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Two Approximations of Solutions
of Hamilton-Jacobi Equations*

By M. G. Crandall** and P. L. Lions

Abstract. Equations of Hamilton-Jacobi type arise in many areas of application, including the
calculus of variations, control theory and differential games. The associated initial-value
problems almost never have global-time classical solutions, and one must deal with suitable
generalized solutions. The correct class of generalized solutions has only recently been
established by the authors. This article establishes the convergence of a class of difference
approximations to these solutions by obtaining explicit error estimates. Analogous results are
proved by similar means for the method of vanishing viscosity.

Introduction. The main results of this paper concern the approximation of
solutions of the Cauchy problem for first-order partial differential equations of
Hamilton-Jacobi type. Most of the presentation here will be in the context of
problems of the form

(1vP) {Bu/at + H(Du)=0 inR" x(0, ),

u(x,0) = uy(x) inRY,

where H € C(R") (the continuous functions on RY), u, € BUC(RY) (the bounded
and uniformly continuous functions on RV), and Du = (uyp...,uy,) is the spatial
gradient of u. The problem (IVP) is technically simpler than the “general case” in
which the Hamiltonian H may depend on x, ¢ and u as well as Du, and we prefer to
keep the ideas clear and constants simple by dealing primarily with (IVP). (See the
comments in Section 4 regarding more general equations.) Two sorts of approxima-
tions of (IVP) will be considered here—finite difference schemes and the method of
vanishing viscosity. Before describing these approximations, we briefly review some
basic facts concerning (IVP).

Analysis by the method of chacteristics shows that if H and u,, are smooth and u,
is compactly supported, then (IVP) will typically have a unique C? solution u on
some maximal time interval 0 < ¢ < T for which lim, , - u(x, t) exists uniformly, but
this limiting function is not continuously differentiable. Thus Du “becomes discon-
tinuous” at ¢t = T (or “shocks form™). If one insists upon a solution of (IVP) which
is defined for all ¢ > 0, it is therefore necessary to deal with functions which are not
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smooth. On the other hand, it is relatively easy, in the above circumstances, to
produce Lipschitz continuous functions # on RY X [0, o) which satisfy (IVP) if the
equation is understood in the “almost everywhere” sense. However, “generalized”
solutions in this sense are not unique.

Recently, a way of identifying a uniquely existing solution for a class of problems .
which include (IVP) as a special case was given by the authors in [2], [3] (see also [1]).
The relevant solutions of scalar nonlinear first order equations are called “ viscosity
solutions”, and they are known to be the solutions of primary interest in many areas
of application (e.g., optimization, control theory, differential games, etc.). See, e.g.,
[6], [10], [11]. The term “viscosity solutions” refers to the fact that all solutions
obtained via the method of vanishing viscosity are in this class. The main properties
of viscosity solutions relevant for the current work are recalled, in the context of
(IVP), in Section 1.

In this paper we will approximate the viscosity solution of (IVP) by solutions of
the general class of finite difference schemes introduced below. Indeed, explicit error
estimates are given relating the viscosity solution of (IVP) and the solutions of these
finite difference approximations. We also show, under suitable hypotheses, that if
e > 0, u® is the solution of the problem

dut/dt + H(Du®) —eAu=0 inRY x(0, 00),

(IVP). ut(x,0) = uy(x) inR",

and u is the viscosity solution of (IVP), then |u®(x, 1) — u(x, t)| < ¢/e for x € R¥
and ¢ > 0. This is done in Section 5. Estimates like this have also been obtained in
W. H. Fleming [7] and P. L. Lions [10] by indirect arguments involving stochastic
differential games.

We now describe the class of difference approximations to be considered here. For
notational simplicity only, we will assume that N = 2 in most of the presentation.
The corresponding definitions and results for general N will be clear from this
special case, and we will not explicitly formulate them. A generic point in R? will be
denoted by (x, y), and we will write Du = (u,, u,). Given mesh sizes Ax, A y, At > 0,
the value of our numerical approximation at (x;, y,t,) = (jAx, kAy,nAt)
(J, k, n € Z) will be denoted by U",. Capital letters U, V,... will denote functions
on the x, y lattice A = {(x;, yx): j, k € Z} and their values at (x;, y;) will be
written U Vikoeo-n Thus U™ represents the state of our numerical approximation
at the time level n A¢, and it is a function on A with values U The notations
No=At/bx, N =At/8y, 83U, = Uiy — Uy and B U = Uy — Uik
will be used.

The discrete approximations of (IVP) of interest here are explicit marching
schemes of the form

(1) Ut = G(U", aerne o Ul i krsn)s

where p, g, r, s are fixed nonnegative integers and G is a function of (p + q + 2)
-(r + s + 2) variables. (At this stage we are ignoring the dependence of G on
Ax, Ay and At.) To simplify notation, (1) will also be written as

(2) Urtl = G(U").
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We say that (1) has “differenced form” if there exists a function g such that

(3 G(U}—p.k—r"“’l]j+q+1,k+s+1) = U«

X x
+ + .
_Atg( Ax (]j—p,k—r""’ Hl]j+q,k+s+l’

A% A%
-A_y l{j—p,k—r" LR 'A_y l{j+q+1,k+s) :

In order that the scheme (1), (3) be consistent with the equation u, + H(u,, u,)=0
occurring in (IVP), we must have

(4) g(a,...,a;b,....,b) = H(a,b) fora,beR.

When (3) holds we call g the numerical Hamiltonian of the scheme. Finally, we will
say that (2) (or (3)) is monotone on [-R, R if G(Ui_, x—ys--+» U gy g4541) s @
nondecreasing function of each argument as long as |A% U, ,,,|/Ax, |A% U, ,.|/Ay < R
forj—p<li<j+qk—-r<m<k+s+1lj-p<sl<j+q+Lk—-r<sm
< k + 5. Roughly speaking, R will be an a priori bound on |u,|, |u,| for the solution
of (IVP). '

Our main result is

THEOREM 1. Let H: R?> > R be continuous and u, be bounded and Lipschitz
continuous on R* with L as a Lipschitz constant. For X*, N’ > 0 and fixed, let the
scheme (2) have differenced form, be monotone on [-(L + 1), L + 1] and be consistent
with (IVP). Assume the numerical Hamiltonian g is locally Lipschitz continuous. Define
U° by Ujf)k = uy(x;, i) and then U", n=1,2,..., by (2). Let u be the viscosity
solution of (IVP). Then there is a constant ¢ depending only on sup|u,|, L, g and NAt
such that

(5) |Uj7k—“(xj’J’k9”At)|<c(‘/A—t)

for0<n< Nandallj, k.

The body of the paper is structured in the following way: Section 1 is devoted to a
review of the properties of viscosity solutions as needed herein. Examples of
difference schemes satisfying the assumptions of Theorem 1 are presented in Section
2. Theorem 1 is proved in Sections 3 and 4, with Section 3 consisting of preparatory
lemmas on the mapping U — G(U ), while Section 4 contains the proof of (5).
Section 4 concludes with remarks on variations of Theorem 1. The approximation of
(IVP) by (IVP), is treated in Section 5.

We bring this long introduction to a close with some remarks: First of all, some
convergence results are given in S. N. Kruzkov [8] for convex Hamiltonians H, using
some estimates available only in this special case. Next (see, e.g., P. L. Lions [10,
Chapter 16]) problems like (IVP) are closely related to hyperbolic systems satisfied



4 M. G. CRANDALL AND P. L. LIONS

by Du. If N =1, this relation is quite simple, since if u solves (IVP), then v = u,
solves a scalar conservation law:

—+—(H(U))—O in R X (0, o0),
v(x,0) = vy(x) = %(x) inR.

In this case the schemes presented here are related to those studied by M. G.
Crandall and A. Majda [4], and N. N. Kuznetsov [9] via the corresponding
substitution:

Ul — U¢

1
AU = Ax

Ax
We refer the reader interested in other aspects of Hamilton-Jacobi equations to
M. G. Crandall and P. L. Lions [2], P. L. Lions [10], and M. G. Crandall, L. C.
Evans and P. L. Lions [1]. Finally we remark that, in an ongoing investigation,
P. Souganidis [11] has formulated general approximation results which appear to
apply alike to dimensional splitting, max-min representations, approximation by
(IVP), and numerical schemes. His arguments are related to those given herein.

1. Viscosity Solutions of (IVP). As recalled in the Introduction, one cannot solve
(IVP) in a classical way on R" X (0, 00) in general, while Lipschitz continuous
“generalized solutions” in the almost everywhere sense exist under mild assumptions
but are not unique (examples are given, for instance, in [2]). The resolution of these
difficulties is given in [2], the results of which imply, in a roundabout way, the
theorem stated below. This theorem is proved directly in [1]. (We use x to denote
points in R below.)

THEOREM (EXISTENCE AND UNIQUENESS). Let H € C(RY), u, € BUCR"). Then
there is exactly one function u € BUCRY X [0, T)) for all T > 0 such that u(x,0) =
uy(x), and for every ¢ € C'(R" X (0, 00)) and T > 0:

If (xq, 1) is a local maximum point of u — ¢ on RY X (0, T|, then

(1.1) d
S8 (%0, 10) + H(Do (%0, 15)) < 0
and
If (xq, ty) is a local minimum point of u — ¢ on R X (0, T], then
(1.2)

d
8_?()60’ 1) + H(D$(xy,1,)) > 0

The function u whose existence and uniqueness is asserted by the theorem is called
the viscosity solution of (IVP). A continuous function  on RY X [0, T'] which satisfies
(1.1), (1.2) is called a viscosity solution of the equation u, + H(Du) = 0 on RV X
[0, T']. See [1], [2] for the appropriate notions for more general equations. There are
also useful equivalent ways to formulate the notion of viscosity solutions [1], [2].
Among the desirable properties of the notion of viscosity solutions is its consistency
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with the classical concept. That is, if u is a classical (i.e., C') solution of u, + H(Du)
= 0, then it is a viscosity solution, and if u is a viscosity solution, then u,(x,, ¢;) +
H(Du(x,, ty)) = 0 at any point (x,, #,) where u is differentiable.

The other information we want to recall consists of various estimates on the
behavior of solutions of (IVP). To record these, for each ¢ > 0 let S(¢): BUC(RY) —
BUC(R") be the time ¢ map associated with (IVP). That is, S(#)uy(x) = u(x, 1)
where u is the viscosity solution of (IVP). We also put || f|| = supg~y|f(x)| and
f*= max(f,0). The next result follows from [2], see also [1].

PROPOSITION 1.1. Let H € C(RY) and S(t) be as above; u,, v, € BUCRY), and
t > 0. Then
@) IS — S(1)2e) "Il < [l = 16) |l
(W) [1S()up — S(1)vpll < llug = vl
(iii) inf gv uy, < tH(0) + S(¢)uy < supgw uy.
(@) IS ug(x + ¥) = S(D)ug(x)| < sup,cprlitg(z + y) — ug(2)), fory € RV,
(v) If L is a Lipschitz constant for uy, then it is also a Lipschitz constant for

S(t)ugand ||S(t)ug = S(v)uq || <lt = rsup {|H(p)|: [p| < L}.
R

The key point here is (i). The estimate (i) implies (ii) upon using (i) with u, and v,
interchanged. Clearly (i) also implies S(z)u, > S(¢)v, if u, > v,, which in turn
implies (iii) since v = ¢ — tH(0) is a classical (and so the viscosity) solution of (IVP)
with the constant initial datum c. Choosing v, = sup u,, or inf u, and using the order-
preserving property yields (iii). Next (iv) follows from (ii) because S(¢)uy(- + y) is
the solution of (IVP) for the initial datum u,(- + y). Since (iv) shows that a modulus
of continuity for u, is also a modulus for S(¢)u(-), the first assertion of (v) is clear.
The Lipschitz property in the time is easily deduced from the equation u, + H(Du)
= 0 in the viscosity sense (see [2]) or in other ways.

2. Examples. We begin with N = 1 and write (IVP) in the form

u,+H(u )=0, fort>0,x<R,
(2.1) {I (x) T X

u(x,0) = uy(x), forxeR,
in this case. As the first example, we consider the scheme
Ui~ Uhy e ULt UL, - 207
2Ax A Ax ’
where 8 > 0 is given. The relation (2.2) may be rewritten as
AU+ MU 0 AU - AL UL
2Ax Ax ’

22) Ut =U"- At{H(

2y U=y - At{H( -5

making the differenced form clear. The numerical Hamiltonian is given by

gla,B) = H((a + B)/2) —(B - a)8/\* fora,B €R.
Cleariy g(a, a) = H(a) and so (2.2) is consistent. The scheme (2.2) is monotone on
[-R, R]if 1 — 26 > 0 (monotonicity in U"), and § — X*|H'(a)|/2 > 0 for |a| < R
(monotonicity in U, U”,). These two relations are achieved by first choosing

0 <6 <1/2 and then N\* sufficiently small. This scheme is analogous to the
Lax-Friedrichs scheme for conservation laws; see [4].
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In a similar way, the schemes

UL, - U
n —_ n jt1 J
(23) l]j+l—ljj _AtH(T),
or
nt+1l — prn !
(2.4) urtt =y - AtH(—T),

have the desired properties if H is nonincreasing (for (2.3)), if H is nondecreasing

(for (2.4)), and 1 > X*|H'(a)| for |a| < R. Those are simple “upwind” schemes.

Next, let ay € R, and assume H'(a)(a — ay) > 0, so H' changes sign at a = a. Set

0(s)=1ifs < ay, 8(s) = 0if s > ay. We consider the scheme

Un — U.n n — U_n

j+1 j j+1
() )

+(1 - o(U—’n—;;%)){H(gi—Eq’——) - H(ao)} + H(ao)}.

The numerical Hamiltonian is now

g(a, B) = 0(B){H(B) — H(ag)} +(1 — 8(a))(H(a) — H(ay)) + H(ay),
and thus (2.5) is consistent. Remarking that g(a, 8) may be written as g(a, 8) =
H(B A ag) + Ha V ap) — H(ay), where “A” and “V” denote “maximum” and
“minimum”, it is clear that g is locally Lipschitz if H is locally Lipschitz. Finally, one
checks that (2.5) is monotone on [-R, + R]if 1 — A*|H'(a)| > O for |a| < R

In fact, all the above examples are merely adaptations to Hamilton-Jacobi
equations of well-known schemes for conservation laws via the remarks in the
Introduction. As explained in, e.g., M. G. Crandall and A. Majda [4], there is a class
of schemes for the conservation law v, + (H(v)), = 0, called “monotone, in con-
servation form” with the following structure: V’l+1 V= NN gV, V)
—now the function g is called the numencal flux™. Cons1stency then means, as
before, g(a,...,a) = H(a) and monotonicity means that the map (V" — Vj”“) isa
nondecreasing function of each ¥;". Then we may write the corresponding scheme
for the approximation of (IVP),

@5  yri-ur- At{O(

(/j"+1=U _

My, MU,
Atg( Ax 0 Ax ),
which is in differenced form and consistent.
Next,if N > 1, the relation between (IVP) and conservation laws disappears. For
N =2 (to simplify, as always) we mention the analogue of the Lax-Friedrichs
scheme, i.e.

(2.6) Ut = U —At{ (

Uhiax = Uik Ul = Ul
2Ax ’ 2Ay

_0_( Uhie v Ulix— ZL/}?k)

A* Ax

_ 6 U1+ Ulor — 207
A Ay ’
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which is consistent, in differenced form. It is also monotone on [-R, R] provided
that 0 < 6 <1/4, 0 — X*|H{(e, B)| > 0, and 6 — N|H;(a, B)| > O for |a}, |B] < R
where H denotes the derivative of H in its ith argument.

As a last example, let

Vj7k+l Gl( —p,k—ro* ’V;"-'i-q+l,k+s+1)
IS Z S 7
= V"k—-Atgl( . JA;k porey— JX’)’:”“;
A’i I{/’ril,k—r A)-;- V_;"-zl-q+1,k+s
Ay yeeey Ay
and
u{it’k‘u GZ( —p.k—ro* l/K"}i-q+1,k+s+1)
AW . AW
A% W"p k—r AJ-)}- I/I{j'-’i-q+l,k+s
Ay yeaes Ay

be differenced form, monotone on [-R, R] schemes consistent with v, +
a'H (v, v,)=0and w,+ (1 — o) H,(w,, w,) = 0, respectively, where a € (0,1).
Then the scheme

n+1 n n
U =aG (U'—p k—r""’l(j+q+l k+s+1)

+(1 - a)G2( —p.k—rs>* ’(‘G:—q+1.k+s+1)
has differenced form, is monotone on [-R, R] and is consistent with: du/0t +
H(u,,u,) + Hy(u,, u,) = 0. E.g,, we could build schemes in this way for

ou ou du

from schemes for

5+ Hge) =0 and aW+HZ(3W)—0.

EREAE” 5 3y

3. Stability Properties of the Schemes. The notation in this section assumes two
space dimensions, but everything herein easily generalizes to arbitrary dimensions.
By capital letters U, V, etc., we denote bounded bi-infinite double sequences
{U + }(j.xyez?- i.€. bounded functions on Z?, the set of all such being /*(Z?), which
we equip with the norm

[Ulle = sup |U/k‘
Jj.k€ZL
Let G be the self-map of /°(Z?) defined by (3), i.e.

AJf&-(]j—p‘k—r A'1L6'+q,k+s+l
(1) GU)u= Uy~ Arg| —zdr || STk,

A'i Uj—p,k—r A'E— l{/‘+q+1‘k+s
Ay yeees Ay
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We now investigate the properties of G. By definition (2), (3) is monotone on

[-R, R]if the restriction of G to
C={Uel™(Z*):|8U,|< RAx,|A%U,,|<RAy,forl,me Z}
preserves the natural ordering of /®(Z?). We identify A € R with the constant
function A on Z2. From the form of G, it is clear that
G(U+A)=G(U)+A\ forall U e [®(Z?)and A € R,

that is, G commutes with the addition of constants. Now, it is a simple fact that
order-preserving mappings commuting with the addition of constants are nonexpan-
sive in /®(Z?) (M. G. Crandall and L. Tartar [5]). Indeed, if U,V € C, then
U< V+AwithA=|(U-V)"|,..But ¥ + A € C, and thus (using monotonicity)
we deduce
(3.2)

GU) <GV +1)=G()+A, 50[(GU)=G(") | <NV = V)|
which implies, in particular, the nonexpansiveness on C.

Another simple property of G is that it commutes with translations, i.e. if [, m € Z

are fixed and 7, ,, is the linear mapping defined by (7, ,U); = U,/ s+ > then we

have 7, mG(U )= G(T, ,U) for all V € [®(Z?). Using this property in conjunction
with (3.2), we can deduce

(33) 185G (U) |l <83 UL, |18 G(U) ], <[& Ul
for all U € C. For example,
185G (V) |.o =Im oG (U) = G(U)|,, =G (n V) = G(U))
< U = Ul =85 Ul
since Tm leaves invariant C for any /, m € Z. An immediate consequence of (3.3) is

that G leaves C invariant (G(C) c O).
The last property we observe is the following: If n, j > 0 and U € C, then

IG"(U) - G"(U) |, <||G/(U) - U],
j-1 N R
< X |G77(U) = 7D || <JIG(U) = U,
=0

and from the explicit form (3) we finally obtain

(3.4) IG**/(U) - G"(U)||,, <jAtK forn, j>0,U€C,

where K is given by

(35) K=sup{lg(§);0<I<p+qg+1,0<m<r+s+1]J§,I<R},
and £ denotes a vector with components §, .

We record all these properties in

PROPOSITION 3.1. Let R > 0 and C be defined as above. Let the scheme be monotone
on [-R, R] and G: C— [®(Z?) be given by (3) with g bounded on bounded sets. Then
we have:

6] G(U) G(V)for UurvecUsx
(1) G(U + \) = G(U)+}\forU€ C, )\e R;
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(i) |[GU) = G(V)lle < U = Vil for U,V € C;
V) 184 G(U)lg < 18% Ull, 184 G(U)ll < 1A% U]l for U € C;
V) G(C)c G
i) IG"(U) = G"(U)|l, <jAtK for U C,n, j >0,
where K is given by (3.5);
(vii) |G"(U)|l, < IU|l, + n AL A, for U e C,
where A = |g(0,...,0)| = |H(0,0)|.

The only new property is (vii), which is easily proved by first observing that
G"(0) = -n Az g(0,0,...,0) and so

1G"(U)]lo <IG"(U) = G"(0)]lo +[G"(0) | <[Ullc + m AL A.
4. Proof of Theorem 1. The proof of Theorem 1 given here is related to the proof
of uniqueness of viscosity solutions of (IVP) presented in [1] and it also involves

estimates introduced in [2]. Throughout this section we will assume the hypotheses
and notation of Theorem 1. In addition, we will at first assume that

u(x, y,t) >0 as|x|+|y| - oo,

(4.1)

Ul =0 as |j[ +|k| = oo

hold uniformly for bounded ¢, n Az > 0. This assumption allows a simplified
presentation and is easily relaxed later. Moreover, (4.1) holds if u, — 0 as |x| + | y|
- 0.

It will be convenient to define

(4.2) Q=R X[0,0), Q;=R*x][0,T],

and the discrete analogues

(43) Q9=AXx(AtZY) = {(xj, Vo nAt):j, k=0,+1,...;n= 0,1,...,},
Q4 = {(xj, yi-nlAt) € Q% n < N}.

Hereafter T > 0 and N € Z"* satisfying

(4.4) (N-1)At < T < NAt
are fixed. We seek to estimate u(x;, y,, n At) — U/,. To this end, we will assume
(4.5) sup (u(x;, v n &) = Uty ) = 0> 0
: j.kEL
0<sn<N

and then produce an upper bound on o. In exactly the same way, if
inf(u(x;, y,, n At) — U’y) = —0 < 0, we could estimate o and the conjunction of
these estimates bounds (u(x;, y, n At) — U'}).

We are going to define a function y: Q X Q¢ — R which is a principal ingredient
in the proof. This function depends on o and T above as well as

(4.6) M = sup (|uo(¢)[+ T|H(0,0)[) +1,
|£|eR?
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a positive parameter ¢, and a function B: R* X R — R as follows: For (§,¢) € Q
and (1, 5) € Q%

47) v(&,m,s)=u(ét)- U — ff(f +5) +(5M + %)BE(E -n,t-ys),
where (1, s) = (x;, y,, n Ar) and B,(£, 1) = B(&/¢, t/¢).

We remark that (4.6) guarantees

(4.8) lujl< M onQ; and ||[U"|ow <M for0O<n<N;

see Proposition 1.1(iii) and Proposition 3.1(vii). The function g of (4.7) will satisfy

BissmoothonR* X R, 0<pB<1,p(0,0)=1,
B&,1)=0 iflg +12>1,

as well as other conditions imposed later. The next step is to maximize y over
Orn=Qr X Qf.

LEMMA 4.1. Under the above assumptions there is a point (&, to, Mg, So) € Qr.n
such that

(l) ‘[/(£09 to, 1’0’ sO) = ‘P($9 ta UB s)for (ga t, UB S) € QT,N and

(i) B.(¢o — mo»> to — 8o) = 3/5.

Proof. The existence of (£, £y, 19, 5o) follows from the fact that if (¢, 1,7/, s) €
Qr,yand
(4.10) y(&, 1,7, s") > supy,

orw
then (¢/, ¢/, v/, s') remains bounded. Indeed, from (4.5), (4.7), (4.9), one sees that
(4.11) supy > sup (u(x;, y, nAt) = U") + 5M = 0 + 5M,
kel

orn J.k
0O<ngN

(4.9)

while (4.7), (4.8) imply
V(¢ t,m,5)<2M ifB(¢§—m,t—s)=0.

Hence (4.10) implies B,(¢' — %', t' —s')> 0 for large /, and so (¢ —u')*+
(t' = 5")? < €. From this, (4.1) and (4.7) we see that if |¢/| + |n| = oo, then

limsup‘l’(f’, ', s’) < 5M + o/2.

=00

This contradicts (4.10), (4.11).
To prove (ii), observe that

2M +(5M + 0/2)B,(§o — Mo, to — So) = ¥ (&g, 105 Mg, So) > sup ¥ > SM + o,
S0
B.(&6 — Mo» 2o — 59) = (6M + 26)/(10M + o) > 3/5.
In what follows we will put
(4.12) e=(Ax+ Ay + A)* = (& + N+ 1)4An)Y4,

although we will not use this relation except at certain points in the argument.
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There are now several cases to be considered. These are: ¢, s > 0; #5 = 0, 55 = 0;
and 7, = 0, 5, > 0. We begin with the case ¢, s, > 0.

1st case. t, > 0, s, > 0.1t follows from Lemma 4.1(i) that (&, ¢,) is a maximum
point on Q. of

(&1) = u(£, 1) = 01/ +(SM + 0/D)B,(£ — g, 1 = 55).

By the definition of viscosity solutions and the equation solved by u, we therefore
have

(413) = (5M+3)DBLE =10, 16— 50)

+H( (s + 3 ) DeBi(& - no,to—so))<0

(Here and below, D, B,, D,B, stand for the indicated derivatives of B,(, ) which are
then evaluated at the point shown.)
The analogous estimate on the discrete side requires more work. Let

(4.14) ("70, 50) = ((xjo’ yko)’ nOAt);
then (i, k¢, 1) minimizes
. n . O
(o kon) = Ut + S (n 1) - (5M+ 2) B.(£0 = (x, yi), 1o — n At)
over (x;, y;, n Ar) € Qf. Thus
(415) U" > U, +(o/4)(ng— n) At —(5M + 0,/2)

X (B.(& = mo» to — 50) — B.(& — (jAX, kAy), to — n At))

for 0 < n < N and all j, k. We next use the monotonicity of G and (4.15) with
n = ny — 1 to conclude that

(4.16)
U%, = G(U™ ™) jouko

> U, + 280 = (M + 2)(B(6 = Moy to = 50) = B0 = Tos fo = 50 + A1)

— At (5Mz-o/2 % B.(¢0 — ((Jo — p) Ax, (kg — r) Ay), ty — 5o + A1),

SM + 0/2 .
" AyO/ A B.(¢& —((Jo — p) Ax, (kg — 1) Ay), 1o — 5o + At),... ).

To guarantee the validity of this step we must show that the arguments of g above lie
in [-(L + 1), L + 1], since the monotonicity is only assumed in this case. Consider a
typical argument of g above; e.g., any of the x-differences has the form

_—5M o/ [,3 fo no —((1 + 1) Ax, mly), to = so + At)

—B.(¢0 — mo —(1Ax, mAy), 1o — 5, + At)]

(4.17)

where /, m are bounded integers,

(4.18) 1+, |m<max(p,r,q+1,s+1)+1=K.
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Clearly, the difference between (4.17) and —(5M + 0/2)D;B.(&, — Mg> to — So)
where D, denotes differentiation in the first spatial argument, is estimated in the
form const e"2(Ax + Ay + At), where the constant involves bounds on the second
derivative of 8 but is independent of e. Invoking (4.12), we find these errors to be at
most

(4.19) const(Ar)"?,

so (4.17) differs from —(5M + 0/2)D,B.($; — g, 1o — So) by at most 1 if Ar is
sufficiently small. Using the next lemma and these remarks, we see that the
arguments of g in (4.16) lie in [-(L + 1), L + 1] if Az is sufficiently small. (Parts (ii)
and (iii) of the lemma are used later.)

LeEMMA 4.2. Let (&, ty, Mg, So) be as in Lemma 4.1 and L be the Lipschitz constant
of uy. Then

(1)) OM + 0/2)|DeB.(§p — Mos Lo — So)| < L
Let L, = max(|H(p)|:|p| < L)andty, > 0. Then

(i) ~(5M + 0/2)D,B.(§5 — Mo, 1o — o) < Ly — 0/4T.
Ifalso T > t,, then

(iii) (5M + 0/2)|D,B,(£ — Mo. 1o = o)l < Ly + 0/4T.

Proof. By assumption, the mapping
g - u(ga tO) +(5M + O/Z)Bs(g — To> tO - SO)

is maximized at £ = £,. Thus for ¢ € R?
(5M + 0/2)(:8(§ — Mos lp — 50) - B(‘fo —Mos o — 50))
< u(&.t9) —u(é, 1) < LI§, — ¢,

where the last inequality is from Proposition 1.1(v). The inequality (i) follows at
once. Similarly,

t > u(éy,t) —ot/4+(5M + 0/2)B.(4, — g, t — 5)
is maximized over [0, 7] at z, > 0, so for small 4 > 0

(5M + 6/2)[B.(& — Mo to — h — 5¢) — B(so = Mg 1o — 50)]

< (u(&y, tg) —ul(éy, 1o — h)) — Oh < Lh— 4Th

where the last inequality is from Proposition 1.1(v). The inequality (ii) follows at
once. If also T > t,,, then one makes the two-sided estimate in the obvious way.

Now we return to (4.16). In this expression we replace each difference in the
arguments of g by the corresponding derivative of -(SM + a/2)B.(§ — n¢, ty — So)
at £ = §,, thereby creating errors we can estimate—using the locally Lipschitz
property of g—by multiples of (Ax + Ay + At)e 2 Then we use the consistency of
the numerical Hamiltonian g with H to conclude that

)ﬁ(fo Mos Lo = 89) = Bu(&o = o, 1o — (50 — At))
At

[
3< (5M+

Ax + Ay + At
+H{~(5M + 5 ) DeB8 = mos 1y = )] + € HEELEEL,
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where C is a constant one could easily estimate. Making similar arguments on the
t-difference above, we further deduce that

(4.20) 7 < —(5M + ‘%)D,,Be(éo — Mo» to — So)

Ax + Ay + At)
+H(—(5M + %)D&Be(go - no, to - So)) + C(_‘x_—ezx—').
Taken together, (4.13) and (4.20) yield
o < C(Ax+A2y+At)
4

(with a new constant C). We again invoke (4.12) so that this becomes
o< C(Ax + Ay + An)Y* = (& + N + 1)V*(An)?,

which establishes the desired estimate.

We turn to the cases in which one of ¢, or s, is 0. In these cases we do not need to
use the information that u is a solution or the detailed properties of G. We rely on
(4.11) and simple considerations of continuity. However, we will restrict § to satisfy

{B(i, 1)=1 —(|£|2 +1%)  for ) + 12 < 4,

(4.21) 2
B(¢,1) <3 for |¢| + % > 1.

In the event (4.21) holds we know from Lemma 4.1(ii) that |, — 1o|* + (2, — 50)* <
1.2
s¢°. Hence

2
DB.(&0 — mos Lo — So) = —;§(§0 — 1),

2
D,B.(&) — Moty — So) = ‘?(’0 —5)s

and then from Lemma 4.2 we conclude that:

(4.22) €0 — mo| < €2L/(10M + 0);
e*(L, — 0/4T)
(4.23) Ift, = T, then |, — 50| < T loM+o
e*(L, + 0/4T)
(4.24) If T»> ty > 0, then |t0 — SO| < _—EMT

2nd case. ty > 0,5, = 0.
By (4.11), Proposition 1.1(v) and the choice of U°,

SM+ o0 < 11/(5(), o, "70,0) <|u(§o, to) - “("70, to)| +|“("70a to) - “("IO,O)I
+(5M + 6/2)B.(&o — M0 1o — So)
< LIEy — ol + Lty + 5SM + 0/2.

The estimate (4.22) holds and either ¢, = 0 or one of (4.23), (4.24) holds. The above
thus yields ¢ < const ¢, and again we are done.
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3rd case. t, = 0, s, > 0. In a manner similar to the above we find (using also
Proposition 3.1(v)) that

and so
o < 2L|E) — gl + 2Ks,.

We now need to estimate s, suitably and invoke (4.22) once more to complete the
proof.
From

¥ (&0, 105 9> 50) = ¥ (0,0, Mo, 50) > ¥(§5,0, mg, 5o — A1),
we conclude that
[
~Ugo = 275 (5M+ ):3 (&0 — M0 —S0)
o = (50— Ar) +(SM + 5 )B,(& = mo, s, + A1),
where the notation (4.14) is being used. Since '

B.(&6 — mos 1o — 8o) = B.(&o — M9, —o) = 3/5
by Lemma 4.1 and (4.12), (4.21) hold, we can assume that 8, has the quadratic form
(4.12) by taking Az small. The above then becomes

5M + 0/2(s2
0

- ~(so— A1)’) < oot — U — 5=A1 < KA.
€

Josko 4T

Analyzing this inequality, we conclude that s, < const(e? + A¢). Using this in the
estimate on o above yields o < const(e? + At), and again ¢ = (Ax + Ay + Ar)'/*
yields o < const(Ax + Ay + Ar)/2

Proof of the General Case. The remaining step is to remove the restriction (4.1).
There are two possible ways to do this. We may, for example, follow the uniqueness
proof in [1] and replace ¥ by

=y +280(&t,m, 5),
where 8 > 0, { = {(£+ &g, t + 1, ¥ + o 5 + 5p) and § € CP(R? X R X R® X R),
0 < ¢ <1,§0) =1and (&, ty, 19, 5,) is a point such that
¥(&o, 195 M9, So) > sup ¥ — 8.

Then adapting the above proof, one reaches the desired conclusion. (See also [11].)
Another argument makes use of the hyperbolic nature of the problem, namely the
finite speed of propagation. Observe that, without loss of generality, we may assume
H(0) = 0 (replace u(x, t) by u(x, t) + tH(0), H by H — H(0), g by g — H(0), U" by
U" + n At). In the statement of the next result, which was proved in [2], we use the
notation B(x, R) for the closed ball in RY with center x and radius R and put
Br = B(0, R).

THEOREM. Let uy, vy € WhRV), let H € WL>(RY), and denote the semigroup
solving (IVP) by S(t). Then, if y, € RY and uy(y) = vy(y) on B(y,, R), we have

(S(1)ug)(x) = (S(2)v)(x) onB(yy, R —»t),

where v = ||H'|| ;g y and r = max(|| Dug|| z=, || Dvo|| 1)
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On the other hand, it is clear from the definitions thatif U, , = ¥ , for|j — j| < R
|k — kol < R (R E€N), then U’y = V/y for |j — jo| < R — Kn, |k — ko| < R — Kn
with K = max(p,r,q + 1,s + 1). Thus if u, = vy in B(£&,, R) and &, = (xo, J,),
and if U", V" are the discrete approximations generated by our scheme, we see that
U’ = V' for j, k satisfying

lj — xo/Ax| < R/Ax —2 — Kn, |k —y,/Ay| <R/Ay—2— Kn,

ie.,

jAx — xo] < (R —2A4x)— x(n At),

lkdy —y| < (R-24y) - M(n At).

It is then easy to conclude the argument by remarking that, uniformly in z, € R?,
we may find R large enough and a Lipschitz continuous v, with compact support
such that: u, = vyon B(zg, R); (S(H)ug)(z) = (S(t)vg)(z) for|z — 25 < 1,0 < t <
T; and U =V for [(jAx,kAy)—z5|<1, 0 <n<N. Applying the result
already proved (as we may, since V", S(t)v, also have compact support), Theorem 1
is proved.

We pause to comment on a few of the possible extensions of the preceding results.
First of all, it is straightforward to treat more general Hamiltonians H(x, t, u, Du).
For example, in one space dimension, let H(x, t, r) be Lipschitz continuous in
R X [0, T] X [-R, R] for each T, R > 0. Then an approximation

AU, AU,
Ax 7 Ax
=G(x;,1,,U",.....U" ,11)

l]jn+1 — l]jn _ Atg x

is consistent if g(x, ¢, a,...,a) = H(x, t, «) and monotone if U}"“ is a nondecreas-
ing function of U” ..., U’ .. If the numerical Hamiltonian is also Lipschitz
continuous on bounded sets of R X [0, T] X R?*9%2 we can again estimate U -

u(x;,t,) by a multiple of (Ar)'/* if u, is Lipschitz continuous. (The 51mp1e
Proposmons 1.1 and 3.1 need to be appropriately generalized. See [11].)

Next, we could discuss the corresponding stationary problem u + H(Du) = f(x)
in RY as well as boundary value problems (see [9]), but we will not formulate any
precise results here. It is also clear that implicit approximations can be handled
equally well.

We conclude this section with some final remarks in the context of the equation
u, + H(Du) = 0 (which apply to its generalizations as well). If one reexamines the
above proofs under the assumption that H and g are globally Lipschitz continuous,
one sees that the estimate on U, — u(x;, y;, n At) depends on u, through its
Lipschitz constant L = L(u,) (provided that u, is kept bounded) in the form

lank —u(x;, y, nAt)| < C(LZ(At)l/z)
(where we assume L is not small and Az is not large). Using this fact and the
nonexpansive nature of S(¢) (Proposition 1.1(ii)) and G (Proposition 3.1(iii)), we
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conclude that if Uy, u, V', v, are the discrete and exact solutions for initial data u,
(possibly not Lipschitz) and v, (Lipschitz), then

<|U% = Vol + v = o(x) v 1)

IU;{Ik - u(xj’ Yies tn)
+ 'U('xj’ Yis tn) - u('xj’ Yies tn)l
2 1/2
< 2[luy = vl + C(L(vy)) (A1) -
This allows us to conclude the convergence of the numerical scheme for general

u, € BUC(RY) with an error estimate. For example, if u,, is Holder continuous with
exponent a, we can choose v, above so that the error is at most const(A¢)*/ (22~

5. Convergence of the Vanishing Viscosity Method. It has long been standard to
attempt to approximate (IVP) by the problem
dut/0t + H(Du®) —eAu* =0 inR" X (0, 0),
ut(x,0) = uy(x) inR".
By anology with fluid mechanics, this method is referred to as the method of
“vanishing viscosity”. If H € W5*(R") and u, € W"*(R"), standard results and
methods for quasilinear partial differential equations yield the existence and unique-
ness of a solution u* of (IVP), in the class BUCRY x [0, T]) N C*}(RY X (0, T'))
(i.e., continuous second order spatial and first order time derivatives) for all T < oo.
Our main result is

(IVP),

THEOREM 5.1. Assume H is locally Lipschitz continuous on R", u, is bounded and
Lipschitz continuous on RN and T > 0. Then, if u® denotes the solution of (IVP), and u
denotes the viscosity solution of (IVP), we have
(5.1) sup sup |u(x,t) —u(x,t)| < cve,

0<t<T xeRrRV

where c depends only on the Lipschitz constants of u,, H and T.

Proof. To simplify the presentation we will only consider the case when H(0) = 0
and u, u* — 0 as |x| = oo uniformly in 7 € [0, T'] (T < ). The general case is
easily obtained by (now) routine adaptations of this simpler case [1], [2].

Assume

(5.2) o= sup sup (u(x,t)—u(x,1))>0,

0<1<T xeRV

and lety: RY X R* X R¥ X R*— R be given by
(5.3) Y(x, 1, p,8) = u(x, t) - u(y,s) —207(1 +5)

+(5M + %),Ba(x -y, t—s),

where M = |||, « > 0 and B,, B are as in (4.7), (4.9), (4.21). (We now use x, y to
denote points in R".) Just as in the previous case, we conclude that there is a point
(xgs s Yo» So) Which maximizes ¢ over (RV X [0, T'])2. Moreover

(5.4) Y (X0, 205 Yo, S9) = 5M + 0 and B,(xo — yp, 1o — o) > 3/5,
so that

2
(5.5) X0 = Yol +(’o_50)2<0‘2/2‘
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As before,we will consider the cases ¢, s > 0; 1,=0, 50 > 0; and 75> 0, 50 =0
separately. Before doing so, we review a few properties of u°. We have the
elementary estimates

(5.6) luf| < M,  |Du|<||Duy|p=gvy  inRY x(0,00)

(see, e.g., [2], [10]). Therefore H( Du®) is bounded independently of e. The following
lemma will then allow us to estimate the modulus of continuity in time of #° in the
form

(5.7) lut(x, 1) — u(x, s)| < Ke |t — s[> + K|t — s|.

LEMMA 5.2. Let v € C*'(RY X (0, 00)) N WE=(RY X [0, 0)) satisfy |v, — e Av| <
K, in RY X (0,00). Then there is a constant K depending only on K, and
Sup, .o || Dvl| L= gry Such that

lo(x, 1) —v(x,s)|< K(\/Elt — s|1/2 +r - sl) forx € RV, t,5 > 0.

Proof. Let p € C*(RV) be a standard mollifier supported in the unit ball and
satisfying [p(x) dx = 1. Putv, = p, * v. Clearly |v,, — € Av,| < K, in R". Thus

llv, t”L‘”(RN) K, + EHAU ”L‘”(R”)
<K, + ||Dv [ e®yy < Ko + —“DU“L“’(RN) forz > 0,
where ¢ depends only on p. Therefore
Jo(x, 1) = o(x, 5)| <lo(x, 1) = v, (x, )] +]o(x, 5) = 1, (x, 9)]
+(K0 + %‘e‘)h — 5|
< K(a+|t—s|+(e/a)|t —s|),

where K denotes several constants with allowed dependencies. Setting a =
/2|t — 5|'/? yields the result.
We now turn to the cases ¢, > 0, s, = 0, and 7, = 0, s, > 0. Here only continuity
considerations are involved, as before. If 7, > 0 and s, = 0, we have

SM +o < \P(xo, t01 yOaO)
< SM + 0/2 +|u(yy, o) — u(xg, to)] +[u(x0,0) — u(xo, 10)]
S SM + 072+ c(|xg = yol + 1o)-

Now, in a manner similar to (but simpler than) the 3rd case in Section 4, we can
conclude that |x, — y,| and ¢, are bounded by multiples of & and so0 0 < ca? in this
case. If @ = €/, we have the desired estimate. The case 7, = 5, = 0 is subsumed
under the one just treated. If ¢, = 0 and 5, > 0, we have

u*( o, So) — (5M+ ).3 (X0 = Yo> SO)+4T

< u(3,0) = (M + 3 )B.(x0 = 3,0).
From this and (5.5), (5.7) we deduce an estimate

sg/a < K(\/E\/A% + So),
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where K is independent of a. This implies that s, < K(&!a*> + a?). Now
SM + 0 < ¥(x0,0, p, 59) < SM + 0/2 + Ka? + Ke /s, + Ks,.

Using the previous estimate and letting a = €'/4, we conclude that 6 < K¢'/2.
The final case, s, > 0, ¢, > 0, uses the equations satisfied by u and u°. From the
fact that u is Lipschitz continuous in x and ¢ we deduce that

IDiBa(X0 = Yo, to = So)l  |DiBu(X0 = Yo» 2o — o)
are bounded, where D,, D, refer to the derivatives of 8,(x, ¢). This implies
(5.8) IXo = Yols lto — so| < Ka?.
Using that u is a viscosity solution, we have
(5.9) 0/2T —(5M + 6/2)(D,B,)(xo — Yo 1o = 5o)
+H(-(5M + 6/2)(D.B,)(xo = Yo, 1 — 55)) < 0.

On the other hand, using u°*€ C*' and that (y,,s,) minimizes (y,s) —
¥(xg, g, ¥, 5) over RV X [0, T] we also have

(5.10)  ui( 50, 80) +0/2T +(5M + 0/2)(D,B,)(x0 — Yo, to — 50) < 0,

(5.11) Dut(y,, 59) +(5M + a/2)(D.B)(xo = Yo to — 50) =0,
and
(5.12) Aut(yy, s9) —(5M + 0/2)(AB,)(xo — Yo, tp — 5) = 0.

Now proceed by using u; + H(Du®) — ¢ Au® = 0, and (5.10), (5.12) to deduce that

e(SM + 0/2)(AB,)(xo = Yo, 1o — 5o)
—H(-(5M + 0/2)(D,B,)(xo — ¥o» 1o = 50))
+0/2T +(5M + 0/2)(D,B,)(x¢ — Yo, to — o) < O.
Now, using (5.9), we conclude that
0/2T < e(5M + 0/2)(AB,)(xo = Yos to — So)>
and this yields 0 < Ke/a?. Again, if a = £'/4, we have the desired estimate.

Remark. By contrast with the analysis in Section 4, the Lipschitz continuity of H
was used only to assert that (IVP), has a smooth solution. If H is merely continuous,
one still has uf and Au® in L{, (RY X (0, 00)) for 1 < p < o0, and the estimate (5.1)
can still be proved.
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