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Rates of Convergence of Gaussian Quadrature
for Singular Integrands

By D. S. Lubinsky and P. Rabinowitz

Abstract. The authors obtain the rates of convergence (or divergence) of Gaussian quadrature
on functions with an algebraic or logarithmic singularity inside, or at an endpoint of, the
interval of integration. A typical result is the following: For a bounded smooth weight
function on [-1, 1], the error in n-point Gaussian quadrature of f(x) = |x — y|~®is O(n~272%)
if y=+1and O(n"1*®) if y € (-1,1), provided we avoid the singularity. If we ignore the
singularity y, the error is O(n~**2%(log n)®(loglog n)% *9) for almost all choices of y. These
assertions are sharp with respect to order.

1. Introduction. Much has been written about convergence of rules of numerical
integration for integrands with integrable singularities inside or at the endpoints of
the interval of integration. The first papers on the subject in recent years, by Davis
and Rabinowitz [3] and Rabinowitz [11], established convergence of composite rules
and Gauss rules for functions monotonic around certain singularities. Gautschi [7]
verified Rabinowitz’s conditions for the Fejér weights. Miller [9] introduced the idea
of dominated integrability and proved that the latter condition was still sufficient for
convergence of quadrature procedures. Feldstein and Miller [5] and El-Tom [4]
obtained rates of convergence of compound rules on singular integrands. Chawla
and Jain [1] and Rabinowitz [14] found the asymptotic form of the error of Gauss
quadrature on certain functions with an algebraic singularity in their derivative.

Osgood and Shisha [10] and others took up the subject of dominated integrability.
Rabinowitz [13] showed that Gaussian quadrature would converge even on functions
with singularities interior to the interval of integration, provided the nearest
abscissa(s) to the singularity was omitted and provided a certain relationship held
between weights and abscissas. Lubinsky and Sidi [8] used a generalized Markov-
Stieltjes inequality to prove that omitting the closest abscissas from left and right to
the singularity -guaranteed convergence of Gauss quadrature, without requiring the
above relationship between weights and abscissas.

In this paper the authors use the same generalized Markov-Stieltjes inequality to
investigate convergence rates of Gaussian quadrature for functions with a singularity
at an endpoint of, or interior to, the interval of integration. This tool yields upper
and lower bounds for the error when the integrand is absolutely monotone to the left
of the singularity and completely monotone to the right. Furthermore, it yields
asymptotic rates for functions which are the product of such a function and a
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220 D. S. LUBINSKY AND P. RABINOWITZ

smooth function. We shall see that, under very mild assumptions on the weight
function, the error in Gaussian integration of a function with an interior singularity
which is algebraic of order & (respectively logarithmic) is O(n~'"?) (respectively
O(n~! log n)), provided only that we “avoid the singularity” by omitting the closest
abscissa to the interior singularity. When we do not omit the closest abscissa, the
error turns out to be O(n~'*2(logn)®(loglogn)®®) any e > 1 (respectively
o(n~!log n)) for almost all choices of the singularity. All these results are sharp with
respect to order.

For endpoint singularities, we shall prove the following: If the interval is (-1,1)
and the weight function is “comparable” to the Jacobi weight (1 — x)*(1 + x)¥?,
then the error is O(n~?""2*2%) (respectively O(n~?"~2 log n)) for an algebraic
singularity of order & at x = 1 (respectively a logarithmic singularity).

We note finally that avoiding or ignoring a singularity using some standard rule is
not necessarily the best method for numerical integration of a singular integrand.
Thus many of the results in this paper are of theoretical, rather than practical,
interest.

2. Notation. Let (a, b) be a finite or infinite interval. Throughout let there be
given a monotone increasing and right continuous function «: (a, b) — R. We
assume all the moments [’x/da(x),j = 0,1,2,..., exist. Then there exist orthonor-
mal polynomials p,(x) = v,IT/_;(x — x,;), wherey, > 0,n = 1,2,..., that satisfy

b 1 =
[P0 palx) da(z) = {3 2
a ’

m # n.

We assume that the zeros of p, are ordered so thata < x,; <x,, < -+ <x,, <b,

n = 1,2,.... Further, we define the Christoffel numbers

nn

n—1 -1
>\nj=(ZpI%(an)) ’ Jj=L2...,nsn=12,...,
k=0
so that
b n
(2.1) [p(x) da(x) = ¥ A,p(x,,),
a j=1

whenever p(x) is a polynomial of degree at most 2n — 1. For any function f:
(a,b) > R, let

1171 = ['1(x) da(x).

In[f]= Z}\njf(xnj)’ n=1a2’---’
J=1
E[/1=1[/1-L[f]. n=12...,

provided these numbers are defined, the integral being a proper or improper
Riemann-Stieltjes integral. Thus E,[f] is the error in Gauss quadrature of order n
for the integrand f. '

We shall frequently need to consider some fixed point y € (a, b) at which f(x)
may, or may not, have a singularity. Throughout x., X, X, denote the
abscissas from { x,;, x,,,...,X,, } which are, respectively, the closest to y, the closest
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from the left to y, and the closest from the right to y. More precisely
|Xe(my =yl =min{|x,, = y|:j =1,2,...,n},
Y= Xy =min{y — x,;:x,; <y},
X~y =min{x,; = y:x,; >y}

If y <x,, we take x,,, = a, and if y > x,,,, we take x,,, = b. When x_,, is not
uniquely defined by the above, which is the case only when y is midway between
Xi(ny and x, .y, we take x .,y = x;,,. We let

n

1= X Ayf(x,)),

Jj=1
J#c(n)

so that I} avoids the singularity by omitting the closest abscissa to it. Further, we let
EXf1=10f1- L[ /]

Similarly, we define

n

[ fl= Z }\njf(xnj),

Jj=1
J#EI(n), r(n)
so that I* avoids the singularity by omitting the closest abscissas from the left and
right to y. Further,
EX[f1=10f]1-I*[/f]

Welet A (,), Ay Ay denote the Christoffel numbers corresponding to x .y, X;(,)»
X,(ny» Tespectively. Similarly x,,) .1, Ayny 1 denote x,, .,y 41 and A, .,y .1 and so
on. Note that x,,) = X;(,)+1-

It is worth comparing the definition of I}, I¥* above to the ideas of avoiding the
singularity used in Rabinowitz [13] and Lubinsky and Sidi [8]. The rule I** above
coincides with R,, used in Theorem 1 in [13]. Further, I** is similar to K, used in [8],
except that the latter rule also includes the closest abscissas from the left and right to
the singularity y, provided those abscissas are not too close to y, in the sense of
(2.4B) in [8].

Definition 2.1. We shall say da(x) is bounded above and below near y if there
exist positive constants m and M such that

_alm)—alx) _
Xy = X

(2.2)
for all x;, x, in a neighborhood of y.
The usual symbols O, o, ~ , = will be used to compare sequences and functions.
For example, if (¢,), (d,,) are sequences of real numbers,
¢, = 0(d,) < limsup|c,/d,| < o,
h—o0

c,=o0(d,) e limc,/d, =0,
n—oc

)
I

d, < lim c,/d, =1.

n—oc
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¢, ~d, = K, <c,/d, <K, for all large enough n, where K, and K, are positive
constants.

Definition 2.2. Let #be a real interval.

(i) R(#) denotes the class of functions f(x) such that both f and |f| are (possibly
improperly) Riemann-Stieltjes integrable with respect to da(x) over £,

(ii) If Zis bounded and closed and if / is a nonnegative integer, C/[.#] denotes the
class of functions whose /th derivative is continuous in # with norm ||f]|| =
max{|f(x)|: x € #}.

(iii) If #£is bounded and closed and f € C[£] = C°[#], the modulus of continuity
of finfis

w (£ €) = max{|f(x;) = f(x;)]: |x, — x| < & x;, x, €F} foranye > 0.

We say f € Lip(d) in £ where 0 < 6 <1 if w(#; €) = O(¢?), and we say f €
Lip(; n) in #where 6 > 0 and 1 is real if w,(#; €) = O(e’[log €| ™).

Definition 2.3. Let #be a real interval. Let k be a positive integer. We shall say f:
# — R is k-absolutely monotone in £ (k-completely monotone in £) if f € R(F)
and if

(2.3) fPx)=0, xes,j=01,2,... ,k
(1) f(x) 2 0,x €£,j =0,1,2,....,k).

If f is k-absolutely monotone in £ (k-completely monotone in #) for all positive
integers k, we shall say f is absolutely monotone in #(completely monotone in #).

3. Basic Lemmas. The Markov-Stieltjes inequality that we need depends on the
following fundamental lemma:

LEMMA 3.1. Let f be (m + 1)-absolutely monotone in (a, §| with strict inequality
holding in (2.3). Let P(x) be a polynomial of degree at most m. Let
my = total multiplicity of zeros of f — P in (a, &],
m, = total multiplicity of zeros of P in [£, ).
Thenm; + m, <m + 1.
Proof. Freud [6, Lemma 1.5.3] gives a proof for a = —oc0. By substituting a for — oo
throughout his proof, we see the more general form above is true. O
Both the statement and proof of the generalized Markov-Stieltjes inequality below

are essentially contained in Freud [6, pp. 32-33], but we restate and reprove it,
because it is difficult to recognize from [6] the form of the inequality below.

LEMMA 3.2. Let f(x) be (2n — 1)-absolutely monotone in (a, x,,) some n > 1,
1 < k < n. Then

®
k-1 Xnk
T A S (%)) < [f(x) da(x).
j=1 a
(i) If in addition f(x) is (2n — 1)-absolutely monotone in (a, x,, k] , then

k X
 Anyd (60)) > [ "1(x) da(x).



RATES OF CONVERGENCE OF GAUSSIAN QUADRATURE 223

Proof. (i) Define a polynomial p(x) of degree < 2n — 2 by the 2n — 1 interpola-
tion conditions
f(x,.), j=1,2,....,k—1,
(1) )= {10

R j=k,k+1,...,n.

), j=1,2, k-1,
3.1B (x. ) = nj
(3.1B) P(x,,) {0, j=k+1,k+2,....n.

We shall assume initially that strict inequality holds in (2.3). Let § € (x,, ;_1, X,)-
Then, by (3.1A B), f — p has m; > 2k — 2 zeros in (a, ¢] and p has m, > 2n — 2k
+ 1 zeros in [¢,00) . Thus m; + m, > 2n — 1 = deg(p) + 1. By Lemma 3.1, we
have m; + m, < 2n — 1. Thus m; = 2k — 2 and m, = 2n — 2k + 1, and the only
zeros of f — p and p in (a, £] and [£, 0) , respectively, are already listed in (3.1A,B).
As all zeros of f — p in (a, §] are double zeros, it follows that f — p does not change
sign in (a, §] for any ¢ < x,, and hence f — p does not change sign in (a, x,; ). As
p(x,;) = 0, we deduce

(32) [(x) 2 p(x),  x€(a xy)

Next, as § > x,, ,_, was arbitrary, it follows that p(x) has 2n — 2k + 1 zeros in
(X, k15 ), these being listed in (3.1A,B). Since p(x,, ;1) = f(x, ;) > 0 and as
p(x) has a simple zero at x,, and double zeros at x,;, j =k + 1,k + 2,...,n, it
follows that p(x) changes sign at x,,, and

(3.3) 0>p(x), x€ [xp, o).

Then by (2.1), (3.2) and (3.3), and by (3.1A),
k—1

(x) da(x) > [~ p(x) da(x) = i A (xa)) = X Aif (x).
- -0 j=1 J=1

Finally, if strict inequality does not hold in (2.3), f.(x) = f(x) + ee* satisfies (2.3)
with strict inequality for any € > 0. Applying the above inequality to f, and letting
¢ - 0 + , we obtain the more general inequality.

(ii) is similar: One defines a polynomial P(x) of degree < 2n — 2 by

P(X )= f(xnj)’ j=1,2,..-,k,
)= o, j=k+1,k+2,....n,
P/( ) fl('xnj)’ ] = 1,2,...,k — 1,
x..)=
nj 0, j=k+1,k+2,...,n,

and uses Lemma 3.1 to deduce
f(x)<P(x), xe(a,xy],
0<P(x), x€[xy,00). O
For (2n — 1)-completely monotone functions, there is the following corollary:
" LEMMA 3.3. Let f(x) be 2n — 1)-completely monotone in (x,;, b) some n > 1,
1 < k < n. Then
®
n b )
Y A fGen) < [ f(x) da(x).

Jj=k+1 Xnk
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(ii) If, in addition, f(x) is (2n — 1)-completely monotone in [x,,, b) , then
n
b
X A f ) = [ f(x) da(x).
j= k Xnk

Proof. (i) Make the change of variable x — —x and let dB(x) = —-da(-x), so that
B(x) = a(b) — a(-x), x € (-b, —a). We denote the orthonormal polynomials, zeros
and Christoffel numbers for dB(x) respectively by p,, X, ; and >S,, ;- It is easy to see
p(x)=(1)"p,(-x), n=1,2,..., and s0 X, = -x, .1} Ay, =A, i1, J=
1,2,...,m;n=1,2,.... Let g(x) = f(—x). We see g(x) is (2n — 1)-absolutely mono-
tone in (b, -x,,) = (-b, X, , . 1)- Then Lemma 3.2(i) yields

n—k

L K,8(4,) < [Frotg(x) d(x)

J=1

= ¥ Af(x)) < [ £(x) da(x).

Jj= k+1 Xnk
(ii) follows similarly from Lemma 3.2(ii)). O

The following lemma on the asymptotic behavior of weights and abscissas will be
useful in the sequel.

LEMMA 3.4. Let (a, b) be bounded and assume da(x) is bounded above and below
near y € (a, b). Then there exist positive constants c,, 5, C3, C4 and a neighborhood #
of y such that for all n and j,

(3.4) (i) x,,€F=c1/n<x, ;.1 — X,; </,
(i) x,, €F=c3/n<N,; <cy/n,
(111) Cl/(zn) X max{y xl(n)’ xr(n) y} C2/n
Proof. (i) This is Theorem II1.5.1 in Freud [6] with a linear transformation of

(a, b) onto (-1,1).
(ii) By the classical Markov-Stieltjes inequality

A Mﬂda(x)

nj\
n[l

(Szegd [18, p. 50] or Freud [6, p. 29]). Further as da(x) is bounded below near y,

Theorem I1.2.4 in Freud [6] shows that, for large n, there are as many x,,; near y as

we like. We deduce from (2.2) and (3.4) that, for all x,,; in a neighborhood f of y,
Ay S M(x, 501 = x,;-1) < 2Mcz/n = cy4/n.

Next by Theorem 1.4.1 in Freud [6], and by (2.2),
A, = mf{/”zﬂ(x) da(x): deg(P) < n — 1and P(x,,) = 1}

>m inf{/"’JraPz(x) dx: deg(P) <n—1land P(x,;) = 1},
y=9

where (y — 8, y + 8) is a suitable neighborhood of y. Now consider the transforma-
tion u = -1+ (x — (y — 8))/6 which maps x € [y — 8, y + 8] onto u € [-1,1].
Each polynomial P(x) of degree < n — 1 satisfying P(x,,;) =1 corresponds to a
polynomial P*(u) of degree < n — 1 in u satisfying P*(u,,;) = 1 where u,, ;= ul(x,;).

nj
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Then
A, > (ma)inf{f_ll(p*(u))2 du: deg(P*) < n — 1 and P*(u,,) = 1}

= (m8)A,(du; u,,j),

using Freud’s notation for the Christoffel function of the weight du over [-1,1]. By
Theorem V.6.8 in Freud [6], for the weight o’(x) = 1in [-1,1],

N, (du;u,,)=n(1- u,z,j)l/z/n + o(1/n),

where if x,; is restricted to some closed subinterval of (y — 8, y + 8), then u,,; lies
in some closed subinterval of (-1,1) and so the o(1/n) term is uniform in such x,,,
by the theorem. This yields A,; > c;/n for all n, j such that x,; lies in some
neighborhood of £,

(iif) Now max{y = X;uys X;(my =V} = (X,(n) = Xyy)/2 and for large n, x,,, =
Xym+1 and x;,) both lie in the neighborhood £ of y. Hence (x,,) = X)) > ¢1/n.
Similarly

max{y = X;uys Xpm =V} < (Xpimy = Xymy) < €2/n. O

4. Interior Singularities, Part 1. In this section, we investigate the asymptotic
behavior of E,[f] where f(x) = |x — y|~® or —log|x — y|. First, however, we estab-
lish our basic error estimate which may be applied to functions with a singularity on
either one, or both sides of y.

LEMMA 4.1. Let f(x) be (2n — 1)-absolutely monotone in (a, y) and 2n — 1)-
completely monotone in (y, b). Then

®
(41) [0 da(x) < BT < [ () dal).
(ll) Ify #* xc(n)’
Xr(n) o Xr(m)
42) [ 7(x)da(x) = T Nf(x,) < E 7] < [(x) da(x).
Xi(n) Jj=Il(n) Xi(n)

(iii) If j is the integer such that j € {I(n), r(n)} \ {c(n)}, then

(4.3) Ex[f]= EP*[f] = Nyyf (%))
@) Iy = Xegny
(4.4) 0<Ex[f1< [ f(x) da(x).
Xi(ny-1

. Proof. (i) By Lemma 3.2(i) and 3.3(i), respectively, we have
I(n)—1

X Anif (eay) < [ (x) dax),

Y AfCo) < [0 1(x) dalx).

j=r(n)+1 Xr(n)
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Adding, we obtain

p < I = [77(x) da(x),

Xi(n)

from which the lower bound in (4.1) follows. Similarly, Lemma 3.2(ii) and 3.3(ii)
yield
I(n)—1

Y Af(x) s [ (x) da(x),
j=1 a

Y A(x) = [0 f(x) da(x).

Jj=r(n)+1 Xrimy+1

Adding, we obtain
L= 1071 = [ (%) da(),

Xiny-1
and the upper bound in (4.1) follows.
(ii) Since y # x,(,,), we have x,(,,, <y < x,(,,, and Lemmas 3.2(ii) and 3.3(ii) yield
I(n)

Z Anjf('xnj) >/X
J=1 4

I(n)

f(x) da(x),

S A f(e) > [0 £(x) da(x)

Jj=r(n) Xr(n)

~LIf1= 10/~

X1y

r(n)

f(x) da(x),

which yields the upper bound in (4.2). The lower bound follows from the identity

r(n)

ELf]1=EX[fl- ¥ A, f(x,))

Jj=I(n)

and the lower bound for E}*[ f]in (4.1).
(iii) follows immediately from the definition of E} and E}**.
(iv) Since y = x,(,,), we have y = x,,,, and by Lemmas 3.2(i), (i1), 3.3(i), (i)

I(n)—1
() Xi(n)

f:un)—lf(x) da(x) < gl }\njf(xn_,-) </a f(x) da(x),

[! fx)da(x) < T A f(x,,) < [ £(x) da(x).

Xr(n) j=r(n) Xi(n)

Adding, we obtain (4.4). O

LEMMA 4.2. Lety,c,d € (a, b),y #dandz = (y — ¢)/(y — d).
(1) Let f(x) be monotone increasing and positive in (a, y) and let ¢, d € (a, y).
Then

(4.5) (1/z+1)" </(yf(u) du/fdyf(u) du<(z+1).
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(ii) Let f(x) be monotone decreasing and positive in (y, b) and let ¢, d € (y, b).
Then

(1/z +1)" s/:f(u) du/fvdf(u) du < (z+1).

Proof. (i) We first prove the second inequality in (4.5). If z < 1, that is, if d is not
closer to y than ¢, this inequality is trivial. So assume z > 1, and let k be the largest
integer < z. We can then partition the interval [c, y] into k + 1 intervals [c;, ¢; 1],
J=0,1,2,...,k, wherecy = ¢, ¢,y =yand ¢,y —¢; =y — d,j=1,2,...,k. Then
each interval [c;, ¢;,] has length at most y — 4. Further, as f(x) is increasing in
(a, y), we see

V k Civl V- Vv
f’f(u)du -y f f(u) du < (k + 1)] f(u)du< (z+ 1)f'f(u) du.
¢ j=0"¢ d d
By symmetry of ¢, d, we obtain also
[ 1) dus 17z +1) [ f(u) du
d ¢

and (4.5) follows.

(ii) is similar. O

We can now prove a general theorem for “2-sided” singularities:

THEOREM 4.3. Let (a, b) be a finite interval and y € (a, b). Let da(x) be bounded
above and below near y. Let f(x) be absolutely monotone in (a, y), completely
monotone in (y, b) and let f(y) = 0. Further assume f(x) grows at roughly the same
rate on both sides of y as x — y, that is

(4.6) fly—u)~f(y+u) asu—0+.
Let p, = f)-,V_l/,,f(x) dx,n=1,2,3,.... Then
D EF*[f]~ pus
(i) EX[f1= O(p,),
@iii) E,[f1= O(n,) = Aoy [ (Xemy)

and X,y ~ n~".

Proof. The condition (4.6) entails that for some positive constants cs, ¢, &,
(4.7) es<fly—u)/f(y+u)<c allue(0,e).
(i) By (2.2) and (4.1), for large n,
st < [

Xiimy-1

)V Xr(n)+1

f(x)dx + [ f(x) dx}

y

f(x) dx

< M{[()’ = Xyy-1)n + 1] i

[ =)n+ 1 77 (0) ax
(by Lemma 4.2(i), (ii))
<M{[2e, + 1] +[2¢, + 11/e5) [ f(x) dx,

y—=1/n
by Lemma 3.4(i), (iii) and by (4.7).
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Further,by (2.2) and (4.1), for large n,
E U1z m{ [ 70+ [p(x) ax)

Xi(n)

>m{[((y x,(,,)) +1] f 1n()c)dx

(o —y)n) ™ + 1] /y””" f(x )dx}

by Lemma 4.2(i), (ii). Here if y = x,(,, the first term in the { } may be interpreted
as 0. From Lemma 3.4(iii) and from (4.7) we deduce

EX (/1> m[2/¢, + 1] 'min{1, 1/c6}/ PO

Thus we have shown
(4.8) Kimin{1,1/¢s} < EX*[f]/p, < K5 (1 + 1/c5),
where K|, K, are independent of n and f as M, m, c,, ¢, are and where cs, ¢, depend
on f (as in (4.7)), but are independent of n. This establishes (i).

(i1) By (4.3) and (i) above, we deduce

EX[f]=0(py) = Nyyf(x,)),

where j = j(n) € {I(n), r(n)}\ {c(n)}. By Lemma 3.4(iii), |x,; — y| > ¢;/(2n). By
monotonicity of f, if x,,; < y, we see

f(x,)) <f(y ~ a/(2n)) < (2n/c) f f(x) dx

—a/(2n)
< @2n/e)(e/2 + l)f Y f(x) dx
y— n

by Lemma 4.2(i). Then by Lemma 3.4(ii), for large n,
Anjf('xnj) < (2C4/C1)(C1/2 + 1)Iu'n,
and so Ef[f] = O(p,,). Similarly if x,,; > y.
(iii) follows from the identity

En[f] = E:[f] - }\c(n)f(xc(n))

and from Lemma 3.4(ii) which shows A ., ~ n”!. O
Thus the rate of convergence to 0 of the error in Gaussian quadrature, where the
singularity is avoided using I* or I**, is determined by the asymptotic behavior of

I, As a first corollary, we have:

COROLLARY 4.4, Let (a, b) be a finite interval and y € (a, b). Let

x€(a,b ,
(x)_{ o xe (@ h\)
’ X =),
where 0 < § < 1. Assume da(x) is bounded above and below near y. Then
M) E/1~ nt7e,
(i) E;[f]1= O(n71*%),
and there exists §, € (0, 1) such that, whenever 8 € (§,,1), we have
(4.9) E[f]~nt*,
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(iii) For those positive integers n for which y # X,
En[f] = _Ac(n)‘xc(n) - y|_8 + O(n_1+8)

(4.10)
= O(n_llxc(n) - y|—8)5

where A .,y ~ n

Proof. First note that f(y — u)=f(y + u) = |u|~%, and so (4.7) holds with
¢s = ¢ = 1. Further fis absolutely monotone in [a, y) and completely monotone in
(y, b], while

po= [ S(x)dr =m0/ - ).

y=1/n
(1) By (4.8),as ¢c5s = ¢ = 1,
(4.11) Ky/(1—8) < EF[f]/n' " <2K,/(1 - 8),
where K| and K, are positive constants independent of f and #.,
(i) The first part follows from Theorem 4.3(ii). To prove (4.9), we use (4.3). If

Jj € {I{(n), r(n)}\ {c(n)}, Lemma 3.4(ii), (iii) yield
Ny = 170 < (ca/m)(er/(2m) ™" < Kyn ™2,
where K, = ¢, max{1,2/c, } is independent of n and §. Then by (4.3) and (4.11),
{Ki/(1-8) - K3} S EX[f]/n7'"° < 2K,/(1 - 9),

and for & close enough to 1, say for § € (§,, 1), the term in { } is positive as K; and
K are independent of é.

(iii) The first part follows from Theorem 4.3(iii). To show (4.10), it suffices to
show n’ = O(1xo(ny — »17%), but this follows from Lemma 3.4(iii) which shows

[Xemy =Yl < ¢3/n. O
Next, we have a corollary for logarithmic singularities.

COROLLARY 4.5. Let (a, b) be a finite interval and y € (a, b). Let

f(x) = {(EIOglx AR f (a, b)\{)’},
, X =y.
Assume da(x) is bounded above and below near y. Then
Q) EX*[f]1~ntlogn.
(i) EX[f] = O(n"!log n).
(iii) For those positive integers n for which y # X,

En[f] = _}\c(n)loglxc(n) _yl + 0(n~110gn)

= O(n_lloglxc(n) - yl)’
where X, ~ n~\.

Proof. Let d be a positive constant chosen so that g(x) = f(x) + d, x € (a, b), is
nonnegative in (a, b). We see g is absolutely monotone in (a, y) and completely
monotone in (y, b). Further E,[d] = 0 and, using Lemma 3.4(ii), we see E}*[d] and
EX[d] are O(n™!). By applying Theorem 4.3 to g and using the linearity of
E,, E¥, E¥* we obtain the result as before. O

As a final corollary, we have the following analogue of Theorem 2 in Rabinowitz
[13], for the case where y = cos(« p/q) with p /q a rational number.
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COROLLARY 4.6. Let (a, b) = (-1,1) and da(x) be a Jacobi weight given by
o« (x)=(01—=x)’A + x)?, x € (-1,1), where B, v= +1/2. Let y = cos(7p/q),
where p/q is a rational number in (0, 1).

@ 1f

— y|-9 _
F(x) = {'(f e, xf( LD\{»},
> X _ya
where 0 < 8 < 1, then E,[f] = O(n~'*?).
(i) If
-1 -, -1,1 ,
fx) = {Ooglx ¥ i: IN{»}
then E,[f] = O(n"'log n).

Proof. When y = x,,,, we have f(x,,)=0 and so E[f]= E[f]. When
Y # X,(n), We have

En[f] = E:[f] - Ac(n)f(xc(n)),

where A, ~ n~1. It is then evident that both (i) and (ii) follow from Corollaries 4.4
and 4.5 provided we can show that there is a positive constant ¢, independent of n
such that |y — x| > ¢;/nif y # x,,). Now for Jacobi weights of the above form,
the abscissas x,,; are known explicitly (Szegd [18, p. 124, (6.3.5)]). From those
explicit formulae, we may write x,,, = cos(k7/(2n + i)), where k is an integer
depending only on » and where i = 0 or i = 1. We have of course k/(2n + i) = p/q

as n — oo. Then, for large n such thaty # x,,,

e )il -2/

|y - xc(n)l =
> sin(7p/q)| 57 —%’

>sin(7p/q)/((2n + 1)q) > ¢;/n,

where ¢; = sin(7 p/q)/(4q) and we have used the fact that |kg — p(2n + i)| > 1,
being a nonzero integer. O

Lemma 4.1 was stated and proved for finite or infinite intervals. Much as above,
one can show that for the Laguerre weights, /(x) = x"e~*, E**[|x — y|"®] ~ n~!*?
and for the Hermite weight, o/(x) = e™*, EX*[|x — y|"%] ~ n"~®/2, Similar re-
sults are possible for weights on the infinite interval studied by Freud in the 1970’s.
The method of Lemma 4.1 may also be applied to functions which are “piecewise”
completely monotone or absolutely monotone in (a, b) and to functions with more
than one singularity or with one-sided singularities.

5. Interior Singularities, Part 2. We now prove results of a different character to
those of Section 4. For example, we show that, for almost all choices of y,

E,[Ix — yI"®] = 0(n"1**%(log n)° (loglog n)**),

where € > 1 and that this result is substantially the best possible. This is the
analogue of Theorem 3 in Rabinowitz [13].
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THEOREM 5.1. (i) Assume da(x) is bounded above and below near each y interior to
the finite interval (a, b). Then, given € > 1, there is a set &, in (a, b) of linear Lebesgue
measure zero with the following property:

(5.1) E,[Ix-y%] = O(n‘””(log n)® (loglog n)ea)
forall0 < & < 1, whenevery & &,.

Henceif 8 <1/2,E,[|x — y| %] = 0asn — oo for almost all y € (a, b).

(ii) Assume (a, b) = (-1,1) and da(x) is a Jacobi weight given by o'(x)=
(1 = x)’( + x)P, x € (-1,1) where B, v = +1/2. Then there is a set & in (-1,1) of
linear Lebesgue measure zero with the following property:

~E,[1x = y|"°] > en"**(log n)’ (loglog n)°
for infinitely many integers n and for all 0 < 8 < 1, whenever y & &. Here c is a

positive constant independent of n, y and 6.
Henceif 8 > 1/2,E,[|x — y| %] » O asn > oo for almost all y € (-1, 1).

Proof. (i) Fix € > 1. Let p, = n~%(log n) *(loglog n)~¢ for all large enough in-
tegers n, and let

n
"‘¢n = kL-Jl(xnk T Py X T pn)

for all such integers n. Further let
é. = {x € (a, b): x € £, for infinitely many n } .

Note that £, has linear measure at most 2np,. Since X, 2np, < oo, Lemma 1 in
Sprindzuk [17, p. 2] ensures that &, has linear measure zero. Further, if y & &,, we see
|X.(my = Y| = p, for all large n, and by (4.10), E,[|x — y|~°]1 = O(n"%,®) from which
(5.1) follows.

(ii) The proof is based on the fact that, for the given Jacobi weights, the zeros x,, j
are known explicitly (Szego [18,p. 124, (6.3.5)]). Suppose, for example, » = = -1 /2.
Then taking account of Szegod’s different ordering of the zeros,

Xynojrr=cos((j—1/2)m/n), j=1,2,...,n.
Now writing y = cos(6 ) where 6 € (0, 1), we see
1Y = Xpn—jsal = cos(07) = cos((j — 1/2)m/n)| < m|§ — (2 — 1)/(2n)|.
By Theorem 4 in Sprindzuk [17, p. 11] with
P(k)=2k and X, =m"(logm)'(loglogm)~",
all large enough m, we see that, for almost all § (0, 1),
0 —(2j—1)/2n)| <A,/(2n),  j=j(n),
for infinitely many n. It follows that, for almost all y € [-1,1],
|y = X(m| < 7n~2(log n) ' (loglog n) ™"
for infinitely many n. Applying Corollary 4.4(iii) and Lemma 3.4(ii),
~E,[1x = 7] = XXy = ¥17° + O(n7'7?)
> (c3/2)n"1*2(log n)® (loglog n)°
for infinitely many » and for almost all y € [-1,1]. O
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Note that any Jacobi weight da(x) is bounded above and below near each
y € (-1,1). Further note that (loglog n)®® in (5.1) may be replaced by (loglog n)® -
(logloglog n)*® and so on. Similar remarks apply to part (ii) of the above theorem.
The proof of the following result is similar to that of Theorem 5.1.

THEOREM 5.2. Assume da(x) is bounded above and below near each y interior to the
finite interval (a, b). Then there is a set & of linear Lebesgue measure zero (even further
of Hausdorff dimension zero) such that E,[-log|x — y|| = O(n 'logn) whenever
Y&

6. Endpoint Singularities. For endpoint singularities, there is no need to omit
abscissas in Gaussian quadrature for singular integrands. Thus we restrict ourselves
to the study of E,[ f1, and in this section f(x) is usually (1 — x)~% or —log(1 — x).

LEMMA 6.1. (a) Let f(x) be (2n)-absolutely monotone in (a, b). Then
(61)  max( [ £(x) da(x) = X0 (5,0).0) < E,[1] < [ 1(x) da(x).

nn

(b) Let f(x) be (2n)-completely monotone in (a, b). Then
(62) max{ [*'f(x) da(x) - Maf (x).0) < B[] < [77(x) da(x).
Proof. (a) By Lemmas 3.2(i) and (ii),

n-l Xnn !
Mt () < [ 1) da(x) < Z A (x0))
j= a j=

= LU= A f () < 1171 = [ 1(x) da(x) < 1,11,

and (6.1) follows if we can show also I[f] > I,[ f]. This follows either from Lemma
II1.1.5 in Freud [6] or Problem 9 in Szego [18, p. 375].

(b) is similar. O

Unfortunately, the behavior of A, b — x,,, x,, — x, ,_,, and so on, have not
been thoroughly investigated for general weights and there seems to be no analogue
of Lemma 3.4. Thus we are not able to prove results as general as those in Sections 4
and 5, but can prove results for weights comparable to a Jacobi weight.

LEMMA 6.2. Let (a, b) be a finite interval. Let a*: (a, b) = R be a monotone
increasing, right continuous function. Assume there exist positive constants m and M
such that

alw) —alx) _
9 S@ ) et M

for all x,, x, in (a, b). Let x}, denote the largest zero of the nth orthogonal polynomial
for da*. Then

m b= X M

M b—xf " m’
Proof. Now x}*, = max{ [°xP(x) da*(x)/[PP(x) da*(x)}, the maximum being
taken over all polynomials P(x) of degree < 2n — 2 that are nonnegative and not
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identically zero in (a, b). See Theorem 7.72.1 in Szegd [18] for one case of this
well-known result. The analogous formula holds for x,,, with da replacing da*. Then

b—x¥, = min{fab(b - x)P(x) da*(x)//abP(x) da*(x)}
> min{fab(b - x)P(x)m da(x)//abP(x)Mda(x)}

= (m/M)(b - x,,),

in each case the minimum being taken over all polynomials P(x) satisfying the
previously mentioned conditions. Further we have used (6.3). Similarly we obtain
b — x:n < (M/m)b - x,,). O

We can now prove

THEOREM 6.3. Let (a, b) = (-1,1). Assume a(x) is absolutely continuous in (-1, 1)
and that, for some positive m, M and some v, § > -1, we have
(6.4) m<a(x)/(a*)(x)s M, xe(-1,1),
where (a*)'(x) = (1 — x)’(1 + x)P is a Jacobi weight. Then

@) E,JQ—x)°=0n? ") ify —8 > -1 and § > 0. Further if v < -1/2,
there exists positive 1 such that

En[(l - x)_'S] ~n 2722 ywhenever§ € (1 + v —n,1 + »).

(b) E,[-log(1 — x)] = O(n~*?log n).

Proof. Note first that if x¥,_,,;is the (n — [+ 1)th zero of the orthogonal
polynomial of degree n for da*, Theorem 8.1.2 in Szego [18] shows

lim narccos(x} , ;1) = Jji,»
n—oo

where j, is the /th positive zero of J,(x), the Bessel function of the first kind of order
v. As usual, we have taken account of Szegd’s different ordering of the zeros. We
deduce from the Maclaurin series for cos x that

(6.5) lim n?(1 — x¥,_,.1) =Jji/2, if lis fixed.
n— o0
Then, by (6.4), (6.5) and Lemma 6.2,

_m\ 2(1 — M)

(6:) (337 )78 + o) < 121 = %,,) < (535 | 2 + 0D,

Further by (6.4), by Theorem 1.4.2 in Freud [6] and by Problem 10 in Freud [6,
p- 132], we see

(6.7) A, < cgn”?~% provided v < -1/2,

where ¢ is independent of 7.
(a) By (6.1), (6.4) and (6.6),

0 < En[(l - x)-8] < 2!B|M(1 + v - 8)_1(1 — xnn)l“”'_6 = O(n_z""2+28)_
If » < —1/2, then (6.1), (6.4), (6.6) and (6.7) yield
En[(l - x)—&] > (m/2)(l +v— 6)—1(1 — xnn)l+"_6 _ csn—Zv—Z(l _ xn")—s

2
~2r-2+28 m . M\ _ M +
>n [2(1 T, 6)mm{l, 2M} cgmax{l, i o(1){,
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and the constant in [ ] is positive for § close to 1 + », since ¢5, m and M are
independent of 8. O

(b) is similar to the first part of (a).

For Jacobi weights, we obtain the following more precise result.

THEOREM 6.4. Let (a,b) = (-1,1) and o'(x)= (1 — x)’(A + x)?, x € (-1,1),
where v, B > —1. Let J,(z) be the Bessel function of the first kind of order v and j,, be
its first positive zero.

(@) Let0 <86 <1+ v Let

s0= 27B(j2/2) (1 4y — 8)E,[(1 - ).

Then
(6.8) max{0,1 — 3(»)(1 +»—8)} < linmiolgfs,, < limsups, < 1,
- n— 00
where
(6.9) ¢o(v) =2/, % (1))
(b) Let
ty =21 j2/2)" "0 2(logn) (1 + ») E,[-log(1 — x)].
Then
(6.10) max{0,1 — ¢3(»)(1 +»)} < linn_x)iongtn < limsupz, < 1.

n—0o0

Proof. (a) Now
(6.11) fl (1 -x)Cda(x)=28(1 = x,,)""" /(01 +» - 6)

‘x"”
1+v—8

=28(ji/@2n?) /(L + v - ),
by (6.5). Further (15.3.11) in Szego [18, p. 350] shows that

(6:12) Ny (1 = x,,) " = 27841y, /20 (i)Y P2 2 (2 /(2n))

Then (6.8) follows easily from (6.1), (6.11), (6.12) and (6.9).

(b) is similar. O

By computing c,(») from tables, one observes that the lower bound in (6.8) is
positive only for & close to 1 + ». Further, the lower bound in (6.10) seems to be zero
for all nonnegative », but it is not clear what happens as » — 1.

In exactly the same way as above one can investigate singularities at the left
endpoint of the interval of integration. Further,as Lemma 6.1 was valid for infinite,
as well as finite intervals, one can use it to investigate E,[x°], for example, for the
Laguerre weights on (0, o).

7. Interior Singularities for More General Functions. We now extend the results of
Sections 4 and 5 to the function f(x) = ¢(x)g(x), where g(x) is smooth and
¢(x) =|x — y|~® or ¢(x) = -log|x — y|. Throughout, without further mention, we
assume (a, b) is a finite interval and y € (a, b).
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LEMMA 7.1. Let ¢(x) € R(a, b) be continuous in (a, b)/{y} and (y — x)$(x) €
Cla, b]. Let g € Cla, b}, and let k be a nonnegative integer such that g*( y) exists.
Forj=1,2,....k+ 1, let

(1) hy(x) = 6(x)| g(x) - zg Wy xelan

Then
(@)

E,[6g] = E[q>1g<y)+21 D) g [(x = )'s] + B, lhoi]

providedy # X (.
(®)

k l
(12)  Erles] = Exls]s(y) + L A ;(!y)En[(x ~9)'¢] + E,[hy]

+)\c(n)hl(xc(n))‘

(©
Er*[og] = E**[¢1g(y>+zlg D) [(x = 3)'0] + Eulhey]

r(n)
+ Z )\njhl(xnj)-
J=I(n)
Proof. (a) follows immediately from the definition of 4, , ;.
(b) From the definition of E}, E, and hy .1, WeE see

(y) [(x y) ¢] +E,[hi]

Ex[¢g]l = Ef[o]g(y) + Zl

g")(y)

k
+}\c(n) lg (xc(n) y) ¢(xc(n)) + hk+1(xc(n)) )

which reduces to (7.2) since

k li
m(x) = T £ () (x) + b (x).

=1
(c) is similar to (b). O
Next we need an error estimate for Gaussian quadrature of functions whose
derivatives (except at y) eventually obey the sign patterns of derivatives of absolutely
monotone or completely monotone functions.

LEMMA 7.2. Assume da(x) is bounded above and below near y. Assume € C[a, b]
is infinitely differentiable in (a, b)\ { y} and that there exist positive integers p, q and
N such that y € CV~![a, b] and such that, for j >

(-1)"yP(x) =0 forallx € (a, y),
(-1)"™YD(x) =0 forallx € (y,b).
Then E,[y] = O(n™*) where p = max{1, N — 1}.
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In particular, we may choose Y(x) = (x — y)¥|x —y| 2 (0 <8 <1) or Y(x)=
—(x = y)Nlog|x — y|for all positive integers N.

Proof. Let

1,
x(0) = {4
Let P(x) = Zf’;ol b,(x — a)//j! with by, by,...,by_, chosen so large that

{((D¥(x) +P(x)}" >0, xe(ay).j=01,2,....N-1.

Let f(x) = x(xX){(-1)"¥(x) + P(x)}, x € (a, b). We see both x P(x) and f,(x) are
absolutely monotone in (a, y) and (trivially) completely monotone in (y, b). Then
by Lemma 4.1(),

EX v ]l = 1B [(f = xP) )] 1 < B (4] + EX*[xP]
flx) da(x) + [ P(x) da(x)

X/ -1 Xty 1
< (W1 + 21PN M(y = Xyn-1)
(by (2.2) and where the norms are over [a, b])
< 2Me, (|9l + 2||1P|)/n = O(n7"),

by Lemma 3.4(i), (iii). Similarly |E}*[(1 — x)¢]| = O(n™') and hence E**[y]=
O(n™!). Finally

N

r(n)

E[¥]=EX[¥]- X A, f(x,,)=0(n"") = 0(n ")) = O(n™"),
Jj=1(m
by Lemma 3.4(ii).
Next, standard estimation [2, p. 257] yields
E L)< (2f da(x)] min |y =Pl =o(n""Y),

deg(P)<n
by Jackson’s Theorem (Rivlin [16, Theorem 1.5]) since ¢ € CV1[aq, b].
If, for example, Y(x) = (x — y)V|x — y|7%, we see ¢ (x) > 0, x € (a, y), j =
N, N+1,N+2,...,(cD""HYDN(x)>0,xE(y,b),j=N,N+1,N+2,.... O
Next we need a lemma on the Lipschitz class of the functions 4, and 4, given by
7.1).

LEMMA 7.3. Let g € Cla, b] and $(x) = |x — y| %, x € [a, b]\ {y}, where 0 < &
<1

(i) Let g € Lip(1 — &) in [a, b] and g € Lip(1) near y. Let h, be given by (7.1).
Then h, € Lip(1 — 8) in[a, b).
 (ii) Let 0 < e < 8§ and let g € Lip(1 — ¢) in [a, b]. Further let g’ exist near y and
g’ € Lip(8 — ¢) neary. Let h, be given by (7.1). Then h, € Lip(1 — ¢) in[a, b].

Proof. We first prove (ii). By hypothesis, there exist positive N and n such that
(7.3) g(u) —g(v)| < Nju—v|'™*, a<uv<b,

(7.4) 1g'(u) —g' (V)< Nu-v°f, y-n<uv<y+n.
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Recall 7,(x) = ¢(x)[g(x) — g(y) — g'(¥)(x —y)]. Weshallassumea < u <v <y
and consider three cases:

Case I: a<u<v<y—mn Now ¢(u)=¢(v) + ¢'(w)(u — v), where w lies be-
tween u and v, so

(7.5)  |hy(u) — hy(v)]
= I¢(v)[g(u) — g(v) — g'(¥)(u - v)]
+¢'(w)(u —v)[g(u) — g(y) — &' (y)(u =yl
<l =y [Nlu = o'~ + 1g/ ()] lu = v]]
+8lo = y|7° Mo — ul2)1gll + 18'(»)I(b — a)]
(by (7.3)
<lu =o' {7 ° [N + 18 (»)I(6 — a)]
+8n7°7 (b — a)"[2ligll + 1g8'(»)I(b — a)] }
=Klu— v

Casell: y —m<u<v<yandy— v >v— u By (75) and differentiability of g

inf{y -, yl,
|2 (u) = hy(0)] = 1 (0)[(8"(w)) = g'(¥))(u = v)]
+¢/(w)(u = 0)[(g'(w,) = 8"(»))(u = »)]|

(where w, lies between u and v and w, lies between u and y)

<o = yI7°Nju = 1P~ u = v + 8lo — y|°u — o] Nju — y|°*~|u - y|

< Nju—ol{2°7v — y|7¢ + 8210~ ¢p — y| ¢}
@slu—yl<(y—v)+@-u)<2y-v)

< 6N|u—v'

@s|o = y| > |u—v).

Caselll: y —p<u<v<yandy — v < v — u. For some w between u and y,

lhy ()] = 1¢(u)(g'(w) = g'(¥))(u = y)| < Nlu = y|'~
(by (7.4))
<2Nu —v|'"®
(as|ly —u| < |y —v| + |v— u| < 2|v — u)). Similarly |h,(v)] < N|u — v|' "¢, and so
lhy(u) — hy(v)] < 3N|u— o'

From Case I, it follows that 4, € Lip(1 — ¢) in [a, y — 7] and from Cases II, III,
it follows that s, € Lip(1 — ¢) in [y — n, y]. Thus h, € Lip(1 — ¢) in [a, y], and
similarly 4, € Lip(1 — ¢) in [y, b] and so in [, b]. This completes the proof of (ii).

The proof of (i) is very similar, but easier: one again considers Cases I, II, III as
above and uses

|g(u) —g(v)I<Nlu—0v['"%, a

< <u,v<b,
lg(u) —g(v)|<Nu—-v, y-n<uv<y+n O
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Roughly the above lemma states that if g has “smoothness” r in [a, b] and
“smoothness” r + 8 near y, then A, or h, has “smoothness” r in [a, b]. Similarly, for
¢(x) = —log|x — y|, one can prove

LeMMA 7.4. Let g € Cla, bl and ¢(x) = —log|x — y|, x € [a, b]I\ {¥}-

(i) Let g € Lip(1; -1) in [a, b] and g € Lip(1) near y. Let h; be given by (1.1). Then
h, € Lip(1; -1) in[a, b].

(ii) Let g € Lip(1; -1 + n) in[a, b] for some 0 < n < 1. Further let g’ exist near y,
and g’ € Lip(0; 1) near y. Let h, be given by (7.1). Then h, € Lip(1; -1 + 1) in
[a, b].

We can now prove our main result on avoiding the singularity.

THEOREM 7.5. Assume da(x) is bounded above and below near y. Assume g €
Cla, b].
() Let f(x) = |x — y| %°g(x), x € [a, b]\ {y)}, where 0 < & < 1.
(a) If g € Lip(1 — &) in[a, b and g € Lip(1) near y, then
Ex[fl=0(n*?),  EX[fl=0(n"*°).
(b) If, further, there exists 0 < ¢ <8 such that g € Lip(1 — &) in [a, b] and
g’ € Lip(6 — ¢) near y, and if g(y) # 0, then

Ex*[f]~g(y)nt™e.

Further EX[f]1~ g(y)n~1*° if § is close enough to 1.

(ii) Let f(x) = (-loglx — y)g(x), x € [a, b]\ {»).

(a) If g € Lip(1; -1) in[a, b] and g € Lip(1) near y, then

EX*[f]=0(nogn), EX[f]=0(n"logn).

(b) If, further, there exists 0 < n < 1 such that g € Lip(1; -1 + ) in [a, b] and

g’ € Lip(0; n) near y, and if g(y) # O, then
Ex*[f]~ g(y)n~'logn.
Proof. (i) Let o(x) = |x — y|"%, x € [a, b]\ {»}.
(a) By Lemma 7.1(c) with k = 0,
r(n)
EX[f1=Er[¢lg(y) + Elm]+ L A, m(x,)).
Jj=1I(n)
Here E;*[¢] ~ n™'*® by Corollary 4.4(i). Further h; € C[a, b] and Ay, A,y =
O(n™') by Lemma 3.4(ii). Finally, as #, € Lip(1 — 8) in [a, b], by Lemma 7.3(i),
and by Jackson’s Theorem [16, Theorem 1.5, p. 23],
b
E < 2 : _ — -1+48 .
E,[ml< (2 da(x)) _ min = Pl = O(n”t)

Thus E**[f] = O(n~'*?). Similarly Lemma 7.1(b) may be used to show E}[f]=
0(n_1+8).

(b) By Lemma 7.1(c) with k = 1,
(7.6) Ex*[f]=Er*[¢]g(y) + &' (»)E,[(x = y)9] + E,[,]

r(n)

+ X A (x,,)-
Jj=1(n)
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By Lemma 7.2 with ¢(x) = (x — y)¢(x) = (x — y)|x — y|°, one sees
E,[(x — y)¢] = O(n™"). Further, by Lemma 7.3(ii), h, € Lip(1 — &) in [a, b], and
as usual this implies E,[h,] = O(n~'*¢) = o(n~1*?). Finally, by Lemma 3.4(ii), we
see
r(n)
Z Anjhl(xnj) = O(n_l)'
J=1l(n)
Thus all terms in the right member of (7.6), other than the first, are o(n!*%). As
E**[¢] ~ n"1*? the result follows. Similarly for EX[ f].
(ii)(a), (b) are similar to (i)(a), (b), respectively. O
If, for example, g € C'[a, b] and g’ € Lip(n) in [a, b] for some n > 0, then all
the restrictions of Theorem 7.5(i)(b) or (ii)(b) on g are satisfied. Thus, under fairly
weak assumptions on the distribution da and on the function g, E**[ f] ~ n"1*°,
The conditions on g in Theorem 7.5(i)(b) and (ii)(b) can be weakened without
weakening the result, but the formulation becomes more complicated and is omitted.
The following result analyzes the error when the singularity is ignored.

THEOREM 7.6. (i) Assume da(x) is bounded above and below near each y interior to
{a, b]. Then, given € > 1, there is a set &, in (a, b) of linear Lebesgue measure zero
with the following property: If g € Lip(1) in [a, b), then

E,[Ix = yI"%] = 0(n"1**(log n)° (loglog n)** )

forall0 < § < 1 whenevery & &..

Hence if § <1/2,E,[|x — y|"%g] = 0asn — oo for almost all y € (a, b).

(ii) Assume (a, b) = (-1,1) and da(x) is a Jacobi weight given by o'(x) =
1 = x)’(A + x)?, x € (-1,1), where B, v = +1/2. Then there is a set &in (-1,1) of
linear Lebesgue measure zero with the following property: If g € Lip(1) in [a, b], then

- - 8 8
|E[1x = y17%]1 > clg(y)In™"**(log n)" (loglog n)
for infinitely many integers n and all 0 < § < 1 whenever y & &. Here c is a positive
constant independent of g, n, y and .
Thus, provided the set of zeros of g has linear Lebesgue measure zero, and if
8>1/2,E,[|x —y| %]+ 0asn — oo for almost all y € |a, b].

Proof. By Lemma 7.1(a), with &k = 0,

En[lx - yl_ag] = g(y)En[Ix - y'—S] + En[hI]’
where h; is given by (7.1) and ¢(x) =|x — y|"°. Using Lemma 7.3(i), we see
h, € Lip(1 — §) and hence E,[h;] = O(n~'*®) for all y € (a, b). The statements (i),
(ii) then follow from Theorem 5.1(i) (ii). O
In a similar fashion, one can use Theorem 5.2 to prove the following result for
“ignoring a logarithmic singularity:

THEOREM 7.7. Assume da(x) is bounded above and below near each y interior to
(a, b). Then there is a set & of linear Lebesgue measure zero (even further of Hausdorff
dimension zero) with the following property: If g € Lip(1) in [a, b], then

E,[(-loglx — y|)g] = O(n"Yogn) whenevery & &.
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8. Endpoint Singularities for More General Functions. In extending the results of
Section 6 to more general functions, we shall assume throughout that (a, b) = (-1,1)
and that a(x) is absolutely continuous there. Further, we shall assume that da is
comparable to a Jacobi weight, that is, there exist positive m, M and real », § > -1
such that

(8.1) m<a(x)/{(1-x)"1+x)f} <M, xe(-1,1).
LemMMA 8.1. Let y € C[-1, 1] be infinitely differentiable in [-1,1], and assume there
exist positive integers p and N such that

-D)fyP(x)=0, xe[-1,1),j=N,N+1,N+2,...
Then
E,[¢]=O(n72¢"D).
In particular, we can choose Y(x) = (1 — x)¥ % or y(x) = -1 — x)" log(1 — x).
Proof. By choosing a suitable polynomial P(x) of degree at most N — 1, we can

ensure that f(x) = (-1)?¢(x) + P(x) is absolutely monotone in [-1,1) . Then, by
Lemma 6.1(a), by (8.1), and as E,[P] = O for large n, we see

911 = E[7T< M290f1 [ (1 - x)"ds

Xnn

= 0((1 - xnn)y+1) = O(n_Z(V+1))9

by (6.6).

Finally if, for example, ¢(x) = (1 — x)V %, we see

(-)"yM(x) >0, xe[-1,1),j=0,1,2,.... O

The above lemma is by no means best possible for integrands of low continuity.
For example, for the Legendre weight, Chawla and Jain [1, Eq. (18), p. 95] proved
E,[1 — x)7%] = O(n~**?%), whereas the above result gives only E,[(1 — x)™°] =
O(n~?). We can now prove our main result for endpoint singularities.

THEOREM 8.2. (i) Let 0 < 8 < min{1,1 + »}, and let | be the smallest integer
> 2(1 + » — 8). Let g € C'[-1,1] and assume there exists 1 > 0 such that g)(x) €
Lip(8; n) near 1. Then

E[(1 - x)7g| = o(n-20+-®).
(i) Let k be the smallest integer > 2(1 + v). Let g € C*[-1,1] and assume there
exists 1 > 1 such that g (x) € Lip(0; n) near 1. Then

E,[(log(1 — x))g] = O(n"**"log n).
Proof. (i) Let

I o1 )
6 =g - r D1y, xel1.
. j=0 J¢
We see G € C'[-1,1]. Further,

G<x>={g(x> zg’“)( )’} 00—y

= {g“(u) - gPQ)}(x - 1)'/11,
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where u lies between x and 1. Then we deduce that for x close to 1, and for some
positive constant K,

16(x)G(x)] < K|x = 1]7°|x — 1"*°log|x — 1]|7"/1!
= O(lx — 1/'flog|x — 1]™").
It follows that (¢G)(x) has a zero of order / at x = 1 and further that
(6G)“(x)] = O(lloglx = 1]|"") > 0 asx - 1-.
Hence also (¢G)’(1) = 0 and ¢G € C'[-1,1]. As usual, Jackson’s Theorem yields
E,[66] = o(n”) = o(n~+7-9).

Finally, using the definition of G, we see
[ o) .
£ -x"%] = £ Mg [0 - 07 + E,l66)
=0 I

— O(n—Z(u-l—l—b‘)) +.O(n"2("“)) + O(n‘z(“"“‘”),

by Theorem 6.3(a) and Lemma 8.1.

(ii) is similar. O

If, for example, da(x) is the Legendre weight da(x) = dx in [-1,1]and § = 1/2,
the above result shows E,[(1 — x)™'/?g] = O(n"!) provided g € C![-1,1]and g’ €
Lip(1/2; n) near x = 1. It seems certain that the restrictions on g above can be
substantially weakened.

Similarly one can discuss singularities at the left endpoint of the interval of
integration. The methods of Sections 6 and 8 may also be applied to integrands with
a singularity at oo and for Laguerre or Hermite weights.

9. Conclusion. In this paper, upper and lower bounds for the error in Gaussian
integration were obtained, using a generalized Markov-Stieltjes inequality. These
estimates lead to asymptotic results for the error in Gaussian integration whether the
singularity is ignored or avoided. They also suggest derivative-free correction terms
for numerical integration of singular integrands of certain types. This idea, which is
not investigated here, could improve existing methods for evaluating singular
integrals.
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