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Generation of Permutations Following
Lehmer and Howell*

By Enrico Spoletini

Abstract. This paper proves two formulas used to obtain, by an arithmetic method, both the
next permutation with respect to a given one and the mth permutation, in lexicographic direct
ordering.

1. Introduction. Almost all the methods used to generate permutations are based
on exchanges and /or cycles and /or recursive techniques (see [4] and [5]).

Lehmer [3] developed a method to produce permutations of k marks 0,1,...,k — 1
in lexicographic ordering, based on the consideration that any permutation can be
thought of as a base k integer.

In [1] Howell improved the above result of Lehmer, showing that all permutations
of the k marks 0,1,...,k — 1 may be obtained in the direct lexicographic ordering,
from the permutation 0 1 ---(k —2) (k — 1), regarded as a base k integer,
successively adding the number & — 1 radix k, and rejecting all results which contain
repeated digits.

In the present note this result is further improved upon, by computing the
difference between two consecutive permutations in the direct lexicographic order-
ing. Moreover, an arithmetic method to find the mth permutation (in the direct
lexicographic ordering) is provided.

To avoid ambiguities in the following, we denote the mth permutation by P,, and
the same permutation, considered as a base k integer, by o, P,,.

2. Generation of the Next Permutation in the Direct Lexicographic Ordering. Let
P, be a permutation of the k marks 0,1,...,k — 1. P, can be represented as a
sequence a, a,_; - - a, a; of kK numbers a, with 0 < a; < k — 1 and a, # a, for
everyi #s(1 <i<k,1<s<k)

LeMMA 1. Let ay---a,--- a;--- a; be the permutation P, of the k marks

0,1,...,k — 1 and suppose a; < -+ <a, < -+ <a,  *a,and a, | <a, <a,
Then o, P, | may be obtained by adding
A= X K-k ey —a) + KA - K )(ay, - a)
i=1,[(h—1)/2]

radix k, to o, P,.

Received March 17, 1983; revised January 3, 1984.

1980 Mathematics Subject Classification. Primary 05Axx; Secondary 05A15.

Key words and phrases. Permutations, lexicographic ordering, lexicographic generation, permutation
generation.

*This work is supported by Italian M.P.I.

©1984 American Mathematical Society
0025-5718 /84 $1.00 + $.25 per page

565



566 ENRICO SPOLETINI

Proof. It is well known that, in our hypotheses, P, ; may be obtained from P,

exchanging a, with a; and reversing the order of the k marks a,_, --- a;,, q,
a;_y -+ a (see[S)). Then, computing A, = 0, P, | — 0, P,, we obtain
A, = Z ki—l(ah—i - ai) + kh_j_l(ah - aj) + kh"l(aj - a)
i=1,n—1
= )y kKM ayo;—a;) + )y k' ay = ay )
i=1,[(h—1)/2] i=1,[(h—1)/2]

+ (k"7 = k") (a, — a;)
= T K- KT, - a) R - k) (e a).
i=1,[(h—1)/2]

We wish to point out that, while the procedure described in [1] provides

Y kTMk=2i+ DK kAT o+ ) -k
i=1,[k/2]
integers which must be rejected in order to construct all permutations of the & marks
0,1,2,...,k — 1, by our method we obtain the only integers which are associated
with some permutation.

Remark 2. By an analogous procedure, we may easily verify that, starting at the
ath permutationa, --- a, --- a;--- @y witha; > - >a;> -+ >a,_; # a,and
a;_y > a, > a;, the previous permutation P,_, may be obtained by adding to o, P,
the integer

o= T K- K4 - a) + K- k) 4, - a)
i=1,[(h=1)/2]
radix k.

3. Generation of the mth Permutation in the Direct Lexicographic Ordering.

THEOREM 3. Let P, be the permutation 01 2 ---(k — 1) of the k marks 0,1,...,
k — 1; let m be an integer such that m — 1 =Y,_, ;bi! with | < k and 0 < b, < i.
Then the permutation P,, may be obtained by adding, radix k, to o, P, the integer

am= % {bk'—(k'—k"h)/(k-1)}

i=1,1
" Z Z {8/—1' l—i(kl_' - kl_j_bl-1_2h=/-1,/—1—18/—/‘h)}
Jj=0-2 i=j+1,/-1 ’
whered, ,_; = 8(b,_, — b, + V) and, ifv —w > 1,
1 ifx>0,

80’w=6(v—bv— Y BD,,—w+bw) with8(x)={0 20

i=w+1l,0—1
Proof. We will proceed by induction on m. For m =1 one has A' = 0. Now

suppose that the statement is true for m, some positive integer: we shall prove that it
is true for m + 1. To this end, in view of Lemma 1, it suffices to prove that

o P+ A"+ A, =0, P + A",
or, equivalently,
AL — Am = AL
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Letm —1 =X _,,bi! + bjl! (/ < k) be the factorial representation of m — 1. We
shall distinguish two cases: b; = 0 and b, = 1.

Case 1. Let b, = 0. Then we have m = X, _, ;b,i! + 1. Denoting by 6* the §’s
computed for A”*', it follows that 6, , = &, for every j > 1. Moreover, it is easily
verifiable that

6% =0 implies 6,; =0 and §,, =1 implies 8% =1
and we have
8,=0 and 6% =1 ifandonlyifi—b— 3 6 =1
Jj=2,-1
That being stated, we have
Am+L _ Am Z [61*1(/( _ kl-b,-2h=z,z-13:,h‘57‘.1)
=20
_61,1(]( — k"bz‘2h=z,l—18:,h“5:‘1)] +(k — 1)
=2 (k=D +(k-1)=Q+[I)(k-1),
iel
where I = {i|6% = land §;; = 0},ie., I = {ili—b,—X,_,, 16 =1}

We remark that for b, = 0 in the mth permutation q, - - - a, a; we have a, < a;;
therefore the (m + 1)st permutation may be obtained by adding to o, P,, the integer
(ay — a))(1 — k), radix k (Lemma 1). Then, it will suffice to verify that
To this end we note that a, and a;, by the action of A™, are respectively:

a,=k—2+|N|—|M| whereN = {i|§,; =1} and

M= {i|i—b,— Y 68, < 1},

h=1,i-1
a=k—1-|L| whereL={i|i—b,- Y 6,,,,=()}.
h=1,-1
Thus a; —a, =1 —|L| + [M| — |N|. That being stated, let us show that § ; =1
impliesi — b, — X, _;,,0,, < 1. In fact, let us suppose
(1) i - bi - Z sl’h 2 2 and 61~'1 = 1.
h=1,1-1
Then 6,; =6(i — b, — 2y_p,-10,, — 1) =1 and, by (1), it results that i — b —
Yy=2,-10,,>3. Hence §,, =1 and i — b, — X,_3,,0,, > 4. At this point it is
clear that §, ; = 1 for every j < i. Replacing this result in the first relation of (1), we
obtain the contradictioni — b, — i + 1 > 2. Then it follows that

|M| - |N| =

{ili ~b- ¥ 8,<landd, - o} .
h=1,1—1

Moreover, from i — b, — 2,_;,16,, = 0 it follows that § ; = 0; thus |M| — |N| —
|L| = |I| where I = {ili = b, — 2;_;,.10,, =1 and §,; = 0}, ie, [ = {i]li — b —
Yy=2:-10,, = 1}. Thus, in this case the statement is proved.

Case 2. Let by = 1. Then we have m =X _, ., bi! + (b, + 1)r!, where r is the
least positive integer such that b, < r. Then it follows thatr > 2 and b,_, = r — i for
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every i with 0 <i <r. As in the preceding case, we shall denote by 6* the 8’s
computed for A™*!, We state now some propositions which shall be used in the
sequel, and which may be deduced by examining the §; ;’s and §,’s.

2 Ifj > r, then§, , = &%,

3 ¥=0-6,=0 §,=1-6 =1
6%, =1 and 6,-,,=0=>z—b,-— 2 8,—r+b=0.

h=r+1,i—1

4 If i > r, then, for every j with 1 < j < r, we have
6 1=1-8%_,=1 and §, =1,
§,.1=0-9,,=0 and &, _ =

&)} If i > randj < r then it follows that, for every s withj < s <,
§,=1-68,=1, F,=0-8%=0.

6) §,,=1lej>b, y,=1lej<r—b -1

@) Ifi <r,thenwehaved, ;= 0and§}; = 1.

®) 6,,=1 implies §,, ;=1

&) 6,1 =1 implies &* =1.

10) Let i > r. If there exists an integer j < r such that §, , =1

(8%,=0), then, by proposition (5), there is an 1nteger Ji ( j,) SO
that §, ; = 1 (87, = 0) for everyj withj, <j < r(j;<j<r),
while we have 6 =0 (8, =1) for every j with 0 <j <
0 <j <) Moreover we obtain i —b,— X, 15 =
r—=J (i—b Ej=r,1—18i’?j =Ji)

That being stated, let us compute A"*! — A™. In view of (2) and (7), since (7) implies
i — Xyji-18%, = jforevery i with2 < i < r, we have

(11) A+ — Am = {A=12_1 [(i= Pk + k4 et 1]}

+{kr _ kr—b,—l + Z [sz(kj _ kr—b,—l—):,,_j,,_ls;‘_,,)
j=1,r—1

-8, (k' - k'—br—2h=,.,_ls,,h)]}

+{ E [6;:" r(kr —_ kr+h_br+h_zl=r,r+h—18:+h,l)
h=1,-r '
—8r+h r(kr — kr+h_br+h_Zt=r.r+h—18r+h‘l)]}
+{ Z [6;:_}' j(kj —_ kr+h_br+h_zl=],!+h—18r+h,l)
i

=1,/—-r j=1,r—-1
—6r+h j(kj _ kr+h—b,+h_z,=1‘r+h—187+h.1)] } .
In view of (6), the second term of sum (11) becomes

(12) kK- Y K+ Y K

j=b,r—1 Jj=0,r—5b-2
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Now, we shall examine the third term; if &%, ,=96,,,,, making use of the
proposition (2), we obtain

;“+h r(kr — kr+h_br+h_2,-r+1,r+h—16r+h'1_8;‘+h)
— 8r+h,r( kr — kr+h_br+h_£l=r+1,r+h—18r+h,l_6r+h,r) = 0.

If, on the contrary, we have §},, , # &, ,, then, by the third relation of proposition
(3), wehave 6., , = land §,,, , = 0, or equivalently,

(13) r+h—>b,,— Y 8 p—r+b=0.
i=r+1,r+h—-1

That being stated, the third term of the sum (11) becomes

(14) IM|(k" — k"1,

where M is the set of the A indices for which the equality (13) holds. Now, let us
consider the fourth term of the sum and start by examining

Z [ K j(k/ k’+h_br+h“zz=r+1,r+h—18r+h.1_21=j,r8:+h.:)
(15) Jj=1,r—1

r+h (k/ kr+h br+h Zl r+l,r+h— 18r+h I_Zl=jr r+hl)]
WJ

If 8%, ,_, = 1, from (4) and (9) we obtain &%, ,_;=1,6,,,,;,=1and§*, =
Thus the term (15) is zero. If §,,, ,_, = 0, making use of (4), we have 8%, ,_; O
and §,,, ,_; = 0, and (15) is again zero.

It now remains to examine the case 8% p,-1=0and §,,, , =1 By (10),
denoting by i, , , and I, respectively the least positive integers such that 8, , oy, = 1
and 8%, ,; = 0, (15) becomes, in view of (5),

Z (k! — kf,+:.—2,-,.;,+,,_18;‘+;.,,)
j=1’;r+h_ 1

—_ Z (k/ — kr—ir+h_21=j,r—18r+h,1) = Z (kj_lr+h — k/)'

J=lrepr—1 J=lrenr—1

Then the fourth term of the sum becomes

(16) Y X (K-,

heH j=i.,r—1

where H = {h|1<h<!-r,8*,, ,=0and§,,, , =1} In conclusion, from
(11), (12), (14) and (16) it follows that

D M [ (R ) el et SRR | [N L D 7.

i=1,r—1 j=hb,,r—1
+ ) K/ + |M|(k" — kTt 1)
Jj=0,r—b—2

+ Z Z (kj—im, - k/),

heH j=i, u,r—1
that is,
Am+1 _ Am — Z Ciki_l,

i=1,r+1
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where
¢=r—2i+1+8(r—b—i)—8(i—b,)

+|H_ |- |H_| ifi#=r—b,i<r,
(17) Gy =1+ M|,

¢y, =2b—r+1-8(r—2b)+H,_,|~-

H_,|-|M|

andH;={h€H|j<r—1-i,,},H ={h€H|j>i.,,} Notethatforj=0
it follows that Hy = Hand H, = @.

That being stated, let us remark that m = X,_, ., ,b,i! + (b, + 1)r!, and therefore
for the last r + 1 digits of the (m + 1)st permutation we have the relations

a>a;> - >a,#*a,, and a, , <a,<a,, ;.

Then, the mth permutation becomes o, - - - «,, 1@, - -+ o With @, = a, (if i > r + 1),

Oy =G gy, O, =0y, ,0y =d, (1,0 o1 =dpyq,..., 0 = a,. Therefore we
have oy <a, <+ <a, ¢ a,,; and a; <a,,; <a, .. Then, by Lemma 1, we
find
— -1 _ r—b,—1 _ r _
Am - Z k (ar+1—1 az) +k (ar+1 ab,+1) + k (ab,+1 ar+1)'
i=1,r

Hence, putting L, = {h|h > 0,6, , ;= 1} and
N,.={h|h>0,r+h—b,+,,— Y 8,+,,,j<i},
J=lr+h-1

we obtain
o, =k—r—1+b +|L,|—|N,|
a1 =k—r+b+|L,|=|N,| ifb #0,
o, =k—r+i—2+|L_,|-|N_||+8§,,
o, =k—1—r—|Ny)| ifb #0,
ap=k—r—|Ny ifb =0.

ifl<igr,

That being stated, if b, # 0, we have

oy 1~ =1+ |Lb,| —|L,| +|N,| - |Nb,

Making use of (8) and (10), it is easily shown that §,,, , = 1 implies §,, , =1,
whence

|Lb,| - ILrl =l{h|h > 07 8r+h,b, = land 8r+h,r = 0}|
From$§,,, , =1, in view of (5), it follows that

(18) r+h-— br+h - Z 6r+h,i - 6r+h,r —r+ br +1>0.

i=r+1,r+h—1

Moreover, 8, , = 0 is equivalent to

(19) r+h— br+h - Z 6r+h,1 —r+b5<0.

i=r+1,r+h-1
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Hence, (18) and (19) hold together if and only if
r+h_br+h_ Z 6r+h,1=r—br
1=r+1,r+h-1
whence |L,, | — |L,| = |M|. Moreover it is easily verifiable that

|N’|_|Nbrl=l{h|h>0’br<r+h_br+h_ Z 6r+h,i<r} =0.
i=1,rt+h—1

Hencea, ., — a,,; =1+ |M]. If b, = 0, we have

@1~ 0 =0~ oy =1 —|L|+[N|—[Ng|.
After remarking that r + h — b, — X;_, 41,441 0,44, > r implies r + h — b,
= Xict,+n-1 04 p; < 1, itis easy to verify that |N,| — |L,| — [ Ny| = | M|, whence we
obtain againa, ,; — a,,; =1+ |M]. Let1 </ < r, and consider

o1y, -0 =T1— 2i+ 1+ |Lr—i| _lLi—ll + IM—lI - |"Vr—z| + 8r,r—z - 8r,z—1‘
Let us suppose r + 1 — i > i. Then it follows that |L,_,| — |L,_;| = | P;| where
Pi={h|h>0,r+h—b,+,,— Y 6,44, > 0and

Jj=r+l1—i,r+h-1
r+h_b’,+h_ Z 6r+h,j<0}'
J=i,r+h—-1
Denoting by i, , the least positive integer such that §,,,, =1, wehavei—1 <

iypsSr—i thatis,i—1<i,,andi—1<r—i.,,— 1 Moreover, for h € P,
we haved,,, , y=landr+h—b, - X _, 4 18.,,;<r—1 whenceh € H.
Thus

|Lr—i|_|Lz| =|{h €EH|i—1<i,i-1<r—i - l}l =|Hz—1| _|I"_Iz—1|-
Since it is immediate that |[N,_;| — |N,_;| = 0, it follows that
(20) Oy - =1 — 2i+1 +|H1—1| _II_{i—ll + 8r

In an analogous way we find the same result if i > r — i + 1. Now, let i = 1. It
follows that

=i 8r,1—1'

(21) a, — oy =1 +|L,_y| =[N, +N|.
Let us compute |L,_;| — |N,_;| + |Ny|; we have N,_; — N, = N*, where
N* = {h|h >0,0<r+h=byy— X b, <r— 1}.
j=l,r+h-1

Moreover, h € N* implies 6, , ,_; = 1, whence

|L, 1| = N,y + Nl =[{ k|~ > 0,8,,,,; =1and h & N*}|.
But h & N* and §,,, ,y =1 imply r + h — b, = X;_1,+4-106,44,, = 0 whence
|L,_;| = |N,_| + |Ny| = |H|. Therefore, by an examination of (17), (20) and (21) it
easily follows that &, _,,; — a; = ¢, for every i # r — b,. If i = r — b,, the coefficient
of k" 5" linA, is

@y 4y~ Gyt @y =1 —|M+r—2r+2b+1+|H_, |

- Hr—b,-1| +1-6,, 5 1=¢

r

and the statement is proved.
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4. Adaptation to a Computer. These arithmetic methods for the generation of
permutations have been shown to be convenient because they allow one to perform
the computation of A, and A” in the most convenient base for the computer used;
the specific base k intervenes only in the final passage in which the wanted
permutation is generated.

Obviously one must see that A, and/or A" are smaller than the maximum
available integer of the standard software. In the opposite case one must use a
procedure which performs the operations on the integers in multiple precision.

Since A, is smaller than k*~' and since 10° is a normally used integer in the
scientific languages of programming, permutations of 10 marks can also be gener-
ated by this method with the usual instructions.
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