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Collocation for Singular Perturbation
Problems II: Linear First Order Systems
Without Turning Points

By U. Ascher* and R. Weiss**

Abstract. We consider singularly perturbed linear boundary value problems for ODE’s with
variable coefficients, but without turning points. Convergence results are obtained for
collocation schemes based on Gauss and Lobatto points, showing that highly accurate
numerical solutions for these problems can be obtained at a very reasonable cost using such
schemes, provided that appropriate meshes are used. The implementation of the numerical
schemes and the practical construction of corresponding meshes are discussed.

These results extend those of a previous paper which deals with systems with constant
coefficients.

1. Introduction. In part I of this work [2] (hereinafter referred to as “Part I”), we
have considered the numerical solution of singularly perturbed boundary value
ordinary differential equations with constant coefficients. Our attention was focused
on symmetric collocation schemes, which include the midpoint (or box) and the
trapezoidal difference schemes as special cases. We have shown that such schemes
can be used to compute highly accurate numerical solutions at a very reasonable
cost, provided that appropriate meshes are used. Such a mesh consists, in general, of
three parts: Two fine grids near the boundaries, to cover the possible two-layer
regions, and a coarser grid in between.

Similar results for the variable coefficient case are obtained in Weiss [9] for the
trapezoidal and midpoint schemes. The eigenvalue of the “fast component” part of
the differential equations are assumed to stay away from the imaginary axis for all
values of the independent variable. Thus, in particular, turning points are excluded
from the discussion. In the passage from constant to variable coefficients, the
analysis had to be significantly extended.

In this paper we extend the results of the two papers mentioned above to include
convergence results for the collocation schemes based on Gauss and Lobatto points
for linear two-point boundary value problems which have a uniformly bounded
inverse and which are restricted as in [9]. Our convergence results are summarized in
Theorem 3.3. In addition, we describe an implementation of these schemes, discuss
practical mesh construction and demonstrate our results numerically. The ideas
presented here have been implemented in Spudich and Ascher [13].
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158 U. ASCHER AND R. WEISS

The general problem considered in this paper is of order n + m, with n equations
singularly perturbed,

(1.1) ey = Ay, (t, )y + A (2, )z + £,(7, €),

(1.2) Z = A, (t,e)y + Ay (t, )z + 1,(¢, €),
plus the boundary conditions for x(z) = (}3})

(1.3) B,(€)x(0) + B,(&)x(1) = B.

The assumption (2.3) below on the eigenvalues of A;; plus the other regularity
assumptions lead to the conclusion that the solution of (1.1)-(1.3) consists of a
smooth curve away from the boundaries, possibly connected at each end to the
boundary by a thin transition layer. As was pointed out in Part I, with Gauss or
Lobatto schemes these boundary layer solutions must be approximated accurately,
because otherwise layer errors would propagate throughout the entire interval of
integration. The meshes used for collocation thus consist of three parts: Two fine
grids near each boundary, with maximum mesh spacing 4; < Ke for a suitable
constant K, connected to a much sparser mesh away from the boundaries with
minimum mesh spacing 4 > e. The determination of the sparse mesh is based on the
accuracy needed in the approximation of the reduced solution. A similar mesh
structure with a symmetric difference scheme for certain second order systems has
been considered in Kreiss [12]. The total number of mesh points N required to meet
a given error tolerance can be made to be independent of e.

The essential features of the convergence results, summarized in Theorem 3.3, are
as follows. Assume, for simplicity of presentation, that the coarse mesh segment
away from boundaries is uniform, with mesh spacing 4 > e. The error at mesh
points in the fast solution components y is uniformly estimated by

O(e +9).

Here § is an error tolerance, which controls both the absolute error in layer regions
and the locations where matching between the fine mesh segments and the coarse
mesh in between takes place; e is the error of approximation away from layers in the
idealized situation where no error propagates from the boundary layers. For a given
8, the same layer meshes are constructed for a k-stage Gauss scheme and for a
(k + 1)-stage Lobatto scheme. However, while for the Lobatto scheme the usual
superconvergence order e = h2* is retained as ¢ — 0, for the Gauss scheme we only
get e =h*"9 g=0if k is even and ¢ =1 if k is odd. In addition, improved
estimates for the slow solution components z are obtained when, up to O(e), the
boundary conditions (1.3) contain a subset of m linearly independent conditions
involving z alone. In this case, the superconvergence order O(h2*) is retained both
with the k-stage Gauss scheme and with the (k + 1)-stage Lobatto scheme, while the
contribution of the layer error to the global error bound is O(4é8) for Lobatto
schemes, and a smaller O(eh ') for Gauss schemes.

Of course, the mesh described above becomes highly nonuniform for very small e.
However, higher order collocation methods can handle such nonuniformity, see Part
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I and Ascher, Pruess and Russell [1]. Thus they are preferable to convergence
acceleration methods in this context.

Following a short section where some results on the analytic solution of (1.1)—(1.3)
are gathered for later use is Section 3, where the numerical schemes, their implemen-
tation and properties and the convergence results are presented. In Section 3.1 we
describe a careful implementation of the collocation schemes which uses local un-
knowns elimination (or condensation of parameters), resulting in a well-conditioned
system of linear equations (3.14), (3.16) of a familiar sparse structure, independent
of the order of the scheme. This implementation is used both for the analysis and for
the numerical calculations in following sections. The condition number of the matrix
is a modest O(N) and in particular is independent of ¢ (cf. Theorem 6.2 of Part I).

Indeed, it is a good practice in actual computation to roughly estimate the
condition number of the above matrix for two values of ¢, say. If that condition
number seems to get large as ¢ decreases, then something is “wrong”: The mesh may
be inadequate, or (3.54) does not hold or, perhaps most commonly, the differential
problem is not well posed uniformly in &. How to deal with the latter two cases will
be discussed in a subsequent paper.

In Section 3.2 we consider a transformation of the dependent variables, needed for
the analysis. Whereas in Part I this transformation commutes with the collocation
operator, here it does not, and the resulting residue is shown to be sufficiently small
in norm so that it can be considered as a small perturbation in regions where the
mesh is dense, i.e. in boundary layer regions.

In Section 3.3 the mesh is described, together with the general collocation solution
decomposition on each of its three parts. Then, in Section 3.4, our convergence
results are stated. Theorem 3.1 summarizes the results for the layer regions near the
boundaries while Theorem 3.2 describes our results in the region away from the
boundaries. Theorem 3.3 then states the combined results of the previous two
theorems on the entire interval.

Sections 4 and 5 are devoted almost entirely to the proofs of Theorems 3.1 and
3.2, respectively. In Section 4 we also discuss the layer mesh construction and show
that the number of mesh points needed to achieve overall accuracy 8 for any e,
0 <& <g,is O(871/P), where p is the order of superconvergence of the method,
defined in (3.42). This, provided that the mesh defined in (3.46), (3.47) is used. If a
uniform layer mesh is used instead, then the number of mesh points needed is
O(-871/?1n §). But the actual advantage of (3.46), (3.47) over a uniform layer mesh
is more significant than these bounds would indicate; see Table 4.2 of Part I.

It is interesting to note that, perhaps contrary to one’s first intuition, the analysis
for the “long” interval away from the boundaries, where the solution varies slowly,
is much more gruelling than the analysis for the layer intervals, where the solution
varies very rapidly. In fact, the solution in the layer is dominated by a rapidly
decreasing exponential and so its form is very smooth and simple to approximate,
provided that we have a layer mesh with step sizes proportional to &, affecting a
stretching transformation. Indeed, it is the simple, exponential form of the layer
solution which enables us to come up with the a priori error equidistributing mesh
(3.46), (3.47), whereas in general such meshes can be constructed only adaptively.
Markowich and Ringhofer [6] had a similar success with problems on infinite
intervals.
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In Section 6, we seal this paper with a numerical example demonstrating our
theoretical results.

The extension of the analysis presented here to nonlinear problems of a similar
form is considered in [10], where nonlinear numerical examples are presented as
well.

2. Analytic Preliminaries. In this section we mention some analytic results needed
in the sequel and develop some notation. Since this section covers the same ground
as Section 2 of Weiss [9], we allow ourselves to omit some details here.

Consider the linear problem (1.1), (1.2) where 4;; = 4, (¢, €) and f, = f,(¢, ¢) are
assumed, for simplicity, to be in C*([0,1] X [0, &;]) for some ¢, > 0, 1 < i, j < 2.
Further, assume that

(2.1) Ay (2,0) = E(1)A(1) E7(2),
with E € C*[0,1],

(2.2) A(r) = diag{A,(2),...,A,(2)}
and

(2.3) re(A; (1)) t € [0,1].
>0, i=n_+1,...,n,

Let n, := n — n_, and denote
A_(1) = diag{A,(2),....A, (1)}, A, (r) = diag{A,_,(¢),....A,(1)}.

We wish to decouple the slow components z from the fast ones and to (almost)
diagonalize the remaining system for y. With L(¢) a smooth solution to

(2.4) el = ~LA;; + e(ApL — LA, L) + Ay

define the transformation

@3) -5z 9)6)

(See [9] for justification.) The system (1.1)—(1.2) is then transformed into
(2.6) ew = (A +eB)u+ By +g,

(2.7) vV =B+ g,,

where B, B,,, B,,, 8,8, are smooth functions of ¢ and e.
For the transformed system (2.6)—(2.7), a desirable representation of the solution
is obtained [5]: Writing it compactly as

(2.8) Hw=g

with
_ [u(®) _ [ &)
w(t)—(v(t))» g(t)—(gz(t))’



COLLOCATION FOR SINGULAR PERTURBATION PROBLEMS. II 161

and introducing the maps P_€ R"-*" and P, € R"+*" defined by
X Xn_+1 X1
(29) Px=| .|, P,x= s, o x=1 1,

we have

THEOREM 2.1. The system (2.8) subject to boundary conditions
(2.10) Pu(0)=m_€R™, P.u(l)=m,€R™, v(0)=mn,€R"
has a unique solution which satisfies

(2.11) IIwll < const(llg]l + la_ll + Il [l + Imoll)

provided that ¢ is sufficiently small, 0 < ¢ < €. Also, for any q > O there is a particular
solution w,(t) = (:,':((,’))) of (2.8) which satisfies

9 || d’/w
(2.12) Y dtfp <const, O0<e<eg. O
j=0

Now, define matrix solutions W_, W, and W, to the homogeneous problem (2.8)
with g = 0 as follows:
i) W= (%), U_€ R "~ where U_satisfies

eU'= (A +eB;)U, PU(0)=1, P,U(1)=0,
@) W= (%), U, R+ where U, satisfies
U, = (A +¢B,,)U,, P.U,(0)=0, P,U,(1)=1,
(i) Wy = (), Uy € R™*™, ¥, € R™*™, where .
HW, =0; ¥y(0) =1, PG (0)=5.(e), P.U(1) =S, (e),

and S_€ R"-*™, § € R"+*™ can be chosen by Theorem 2.1 such that

q J
(2.13) Y d Wo < const.
=) ar

Then we obtain the desired representation of the general solution to (2.6)~(2.7):
THEOREM 2.3. Any solution w of (2.8) can be written as

(2.14) w=WJ+ WL, + Wl +w,

with §{_€ R"*-, {, € R+ and §, € R™. The (smooth) particular solution satisfies (2.12),

and the matrices W_, W and W,), defined above, have the asymptotic expansions

Wo(6) = 3 Wy ()¢ + 0™,

(2.15) Ul(t)= g{) U_j(t/e)ef + 0(e?*1),

U, (1) = éo U,,((t = 1) /e)e/ + O(e7*1).
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From the expansions (2.15) it is clear that
P.U(t/e) = exp(A_(0)1/e), P U (t/e) =0.
P, U+0((t - 1)/8) = exP(A+(1)(t - 1)/8)» P-U+0(t/8) =0. O

Consider now the linear boundary value problem (1.1)-(1.3). The boundary
conditions are transformed by (2.5) into a similar form for w(0) and w(1), and
substituting the representation (2.14) into these boundary conditions, we get

(2.17) M(e)§ = B(e),

where § = ({_, %, §,)” and the matrix M has the expansion

(2.16)

(2.18) M) = ¥ Mgl + 0(e7*1).
Jj=0

We assume that M, is nonsingular. This is equivalent to assuming that the boundary
value problem (1.1)—(1.3) is well posed, i.e. for ¢ small enough

219 HE

f,
| )

with the constant independent of e. ‘

It is clear that the preceding representation of the general solution of (2.8) can be
made analogously on any interval [¢,f] C [0,1] with the solution matrices ap-
propriately defined. In particular, in (2.15), (2.16), ¢ would replace 0 and ¢ would
replace 1. Denoting by (U), and (U ), the /th columns of U_and U, we get

(2.20) % < const e/ [exp{re(A,(2))(¢ — 1) /e} + O(e)],
t<t<tl=1,..,n_,j=0,1,...,q,
(2.21) % < const e/ [exp{re(A, (7)) (¢ — £)/e} + O(e)],

t<t<t,l=n_+1,..,n,j=01,..,q.

3. Numerical Solutions and Their Convergence.

3.1. The Numerical Schemes and Their Implementation. In Section 3 of Part I we
have presented some classes of collocation methods and discussed their equivalent
Runge-Kutta formulation and some of their properties. Here we mention only some
of these details again and rely on familiarity with Part I for the rest.

A collocation procedure under consideration is completely determined in terms of
k points (k > 1),

(3.1) 0<p < <p<l,
which we take to be either Gauss or Lobatto points, and a mesh

A=t <t, < -+ <ty<ty,,=1,

(32) hy=t,,,—1t, 1<i<N, h=max{h,1<i<N}.
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On a given mesh A, the collocation solution

ya(?)
XA(t) = (Z/:(t))

to (1.1)-(1.3) is a continuous piecewise polynomial vector function of degree at most
k satisfying the boundary conditions (1.3) and the differential equations (1.1), (1.2)
at the collocation points

(3.3) =t + hp, i=1,...,N,j=1,... k.

Inside each subinterval [z, ¢, ], the polynomials y,(¢) and z,(¢) can be represented
in terms of the values

(3.4) Yy = wa(1,), z;:= z,(1,), 1<i<N+1,
V= wlt,), zy=2ln),  1<i<N1<j<k

(strictly speaking, for Lobatto points some additional derivative values are required
as well), which satisfy the difference equations

k
, € .
(3.5) F(YU —y) = X a; (A, (ty, ©)yy + A (24, Oz, + £,(1,)),
i =1

1<j<k,
1 ko
(3.6) F(Zu —z,) =% 4, (A1, )y, + Ay (1, )z, + £,(1,)).
i =1

For Lobatto points, p, = 1 and p; = 0. Thus y,.; = yi» 2,41 = 2, and Egs. (3.5),

(3.6) are trivial for j = 1. For Gauss points, p, < 1, p; > 0, and we extend the range

of j in (3.5), (3. 6) toincludej = k + 1 as well, withy, ., =y, 4,1, 2,4, = 2,4, and

a A =b, = .,k; see Section 3 of Part I for the definitions of the constants
a, b,, as well as the matrices A and A used later.

In the sequel, we shall adhere to the following notational convention, used already
above. The collocation approximation to a function ¥ (¢) is denoted by Y,(¢). Its
values at mesh points are ¥, 1 < i < N + 1, and those at collocation points are ¢, ,
1<ig<N 1<gj< k Also ¥ w111 denote the vector formed by the restriction of
¢(t) to AU {¢,;5 1 < N, 1 <j < k}. Furthermore, ¢, K and ¢;, j = 0,1,2,.
will denote constants mdependent of € and A.

Next, we describe a particular, careful implementation of the collocation schemes
which is used both for the numerical calculations reported in Section 6 and for the
analysis in Section 5. The differential equations (1.1), (1.2) are written as one system

(3.7) x = A(t)x + (1),

for which the numerical method is written in Runge-Kutta form

(3.8) Xio1 = X; + h, Zb

Jj=1

(3.9) F,= = x,(¢, ) = A(tij)xij + f(tij) = A(tu)

i 1<ig<N,1<j<k,
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The unknowns F;; (or x,;) for each interval [z, 7;,,] are local and can be
eliminated locally. (This is sometimes referred to as ‘“condensation of
parameters”—see Ascher, Pruess and Russell [1].) We choose to locally eliminate the
F, in case that p, <1, and the Xx,; in case that p, = 1. These choices avoid
unnecessary loss of digits due to cancellation error, as can be readily verified for the
exampley’ = y/e + 1/ewith0 < e < 1.

Consider Gauss points first. Equations (3.9) can be written as (n + m)k linear
equations

(3.10) JE =R,
where

F=(F....F)",  R=Cx +f,

(3.11) A(ty) f(2,)
' Co=| |, =] |
A(ty) f(2,)
anA(ty)  a,A(t) c dy A(t,)
(3.12) I =I—h dnA(ty)  dpA(t,) s i (t2)
dklA(tik) ﬁkkA(tik)

=I-hD(A®I),

in which I stands for an identity matrix of the appropriate dimension (n» + m or
(n + m)k) and D, = diag{ A(t;)),...,A(t;)}. (The dependence on i is suppressed in
C, and D,.) Introducing for notational purposes the (n + m) X (n + m)k matrix

(3.13) B=[b1,....b.1],

we can write (3.8) as

(3.14) X;.;=Ix;+g, 1<i<N,
where

(3.15) T,=1+hBJ'C,, g =hBJM,.

The difference equations (3.14) together with the boundary equations correspond-
ing to (1.3)

(3.16) Bx; + BiXy.1 =B

form a set of (N + 1)(n + m) linear equations for the solution values at the mesh
points, whose size and structure are independent of k.

For Lobatto points we perform a similar elimination of local parameters, but now
our parameters are X; = X;;,X;y,...,X; y_1,X;; = X;;;. Instead of (3.8), (3.9) we
write, as in (3.5), (3.6),

k

(3.17) l/hi(xij -x)=2 djl(A(til)xil +£(2,)), 2<j<k,
=1
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and this can be written as (n + m)(k — 1) linear equations

(3.18) Jx;=R

i
where

X, = (X X)), Ry= (R, Ry,

(3.19) _ ) L
R, = [I+hapA(1)]x, + b, T a,8(1,),

=1
apnA(ty) <+ dyA(ty)

(3.20) J=1-h, =I-h,(A®I)D,,

GpaA(L) -+ G A(1y)

where D, = diag{ A(¢,),...,A(t;)} and where 4 is a nonsingular matrix, as in
(3.14) of Part L.

Since p, = 1, X, is obtained as the last n + m rows of J~'R,. Partitioning J,
into blocks of size (n+m) X (n+m), J7' = ((J71);)k =2, we get difference
equations of the form (3.14) where now, instead of (3.15),

k k k
(321) T,= Z (Ji_l)kl[‘[ + hidllA(ti)]’ gi=h Z (J:_l)kl Z af(t;)-
=2 =2 s=1

An advantage of the difference equations (3.14), (3.16), obtained both for Gauss
and for Lobatto points, is that, even when some rows of A(¢) of (3.7) depend on 1/¢
and & < h;, the components of I, and g, remain bounded and are constructed
accurately.

3.2. Transformation of Variables. Consider the linear problem (1.1)-(1.3) and the
transformed system (2.6), (2.7). Since the latter has a structure more amenable to
analysis, we will rely on it in parts of our treatment. However, we stress that the
actual numerical procedure is applied to (1.1), (1.2) and not to (2.6), (2.7).

In the constant coefficient case, the operators of collocation and the transforma-
tion (2.5) commute. Here they do not, in general. Thus, if we define vector functions

u, (1), ¥a(2) by

62) ()= (22 9)0)

then u,,v, collocate the transformed equations, but are not necessarily piecewise
polynomials of degree at most k. Correspondingly, applying the transformation
(3.22) to the difference equations (5.5), (3.6), we obtain

: k
(3.23) _he—i(uij - ;)= Igldﬂ{[A(’u) + 8311(‘;‘1)]“:’1 + By (t;)vi + gl(til)}

+-R,, 1<i<N,

£
h;

1 k. 1
(3~24) F("ij - Vi) = Z ajI{BZZ(til)viI + gZ(til)} + '}T,SU’
i =1 i
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where ¢/h;R;; and 1/h;S;; consist of linear operators acting on w,;,v,, / = 1,...,k
for Lobatto pomts and / = 1 .,k + 1 for Gauss points, and inhomogeneities. We
now show that their norms are O(hk;), and so they can be dealt with as small
perturbations when 4, is small.

LEMMA 3.1. For eachi,1 <i < N,

e/h;R;.
(3.25) ( l/hiSi; ) { i [“11’ Wigs Vits- tq]

+h4’ij[g1(ti1),~-,gl(tiq)’ g2(t1),- "’gz(tiq)} }’

\;; are bounded linear operators,

||¢ij||’||4'ij”<0, 1<i<N,1<j<gq,

with q = k for Lobatto points, ¢ = k + 1 for Gauss points. O

where ¢, ;,

Those readers who wish to skip the proof of this lemma can do so without loss of
continuity.

Proof. Writing u}(¢) and v{(¢) in terms of their polynomial interpolants of order k
on|t;, t; ], we get

k

— k
() = 2w )8 T + O T (= 1)) <8<,

where L; are the Lagrange polynomials. Integrating,
k 1 k
w =k, Douws(1)dy + 77 [Vl TT (= 1) de
=1 t L =1

and so, by (3.23),

(3.26) Ry = [T (- 1)

with a similar expression for S; J» Va replacing u,.
Next, since y, and z, are polynomials of degree at most k on [¢;, t,,,], by the
transformation (3.22),

k+1
G2 ) = B (K5T)(E0) W),
v=1
LSTS tl+1’
k+1
(3.28) v(k+1)( )= -¢ Z (k + 1)L(v)(,‘.)y(k+l (1)
v=1

and

(329)  ey(r) = e (yA('r)) Z eyA’(tu)L_—lL'(Th;.ti)'

j=1 d‘TI 1 J,
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Replacing the vectors ey;(;;) through the collocation equations (3.9) and the
transformation (3.22), and substituting into (3.27), (3.28), we obtain

(3.30) u D) < hio/e, W) < hio,

(3.31) ¢ = Chi_kmax{"uij"’ vl ' gl(tij)| gz(tij)l

Finally, substituting (3.30), (3.31) into (3.26) and the corresponding expression for
S, the desired result (3.25) is obtained. Q.E.D.

3.3. The Mesh and the Decomposition of Numerical Solutions. The meshes consid-
ered in this paper have the following structure. Near the boundaries, the step sizes A,
are comparable to e. Specifically, there are given numbers 0 < N,, N; < N and

constants K, K;, such that

h; < Kpe, i=1,...,N,,

h;<Kie, i=N-N+1,...,N.

In between, much larger step sizes may be used, i.e. b, > ¢, i= N, + 1,...,N — N,.

We will assume for convenience of notation that 4, the largest step size, occurs away
from the boundaries. Such a mesh is depicted in Figure 1 below.

b

,1<j<q}.

(3.32)

Ny + 1 =N, +
index of meshpoint ] 0 N-N +1 N+
o e
t= Fd -
. . hy h h
index of meshspacing 1 NO +1] N-N] hN-N A hN

1
FIGURE 1: The mesh

For brevity of notation we seti = N, + 1,i = N — N; + 1 and write
(3.33) t; = Tpe, 7=1- Te.

Our next step is to write down a decomposition representation to the discrete
solution of (3.23), (3.24), similar to the representation (2.14) for the analytic solution.
Moreover, we write down such a representation for each of the three parts of the
mesh.

We write the system (3.23), (3.24), in analogy to (2.8) as

(3.34a) (Hwy)(t;;) =¢(t;), Jj=1,...,9,i=1,...,N,
or in shorthand as
(3.34b) HAwA = gA’

where wy () = (*{1) is in the class S, of functions defined by (3.22) with y,(?), z5(?)

va(1)
continuous piecewise polynomial vector functions of degree at most k. Let

Ui (1)

3.35 Mi)=|
CEDI A0 ( v
be matrix-valued functions with columns in class S,. Here s stands for —, + or 0,
ny:= m, M stands for I, II or III, to denote the three mesh regions considered, and
soly=1,1,=i=11,, I, =i =1, IIl, = N + 1.

On the interval [0, Tye]: Define W, w), € S, as follows (omitting the superscript
I):
(3.36a) HW, =0, PU,_(0)=1, P, U, _(Tye)=0, V,_(0)=0;

c R(n+m)><n:’ t € [tMO’ tMI]
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(3.36b) HyW,,=0, P.U,,(0)=0, P, U (Toe) =1, ¥,.(0)=0;
(3.36c)  H\Wpo =0, P Up(0) =S.(e), P,Uo(Toe) = P, Uy(Tpe),
VAO(O) =1
(3.36d) Hpwpy = ga, Poupy(0) = Pup(0), Poupy(The) = Poup(Toe),
vpa(0) = vp(0).
The general solution of (3.34) on the left layer mesh is written formally as
(3.37) W = Wit + WL S+ Wt + wa,
with{!e R, {le R (] e R™.
On the interval [1 — Tye, 1]: In precise analogy to the above, define W' and wry,
again omitting superscripts:

(3.382) HW, =0, PU (1—-Tee)=1, P,U_(1)=0, V,_(1— Tie)=0;

(3.38b) HWh,=0, P.Up,(1-Tie)=0, P.U,(1)=1, Vo, (1— Tye) = 0;
(338c) HyWay =0, P.Up(1 - Tye) = P.Up(1 — Tpe),
P, Up(1) = S.(e), Vaoll — Tie) = V(1 — Tie),
(3.38d) HWp = 8a, Poup(l— Tie) = Pup(l — The),
Poupy(1) = Poup(l), vps(l — The) = vp(1 — Tie).
The general solution of (3.34) on the right layer mesh is written formally as
(339) wAIII = VVAIEIKIII_I_ VVAI-I;-IKHI'I' %Illgéll + w}I,[Isl’
with {'e R*-, { M e R, (T € R™.
On the interval [Tye,1 — Tye]: Define W', W,d and wy) as follows: Let Y,(1),

Z,(t) be obtained from Up(¢), V,(?), via the (inverse) transformation (2.5). Then
W, and WX are obtained via this transformation (3.22)

Y, Yy )
from X, = and X,,= ,
A ( ZA) A0 ( ZAO
respectively, which are defined as follows:

(3.40a) X, and X, satisfy the homogeneous equations (3.8), (3.9) with f = 0.

(3.40b) Yi(Toe) =1, Zy(Toe) = 0;
(3.40c) Yyo(Toe) = Yo(Toe),  Zao(Toe) = Zo(Toe).
The particular solution w}} is defined, e.g., by

(3.40d) HyWpy = 8p, wpa(Toe) = wp(Tpe).

The general solution of (3.34) on the long interval away from the layers is written
formally as

(3.41) = WIT + Wikl + wi,
with " € R, ¢ € R™.
3.4. Convergence Results. Below we state the various results regarding the conver-

gence of the numerical methods, culminating in Theorem 3.3. The proofs for those
results which have not been given elsewhere are contained in the next two sections.
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Denote by p the “regular” superconvergence order of the schemes under considera-
tion, i.e.
p =2k for a k-stage Gauss scheme,

(342) =2(k —1) for a k-stage Lobatto scheme.

Also, define the seminorms on collocation solutions,
(3.43a) l¥alla:= max{||x[/,.||; 1<i<N+ 1},
(3.43b) allei= max{flw, ;1 < i< N1 <j <k},

where the vector norms used are maximum norms. Thus ||{\|| = max{||{slla, lI¥all.}-
Also ||[Y,|1¥, ||1¥all¥ will denote the seminorm where the range of i in (3.43) is
restricted to M, < i< M;, M =LII or IIl. For a matrix whose columns are
collocation solutions, a maximum on the column norms is taken.

For the “short” intervals [0, ¢;] and [z;; 1] we have

THEOREM 3.1. (a) The solution representations (3.37) and (3.39) are valid (i.e. their
components can be computed in a stable way).

(b) With h the maximum step size in the layers (h; < emax{K,, K} by (3.32)),
the “smooth” components satisfy

I 11 I 111
(3-44) "%O - Wb“A» "WAo Wo“A > "wPA Wp "m "wPA WP"A chi-

(c) The auxiliary solution components in the layers ( for which there are no counter-
parts in the exact solution decomposition) satisfy
On_x n,
I -
(345) Wi (Toe) = | I, s,

0

(d) For a given accuracy tolerance 8, § > ce, the layer meshes can be constructed as
follows: With

+0(e), W.(1 - Tye) = (’ - | + o(e).

pi= max{ 1, ..,n_}, pi= min{-re(Aj(O)),j = 1,...,n_} >0,
define
€
3.46 = £ 817,
(3.46) S
. 1 .
(3.47) h;:== h; lexp{; ;h,_l} until t;,, > Tye,

where c_ is a known constant (cf. Part 1) and
(3.48) T,:= v!|Iné|.

The right end layer is constructed in an analogous way, depending on A (1),
j=n_+1,...,n. Then

(3.49a) UL (1) = (e"p(A-O(O)’f/ e)) + 0(8),

V() =¢0(8), 1<i<i,
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(3.49b) ) = (axp(a (100, — 1)) | + OO

Vill(:)=e0(8), i<i<N+1. O

The proof of this theorem is given in Section 4. We note that the assumption
8 > ce is not essential, see Section 6, it just leads to a simpler presentation of the
results.

For the “long” interval [, ¢;] we have

THEOREM 3.2. Let

&I
]
o™
=
I3
Il
=3
—
._k"
N
N
-

(3.50) : . ';_1

(a) The solution representation (3.41) is valid for € sufficiently small such that k < c,
where c is a constant of order 1.
(b) The first n fundamental solution components satisfy

(3512)  W(1) = (—1)"‘i‘—"(E_l()(’i)) +(8Eg) i<i<i,

for Gauss points and

(3.51b) wa(t,) = (_1)<k+1><f-f>(A"(t,-)E‘l(t,-)Au(t_i))
0
+(3§:;) i<i<i,
for Lobatto points.

(c) Define the error e as follows: For a k-stage Gauss scheme, e:= h* and, if k is
odd and the mesh is locally almost uniform, i.e.,

(3.52) hi.i=h;(1 + O(h;)) forallioddorallieven,

then e:= h**1, For a k-stage Lobatto scheme e:= Kh® + eh*~!, and, if k is even and
the mesh is locally almost uniform, then e = Kh* + eh*. Also, if the slow components z
are absent from (1.1), (1.3), then K = 0.

Then we have

(3.53a) Wik — wolla, [ WAk — Wiy < ce

and, for the slow components, also
i I
(3.53b) v = vella Va6 = Volla < b,

zy - Z(,”IAI <c(h? +ee). O

I
(3.53¢) ||zI,}A - z,,| As

The proof of this theorem is given in Section 5.
The central theorem, summarizing our effors for linear problems with variable
coefficients, follows:
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THEOREM 3.3. Assume that the boundary value problem (1.1)—(1.3) is well posed,
uniformly for 0 < e < &, and denote the solution by x(t) = (}}}). Assume further that

P_EY(0) ) 2o

(3.54) det P.E()

Then for 0 < € < ¢, there are positive constants c, 8,, h and k such that for any 8,
0 < cye < 8 < 8y, and any mesh A = A(¢) satisfying (3.46), (3.47), and similar conditions
at the right end layer, k < ky and h < h,,, the k-stage collocation scheme based on
Gauss or Lobatto points has a unique solution X ,(t) which satisfies

(3.55a) xa — x| < c(e +8),

where e is defined in part (c) of Theorem 3.2.

Further, the following improved estimates hold for the slow components when, up to
O(e), the boundary conditions (1.3) contain a subset of m linearly independent condi-
tions involving z alone. For Gauss schemes,

(3.55b) lza — zlly < c(h” + k(e + 8)),
while for Lobatto schemes
(3.55¢) lza — z]|s < c(h® + k(e + 8)).

The proof of Theorem 3.3 is similar in essence to that of Theorem 5.3 in Weiss [9],
so we only give a detailed outline here.

Proof Outline for Theorem 3.3. The basic task is to patch together the solution
representations (3.37), (3.41) and (3.39) on the three segments of the mesh. The
problem in transformed variables (3.23), (3.24) (or (3.34) for short) is considered,
first under the boundary conditions

(3.56) Pu, =7m€R-, P.uy,=n,€R" v, =1q,€R"

This corresponds to the differential problem (2.8), (2.10) which Theorem 2.1
guarantees to be well-behaved for any given parameter vectors n_, 0, and n,.

Thus, the 3(n + m) components of the parametric representations (3.37), (3.41)
and (3.39), i.e. of §%:= (¢L ¢L, &3, ¢, 3L ¢ 1L ¢ 1 ¢ ) are fixed by the 3(n + m)
linear equations consisting of (3.56) plus the matching conditions

(3.57) wi(t) =wi(y), W) = w(5).

In analogy to (2.11), the resulting 3(n + m) X 3(n + m) constraint matrix should
have a uniformly bounded inverse for 8, 4 and « sufficiently small. Theorems 3.1 and
3.2 furnish us with information on the structure of key blocks of this matrix in
(3.45), (3.49) and (3.51). Examining the resulting structure, it becomes apparent that
the principal part of the constraint matrix is nonsingular if and only if the matrix

PEY(t)
P+E'1(t,-')

is nonsingular. The condition for the latter to hold uniformly in ¢ is (3.54).
Now Theorem 2.3 guarantees that the exact solution w(¢) has a decomposition
similar to that of the discrete problem, with a parameter vector { corresponding to
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. Up to exponentially small terms,

K = (§—903 §0909 §O>0’ §+9 KO);
with §_,§., §, determined by (2.17). The stability of the constraint matrix plus the
convergence results of Theorems 3.1 and 3.2 imply that
(3.58) 6 — ¢4 < c(e + 8).

Further, considering only those blocks of the constraint matrix which pertain to
the smooth solution components and using (3.49), (3.51), (3.53b) and (3.58), we
obtain for Gauss schemes

(3.59) 8o = £ < c(h” + & (e + 8)),
and for Lobatto schemes
(3.60) I8 = £\l < c(h® + h(e + 8)),

M = 111, 1I1. Combining (3.58)—(3.60) with (3.44), (3.45), (3.49), (3.51) and (3.53)
yields the estimates (3.55a) for w instead of x and (3.55b, c) for v instead of z, for the
special set of boundary conditions (3.56). Representing w in terms of n_, n,, n, and
returning to the original variables

t t
x(1) = y(t) =( E 0) u(t) ,
2(1)) " \eLE I)\v(2)
the parameters n_, 1, 1, are determined such that the original boundary conditions
are satisfied, leading to (3.55a, b, ¢) and completing the proof of Theorem 3.3.

4. Boundary Layer Regions. In this section we consider the linear problem (1.1),
(1.2) on the subinterval [0, Tye], where a fine mesh satisfying (3.32) is assumed.
Analogous results hold for the subinterval [1 — Tj¢,1]. Let

(4.1) hy = max{h,,1 <i<N,}.
Following Weiss [9] we consider the transformed system (2.6)—(2.7) for an easier
analysis.

4.1. Stability and Convergence Results for Smooth and Auxiliary Solution Compo-
nents. First, consider one equation
4.2) ey’ =Ay+f, 0<t< T,
with re(A(?)) < -A < 0 and A(?) is piecewise constant: A(2) = A(2,), t; <t < 1,
From (3.5) we get for Gauss points

k

hi Py .
(4.3) Y=yt 2 ay[ M) vy +f(t,)], 1<j<k
=1

So, eliminating the local unknowns y,; and substituting into the corresponding
expression for y;, ;, we get (see Part 1, Section 4)

_ }‘(ti)hi hio € _ 4 o

(4.4) Yie1 —y(~£—)yi+—;b7"[(}\(ti)hi A) A +I}f,-,
where f, = (f(2;1),....f ()", 1 =(1,...,1)7 € R¥, and

(4.5) Y(§) =1+ 6 (-4
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is the growth factor. The matrix {"/ — A is nonsingular for all ¢ satisfying
re(§) < 0.
Solving the recurrence relation (4.4), we get

(4.6) i1 = {I—[v(@)] < E[ 1 (A(Z)h’)]h LA

= ol 1=i—j+1
where
~ € AL
g = bT[(W - A) A+1
is a bounded vector by (3.32). Now, since the method is A-stable, we have
(4.72) (@€)<l re(§)<o0.

Furthermore, since y’(0) = 1, it follows that for any set S of the form
7 3
5= Sy, B) = {§10 <K< B, 5 + o < argt <5~ a

with g, a, > 0, @; + &, < 7, B < o0, there is a positive constant u = u(ay, a5, )
such that

(4.7b) Y(§)<err®, ges.
By (3.32).

A h
_(’tf:b <A(2)|Ky< B

for some well-defined constant B of moderate size. Using (4.7b), we get
i i _ -
I_I Y( }\(tz)hz) < n e~PAL/E = o= BA(a1—tin1 )/
I=i—j+1 € I=i—j+1

and

m|>—a

2 e p’;\(ti+1_ti+14/)/5h‘ .
—=J

f’“ —I‘}\("H S)/Eds < _}__
n A

m|»—a

So, substituting in (4.6), we get

LEMMA 4.1. When applying a Gauss or a Lobatto difference scheme to (4.2), with
h; < Ko&, 1 < j < i, the following stability result holds:

(4-8) |)’i+1| < I)’1| + C"fC“,

where

(4.9) c= (X,u.)_ max ||£ [-
1<y<i

Note that we have proved the lemma above only for Gauss points. However, it is
straightforward to show that a similar result is obtained also for the Lobatto points.
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This is the desired stability result for one equation. Next, consider the differential
system (2.6)—(2.7) and its corresponding collocation discretization (3.23)—(3.24).

THEOREM 4.1. The difference equations (3.23), (3.24), subject to the boundary
conditions

(4.10) Pu, =n_€R-, P.u=nq,€R" v=n€R",
have a unique solution uj, V5 which satisfies

(4.11) lugll, sl < & (-l + ]+ limoll + [l
provided that € is small enough, 0 < € < g,,.

Note: ¢, is sufficiently small to enable a contraction argument below and depends
on the bounds in Lemma 3.1 and on max,¢,cr,./|A(t)]]. (To recall, by u® we mean
the restriction of u,(t) to the mesh points plus the collocation points. )

Proof. We consider the case for Gauss points; the case for Lobatto points is
treated similarly. Our strategy is to consider first the simplified difference equations

k
(4.12) hii(uij -u,)= [gldjl{A(ti)uil +1,(2,)},

X 1<j<k+1,

(4.13) hli("i- -v)=2 a;{ By (ty)vy + 82(1)},

where f,(¢;,) .= g,(¢;,) + By,(¢;)v,, and to treat the difference between (4.12)-(4.13)
and (3.23)-(3.24) as a perturbation term of order 4.

The components {v;;} in (4.13), (4.10) are now completely separated from the
components {u,; }. For vy(7) the usual theory applies. This is a Runge-Kutta scheme
for a nonstiff initial value problem, and certainly for ¢ small and 4, satisfying (3.32),
v, (?) exists and satisfies

(4.14) vl < e {lmoll +llgall}-

Now, for (4.12) note that since A(z) is diagonal, the vector system decouples into
n scalar components, so Lemma 4.1 can be applied to each equation separately. For
each of the first n_ components we can apply the estimate (4.8) directly, since
re(A;(2;)) < 0,1 < j < n_. For the last n, components, re(A;(z;)) > 0, and we have
to reverse the direction of integration, from right to left. Thus, for such a compo-
nent, (4.8) is changed to read

(4.15) il <yl + ellfell,

which is compatible with the end conditions (4.10). We obtain that the difference
equations (4.12) subject to (4.10) possess a solution u, satisfying

(4.16) lualla <ln-ll +lln 1+ cllfs
<l + I+ e {ligall + mo 11}

It is now easy to show a similar result for u,; by expressing them in terms of u; using
(4.12).



COLLOCATION FOR SINGULAR PERTURBATION PROBLEMS. II 175

This completes the treatment of the major part of the difference operator. Now,
the equations (4.12)—(4.13) differ from (3.23)—(3.24) by terms of order 4, (or ¢) only,
and a standard perturbation argument completes the proof. Q.E.D.

Now, with the stability result (4.11) and the linearity of the problem, part (a) of
Theorem 3.1 easily follows. Next, consider the “smooth” components W,,(¢) and
wpa(2). These correspond to the components in the exact solution decomposition
which vary slowly across the boundary layer region. Substitution of W,, — W, and
Wpy — W into (4.11) immediately yields that

(4.17) 1Wso — Wall, Iwss — wsll < ¢k = O(e),

and this is really all we need. However, more can be obtained by applying the
standard collocation analysis (Russell [7], Weiss [8]) to the original variables (i.e.,
analyzing the error in (3.5), (3.6)). After transforming back to w, part (b) of Theorem
3.1 is obtained.

Consider part (c) of Theorem 3.1. We write

0 Ui
(4.18) Wl,=F+G, F=|F,|, G=|G, |,
0 1281
with F satisfying the homogeneous equations (4.12), (4.13), subject to
0
(4.19) F(t,)=11I
i 0

and G is the rest. The difference equations for F are again decoupled, and so
A-stability immediately implies that F is bounded. We now have to show that G is
small. But comparing (3.36b) with what F satisfies, it is apparent that G satisfies the
difference equations (3.23), (3.24), with inhomogeneous terms of size O(e + h;) =
O(e) and under homogeneous boundary conditions as in (3.36b). Using stability,
part (c) of Theorem 3.1 is proven.

4.2. Mesh Selection in the Layer Regions. In Section 4.1 we have shown parts
(a)-(c) of Theorem 3.1. Here we treat the dominant components of the solution
decomposition, W, (¢). Analogous results for W, (¢) will be omitted.

First, consider one homogeneous equation with constant coefficients,

(4.20) ey’ =Ay, y(0)=1,

with the solution y(z) = exp(At/e), and denote A:= —re(A) > 0. In Part I it was
shown that, given a tolerance 8§ < 1, the following mesh generates an approximation
accurate to within this tolerance,

€ N L
421 hyi= —c VP, ¢ = |——1| ,
(421) AT r [V\ll%l}

12X 1A .
(422) ;= h,._lexp{—i ;h,._l} = hlexp<; ;t,.}, i=2,...,N,.

Here c, is a known constant depending only on p, and N, is determined so that
tn,+1 = Toe > ty,. Since we would like the contribution of the fast decaying solution
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to be below 8 on the “long” interval [7;, #], it is natural to set T; so that
exp( _—A Toe) =4,
€
ie.
1
(4.23) T, = i:(—ln 8).

Note that the mesh defined by (4.21), (4.22) satisfies (3.32) because its steps are
monotonically increasing and &; = ec,/|A|. Also, beyond #; the mesh becomes much
sparser, depending only upon the accuracy needs for the reduced solution. Thus, the
magnitude of |y(¢,)| is propagated essentially undamped by the numerical scheme
outside the layer region.

Next we let A in (4.20) vary as in (4.2), i.e. A(¢) = A(¢)), t; < t < t,,;. Then (cf.
Part I, Section 4.2)

(4.24) Yisy = f[ly(x(té)hf) = ily(M) +R,,

where
(4.25) R, = ily(m)[i(l+0(%’;))—l}.

It is easily verified that
(4.26) IR,| < ce,

provided that e(In 8)? is bounded by a constant, see [9, Lemma 4.1]. Thus the mesh
(4.21), (4.22) with A(0) replacing A yields an approximation of exp(A(0)z/¢) to
within O(8) + O(e), establishing (3.49a) for the case of one equation.

Turning to the differential system (2.6), (2.7), we once again consider the dif-
ference equations (3.23), (3.24) as an O(e) perturbation of (4.12), (4.13). The
homogeneity and boundary conditions of (3.36a) plus the decoupling of (4.13) from
(4.12) clearly imply that ¥, (¢) = 0 and P, U, () = 0. Also, for each of the first n_
components, the previous result for one equation applies, provided that the mesh in
(4.21), (4.22) is chosen accordingly. Taking the most stringent of these choices will
produce O(6) accuracy for all fast components. This is clearly achieved by the
choice (3.46), (3.47). The result (3.49) for the slow components is easily obtained by
applying standard collocation theory. Part (d) of Theorem 3.1 is then proven and
hence, the proof of Theorem 3.1 is complete.

The practical importance of using the mesh (3.46), (3.47) instead of, say, a
uniform mesh has been demonstrated in Table 4.2 of Part I. We now supplement
this by some a priori estimates of N;, the number of mesh points needed in the layer.

THEOREM 4.2. Asymptrotically, for € and & small,
(4.27) N,=0(6V?). O

Note that in (4.27) N, is independent of &. Also, a uniform mesh with T given by
(4.23) would yield N, = O(87'/?(~In §)).
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Proof. 1t is sufficient to consider (4.21), (4.22). Then

N No a n
1 1A 1 [T { 1A }
N = h h=°" h<CX —_ ) = — ex -— —t dt
0 igl 1/1 hl ,‘2 i p{ p e 1} h '/(; p p e

A

AT,
= ——fi[l - exp{——o}}.
Xh, P

Substituting (4.23) for T; and (4.21) for A,,

AL~ N s
(4.28) =2 IX] (67 —1) = %pcpla e,

This proves our claim. Q.E.D.

Further, the constants c, of (4.21) can be shown to increase as p is increased (see
Part I for |c,[). Thus, the estimate (4.28) also indicates that for a given accuracy 8, N,
decreases as p (or k) is increased. Note that c, also reflects a relative efficiency of
higher-order methods for problems where the eigenvalues have significant imaginary
parts.

The mesh (3.46), (3.47) may be more demanding than necessary in case that
eigenvalues of different magnitude are present in A (7). At a given ¢, 0 < ¢ < Tje,
the eigenvalue which imposes the smallest step size is the one for which the
magnitude of the pth derivative of the solution, (|A|/€)? exp{-At/¢}, is largest.
Thus, if for instance, |A;| = max{|A;, j = 1,...,n_}, then we can use (4.21) with
A:= A in place of (3.46) and then construct the mesh using (4.22) (with A:= A,)
until ¢, , > f,, where

) L . re(A;) —re(A,)
(4.29) b= min{f 5 4, >0}, f;i= EP_EJIW'

Then, in case that fl < Tye, switch to A:= A, where / gives the minimum in (4.29)
and continue with (4.22), etc. However, the overhead involved in constructing such a
mesh is worthwhile only inspecial cases, as described above.

5. The Long Interval. On the “long” interval [z;, ¢;] we use the original problem
variables and do not apply the transformation (2.5), because we can deal with the
system (1.1), (1.2) directly in a simpler fashion. Thus our difference equations are
(3.5), (3.6). For ease of presentation we treat Gauss and Lobatto points separately.
Throughout this section we suppress the dependence of the problem coefficients
one.

5.1. Gauss Points. To examine the stability of the scheme we consider

k

€ . 4
(5.1) F(yij -y) =X ajl(All(til)yil + Ap(t)zy) +r;,  1<j<k+1,
i =1

M=

1 .
(5.2) F(ZU -z,)= ajI(AZI(til)yil + Ay (t,)zy) + Sij»

4 =1
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wherer;; € R", s,; € R™. With

i T
(5.3) = |=(der)’

) Tik
and
(5.4) r} = e 'h(r, 0 — BY),

we rewrite (5.1) as

k
€ . ..
(5.5) F(yij -y =X ajl(All(til)yil +Ap()z, + 1), i<j<k,
i /=1

k
4 A 4
(5-6) ;:(Yiﬂ —y) = X b(Au(t)yy + Ap(t)z, + 14) + jlf"?‘-
i =1 i
With
a a a T
(5.7) f= An(t))z, +ry,  E=(1....0),
we can consider (5.5), (5.6) separately from (5.2). As in (3.10)—(3.15) we obtain
(5.8) Y1 =Ly, + g +rf,

where T, and g; are given by (3.15), (3.11)-(3.13) with n replacing n + m, e7'4;;
replacing 4 and e'f, replacing f,. We have

(5.9) J = (I—he'D, (A@ 1)) =eh(ehiT - G,)7,
G,=D, (A®I).
As in Eq. (4.15) of Part I we write for the singular matrix G,
(5.10) (eh7'1 = G,)" = (en;’C, - 1)GY,
provided that e < 4,||G||"". Now,
BG'c, = B(Ae1)'D;lc, = (MA)I,
where 1 = (1,...,1) € R*. From (4.17) of Part I,

(5.11) 1-BG7'c, = (1-VA'1)I=(-1)"1,

and this is the leading term of I;. We get in (5.8)

(5.12) Yior = (<1)*y, + en;'Ay, + B(eh;'C, — I)GE, + 17,

where the matrix H is bounded and depends on b, A and A, j=1,.. k.

Clearly, both A, and the matrix multiplying f in (5.12) vary smoothly w1th i
Further, since

(5.13) Yij = Al_ll(tij)(_f(tij) + sFij)
(cf. (3.9)), we get for

(5.14) yi:= (yil""’Yik)T
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the equations
(5.15) § = -Dilf, — en;'D; M (eh;C — 1) G, + Cy y,).-

Equations (5.12), (5.15) are equivalent to (5.1). We next state and prove the stability
result, recalling (3.50).

LEMMA 5.1. There are constants k, and h, such that, provided k < ky and h < hy,
the initial value scheme (5.12), (5.15), (5.2) for i = i,... ,i —1 has a unique solution
which satisfies

(5.16) Ivalle <@, llz&ll < e{llzl + & lyill + el + 152}
i-1 o

(5.17) Ialla < d + ¢ max | & (-1)*“ 7%, |,

where c is a constant,

(5.18) di= c{llyll +lz, [l +lIrall, + sl },

(5.19) fo= BG7® -,  i<j<i,

(Thus ¥; relates to the original inhomogeneities through (5.3), (5.4).) O

Proof. Consider (5.12), (5.15) with & = 0 first. Together with (5.2), we refer to this
as the “reduced system”. Then (5.15) yields

(5.20) Yij = _Al—ll(tij)[AIZ(tij)zij + "?j], 1<j<k,

and substituting into (5.2), we see that

k

(5.21) hi_l(zij -z,)— ) djl[AZZ(til) - A21(ti/)Afll(til)Alz(til)]zil
=1

k
=-2 dyAn(t,)ry +s,, isj<sk+1
=1

The difference operator on the left-hand side of this equality is the collocation
scheme for the differential operator

2 —[Ay — AnAjidp]z.

Hence standard collocation theory not only implies (5.16) (using (5.20)), but also
yields the explicit dependence of z;; on z,, r;,, 5,,,, in terms of a discrete analogue of
the variation of constant formula, as discussed for the box scheme in Weiss [9]. To
derive (5.17), note first that by (5.12),

i-1 o
(5.22) y, = (‘1)k(’_'l)3:i -y (_l)k(z—l—j)(BGj—lfj _ I']*)

J=i

Hence the contribution of F; to (5.17) is correct, in view of (5.7), (5.19).
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The remaining term to be dealt with in (5.22) is

1 A12(tjl)zjl
A k(i=1-j) ~-1
(5.23) B Z (-1) G; :
Jj=i
- Ay (1 ik )z ik
We distinguish between two cases. If k is odd, then we essentially have to consider a
sum of pairs of terms of the form

(5.24) A12(tjl)zj1 - Alz(tj—l,l)zj—l,l'

In view of the discrete variation of constant formula mentioned above, the expres-
sion in (5.24) is bounded by ch;(|jz|| + |Irf]|. + [Isil)- The sum in (5.23) is bounded
and (5.17) is obtained. If & is even, then there is no sign alternation in (5.23), but by
(5.9), (5.11),

A A A a -1 _ A A
(5.25) BG; l=B(A®I) DAlll, b’A-1 = 0.
Thus the jth term in the sum of (5.23) can be written as

Al-ll(tjl)AIZ(tjl)zjl
(5.26) B(AeI)! ;

Al_ll(tjk)Alz(tjk)zjk

Al-ll(tjl)Alz(tjl)zjl Al_ll(tjl)Alz(tjl)zjl

Al_ll(tjk)Alz(tjk)zjk Afll(tjl)Alz(tjl)zjl

This brings us to examine again terms like (5.24) and the remainder of the proof is,
therefore, as for the case when k is odd, yielding (5.17).

Next we turn to the “full system” (5.12), (5.15), (5.2), with € > 0. We write it as
the reduced system plus additional terms of size eh;!. We also write the solution as

(5.27) Ya(2) =9a(0) +ma(2),  2a(2) = 24(2) + §(2),
where ,(¢), Z,(?) solve the reduced system and
() = &(z) = 0.

Then m,(2), §,(2) satisfy the “full system” with inhomogeneities r} and r}; of size
eh;! and s, ; = 0. Applying (5.16), (5.17) for the reduced system, we get the bounds

(5.28) il < i (5] + 28]+ Ims | + [1851).
6l < cie (151 + I1z&] + sl + [1851),
where
i-1
(5.29) k=¢ey hi' <k
i=i

For k small enough, a contraction argument now yields the bounds (5.16), (5.17) for
the full system. This completes the proof of Lemma 5.1. Q.E.D.
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Part (a) of Theorem 3.2 now follows for Gauss points.

Next, consider the first n fundamental solution components. The collocation
approximations Y,(t), Z,(¢) are defined by the homogeneous difference schemes
(3.5), (3.6) and the initial conditions (3.40b). Thus, for the “reduced” problem with
e = 0 we get
(5.30) Z()=0, Y(y)=(-D"P1  i<i<i
Furthermore, by repeating the argument of the above lemma it becomes clear that
Ya(t,), Zx(2;) are only O(k), O(k) away from Yy(7;), Z,(t,), respectively. Thus,
applying the transformation (3.22), (3.51a) is obtained.

Finally, for a smooth solution x(¢) = (}{}), which may be a transformation of

w,(¢) or of a column of W;(¢), consider the approximation error. We write the
difference scheme (5.1), (5.2) for the error, with

L= e0(hf), Sij = O(hf), ¥ 41 =e0(h?)
with p = 2k. From Lemma 5.1 it immediately follows that
(5.31) ly = yall = 0(*),  llz = zs] = O(K").

Furthermore, we now show that sharper bounds hold.

Assume for simplicity that the mesh on the long interval is quasiuniform (this
assumption can be easily dispensed with, as in de Boor and Swartz [11]). Then, since y,,
z, are piecewise polynomials of degree at most k and y,z are smooth, we obtain
using (5.31)

!
(532) o -n)|
Consider the approximation error in

(533)  ex(t):=wa(r) — v(r) = —eL(£)(ya(2) — ¥(2)) + za(2) — 2(¢)

(cf. (2.5), (3.22)). Since (2.7) does not contain the fast solution components any
more, we can follow [11], even though v,(#) is not a polynomial. Thus we write
(5.34) Ley(1):= ey(t) = Bp(t)ey(1):= a(7)

and note that, since y,(7;;)=0, 1 <i<N, 1 <j<k, Yu(?) can be written for
t; < t < t;,, as a remainder of polynomial interpolation using the divided difference

1

form,

I(z—zA)(’) ||<const, 1=0,1,....p + 1.

9

k
(5.35) %(t)=¢A[tf1»---»tik,t]11:[l(t_ ty)-

Upon writing e,(¢) in terms of y,(¢), using Green’s function, it becomes apparent
that forz, <t <t,,,, 1 <i<N,

(5.36) eA(tij) = hz“l(q’j(ti) + O(hi)) + O(h?),
for some smooth functions ¢, (¢), and
(5.37) leaCz)]l = O(A?),

provided that y{¥’(¢) is bounded; see [11]. But, substituting (5.33) into (5.34) and
using (5.32), this is evidently true, hence (5.36), (5.37) are established, yielding
(3.53b).
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Now we replace z — z, by e, in (5.1) and, using (5.36), apply the stability result
(5.17), obtaining

i._l T .
s = ¥la < ¢| T (DRI PR RIS + gt
j=i

for suitable constants K, satisfying K; — K;_; = O(h).
Thus, if k is odd and (3.52) holds,

(5.38) lys = ¥lla = O(A**1).
Now, for the slow components z, the improved estimate
(5.39) Iz = 25l = O(A7) + elly — wal

(with (5.31) or (5.38) used for y) is obtained by combining (5.33) and (5.37). This
completes the proof of Theorem 3.2 for Gauss points.

5.2. The Case of Lobatto Points. For Lobatto points we proceed, as before, to
establish stability first. Consider

k
(5.40) Ehi_l(yij -y =X a;{ An(t)yy + Ap ()2, ) + 1,

ISi<L2<j<k,
k
(5.41) hi_l(zij -z,)= Y djl{AZI(ti[)in + Ay ()2, ) + S;ij-
=1
Rewrite (5.40) as

k
(5.42) Ehi_l(yij -y =X de{All(til)yil + A (t)zy + 14}, 2<j<k,
=1

where
k
(5.43) > 4,1 =1, =T
=1
)
rh Ty
(5.44) =] |=(denK|:|-(ae ).
)y Tik

(See Lemma 3.1 of Part I for notation.) Denoting the last rows of (4 ®I)! by
ldi,1,.. ., 45, I], we have TX_, a4, = —y(-0) = (-1)¥ (cf. Egs. (4.19), (4.20) of
Part I). Thus, the last n rows of (5.44) yield the recursion

(5.45) o= (D e R, <<

where

k
(5.46) Fo= Yagr, i<i<i
=2
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whence

(547) l";( — Z ( l)(k+l)(1—1).. +( 1)(k+l)(1 i— l)rl,
Jj=i
and r} is an initial value parameter. Thus, using (5.47), (5.46) and (5.44), we may
c0n31der the form (5.42) for arbitrary inhomogeneities r;; and initial values y,.
Next, with f as in (5.7), we obtain (5.8) where T and g; are given by (3. 21), (3.20),
with n replacmg n + m, e'4;; replacing 4 and s‘lf replacing f;. Then,

(5.48) Jt=eh(eh1-G)", G,=(AeI)D,,

and we write, as in (5.10), provided that e < 4,||G Y|},

(5.49) (en'1 = G,)™ = (en;'C, ~ )G,

The last rows of G; ! are

(5.50) A ()@l . di T ).

Substituting in (3.21) yields that the difference equations (5.42) are equivalent to
(5.51)  yir = (D A (1) A (8)y, + A111(t,+1)(( 1, 1k)

+eh;}(Hy, + Of,),

where H, and Q, are bounded matrices independently of &, which vary smoothly with
i. For the other collocation points we obtain in precisely the same way (cf. (3.18))

(5.52) Yi; = cijAl_ll(tij)All(ti)yi + ¢eh; IH,yz (Eh lc )Q_uf
2<j<k—-1,

for appropriate constants ¢;; and bounded matrices H o 0, ;- Now, to obtam the
equivalent of Lemma 5.1, set e = 0in (5.42) (or (5.51)) first. Then

(5.53) Yu = ~Au () (Ap(t)z, +15),  1<i<N1I<I<k.
This is substituted in (5.41), obtaining
k
(5.54)  hiY(z;—z)= )y djl{[AZZ(til) - AZl(til)Al_ll(til)AIZ(til)]zil
j =1

“Azl(tu)Afll(til)"ﬁ} + s,
1<i<N,2<j<k.

These are collocation equations for the decoupled slow components and the usual
stability theory applies. Since, by (5.43), (5.47) and (5.53),

k
> dﬂAﬂ(ti/)Al_ll(ti/)rﬁ = A21(ti)A1_11(ti)rij + 0(”"&”) + O(hi)”y_i”’
=1

we obtain

(5.55) 28]l < {llz,ll + Ally + sl + es] }
Substitution in (5.53) and use of (5.47) then yield

(5.56) sl < e {lwll + Nzl + sl + ez}
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i (_1)(k+1)(i~j)i

(5.57)  lyall < eyl +llzill +Isg ] +|Ie]| + max Z J

ii<i

I

A standard contraction argument for ¢ > 0 small then completes the proof of the
following lemma.

LEMMA 5.2. There are constants k, and h, such that for k < ky, h < hy, the
difference scheme (5.41), (5.42) with y;, z; prescribed has a unique solution which
satisfies (5.55)-(5.57).

Remark. Comparing Lemma 5.2 to Lemma 5.1, note that unlike for Gauss points,
the contribution of y; in (5.55) does not vanish as ¢ = 0. On the other hand, no
bound like (5.56) is available for Gauss schemes.

This establishes part (a) of Theorem 3.2 for Lobatto points. Next, consider the
collocation approximation to Y,(?), Z,(¢). Inserting the trial solution

(5.58) Zy(1)=0,  Y() = (D04 () Ay (1))

into the (homogeneous) difference equations (5.41), (5.42), we readily find residuals
of order h, for Z, and eh;! for Y,. Lemma 5.2 then yields (3.51b).

Finally, consider the approximation error for a smooth solution x(z). Writing the
difference equations for the error, we have

L = eO(h,’.‘), Sij = O(hzl'()’ r, = €O(hF), s, = O(ht),

where p = 2(k — 1). Proceeding precisely as for Gauss points, we obtain from
Lemma 5.2 the estimates (5.32)-(5.37).

Substituting these estimates in (5.51) interpreted as the equations for the error in
the fast components, we obtain inhomogeneities of the form (-1)%q; — q,,; with
la,l = O(h?), i <i<i, and of the form eh¥p(z;;), where @() is smooth. As in
Theorem 5.2 of Part I (cf. (5.15) there) this readily yields the bound

(5.59) Iva = ¥lla < ce,
with e defined in part (c) of Theorem 3.2. Now, combine (5.33), (5.37), (5.59) to
obtain for the slow solution components,
(5.60) lza — z||s < c(h? + ee).
This completes the proof of Theorem 3.2.

6. Numerical Examples. The following numerical results were computed on an
Amdahl 470-V /8 computer with a 14-hexadecimal-digits mantissa. The notation

a — b= a X 107" is used throughout.
Example (Hemker [3]). Consider

(6.1a) ew +(2+cosmt)u’ —u=f(t), O0<tr<l,
where
(6.1b) f(¢) = -(1 + en?)cos wt — w(2 + cos =t )sin «¢

+(1 —a+ __3_,”.2t2)e—3t/s
2¢



COLLOCATION FOR SINGULAR PERTURBATION PROBLEMS. 11 185

subject to

(6.1¢c) u(0) = a, u(l) = -1.

The solution is

(6.2) u(t) =cosat +(a —1)e 3¢ + O(&?).

Thus, when a # 1 we have a boundary layer at # = 0 only.

When converting to a first order system note that if we use the usual variables
u, u’, then the problem does not have a bounded inverse (since #’(0) ~ 1/¢). Instead
we integrate once, as in Kreiss and Kreiss [4], Kreiss and Nichols [5], obtaining with
y:= u the system

(6.3a) ey’ =-(2+cosmt)y + z,
(6.3b) z=(1—asinwt)y + f(¢),
(6.3c) y0)=a, y(1)=-1.

So our matrix A4;; is a negative scalar function of ¢ here.

First we choose a = 1 and use uniform meshes. The results are listed in Table 1,
where under “E” we list the maximum error at mesh points and under “rate” the
measured convergence rate in h. The results for Gauss and Lobatto points confirm
part (c) of Theorem 3.2. In addition, we list for comparison numerical results using
collocation at the unsymmetric Radau points (see Part I). The usage of the latter
schemes is possible here because all the eigenvalues of A4;; have the same sign in their
real part. For the examples discussed in Weiss [9] or in Section 6 of Part I, for
instance, the Radau schemes are unstable unless the transformation (2.5) is explicitly
applied (and this time not just for analysis) and the schemes are upwinded.
Therefore, we stay with the symmetric schemes.

TABLE 1
Example 1 with a smooth solution throughout, e = 1071°

Gauss points Radau points Lobatto points
k N cond E rate k N cond E rate k N cond E rate
1 10 23+3 64-1 1 10 62+2 20 2 10 40+3 65-1
20 45+3 16-1 20 20 12+3 .10 0.9 20 76 +3 17-1 20
40 88+3 40-2 20 40 25+3 53-1 10 40 15+4 43-2 20
2 10 87+2 47-2 2 10 66+2 33-3 3 10 16+3 30-4

20 16+3 12-2 20 20 13+3 40-4 30 20 29+3 19-5 40

40 31+3 29-3 20 40 25+3 49-5 30 40 55+3 12-6 40
3 10 23+3 16-3 3 10 66+2 18-5 4 10 40+3 41-6

20 45+3 98-5 40 20 13+3 54-7 50 20 76+3 68—8 59

40 8 +3 61—-6 40 40 25+3 17-8 50 40 15+4 11-9 60
4 10 88+2 88-5 4 10 66+2 21-8 5 10 16+3 .70 -10

20 16+3 55-6 40 20 13+3 17-10 70 20 29+3 28—12 80

40 31+3 34-7 40 40 25+3 13-12 170 40 55+3 12-13 =«

*rate polluted by roundoff errors

Next we set a = 0, obtaining a steep boundary layer near ¢ = 0. Results are listed
in Table 2. Here the meshes are constructed by taking the corresponding meshes of
Table 1 and adding a layer mesh according to (4.21), (4.22) with A = -A = 3. The
accuracy tolerance 8 is chosen to be just below the smooth solution error for the
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finest mesh in Table 1, for each scheme. Here we list under “E” the maximum error
of all mesh points with “rate” the convergence rate in the maximum mesh width 4.
Note the relatively small number of mesh points needed to achieve high accuracy
with the higher-order schemes, particularly of Lobatto types.

Also listed in Table 2 are some results when § < ¢ << 1. This is not covered by
our analysis (see part (d) of Theorem 3.1), because we are primarily concerned in
this paper with what happens when ¢ — 0. However, as indicated by the numerical
results, the analysis can be extended to cover this case as well. Indeed, when § < ¢,
then a denser mesh is constructed in the layer regions and this only makes the
situation more regular.

Other examples have been tried as well. In particular, numerical solutions for the
example in Weiss [9], which for some particular values violates condition (3.54), have
been computed. Their behavior is similar to that reported in [9] for the midpoint and
trapezoidal schemes and their discussion is therefore omitted.

TABLE 2
Example 1 with a boundary layer, a = 0

Gauss points : Lobatto points

€ k ) N E rate k 8 N E rate

10-10 1 1.-3 32 21-1 2 1.-3 32 13-1
42 54 -2 2.0 42 32-2 2.0
62 15 -2 1.8 62 80 -3 2.0

2 1-4 20 63 -2 3 1.-7 57 22 -4
30 16 -2 2.0 67 13-5 4.0
50 39-3 2.0 87 82 -7 4.0

3 1.-7 26 10-3 4 1.-10 54 a5 -1
36 62 -5 41 64 11-38 6.0
56 39-6 40 84 10-9 3.5

4 1.-8 22 12 -4 5 1.-10 30 11-9

32 -73-6 4.0 40 .70 — 10
52 45 -7 4.0 60 .70 — 10

1074 3 1-7 25 10-3 3 1-7 56.  20-—4
35 62 -5 41 66 11 -5 42
55 38-6 4.0 86 .86 — 7 3.7

4 1.-8 21 12 -4 4 1.-10 53 61 — 7
31 66 — 6 41 63 11 -8 5.7
51 26 -7 4.6 83 94 — 10 3.6
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