discussed here has been applied by Natterer [10] to the scalar
problem. Jamet [5] and Russel and Shampine [15] study the problem in a form which
often occurs in chemistry or physics, viz., 4, = 0 while fis a function of 7 and y.

First order systems with singularity of the first kind have been discussed by
Brabston and Keller [1] and de Hoog and Weiss [2]. Our investigations are based on
the techniques developed in [2] and therefore we transform the second order system
(1.1a) to the first order one; see (3.2a). In practical applications nonlinear versions of
(1.1) also arise; some examples from mechanics and chemistry may be found in
Keller and Wolfe [7], Parter, Stein and Stein [12] and Rentrop [14].

It is the main aim of this paper to present the basic ideas of the treatment of
second order systems, using the spectral decomposition (proposed in [2]) of the
matrix M = M(0), cf. (3.2a), and the contraction arguments. The basic analytic
properties of (1.1) like existence, smoothness and uniqueness of solutions have been
studied by the author in [16].

The outline of the paper is as follows. In Section 3 we briefly discuss the analytical
results for the continuous solutions of (1.1), which we require for the investigations
of the numerical scheme in Section 4.
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Here, as in the analysis of problem (1.1), see [16], we transform the difference
equations for (1.1a) to first order difference equations. The order of convergence
depends on the smoothness of y and the eigenvalues of M. For f € C?, it can be
shown that the order of convergence is A9ln 4|7, p > 0, where & is the equidistant
gridspacing on [0, 1]. If all eigenvalues of M have nonpositive real parts, then ¢ = 2;
otherwise ¢ depends on the smallest positive real part 6, and ¢ = min(o_, 2).

In Section 5, we present a number of numerical experiments illustrating the
theory.

2. Notations and Preliminary Results. We use the following notation: X” is the
space of complex-valued vectors of dimension n, and we use |- | to denote the
maximum norm in X",

|| =l(x1, Xoyyenns x,,)T| = max |x].
I<ign

CP[0,1] is the space of vector-valued functions which are p times continuously
differentiable on [0, 1] as well as the space of complex-valued matrices, whose
elements are p times continuously differentiable. C”(0, 1] is defined similarly. For
each vector y € C°[0, 1] we define the norm

[yl = max |y(z)],
0kl

and for each matrix 4 € C°[0, 1], || 4]| is the induced norm. We use C = C[0, 1] =
C°[0,1] and C(0,1] = C°(0,1]. For each y € C the modulus of continuity is
defined as

w(y;8) = max [y(z+8)—y(r)l.
0<rg1-6
Let
7={t,i=01)N|t,=i h,ty=1)

be an equidistant partition of [0, 1], where i = 0,1,..., N is shortly denoted by
i = 0(1)N and

A=A(iy) ={t;,,i=iy)(V)N|t,=i-h,t),=1}.

With each partition A(i,), we associate the linear space X,, whose elements x, have
the form

xA=(xi0,x,.0+l,...,xN), iy = 0,

where for each X,, i, is a fixed number and x, = (X, X¢p,--., Xx,) € X7,
k = iy(1)N. The norm on X, is defined by

Ixal = max |x,|.

ig<m<N

Finally, we denote by R,: C — X, the bounded linear map such that
Ryy = (9(1)s ¥ (i 1)oee s 2(10)).
We now prove the following results.

LEMMA 2.1. Given a complex number A = ¢ + ix, 0 > 0 and
Q(A) = (Bl X = pl < 0/2).
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We define for p € Q(M\)
1, k=],

2.1 = (=
( ) ij(l") I_k(tl_p‘h)/t” 1<k<j,j=2(1)N+1-

Then there exists an m > 0 such that
|z (w)| < const(z,/2)", Kk <j,j=1(1)N,
for all p € Q(N).
Proof. Since t, = hi for every /, we have

(&, —ph)/t,=(1—p)/l.
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Letp € Q(A)and ! > [, = 30. Then |l — p| < |l — »|, where v = 6/2 — i(|x| + 0 /2).

Let k > [,. Then |z, (p)| < |vy,|, where

j=1
(2.2) Oy = 1]1(1—— v)/L.
Using

I(z+n) = (:t[;(z + 0)|T(2)

and the asymptotic expansion
I'(s+a)/T(s+b)=s5%1+0(/s)), Re(s)>0,
cf. [9], we can rewrite (2.2) and obtain

J=1
o, = [T =v)/1=T(j = »T(k)/T(k = )T() = (k)" (1 + 0(1/1)),

which completes the proof for k > /,. The result for k </, follows now, since

Z;(p) = 2, 1 ()2, ;(p) and z, , consists of at most /, terms. O

LEMMA 2.2. Forevery k > j > 1 andy € R,

constlt,Z -1

k—1 , =+ 0,
Y < !
= constln(z,/1,), y=0.

Proof. The result follows from the inequality

t
hty~' < constf'“s*‘lds. |
]

We also use the fact that, for a matrix A and an analytic function {(A), the matrix

function {(A) can be represented as
_ A
(2.3) $(4) = 3 [SOT = )" an,

where I is a closed curve which contains all eigenvalues of 4.
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3. Analytical Results. In this section we recapitulate the analytical properties of the
solutions of linear problems.
Consider the linear boundary value problem

(3.1a) y(t) - A‘T(t)y'(,) _ Aot_(zt)

(3.1b) BoY(0) + BY(1) =B,  Y(1)=(y(1), y'(2))".

By the linear transformation z = (y(¢), ty'(¢))”, applied to (3.1), we obtain the
following boundary value problem of the first order

[ o I 0 1 )
71 Ay(1) I+A1(t)]z(t)+t[f(t)}57M(t)z(t)+tf(t),

(3.2b) B,Y(0) + B,Y(1) = B.

y()=f(1), 0<t<]l,

(3.2a) /(1) =

We now consider the case, when f € C and 4,(t), A,(¢) can be written as
(3.3) Ay(t) = Ay + Cy(1), A1) =4, +rC (1), »v=1,

where 4, A, are constant n X n matrices and C,, C; € C. By (3.3) the system (3.2)
is equivalent to

(3%)zm)=1[° !

714, 1+A,]Z(’)+’V~I[Co(zt) Cl(zt)]z(t)ﬂ[f(of)}

%Md0+ﬂ”dﬁdo+ﬁﬁy 0<r<l1,

(3.4b) B,Y(0) + B,Y(1) = B.

We denote by R the spectral projection onto the eigenspace of M = M(0), corre-
sponding to an eigenvalue A = 0, and by S the spectral projection onto the invariant
subspace of M associated with the eigenvalues with positive real parts. We set

P=R+ S, Q=I1I-"P.
Finally, we define
S=U+V+T,

where U is the spectral projection onto the eigenspace of M corresponding to the
eigenvalue A = 1, and V is the spectral projection onto the invariant subspace
associated with eigenvalues, whose real parts are greater than one.

Let E be the 2n X 2n matrix of (generalized) eigenvectors of M such that
M = EJE™'.

Additionally, for any 2n X 2n matrix G we denote by G, the n X 2n matrix
consisting of the n first rows of G and by G, the n X 2n matrix consisting of the n
last rows of G.

We make the following asumptions:

L.3.1. Qz(0) = 0.

L.3.2. By TE =0,
where T is the n X i matrix consisting of nonzero columns of T, E, i = rank[T'] and
B,, is the m X n matrix consisting of the last columns of B,,.
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L.3.3. Let us denote by P the 2n X m matrix consisting of the linearly indepen-
dent columns of P, where m = rank[ P]. Then the m X m matrix

R,

BO[UIM P+ BP

has to be nonsingular.

THEOREM 3.1. If L.3.1, L.3.2 and L.3.3 hold, then (3.1) has a unique continuous
solution

y(t)=1z(t) and y e Cn C*0,1].

We note that L.3.1 is the necessary condition for z to be continuous. We have to
assume L.3.2 since

lim y;(¢) = im T,z’(¢) = o
t—0 t—0
and L.3.3 is necessary for y to be unique.

Finally, we formulate the smoothness properties of y. Let f, C; € C? and
C, € C?*!. Then

(3.5) if the real parts of all eigenvalues of M are nonpositive, y € C?*2[0, 1],

(3.6a) ifp<o,<p+1, yecCcrncrt'(o,1],
(3.6b) fp+l<o,<p+2, yecCrncro,1],
(3.6¢) ife,>p+2, yecCrt?,

where o, is the smallest of the positive real parts of the eigenvalues of M.
Clearly, all results are valid if (3.1) is a boundary value problem with constant
coefficient matrices A,(¢) = A, and 4,(¢) = A,.

4. Numerical Results. Consider a partition 7 as defined in Section 2. Then the
standard three-point discretization for (3.1) is

Yier =20+ yie Ay (1) (Vi1 = Nie A4,(1)
(413) LiyA = n? - — lti ( H—Izh 1 ) - 012 Yi =f(ti),
i=1(1)N - 1.

where Y, = (¥, ¥5)7, Yy = (¥, ¥n)7, and where by y;, yy we denote approxima-
tions for y’(0) and y’(1), respectively. Without loss of generality, we assume that the
boundary conditions, which are necessary for the solution of (3.1) to be continuous
(and equivalent to Qz(0) = 0), are given by

(4.1c) QY, =0,

where Q is a constant 7 X 2n matrix and r = rank[Q]. For a wide class of problems
appearing in practice, we typically have either y(0) = 0 or y’(0) = 0; see [7], [14]. To
approximate y’(1) we choose yy = (yy4+1 — Yn—1)/2h and complete the difference
scheme (4.1a) by one more equation for i = N. The choice of yj is not that simple,
because we cannot include the point ¢_; = —4 into the scheme. However, we can
remedy the situation if the solution y is smooth enough, which is valid for many
practical problems.
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Now we study the case when the coefficient matrices 4,(¢) and 4,(¢) are constant.
Let y € C2. Then Taylor’s theorem applied to Eq. (3.1a) yields

M ’” A !’ ” A ’ t2 ”

tm () = £/ + () = 2 (50) + ) + £(0)) | =10
where 0 < n, p < t, and therefore

Ay”(0):= (I — 4, — 4,/2)y"(0) = £(0)
if and only if
(4, + 45)y'(0) =0, 4,y(0) = 0.

Provided that the last conditions hold and A~! exists, the natural approximation for
y'(0) is
(4.22) ¥ = (y1 = ) /h — ha7'f(0) /2.

If (4.2a) is not well defined, another approximation must be taken; for instance, by
the polynomial interpolation we obtain immediately

(4.2b) Yo = (=, + 4y, = 33,)/2h.
Both (4.2a) and (4.2b) are O(h?) approximations for y’(0), if y € C3.
We saw in Section 3 that the fundamental properties of (3.1) have been deduced

via an investigation of the associated first order system (3.2). This is also the case for
the numerical scheme, and therefore we introduce the transformation

(4.3) Ui—1 = Ji-v Uy i—1 = i(y, = y-1)> i=1(1)N.
From (4.3) we have immediately

1 .
(4.4) U, =u, t 7 - i=1(1)N,
(4.5) y= = v, = 10N,
We now rewrite (4.1a) as follows
AI AO Al 2
(4.6) (I_ E))’Hl - (2I+ ‘l.'{).Vi + (I+ E)yi—l = h*f(z,),
i=1(1)N -1,

and substitute (4.3) and (4.5) into (4.6) obtaining

A ; A ;
(4.7) (I— 2_:)(&;1_ + u,_,.) - (21+ 1—2")(3—241"—‘ + ul',-_l)

A
+ (I + 2_;)“""" =h*(t,), i=1(1)N.
We now make the following assumption.
A.4.1. The matrices

4\ . _ 114l
(4‘8) (I—z_l) ’ 1<’<T,
exist. We note that ||4,/2i|| < 1 for each ||4,||/2 < i < N, and thus the matrices
I — A4,/2i are regular.
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We now rewrite (4.7) and have

A Mo _ AI) 4o (l‘l_—_' )
(I 2i)i+1 ——(I oF u,;+ |21+ 2 ; + Uy

A
- (1+ 2—;)u,‘i_l+h2f(t,.), i = 1(1)N.

This implies
uy, =-(i+ 1)( uz,;-| + ul,i—l)

A\7! A i
+(i+ 1)(1— . (21+ —f)(—u—zl‘—‘— + u,,,._l)

2i i

)
-+ 1)(1— A—'.)‘I(I+ %)u,,,_, +(i+ 1)(1— %)_Ihzf(ti)
_ "_f.l[_n (1— %)-1(2” %—Q)]uu_,

(1 ) ([or e 2o (14 )

#(r- 2) menrta)

+(i+1)

A -1
= 0]ul,,-_1 + 02“2,i—| +(I - -27]) hti+1f(ti)'
For 4, and 6, we have

, A4, A 1 A4,\7' 4
0,=(:+1)(1——271) =2 = .°+—2(1— !) (—'+I)A0,

p— 1 Al !
b= (13- 3)

4,
i i i?
1 AN (A, A
+i(_2i) (i T
- 1 1 A\ 1 4,
=I+ 7(I+A,)+ iz(l— —27) (<1+ i)A°+(I+ 5 )Al),
and finally
(4.9) (%4 Lo 1+ Xr+a)+ Lo
. Ui =\ +i_2 () |uy oy + +7( + ])+i—2 2 () ) ugi9
+ 93(i)ti+1hf(ti)a = I(I)N,
where

(4.10a) 0,(i) = ( - %‘.)_I(H %—')AO,
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(4.10b) 0,(i) = (1— %)_l[(l + %)A0+ (1+ %)Al],
(4.10c) 0,(i) = (1— %‘.)_l.

(4.4) and (4.9) yield the following system for
u1= (ul,l’uZ.x)T’ i= I(I)N’
1 1 . N 3
(4.11) u,=u_,+ TMux—I + i_2®4(1)“i—| + 1,005 (i) f(1,),
where
N 0 0 N~ |0 0
o0=[on ein] 0|0 o]

Due to J = E"'ME, we have for the vector v, = E~'u, the following equation
associated with (4.11)

(412) o= oyt o+ 0+ B,
where

0(i)=E'0,(i)E, ¥(i)=E'0s(i), i=1(1)N.

As a first step in the analysis of (4.12) we study the growth of solutions of the system
of difference equations

(4.13) v;=0v_, + %Jv,._l + ket i =1(1)N,

where a, vy are real numbers, , is a 2n-vector and J is a 2n X 2n Jordan box

Al
J = \\], A =0+ ik.
A

We consider the three cases ¢ < 0, A = 0, 0 > 0 separately.
Case 1.0 < 0.Letv, = 8,0 < ij < i. Then

ig+1 1 i—1 [k+1 ]

(4.14) o= [1 (1+ 7])8+ Y (]‘[ (1+ 71))h“+'t,z+‘rk
=1 k=ig+1 \ [=i
+ha+lt’y+lri

i1
— a+lay+1 a+l,y+1
=Z ,+10+ Y Zi BT e+ R
k=ig+1

i=(iy+ 1)(1)N,
where

1

Zj g1 = 2k+,1,j+|(‘-,) = i j;‘zk+l.j+l(_>‘)(}‘1 - J)_ld)\

and I' = {(u| |]A — p| = -0/2). From Lemma 2.1 we have

1Z; sl < const(t,,1/2:41)", n>0,
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and

(415) Jo] < const! |8 + % ohvmﬂvw“a“m@, i = (ig + D).

k=ig+1

Furthermore

1
2 (/1) R

k=1y+1
i
const(¢,, ) "h® Y. mlT"Ynll, v > -2,
k=ig+1
S i
he X kel Yy <-2,
k=1y+1
and by Lemma 2.2

const(z, ) "R — tzyoﬂﬂl Il v > -2,

< const(t,H)_"h“lt}’H - ti?)+l| ||rA”’ Y=-2,

const k{17 = 133 Il v<-2

Finally, we have
const{|8] + A% |nyl}, v > -2,

(416) o) < [constflol + Al v =2,
const{|8l + h"‘t,-70+2||rA||}, y < -2.
Case 2. A = 0. Let vy, = §; and v; , = &, kK = 2(1)2n. We consider the system

(4.13) in its component form, and for the last component v, ,,, we obtain

1

(4.17) Von =Vpant 2 AR, 0<ip<i<N,
k=ig+1
and by Lemma 2.2
8] + const Aol v > 2,
(4.18) |0; 24 < { [8,4] + const R g, |lnll, v = -2,
18,,] + const A%t} 2|, ¥ <-2.

For the (2n — 1)th component we have
i

i
- = a+l,y+1
Von—1 = Vigon-1 1 > % Ok-12n T DR Ly ? A AP
k=ig+1 k=ig+1

and there is by (4.18) and Lemma 2.2
ConSt{'BZn—l' +18,/ [In; | + hatiyﬂler“}’ Y > -2,
2
10,20 1| < { const{ 18y, | + 18yl [in | + he(in )| + e[ Ylmll}, v = -2,

const{[8,,,_ | +18,,| [Int, | + Aoer (1 + e |)Inll}, ¥ <-2.
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Clearly, continuing this process we obtain

2n — .

const{ Y 18] |In t,.olk + h"‘t}”lerH}, y> -2,
k=r
2n k—r 2n—r+1 X

(4.19) vl < const{kz 8¢l In ¢, | + R® kz |In,| l|rA||}, y = -2,

=r =1
2n k—r 2n—r X

con.st{ 28 |ng |+ A2 Y |Ing, | ljrAH}, y < -2,
k=r k=0

forr =2(1)2nand i = (iy + 1)(1)N.
Finally, for r = 1
N N
Vi1 = Uyg — > T Ok-12 7 X Ry,
k=i+1 k=i+1

and the following estimate is a result of (4.19) for r = 2 and Lemma 2.2
2n P

cons{ o + X ol + a1 = il v 2,
k=2

2n k-1 2n B
const{lb‘ll + X8/ g +h* Y |Ing ||rA||}, y=-2,
k=1

k=2
(420) ol < . k
-1
const{|8,| + Y 18| t,-0|
k=2
2n—1 P
il g o Jlal), v<-2
k=1
Clearly, if |6,| = max,; ,,|0;/, then
const{ |8, +[8y| Jn A" + A%}, y> -2,
2n—1 2n
(421) o)l < const{|8,| + 8! |In A + h°%|ln h| ||rAl|}, y=-2,
const{ [8,] + [8| [In A”"~" + A<t 2 A i)}, y < -2,
Case 3. 0 > 0. For the system (4.13) and vy, = & we have
1 -1
v = (I"' i+ 1") (01 = B0 )
N 1 -1 N k 1 -1
= (1+ ——J) 85— Y ( Il (1+ —J) )h"‘“t,Z“rk, i=0(1)N - 1.
k=i+1 k k=i+1 \I[=it1 /

Since o > 0, (I + J/k)! exist for each k and by the definition from Lemma 2.1 we

can rewrite the last expression, obtaining
N
— _ atlsy+1
0= Z N0 Y Zikh T s
k=i+1
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where

Zj+|k _/+|k+|(J)

and T = {u||]A — u| = 0/2}. It follows from Lemma 2.1 that there exists a constant
0 < 1 < 1, such that

1 -
a7 JEern AT =) dA

N
(4.22) ol < const{t"lSl + Y (t,+1/tk+,)"h"‘+'t7+'Irkl} i=0(1)N -1,
k=i+1
and from Lemma 2.2
const{t7|8] + h%||ry||}, y> -2,
(4.23)  |v| < { const{z?|8] + A%|n ]}, y=-2, i=0(1)N-1

const{£]18] + Aoty ¥|n}, v <-2.

Finally, we consider the iteration scheme, which is implied by (4.12) and has the
form

1 1 . N\ 13
(4.242) oD = o0 = SIolETD = SO0, + 1, ()1,
Ipb,<I<N,
(4.24b) Qo“‘*') =4, Po{f+D = Oy

Formally, we can write this as
(4.25) pk+h = Groo,

where G: X, — X, is a bounded linear map. Additionally, we use the following
notation:

GV® = (GrD), = ok*h,
We can now formulate three lemmas dealing with the cases when all eigenvalues of
M have negative real parts, are zero or have positive real parts.

LEMMA 4.1. Let all eigenvalues of M have negative real parts.
(1) For each t; = € > 0, there exists an h(e) such that, for each h € (0, h(¢)), the
system (4.11) has a unique solution for each v, = & and f,. Furthermore
lluall < const{|8] +|u]1}-
(ii) Let y, be a solution of (4.1a). Then

(@) I — Rayll < constw(f, k), iffec,
(b)  lya — Rayll < const h?, iff € C%.

All constants appearing in the estimates (i) and (ii) do not depend on &.
Proof. (i) We consider the system (4.12) and show that G is contracting on X,. Let
¥ and W be in X,. Then by (4.15)

1
|GV — GW| <const 3. (t,1/t;1) P27 O(R)| Vo) = W,

r=ig+1
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and it follows from (4.16) that, fora = 1 and y = -3,
6 = G < I8 (v = W),
where C = const. Clearly, for each 7, = & > 0, there exists an (&) = ¢/C||©,|| such
that, for each h < h(e),
I(GV = GW),ll <ll(V = W)l

and the result follows. The estimate in (i) is obtained now from (4.16) fora =y =0
and u, = Ev,.

(ii)(a) In this case y € C?, if f € C and QY(0) is equivalent to y(0) = y’(0) = 0.
Furthermore, it follows from [16, Lemma 3.1] that

w(y”, h) < constw(f,h)

and
ly'(t;) = y'(n,)] < comstt,, (f, k), t;<m, <t
Also
LRey =y(8) = 3() = S2x()
/Al

+ ()"N("l,‘) —y"(tj)) - t_(yl(sj) _y,(tj))’

where £, <, §; <t;,,,j = I(1)N and hence

(4.26) |L;(Ryy — )| < constw(f, k), j=T1(1)N.
Assume (i) to hold for an index i, > 0, and consider the initial conditions
(4.27) Yo =Yor g1 = 2,)/h = y'(0).

Then, it follows by Taylor’s theorem applied to (4.27) that

iy = ¥(t,)
ti0+l[(yi0+l =Y, )/h = yl(t.o

and the result holds by (i).
(ii)(b) Since y € C*if f € C?, the result follows in a very similar way on noting
that

(4.29) |L,(Ryy — n)| < const{n*M{ + h°M7/1;},  j=1(1)N,
where M{ = max, ., v |y (), k= 3,4 O

(4.28) 8= 1| o(h?)

LEMMA 4.2. Let all eigenvalues of M be zero.

(i) For each t;, = € > O, there exists an h(e) such that, for each h € (0, h(e)), the
system (4.11) has a unique solution for each (I — R)u, = 8,, Ruy =8y and fj.
Furthermore

luall < const{ ]3| [tn 4|~

+[oy] +14l1}

where d,, is the dimension of the largest Jordan box of M.
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(ii) Let y be a solution of (4.1a) subject to the terminal condition RY, = RY(1), see
[16, Lemma 3.2 and Remark 3.1]. Then
(a) ”yA - RAyII < constw(f, h)’ ’ffe C’
(®)  |ys — Ray| < const h?|In hldo_l, iffe C%

Proof. (i) Consider the system (4.12) and the iteration scheme defined by (4.24).
Then it follows by (4.20) that for ¥, W € X, anda = 1,y = -3,

h do—1
(4.30) |GV = G < C=|ine, [ 64 I(V = W),
o

and the result holds for each 7, = e and & < ¢/(Clln ¢~ '||@,|)). The estimate for u,
can be obtained now from (4.20) for« = y = 0.

(ii) This follows as in Lemma 4.1, since y € CP*2if f € C?, p > 0, and y’(¢) has
the same form as in Case 1. Furthermore, 8, = RYy — RY(1) = 0 and §, = O(h?)
yield the result. O

LEMMA 4.3. Let all eigenvalues of M have positive real parts.
(1) For each t; = € > 0, there exists an h(e) such that, for each h € (0, h(e)), the
system (4.11) has a unique solution for each uy, = & and f,. Also
lluall < const{]a] + [ fal}}-

(i1) Let y, be a solution of (4.1a) subject to the terminal condition yy = Y(1); see [16,
Lemma 3.3).
(@) Iff € C, then

const{ h**[n A" + w(f, b)), 0<o,<1,
const( 4|In W+ w(f, h)}, 1<o0,<2,

Iys = Rayl < 4
const{hllnhl ++a>(f,h)}, o,=2,
const{h + w(f, h)}, o, > 2.
(b) If f € C?, then
const h%+|In A", 0 <o, <2,
Iya = Rayll < < const h?|In h|d+, 0,=2,
const A2, o,.> 2.

Proof. (i) Consider the iteration (4.24). Let ¥, W € X,. Then it follows from (4.23)
fora = 1,y = -3 that

h . .
GV = G < CRIO (v = W)l ig<i<H,

and G is contracting on X, for each #; =& >0 if h <¢/C||8,|. The estimate
follows now from (4.23) fora = y = 0.

(ii)(a) Consider the system (3.2). Let ¢(¢) = E~'z(¢). Then g is a solution of the
following problem, (g(t) = E~'f(1))

(4.31) 9(1) = TJp(1) +14(1).  gecC.
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Let us assume that J consists of one Jordon box of dimension 27, whose eigenvalues
are A = ¢ + ix, ¢ > 0, and investigate y'(n,) — y'(¢;) and y"”(§;) — y"(¢,). From the
mean value theorem, we obtain

(@ (t01) = 0.(1)))/h = 9(1;) = g1 (n;,) — (1)),
wheren;, =1, + ¢, h,le;,| < 1,r=1(1)2nandj = ()N — 1.
Using (4.31), we have for», = 1 if r = 1(1)2n — 1 and »,,, = 0

o () — (1)) = A(—l_—%(n,,) - %%(G))

J
V o o
‘Pr+|(’1,r) - f(pr+l(tj) + njrgr(njr) - tjgr(tj)

1

(5; _ 7) Ag,(n,,) + 211(n,))

+ t—[ ((p"(njf) q),( )) + Vr(‘pr+l("7jr) - (Pr+1(tj))]
+njrgr(njr _tjgr(tj)
= 0(lo(1))l/?) + 0(e(@. h)/H) + O(1,(4 h)).

Clearly,
y(m) = y'(1;) = o(le(1)]/1t;) + 0w (o, k) /1) + O(t;0(f, b))
and
y'(&) = y"(1;) = o(le(1)|/it?) + 0(w(p, B)/17) + O(w( £, h)).
Thus
(4.32) |L;(y — Ray)| < const{ Ko (1,)|/6} + w(o, h) /17 + ([, 1)},
j=1HN -1,
and yy — y'(1) = O(h), yy —y(1) =0
Let 0 < o < 2. Hence, we have from [16, Lemma 3.3]
lo(1,)] < comst e[ A", j = 1())N,
2n—1 ~
(9, h) < const A°|In h2| L o<1,
consthllnh|" , 1<o<2.
Let 0 < 0 < 1. Then (4.32) is
IL,(3s = Ra)| < const{ ht~’|In W+ he e+ o(f, b)),

and the first estimate in (il)(a) follows by (4.23) fora=1,y=0—-3 < -2; a =g,
vy = -2 and a = y = 0, respectively. Let 1 <o < 2. Then we can write (4.32) as
follows

2n—1 2n—1
|L; (3 — Ryy)| < const{ hty=?[in A" + he;?|In | +w(f, b)),
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and the result holds by (4.23) for « = 1 and y < -2. For 0 = 2 we need only to
replace [In 4|2"~! by |In #|*" and if ¢ > 2, then w(@, #) < const A, and the result
follows in a very similar fashion.

(ii)(b) Since in this case y € C*(0, 1], we can differentiate (3.1a) and obtain by
[16, Lemma 3.3]

2n—1

const %7~ Hln A", 0 <o <2,
1L, (s = Ray)| < const ~%¢;2[In h*" c=2, i=1(1)N,
const h%t;?, o> 2.

The estimates in (ii)(b) hold now by (4.23), on noting that in this case yy — y’(1) =
o(h?). O

We shall now extend the results of Lemmas 4.1-4.3 to the general case where J
consists of some Jordan boxes with different eigenvalues.

LEMMA 4.4. For each t;, = € > 0, there exists an h(e) such that, for each h < h(e),
the system (4.11) has a unique solution for every Qu, =&, Puy =0y, fy and
furthermore

(D) lugll < constqidyllin A|%" + 18] + | /sID.

(ii) Let y, be a solution of (4.1a).

@ Iffe C,then

const{h%[In A* "' + w(f, k)}, 0<o,<1,

const{Alln A" " + w(f, h)}), 1<o,<2,

Iys = Rayll < 4
const{ |ln A" + w(f,h)}, o,.=2,
const{h + o (f, h)}, 6,>20rS=0.
(b) Iff € C?, then
const h°%|ln A", 0<o0,<2,

Iya = Rayll < { const h?(|in A" +|In hld"_]), o,=2,
const A2|tn A|"*”", o,>20rS=0.

Proof. (i) Let M = EJE~', where J is the Jordan canonical form of M. Then the
result follows as in Lemmas 4.1, 4.2 and 4.3 on considering the encoupled system
corresponding to (4.13) first and using the contraction argument afterwards.

(ii) This follows from previous lemmas and (i). O

Remark. (i) The results (ii) of Lemma 4.4 can be improved when the eigenvalues
A = 0 of M are simple.

()(a) Consider the system (4.13) and v, = §,. Then it follows immediately that

const{|dg| + Aty 2|nll}, ¥ > -2,
(4.33) Jo < { const{|d| + A<fln g, | I}, ¥ = -2,
const{|8y| + A7 2 nll}, ¥ < -2.

o
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(i)(b) For v, = 8, we have

const{|8,| + %y}, Yy > -2,
(433b) lvil < COBSt{l(S]I + halln tll “rAII}’ Y= -2,
const{|6,| + rtY*?n[}, ¥ < -2.

Finally, it follows from Lemma 4.4, (ii)(b), that for the case when (4.33a) holds
(4.34) s — Rayl| < consth?, ifa,>20rS =0.

(ii) We shall now extend the results of Lemma 4.4 to problem (4.1). We first
assume that the associated analytical problem (3.1) has a unique solution
y € CN C?*(0,1] and recall that the necessary condition for the solution y of
(3.1) to be continuous is given by Q¥(0) = 0. To show that the results of Lemma 4.4
hold also for the solution of (4.1) we have to consider two problems:

(it)(a) We have to prove that the solution u, of the difference equation (4.11)
subject to the boundary conditions Qu, = 0, Pu, = 8, yields the solution y, of the
difference equation (4.1a) subject to the boundary conditions (4.1b) and (4.1c).

Before proceeding further we briefly recapitulate how we have treated the analo-
gous problem in the analytical case; cf. [16, Section 3]. First, we have considered the
three cases where 0 <0, A = 0, and o > 0, separately, and in each case we have
given the conditions that are necessary for the solution to be continuous and the
conditions that are required to make the solution unique. Using the spectral
projections, we have constructed the general solution (for the case when M has
different eigenvalues) by superposition of continuous components pertaining to
different eigenvalues. We have shown that the condition Qu(0) = 0 is necessary for u
to be in C[0, 1] and the condition Pu(1) = Py yields to m = rank[ P] equations for
the constants that have to be specified to make the solution unique. This solution has
the form

z(1) = (Hf )(1) + @(¢) Py,

where
(Hf )(¢) = tzles”Msf(ts) ds + thtPs‘Msf(s) ds,
0 1
®(t) =1tMp.

Clearly, for problem (1.1a) the m conditions which we need for y to be unique have
to be given by (1.1b). It has been shown in [16, Theorem 3.1] that the m constants
can be uniquely determined from (1.1b) if and only if the inverse of a certain m X m
matrix which we obtain by substituting the solution y(¢) = z,(¢) and its derivative
into (1.1b) exists.

We can use this idea again in the case of difference equations. Comparing the
representations for the analytical and discrete solutions in each of the three cases
mentioned above, and, finally, in the general case, we can show that the solution of
the difference system can be written in a way which is a discrete analogue of that of
the analytical case. To see this we define

RYf = (£(0), f(h), £(2h),..., f(ih),..., £(1)),
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and then the solution u, of (4.11) can be written as
uA = HA(Rgf) + @APuN.

This form corresponds to that given above. Substituting this general solution into the
boundary conditions, we obtain a system of equations for m constants that uniquely
determines the discrete solution of (4.1). This system is uniquely solvable if and only
if the same m X m matrix as in the analytical case is nonsingular.

(i))(b) The second problem is how to pose the boundary conditions at the left
point of the interval if i, > 1

We have chosen

YN

+ B = B,
! ()’N+1 _yN—l)/zh A

Y
B
0 (y10+l _ylo—l)/zh

. Yoo )
2 (e —y,o_,)/zh} = 0Y(0) = 0,

and it follows by Lemma 4.4 and Remark (ii)(a) that the estimate (i) and the
convergence rates from Lemma 4.4 remain valid. Clearly, we have to replace 8, by
in (i).

For the practical computations we have chosen i, = 0 and modified the boundary
conditions as follows

Yo
(1 = y0)/h — hA7'f(0) /2

)
(4.353) Bo[ B, (yN+1 _)]\)/N~|)/2h} -

_ Yo
(4.35b) Q[( Y= Yo)/h — hA"f(O)/2] -0

where the matrix A4 is defined as at the beginning of Section 4. We can motivate the
choice of iy = 0 by the fact that the restriction on i, following from Lemma 4.4 is
sufficient (but not necessary) for the existence of the operator (I — F)~', where F is
the Fréchet derivative of G. The choice of iy, = 0 worked well also for some
problems with variable coefficient matrices 4,(¢) and 4,(¢) as well as for nonlinear
examples. This could suggest that the theoretical results presented here can be
extended to the whole interval [0, 1]. This may be the subject of further considera-
tions.

The extension of the theoretical results to the boundary conditions (4.35) is
obvious.

We now consider the linear system (4.1a) with

(4.36) A (1) =A4,+ 'C (1), i=0,1,
where » > 1 and C,(¢) € C[0, 1]. To show the existence and the uniqueness of the

solution of (4.1) we use contraction again. First of all we shall derive an analogous
equation to (4.11) for this case. For 4,(¢) given by (4.36) we have

(4.37a) 0,(i,h) = (1—”1‘++C‘("))_1(1+#)A0(t,),

(4.370)0, (i, ) = (1— Al+t2*lc'(t))][(l + }) (1) + (1+ A, (’))A (¢ )]
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A+ C(n)!
2i

and we assume that for 1 < i< max,_,.,(|4,(?)l/2), 0,(i, h), j = 1,2,3, exist.
Then we have the following system for u,

(4.37c) 0,(i,h) =1

1 1 . . .
(4.38)  w,=wu_, + 7M(tx)“1—1 + i_2®4(’a h)u,_, +t.,,h05(i, h)f,

where

0, (i, h) = @1(?,h) 92((1’),’1)]’ GS(i’h)=[g @3(?”')]

and
M(t) =M +1C(1), (1) = [Co(()r,) CI?%)]’

We rewrite (4.38) and obtain
1 t . 1 )
(4.39a) u,=u;,_, + ?Mu,-_l + TC(t,)u,._l + l_—2®4(z, h)u,_,

+1,0005(i, h) [, 0= (ig + 1)(1)N,,

subject to the boundary conditions

(4.39b) Qu, =8, Puy =3dy.

Note that the boundary value problem (4.39) is defined on the interval [z, 7y ],
where 1, =€> 0 and ¢ Ny =TS 1. We consider the iteration scheme, as defined in
(4.24) applied to (4.39) and show that G is contracting if ¢y is small enough. The
proof of this statement can be shown by consideration of the three previous cases
separately and the subsequent extension to the general case. Since the arguments
used are very similar, we shall not repeat the whole analysis but just derive the

conditions which are sufficient for G to be contracting.
If 6 < 0, then

h . ‘
(4.40) GV -GW<cC- { — 16,1+ t,~”+1||CAII}||(V = W)l
g
and hence
h .
I(6v = W)l < C{2-eul-+ s IOV = W)l
1o

If A = 0, then from (4.27)

2n—1
o

h .
(4.41) (GV - GW)a| < C{rlln tol - [1€all+ t”N0+1|fCAI!}II(V— W)all-
1o

Let 0 > 0. Then we have

h .
(442)  l(6V - 6w)ll< C{,—||®A||+ t;WIICAII}ll(V— W)all.
o
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Let 7, = € > 0. Then |[(GV — GW),|| < |(V — W)all if h and ¢ty are sufficiently
small. The standard contraction argument yields now the existence and uniqueness
of the solution of (4.39) on [g, 7], where 7 < 1. It is clear from (4.39a) that this
solution can be uniquely continued to 7 = 1, and the following lemma is obvious;
see also [16, Theorem 4.2] and Remark (ii).

The convergence rates in part (ii) have been obtained as in Lemma 4.4, using the
smoothness properties of y from Section 3.

LeEmMMA 4.5. If the homogeneous boundary value problem (3.1) has only the trivial
solution, then, for each L, =€> 0, there exists an h(e) > 0 such that, for every
h < h(¢), the system (4.1a) subject to the boundary conditions

(4.43) B)Y, + BYy=8, QY

has a unique solution for each f, and the following estimate holds:

@) 1l < const(ld|n A%~ + B8] + || flD-

(ii) Let y, be a solution of (4.1a) subject to the boundary conditions (4.43) with
80 = 0-

@) Iff,C, € Cand C, € C!, then

const{ #°+|In h}d+_l +w(f,h)), 0<o,<1,
const{ |ln W+ w(f, h)}, 1<0,<2,

s~ Rasll < )
const{hlln A+ w(f,h)}, o,.=2,
const{h + w( f, )}, g,>20rS=0.
) Iff, C, € C*and C, € C3, then
const ~°+|In hld+ : 0<o0,<2,
Iya = Rayll < { const hz(lln hl +|In h|d0 l) o,=2,
const A%|In hld° : 06,>2o0rS=0.

5. Numerical Examples.
Example 1. We consider the scalar equation

(V5 -

y(0) -y - Ly =3 -2,

There are two different eigenvalues
=(/5-3)/2<0, A, =(5+3)/2>2,
and therefore we choose the following boundary conditions
y(0) =0, y(1)=0
This yields the continuous solution of the form
y(1) =12 — 154372

and we expect that the error behave like 42,
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Example 2. We have now the following scalar problem
0.5
y()==y() =1, y(0)=y(1) =5,

whose solution is
y(t)=5—-1>+ 1"

The convergence rate of h*/? is illustrated in Table 5.1, where the corresponding
results for the first example are also tabulated. For both examples i, = 0.

TABLE 5.1
Example 1 Example 2

h A=y~ Ryl A/n? A=ln—Rayl | A/w7
1/10 1480 E — 3 0.1480 3.647E -3 0.1153
1/20 3.748E — 4 0.1499 1462 E — 3 0.1308
1,/40 9437E -5 0.1510 5.650E — 4 0.1429
1,/80 2370E -5 0.1517 2.130E - 4 0.1524
1/160 5935E-6 0.1519 7.894E - 5 0.1598
1/320 1485E - 6 0.1521 2891E -5 0.1655
1,/640 37MM5E - 17 0.1520 1.049E - 5 0.1698

Example 3. We now consider the 2 X 2 system (3.1a) where

A P i R )

The Jordan canonical form of M is

2 1 0 0
o 2 o o
=10 o0 12 1 |

and hence y(0) = 0 is the necessary condition for y to be continuous. Furthermore
we choose

@ y+ym=[§ © yorrm-| B

and the corresponding solutions are

ye(e) = [Zt’f]» Y1) = [:;gi it

Since the error behavior does not depend on the component of these solutions, we
list in the following tables the global error in the first component and the error at a
fixed point ¢ = 0.5 in the second component of each solution. In both cases i, = 0.
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TABLE 5.2

Example 3(a)

h Ist component A, /h? 2nd component A,/n?
4, 4,

1/4 1374 E - 2 0.219 2905E -2 0.465
1/8 3336 E—3 0.214 6.686 E — 3 0.428
1/16 7721 E -4 0.198 1.647E — 3 0.422
1/32 I.711E -4 0.175 4105E - 4 0.420
1/64 3.667TE -5 0.150 1.026 E — 4 0.420
1/128 9.111E—-6 0.149 2564 E — 5 0.420

TABLE 5.3

Example 3(b)

h 1st component A, /\/17 2nd component A,/h?
4, 4,
1/4 499 E — 1 0.999 2729E -1 437
1/8 3484E - 1 0.985 6616 E — 2 4.23
1/16 2453E - 1 0.981 1.643E — 2 421
1/32 1.732 E - 1 0.980 4102E -3 420
1/64 1224 E - 1 0.979 1.025E -3 4.19
1/128 8652E —2 0.978 2.563E — 4 4.19

Example 4. To illustrate the results of Lemma 4.5 we investigate the 2 X 2 system

with
AP
»(t) }

t) =
£(0) [moy,(t) — 100x3 + 200x%5 + 218.75x — 100

and the boundary conditions

yi(0) =0, »(0)=0; y,(1)=0, y(1)=0.

The corresponding eigenvalues of M are A; = A, =0, x; =1/2, A, = —1/2 and the
Jordan canonical form is

12 0 0 0
;-0 1200
0o 0 0 1
0 0 0 0

Since the problem has a solution y € C N C'(0, 1], it follows from Lemma 4.5(ii)
that the convergence rate is O(Vh ).
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TABLE 5.4
h A(h) =llya — Rayll A(h)/Vh A(h/2)/A(R)

1/10 3.044 E — 1 0.9626 *

1/20 3.143E — 1 1.4056 1.0325
1/40 2320E - 1 1.4673 0.7381
1/80 1.630E — 1 1.4579 0.7026
1/160 1LI41E — 1 1.4433 0.7000
1/320 80I4E -2 1.4336 0.7024
1/640 5645E — 2 1.4281 0.7044

. A(r/2) _
Jim = = 07071

Example 5. The next system is two-dimensional and

Sl HR T e A

M has the following eigenvalues A, = -2, A, =0, A; = A, = 2.5. The boundary
conditions are
»(0) =3, y;(0)=0; »(1) =38, yi(1)=36,
and the continuous solution of this problem is
18123 Int + 4125 + 412
t) = .
»(0) [ 3+ 4t>5Int

From the last remark we expect the convergence to be of second order and this is
verified by the results from the next table.

TABLE 5.5

h A=y — Rayll A/h?
1/10 7502E -2 7.502
1/20 1.861E — 2 7.444
1,/40 4645E — 3 7.432
1/80 1.161 E -3 7.430
1/160 2903 E — 4 7.432
1/320 7257TE-5 7.431

Example 6. Finally, we consider the following homogeneous system to illustrate
the results of Lemma 4.4 (ii)(b) in the case when J consists of two Jordan boxes. Let

P P

Ifa, =05,a,=1,thenA, = A, = 0,A; = A, = 1.5 and the boundary conditions
»(0) =3, »(0)=0; y(1)=-1, y(1)=3
yield the solution

Q) (1) = [3 —2t"3(1 - lnt)]'

313
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Ifal = —0.2, ao = 1, then Al = Az = O, A3 = A4 =0.8 and if
y1(0) =3, »,(0)=0; yi(1)=04, »(1)=1s6,
then the solution is

(i)

y(1) =

[3 — 21°%(1 — In¢)
1.6¢%8

|

The error behavior follows by Lemma 4.4 on noting that there are no logarithmic
terms in the second components of both solutions y(?).

TABLE 5.6 (i)

1st component 2nd component
h A(h) | A(R)/h" Inh| | ACh/2)/ACR) || A(h) | A(h)/h" | A(h/2)/A(h)

1/10 |4751E -2 0.6525 ’ * 1094E — 2| 0.3460 *

1/20 [2.185E -2 0.6524 0.460 4385E -3 | 03922 0.401

1/40 |9.57SE -3 0.6567 0.440 1.695E — 3| 04288 0.387

1/80 |4.057E -3 0.6625 0.424 6390E — 4| 04572 0.377

1/160 | 1.677E — 3 0.6687 0413 2368E — 4 0.4792 0.371

1/320 | 6.795E — 4 0.6743 0.405 8672E — 5| 0.4964 0.366

1/640 | 2.712E - 4 0.6796 0.400 3.148E -5 0.5097 0.363

. 1.5
lim A(h/2)/A(R) = (1/2)"° = 0.354
h—0
TABLE 5.6 (ii)
Ist component 2nd component

h Ath) | A(hy/h®* Ikl | ACh/2)/ACh) || A(h) | A(h)/h°® | A(h/2)/B(h)
1/10 |3.809E — 1 1.0437 . 2161E—2| 0.1363 .
1/20 |2450E -1 0.8984 0.643 1.342E - 2 0.1474 0.621
1/40 | 1562E — 1 0.8099 0.638 8037E—-3( 0.1537 0.600
1/80 |9.884E —2 0.7512 0.633 4887E -3 | 0.1627 0.608
1/160 |{ 6.205E — 2 0.7089 0.628 2889E-3| 0.1675 0.591
1/320 | 3.869E — 2 0.6771 0.623 1.693E—-3| 0.1709 0.586
1/640 | 2398 E — 2 0.6523 0.620 9.863E —4| 0.1734 0.583

’}in})A(h/Z)/A(h) =(1/2)"* = 0.574

All experiments have been carried out on a CDC Cyber 170,/720 in single precision
(48 bit mantissa).
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