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Improved Accuracy By Adapted Mesh-Refinements
in the Finite Element Method

By Kenneth Eriksson

Abstract. For appropriately adapted mesh-refinements, optimal order error estimates are
proved for the finite element approximate solution of the Neumann problem for the
second-order elliptic equation Lu = 8, where 8 is the Dirac distribution.

1. Introduction and Statement of Results. Let & be a bounded domain in RV,
N > 2, with smooth (C* regular) boundary I'. Given x, € Q we shall consider the
Neumann problem

(1.1a) Lu(x) Y ai)cj(aif(x)g_)lcl,) g —+a(x)u

i,y=1 Xi

=8(x—x,) inQ,

~

(1.1b) lu(x) = }% au(x)~n =0 onT,

1,j=1

where g, s Ay and a are smooth functions on , where 8 is the Dirac delta
distribution (unit impulse), and where n = (n) is the exterior normal to I'.

For instance, Eq. (1.1a) models diffusion-type processes where the “source”
(source of pollution, say) is located at a given point x,. The particular choice of
boundary conditions has been made merely for convenience. From a mathematical
point of view, the solution of (1.1) is also the Green’s function for the larger class of
problems: Ly = finQ, lu = OQon I.

We shall assume that the bilinear form

_ du Jdv
A(u,v)=f9(z ) ax o, Za,a v+ au | dx

’

associated with L satisfies the ellipticity-coercivity condition

(1.2) A(v,0) > clv|} Voe H',c,>0,

where || - ||, is the norm in the Sobolev space H' = H'(Q). It is known (cf, e.g., [10,
Theorem 3.3]) that problem (1.1) admits a unique solution » with a singularity at x
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322 KENNETH ERIKSSON

of order |x — xo|"V*2 if N > 2, and log(|x — x,|™!) if N = 2. Away from x, the
solution is smooth.
Noting that for sufficiently regular test functions ¥ the solution u of (1.1) satisfies

(1.3) A(u, ¥) = ¥ (xo),

we define for any finite-dimensional subspace S, of H' N C(R) the Galerkin
approximate solution u, € S, by

(1.4) A(uy, x) = x(x0) VX € S,.
By the fact that A(-, -) is positive there exists a unique such u,,.

Assuming standard finite element approximation properties of S,, Babugka [2]
was able to show, for N = 2 and L = —-A + I (minus Laplacian plus identity), that

lluy, — ully < CA*

where || - || is the L,-norm and & > 0 is arbitrary. Later, Scott [14] improved and
generalized this result by showing that for general dimension N > 2, elliptic opera-
tors L of order 2m, and normal covering boundary conditions,

llu, — ull, < C(xy)R*™*"N?2 for2m —k <s<2m— N/2,

where k > 2m is the order of approximation of S,, where C(x,) tends to infinity as
x, approaches I', and where the Sobolev norm index s may also be negative. Results
on discrete Green’s functions and problems with nonsmooth right-hand sides can
also be found in, e.g., [3], [5], [7], and [13].

In this paper we use finite element spaces S, on refined (graded) meshes, adapted
to the known singularity of u, to derive optimal order global error estimates in the
L,-norm, and to show improved pointwise convergence near the singularity. As a
corollary we find that when applied to a regular problem our method yields a
superconvergent approximation of the true solution at x,. We shall now describe our
prerequisites and results in more detail.

For simplicity, we shall only consider finite element spaces consisting of piecewise
polynomials on “simplicial” partitions of Q. More precisely, let @ be divided into
elements 7 in such a way that each 7 is the restriction to Q of the interior of a simplex
7, and such that the intersection of any two such simplices is either a common face
of both, or of lower dimension (cf., e.g., [6]). To enable a piecewise polynomial on
such a partition to fit better the singularity of u at x,, we shall assume that the
mesh-size is related to the distance to x, by

(1.5) Crldiam(7) < h(dist(x,, 7)) + B "9 < Cpdiam(7) V7,

where Cp (R for refinement) is a given constant, » € (0, %] is the global mesh-size
parameter, and « €[0,1) determines the degree of refinement. Thus, elements on
distance d from x, have diameters of order 4d® and those closest to x, have
diameters of order 4! 41~ In order to have (local) inverse estimates we shall assume
that

(1.6) (diam(#))" < Cgm(r) V7,

where m(7) denotes the measure |, dx of 7, and Cg > 0 is a given constant. Hence
the simplices # do not degenerate, and the elements 7 are locally quasi-uniform. We
shall denote by A, = A,(x,, a) a partition of Q obtained as above and satisfying
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A

(1.5) and (1.6), and by Q, the corresponding union of simplices 7. For S, =
S, (x4, a, r) we take the restrictions to Q of all continuous functions on Q,, which
reduce to polynomials of degree at most » — 1 on each simplex # of {,,.

Throughout the paper, ¢ and C, not necessarily the same at different places, and
C,, G,, G5, and C,, will denote constants which may depend on ¢, Cg, Cs, a, 1, N,
the diameter of §, the smoothness of I, and the smoothness of the coefficients of L,
but not on h and x,,.

We are now ready to state our first results, with ¥ denoting the gradient.

THEOREM 1. Let u be the solution of (1.1) and u,, € S,(x,, a, r) that of (1.4). Then,
fora > (r—=2)/(r - 1),

(1.7) Iv(u, = w)ll, < CHY,
and for o > (r — 2)/r
(1.8) lu, — ullz, < Ch".

Remark. In the duality argument used in the proof of (1.8), we gain more than one
power of A near the singularity since the mesh is refined. As a consequence of this,
we can derive (1.8) for a somewhat weaker refinement than (1.7).

Remark. We mention without proof that for a = (r —2)/(r — 1) and «a =
(r — 2)/r there are logarithmic modifications of (1.7) and (1.8), respectively. For
example, for r = 2 and « = 0 (the quasi-uniform case) we have the well-known
result (cf. [15] for a special case)

1
|9 (u, — )2, < c(ln Z)h.

Our next result concerns the pointwise convergence and should be compared with
Theorem 6.1 of [13] for quasi-uniform meshes.

THEOREM 2. Let u and u,, be as in Theorem 1 with o > (r — 2)/r. Let |x — x4| = d
and dist(x, T') > d, where d > ch'/'~9 for a suitable ¢ > 0. Then

(1.9) lu, (x) — u(x)| < Cd'N(ln %) h,
wherer = 1ifr=2,r=0ifr > 2.

Remark. Here the restriction on dist(x, I') is put on only for the ease of reference
in the proof. The necessary arguments for a proof in the general case can be found in

(8].

Our estimate (1.7) has the following notable implication.
COROLLARY. Let v be the solution of

L*v = - ﬁ i(a a_v)_ %i(au)+av=f in Q
1,j=1 ax' Y ax! =1 ax' ' ,

N N
Fo= Y a5+ Y awn,=0 onT,
J

1y=1 i=1

or in weak form, with (-, -) denoting the L,({)-inner product,

Ay, 0) = (¥, f) WeH,
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and let v, € S,(x,, a, r) be the Galerkin approximate solution defined by

A(x,v,) = (x,f) YXES,.
Then, fora > (r — 2)/(r — 1),

(1.10) loa(x0) — v(x0)| < Chzr_z””“wgo’
where the latter norm is defined below.

Remark. Actually, (1.10) holds also for smaller a’s, that is, with less degree of
refinement than stated here. This, and further results in this direction, will be shown
in a forthcoming paper.

The proof of the above theorems and corollary can be found in Section 5 below.
Sections 2, 3, and 4 are devoted to preliminary work. In Section 6 we show that the
number of elements in our considered refined partitions are of the same order,
O(h~"), as in the corresponding quasi-uniform ones. Hence the amount of work in
solving for the Galerkin approximate solution is not essentially increased when using
our adapted finite element spaces S,(x,, a, ) instead of standard ones. We also
show that mesh-refinements of the considered type, satisfying (1.5) and (1.6), can
indeed be constructed. For completeness, a result on continuous extension used in
Section 2 is proved in an appendix. This briefly describes the organization of the
paper. We now close this section by introducing some notation.

Besides the usual L -spaces and norms, we shall use the Sobolev spaces Wp"(ﬂ’)
with norms

1/p
ol = | Z 10%0m)
IBl<k

and seminorms

1/p
lvlw;(ﬂ')=( Z ”DBU'lIiI,(Q')) s
IBl=Fk

where |8| = B, + --- + By is the length of the multi-index 8 = (B;,...,8y), 8, = 0
for 1 < i < N, and where
Bl BN
DP = i ce L .
9x, 0x

For p =2 we shall write || ||, o and |-|, o for these norms and seminorms,
respectively, and H*(Q’) for the corresponding space. Hence || - Ilo,q is the L,-norm
over &', If no domain is specified, it is understood to be all of .

In the proofs we shall divide £ into subdomains characterized by the distance to
the point x,, or domains defined by

Q={xeQ|x—x<27}, and D ={x€Q:27U"D <|x — x,| <27/},

Since  is bounded, there is an integer j; such that the D;’s are empty for j < j;. We
also define d; = 27/ and h; = hd}. Thus d, is proportional to the diameter of @, and
D), and, as long as j is not too large so that 4 is smaller than the minimal mesh-size
h'/AL=® b is proportional to the maximal mesh-size on @, and D,. We shall
frequently use the obvious facts that d, < Cd,,, and h; < Ch ;. In the technical
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work below we shall also need to know that the local mesh-size on D, is “small” in
relation to the dimensions of D, in the sense that 4; d 7! < ¢ for a suitable (small)
constant c. This will be the case for all J < Jyif we defme J1 by 2= = C;h/1 ™9 for
a sufficiently large constant C,, since then, for such j,

hd™ =hde ' < hdg ™t =1/Cl

Further, in the proofs we shall set DJ1 =0, ;\ Q ,+2»> and fix an element 7, such that
x, € 7,. Finally, B,(y) will denote the ball of radius d centered at y, and P, (E) the
space of polynomials of degree at most k restricted to E.

2. Properties of S,(x,, a, 7). Let A, = A, (x4, a) and S, = S,(x,, a, r) be as in
Section 1, and recall, with an obvious method of notation, that each x € S, is the
restriction to & of a piecewise polynomial ¥ € S,, defined on £, > Q.

We begin by showing the following inverse property, which is well known for the
interior elements.

LEMMA 1. For 0<t<s<r—1,1<p,gq< o, 7€A,, and x€ S, (or, X €
P,_ (7)),

( )—-NQ1 1/p)
lX Wiy S C(dlam( )) o /am1p |X[W'(r)

Proof. Let T be the unit N-simplex defined by

N
T={xeRN: >0forl<i< Z }

In view of our assumption (1.6) there are constants ¢ and C and for each element 7
an affine transformation of variables y = 4.(x) = B,x + b,, where B, = (b;)) is
invertible with inverse B, = (b;,), such that
(2.1) cTcA(r)cA(?)=T, |b
and |b/ | < Cdiam(r).

Define the operator a, by

a,x(y) = x(4:(»)) = x(x).

< C(diam(r))™",

ol <

Using the chain rule and the estimates on b;, and b;,, we have
DA < N8 c(aam(r) ) T Ipta ()
|Y|=|BI
and
|det( B;)| < N!'CN(diam(r))",
and hence
x wi(n) S C(dlam("'))N/p SlaTX W3(T)-
Similarly,

la. x| wy(ery < C(diam(r))” N/q+’|X|w'(T>

Finally, since P._,(T) is finite dimensional we have the seminorm inequality

la,%lwsr) < Cla Xl wier

which completes the proof.
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We shall use the following consequence of Lemma 1. Let D, C Djl, Jj < J,, where
D, is a mesh-domain, that is, the interior of the closure of a union of elements. Then,
forx € S,

(2.2) Ixlh. o, < Ch3ixllo, b,

where h, = hd} is the local mesh-size on D} D D,
We now turn to the question of approximation properties of S, (x,, a, ) and shall
first prove the following basic result.

LeMMA 2. For each element T € A, there is a neighborhood O, of T and for each
v € L, an interpolant v; € S, of v, such that diam(O,) < C diam(r), and such that for
0</<m<r,1<p< w,andve W,(0,), the estimate

. m—1
(2.3) flo; = oll wi(n) < C(diam(7))"™ o] wr(0,)
holds.

Proof. The definition of v, is complicated both by the fact that the boundary is
curved and by the fact that a function in L, does not have well-defined point values.
Hence, we shall first extend v outside  with retained local regularity properties. We
then choose a set Q of interpolation points where given values determine a function
in $, uniquely. To each z € Q we assign a certain mean value of the now extended v
over a locally defined small neighborhood of z. Finally, we take as v, the restriction
to Q of the function in S, determined by these values. For this v, we then prove the
asserted estimate.

(i) Extension of v. By Lemma A of the appendix there exists a linear extension
operator E: L() — L,(R") and constants C; and C such that for x € Q, d > 0,
0<k<r,1<p<oo,andv € W) (B (x)NQ),

(2.4) ”EU”W;(B,,(x)) < C”U“w;(BCEd(me)-

(1) Interpolation points. Let A, be as in the proof of Lemma 1 and set Q, =
A;YQ,), where

N
0, = {x eT:x,€{j/(r=1):j=0,...,r—1},i=1,...,N, ) x, < 1}.
=1

Since a polynomial in P,_, is determined by its values in Q, (cf. [6, Theorem 2.2.1])
and since P,_, is preserved under nonsingular affine transformations of the variables,
it follows that given values in Q, determine a unique polynomial in P,_,. Hence,
given values in the set Q = U_Q. determine a unique piecewise polynomial in S,.

(iii) Mean value functionals M,. Set O; = A;*(B,(0)). This set is a forerunner to the
neighborhood O, of  mentioned in the lemma. In fact, for interior elements we shall
take O, = O/. For z € Q let O, be the intersection of all O for which z € 7. We
shall define M,: L,(0,) — R as a linear mean value functional such that M, p = p(z)
for p € P,_,. For this purpose, let M be a (fixed) bounded function with support in
B,(0), and with the property

(2.5) fB o MOIPO) & =p(0) Vper, .
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Consult [9] for the construction of a smooth such M. Let B,(z) be the ball of
maximal radius contained in O,. As a consequence of (1.6), ¢ = e(z) is of order
diam( ) for each 7 with z € 7. Set

M,(x) = e "M((x — z)/¢)
and define forz € Q

M f= /B ., M) () d

By (2.5) there follows

(2.6) M,p=p(z) VpEP_,VzE€Q,
and since sup|M,| = ¢ " sup| M| we obtain
(2.7) M, f| < C(diam(7))™"|If|L.co.»

with C independent of z, 7, and f.
We are now ready to define v,. Given v € L, and its extension Ev, let v, be the
restriction to Q of &, € S, determined by

d,(z) = M,(Ev) Vze Q.
With v, thus defined we shall now proceed to prove (2.3), using a technique similar

to that in [4].
(iv) Functionals F,. Let w: L,(0}) = P,_, be defined by

mf(z) =M. f VzeQ,
and note that by property (2.6) of M,
mp=p VpEP_,
Let a, be as in the proof of Lemma 1 and a;" its inverse. Associate with each 7 the

sublinear functional £, on W,"(B,(0)) defined by

F(w) = o,z = wlyser

TTTT

We assert that
F(p)=0 VYpepP_,,
and that

F(w) < Clwll o s,0y-

The first claim is obvious since for p € P,_;,

amaz’p=aa;p=p.
For the boundedness of F,, it is sufficient to show that

a,ﬂ,a,lwn wh(T) S Clwl Wy (By(0)*

Since a,m.a;'w € P,_,, and since || - Iz o, and | - i) are equivalent norms on
P__,(T), we have for some z € 7,

la,m.a; wl| wiry < C ama;'wl|;_o, = Clama;'w(z)|= C|M,a;'w|.
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To reach the desired estimate from here we use (2.7) and change variables,
- . -Ny -
IMZa‘rlwl < C(diam(r)) ”aTIW”Ll(O,) < C"W"L,(BZ(O)) < Clwl| W (B (0)-

Since F, is sublinear and vanishes on polynomials, we have
F(w)<FE(w-p)+F(p)=F(w-p) VpeP_,,
so that by the boundedness

F(w) < Cpgg_lllw = Pllwys,00-

By the equivalence of the seminorms inf,., |- — pl| Wy and |- lwe (cf. Theorem 1
of [4]), we obtain
F(w) < Clwlw;'(sz(ow

(v) Proof of (2.3). Let v, Ev, 0, and v, be as above and note that a,b, = a7 Ev =
a,m.a;'a, Evon T. Hence
la.p; — a,Ev|wir)= F,(a.Ev).
Changing variables, we thus obtain
oy = ollwicry <6, = Evllwi sy
< C(diam(7)) """ a5, — a,Evl|wyer, = C(diam(7))"*"'F,(a, Ev)
< C(diam(7)) """ |a, Ev|wy s,y < C(diam(7))" || Ev| w0l

In the case O/ C Q this shows (2.3) with O, = O/ since Ev = v on {. For elements
near the boundary with some part of O; outside & we take O, = B ,(x) N,
where B,.(x) is the ball of smallest radius containing O; and with x € €, and use
(2.4). In both cases we have shown the desired estimate (2.3). The estimate of
diam(O,) is obvious by our definitions. This completes the proof.

We shall use the following consequences of Lemma 2. Let D’ < D” c ,_; be
such that O, C D” for each 7 which intersects D’. Then

(2.8) o, = U"/,D' < Ch,m_/""”m,D”'

For by assumption there is a mesh-domain D, such that D’ € D, C D” and with
O, ¢ D" for r C D,, and hence

2 2 2
”UI - U”/,D' < ”Ul - U"I‘Dh = Z "Ul - UIII,T
TC D,

< OB T oo, < OB o,
TC D,

where for the last step we have also used that at each point there is only a finite
number of overlapping neighborhoods O,. Further, we have of course the global
estimate

(2.9) o, = vllwz, < Ch" o]

Wi,

We end this section with a super-approximation result.
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LEMMA 3. Let D, C Dj1 be a mesh-domain and b,, the corresponding union of
simplices. Further, let 1 be a smooth function which is constant outside f),, (on each
component of int( )\ D,) and satisfying

[l WE @ S .“dj_k, O<kxr.

Then there is a constant C, > 0 and for each given v, € S, an interpolant { € S, of nv,
such that supp(nv, — §) € D,, and

lnv, = ¢llh.p, < C,L(h,dfl”U;.”l,Dh + h_,'dj_zllvh”O,D,,)‘

Proof. In contrast to the situation in Lemma 2, the function nv, which is to be
approximated is now continuous. Hence, we take as ¢ the restriction to § of { € S,
defined by

§(z) = (md,)(z) Vze Q.

Obviously, supp(nv, — {) € D,, and the desired estimate over D, follows easily if
we prove the corresponding estimate on each individual  C D,,.
For this, let F be the functional on W (T) defined by

F(w) =|w - wl, 1,
where IIw € P,_, is determined by
,w(z)=w(z) VzeQ,.

Clearly, F is bounded on W (T) and vanishes on P,_,. Hence, as in the proof of
Lemma 2,

F(w) < Clwlyr(ry Ywe W(T).
With a, as before, note that by our definitions,
F(a,(n0,)) =lla,(n8,) = a.$y 7.
and hence, changing variables,
lno, = &, < C(diam(r)) la.(nd,) = a.{l, 7
= C(diam(r))"* ™" F(a,(nd,)) < C(diam(r))"*"|a, (1)) lwzcr-

We next use seminorm inequalities on P,_,(T") together with the fact that any rth
derivative of a,9,|; € P._,(T) vanishes to obtain (with ¢ as in (2.1))

N/2-1

r
Ia‘r(nl}h)| WI(T) = |ama10;.|w;<r) < Z laf"Ilwo’;(T)|af’7h|W°;“(T)
k=1

r—1

<C Z |af77|wjo(r)|afvh|1,cr + Claﬂﬂw;(T)”arUhHO,cT’
k=1

so that returning to the original variables,

r—1

R . k+1-N/2
Iar(nvh)lW;(T) < C”Uh”l,‘r Z [nllw @, (diam(T)) e
k=1

+ C(diam( 7)) r_N/zd,'r|Uh|o,w
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or altogether,
r—1

o, = ¢y, < Cllvhlll,E1 Inlws @, (diam( 7)) + C(diam(7))" a0, lo.,-

The desired estimate now follows by the assumptions on 7 and the obvious estimates
diam(7) < Ch, and h;d ' < C,
which hold since r € D, C D}. This completes the proof of Lemma 3.
3. Elliptic Regularity. In this section we shall first recall some well-known elliptic
theory. We then introduce an approximate Dirac delta distribution and the corre-

sponding approximate solution # of (1.1), and derive estimates by which the proof of
Theorem 1 may be reduced to estimating u, — i.

LEMMA 4. Let the bilinear form A(-, -) and the operators L and | be as in Section 1.
Then, given f € L, there is a unique v € H* such that

(3.1) A(v, )= (f,¥) VyeH.
Actually, v € H? and
(3.2) [oll2 < ClIf llo,

and v is the unique solution of Lv = fin Q, lv = 0 on I'. Moreover, there is a function
g(x, y), the Green’s function, which is smooth off the diagonal x = y, and such that

~N+2—|B|—|v| .
Clx — | T -N+2-18l-lvl<0,

3.3 DEDYg(x, y)| < 4
(33)  |DfDg(x, »)| < Clin(le —»7) +1) ifN =2, |Bl=hl=0,

and

(3.4) o(x) = fﬂ g(x, ) f(y) dy (a.e)inQ.

Similarly, there are functions v and g (in general different from the above v and g) such
that

(3:5) A(Y,v)=(¥,f) VyeH!
and for which (3.2) through (3.4) hold.

These facts are all well known. The existence of unique H'-solutions of (3.1) and
(3.5) is guaranteed by the Lax-Milgram lemma, which can be found in e.g. [6]. The
H*-regularity is a special case of more general regularity estimates presented in [11].
For the existence of Green’s functions we refer to [10].

We shall use the following consequences of Lemma 4: Let v be the solution of
(3.1) or (3.5) with supp(f) C 7, and set d, = dist(x, 7). It follows from (3.4) and
(3.3) that

|DPo(x)| =

[ DEa(x, y)1(y) dy| < Cd;V*2 B,
To

and hence, forj < Jj,
(36) “v”r,D, < CdJNﬁ”Ul

wo(p) S Cd,_N/2+2_r||f||Ll~
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Similarly, for i < j and f with support in ., we obtain (using (3.2) for i = j — 1 and
i=j)

(3.7) loll,p, < Cd7Y2d)2| fllo g,

and for f with support in D,

(3.8) ”Ullz,szj < Cd,'N/Zd,””llfllo,D,-

Following our program, we shall now define an approximate delta distribution &
and the corresponding approximate solution # of (1.1) in such a way that the discrete
solution u,, of (1.1) is also the Galerkin approximation of &. For this purpose, recall
that x, € 7, and let § be the L,-projection of § onto P,_,(7,), and extend & by zero
outside 7, so that

(3.9) (8,x) = x(xo) Vx€ES,.
Further, let & be the solution of

(3.10a) Li=8 inQ,
(3.10b) =0 onT.

Since x =& on 7, for some x € S, (note that § ¢ S,), we obtain by (3.9)
18112 = 8(x,), so that by Lemma 1,

1813 < € (diam(m)) ™[50,

or
(3.11) I8ll, < C(diam(m))™",
and hence

(3.12) 18]I, < C.

Setting € = diam(7,), so that 7, C B,(x,), we shall now estimate # — u in terms
of e.

LEMMA 5. Let u be the solution of (1.1) and @ that of (3.10). For ¢ (0, %] we then
have

1
[v(@t—u)l, <Ce and |la—ul, < Cezln;.
Proof. Set é = it — u and note that
v el <V ullL, s, xon 1V @1, (8,.0000 + 1V €l @0 Byxon fOri=0,1.

Since u(-) = g(-, x,), where g is the Green’s function, we have by (3.3), with
R = |x — x),

i 2e - 1 M — 1\° .
19 ull L, (5, x0) < C/O R (lnk; + 1) dR < C¢? (ln;) fori =0,1,
where o = 1if N =2 and i = 0, and 0 = 0 otherwise. Similarly,

a(x) = [ g(x )80 &,



332 KENNETH ERIKSSON

so that employing also Lemma 1 and (3.12) we find
|v'a(x)] < [[7ig(x, ) iyplBll, ry < Ce?7'(In1/e) e
and hence,
1% 4ill ., (5,05, < C&*'(In1/€)° fori=0,1.

It remains to estimate é = ## — u on Q \ B, (x,).
By a Taylor expansion

g(x, y) = g(x,x0) +(¥ = x0) - v,8(x, x,)’
+3(y — xo) - v78(x, €) (¥ — x,) ',
where £ = §(y) = 0x,+ (1 — 0)y,0 < 0 < 1, and where ¢ denotes transpose. Since
6(x) = [ (s(x.5) = 8(x. x0)3() .

(note that [, 8(y) dy = 1) and since

/ 8pdy =0 Vpe P(cP._,)suchthatp(x,) =0,

T
we obtain

8(x) = [ (= x0) - wig(x.£(1) (3 = %) 3(3) .

Therefore, using (3.3) and (3.12),

|é(x)| < Ce*sup |V_v2g(x, y)| < Ce?lx — x0|_N for x € @\ B,,(x,).

YET

Similarly, by a Taylor expansion for v, g(x, y), we obtain

|ve(x)| < Ce?sup | v2,g(x, )| < Cellx — x| " forx € 2\ By,(x,).

YET

Hence
€]l ..o Bvxon < Ce’lnl/e
and
19l L, yix0n < Ce-
Together, our estimates now yield the proof.

4. Local Estimates. Below we shall derive local H'-error estimates similar to the
interior estimates of Nitsche and Schatz [12]. But first we shall prove the following
global estimate.

LEMMA 6. Let f € L, have support in Q »J < J1, and let v be the solution of (3.1) (or
3.5))andv, € S, = S,(xq, a, r) that of

A(v,, x) = (f,x) (ord(x,v,)=(x.f)) VX€ES,.
Then, |lv, — vlly < Ch || fllo-
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Proof. Using the coercivity and continuity of 4A(-, -) together with the orthogonal-
ity with respect to A(-, -) of v, — v and S, we have by standard arguments

llo, — U||1 Cllv - X||1 Vx € S,.
Since

13 =11 13g, + 2011 0,

i<j
we have, thus, in view of (2.8),
Iow = ol < €l , + Z Aol o) < (K200l + Sl )
Using the elliptic regularity estimates 1(3.2) and (3.7), we obtain j
low = ol < €{ 2 + 4 w2 i
i<y
and sincea < 1 and N > 2,
Ehizd,_N Zdza N _ hzzz 12a—N)

i<y 1<y i<j
— h22—1(2a—N)/(1 _ 22a—N) < Ch}dij‘

This completes the proof of Lemma 6.
We now turn to the local estimates.

LEMMA 7. Let j < J, and let v € H'(D}) and v, € S, satisfy
A(v,—v,x) =0 Vx €S, with support in D}.
Then,
oy = oll.0, < C( ol og + 1oy = vlo.o1).

Proof. Let D, € D, € D; € D C D}, where D, and D, are mesh-domains, and let
1, 1, and w be smooth cut-off functions such that

n=1 onD, n=0 onQ,\D,, Inllws o, < Cdj* forO<k<r,
=1 onD,, n=0 on@\Dj, |nlyxe, < Cd;* for0<k<r,
w=1 onD], w=0 onQ\D, lwllwe g < Cd;* fork =0,1,

and such that if 7N D # @ then O, C D}, where O, is the neighborhood of 7
defined in Lemma 2. Note that this construction requires that the local mesh-size on
DI\ D; is sufficiently “small” which is the case for j < J}, since J; was chosen not
too large

In order to prove the desired estimate, it is sufficient to show that
(4.1) llo, — U”l D, (”0”1 pTt d 1”UHO pTt d 1||vh U”O,D)’

since then, by replacing v by v; — v and v, by v; — v, and using hjdj'1 <G, it
follows from (2.8) that

oy = ol D, (”Ul U||1,D + dj_lllvl - U”o,D + dj_lnvh - U”o,D)

< C(h; ol,.pr + d; Moy — vllo,3).
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In order to prove (4.1), we have first

o, = vllv.p, <llos = (@) 4llr.0, +(@0) 4 = wolli.p,,
where

A((wv), —wv,x)=0 Vx€ES,

defines (wv), € S,. By the H'-stability of the projection (-), and the properties of
w, we have

I(w0), = wolly < Clwol < C(llolo + dvlo.n).
It thus remains to estimate the term ||v, — (wv),,||1'Dj.

We shall show below that if w, € S, and

(4.2) A(w,,x) =0 Vx € S, with supportin D,
then
(4.3) ||Wh||1.D, < Cd,_lnwh”o,u;,-

Since (4.2) holds for w, = v, — (wv), € S,, we obtain from (4.3)
lo = (@) alls.n, < Cd; Mo, = (wv) o,
< Cd; Moy, = vllo,py + CdjH{lwo —(wv) 4o,z

where the last term still has to be estimated. For this purpose, we shall use a duality
argument and show

(4.4) lwv = (wv)4llo.; < Ch Jlwo],

from which the desired estimate follows easily. It thus remains to prove (4.3) and
(4.4).
For the proof of (4.4), let ® € H! and ®, € S, be defined by

A(y, @)= (¥,¢) Yy eH', and A(x,®,)=(x,9) YXES,
where ¢ € L, and supp(¢) C D;. By our definitions and by Lemma 6 we then have
(0o —(wv),,¢) = A(wv(wv),, ®) = A(wv —(wv),,® — ®,)
= A(wv,® = @,) < Clov|,[® = @l < CllwovlAllolo,p;-

Since ¢ € L,(D}) was arbitrary, (4.4) follows by duality.
In order to show that (4.2) implies (4.3) we shall use the super-approximation
property. With n as above we have by the coercivity

2 2 1
”Wh”l.D, <[lnw,ly < ZA(nwh, nWy,).

Further,

3n  3(aw,)
A(T'wh’ nwh)_ (wh,n Wh +f ( . l_[ax e W axh dx

J
3(nwh) 811
_-/S; (,E'/alj o, "8 dx+/

+f zawza”)
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where the last four integrals can be estimated by
C(d; Iwillo.olawill + d; 2 willo.o, ) < Sealmmills + Cd; 2wl o,
Altogether, this shows that
Iwalk.o, < CA(w, 12w, + Cd; 2wyl o,

In view of (4.2) and Lemma 3 we may subtract a suitable { € S, from 7w, and
hence obtain

A(wy, n*w,) = A(w,, n*w, — §)
< C”whlll,Dh(hjdj_lllwhlll,D,, + h,dfznwh”o,nh)
C(hyd; willi o, + d; 2 Iwillo.n, )
where again we have used the fact that h d j'l < C. We have thus shown that
Iwillt.o, < C(k,d Hwill o, + d; 2wilo.o,)-
Repeating the above arguments on ||w,|| p,» We obtain

2 _ 2 _ 2 B 2
Iwilh.n, < Ch,d;(hyd; Il oy + 4, 2iwillo.o; ) + €, 2wl o,

- 2 _ 2
C(hjzd/ zllwh”l‘Dil + dj 2”WhHO.D;,),

from which an application of the inverse estimate (2.2) completes the proof of (4.3)
and hence, of the lemma.

5. Proofs of the Theorems and the Corollary.

Proof of Theorem 1. Let & be the approximate solution of (1.1) introduced in
Section 3, and let u, € S, be the discrete solutions defined by (1.4). In view of
Lemma 5, since ¢ = diam(,) is of order A' '~ it is sufficient for the proof of
Theorem 1 to show that for the appropriate a’s

(5.1) v (uy — @)l < Ch"7Y,
and

(52) ey, = ]2, < Ch7,
respectively.

For the proof, let J < J; be an integer such that 27/ = C,A'A'~® for a suitably
chosen sufficiently large constant C,, to be determined later. Thus d;, h;, and
R/~ are all of the same order, but h,d;! = 1/C5 * can be made small by
choosing C , large. Noting that by our definitions

(5.3) A(u, —a1,x) =0 VxeS,,

we shall now prove first (5.1) and then (5.2).
Set e = u;, — 1. We have at once, using Schwarz’s inequality,

| Ve”L1 =| Ve”Ll(QJ“) + ) ”Ve”Ll(Dj) < CdJNﬂ”e”LQ,+1 +C Zjd,Nﬂ”e“l.D,-
J<J J<
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The term associated with @, ; can be appropriately estimated, for by Lemma 6 and
(3.11) we have for a > (r — 2)/(r — 1),

dYlell, < CdV/?h,|8lly < Cd}/*h,h= VA=)
= CC',,Y/ZhJ — CCI’:’/2+ah1/(1—a) < C(C*)h"l,
Setting

S= X d" el o,

j<J
we shall show next that
(5.4) S<Ch!'+1s.

Hence it follows that S < Ch”~}, so that showing (5.4) completes the proof of (5.1).
As a matter of fact, we already have that

S<c(Cor+ X dY el p,-
J<J

We now make use of Lemma 7 to obtain

S< C(CHr ™+ C X dY(h all, o + d ello, )
i<J

<C(CHRt+ X d)n al, p, + € X dY? elo,p,-
JjsJ Jj<J

By (3.6) and (3.12),
(5.5) ||1'4||r'Dj < Cdj—N/2+2—r||8”Ll < Cdj—N/2+2—r,
so that fora > (r — 2)/(r — 1),
)y d/N/zh/r‘_lllmlr,Dj <C Y djz_’hj’_1 <Ch 'Y djz—r+a(r—1) < Ch' 1.

j<J hsisJ J=h
We have thus shown

(5.6) S<C(CH '+ G Y dY* Heloo,

jsJ

where the last sum remains to be estimated.
For this purpose, let e; be of unit L,-norm and such that |le||, p, = (e, €), with
supp(e;) C D;, and let v be the solution of

A(Y,v) = (¥,¢;) VyeH.
Hence |le||o,p, = A(e, v), and owing to (5.3) (with x = v,), the continuity of A(-, -),
and property (2.8) of the interpolant v,,
”ello,D, = A(e,v — ;)

< Cllelll,gmllv v, +C Y llellvn,flo — villi.p,
1<J

< Cthle”l,QJ“llv”Z,QJ +CY hi||e||1,D,||v”2,D,‘~

i<t
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Employing the regularity estimates (3.2), (3.6), and (3.7), we obtain
(5.7 llello.n, < Chyd}"%d; " |lelly g,,,

+Cdj_N/2 Z hidiN/zllelll.D, + CdjN/ZZhtdt_N/zlle”l,D,’
j<isJ i<j
and end up with
lello., < Ch,dj/%d; " lelly + Cd;N2h; 3 d}el, p,

J<isJ
+Cdmax (h,d ) T el o
< i<
< C(C,,‘)hjh"ldj"\'/2 + CdJ'N/zhjS.
So, for C, sufficiently large, that is, for 4 ,d;* sufficiently small, we conclude
Y djN/z_llle”O,Dl <SC(CHR R, Y dj_l +CS Y dj_lhj
j<J JjsJ Jj<J

< C(Cy)h" *h,d;t + CSh,d;' < Ch™ ' + 18,

which together with (5.6) shows (5.4) and completes the proof of (5.1).
We now turn to the proof of (5.2) and have at once

(5.8) ”e”Ll = ”e”Ll(Q“,) + Z ”e”Ll(Dj)
jsJ
< Cd}|ellog,,, + € 2 d}llello.p,-
jsJ

As before, we first estimate the term associated with Q,_ . Let e, ; have support in

2,1, be of unit L,-norm, and such that|le|loq,,, = (e, €,,1), and let v solve
A(‘l” U) = ('4” eJ+1) Yy € H'.
Using familiar arguments, we have

”ello,sz,+1 =A(e,v—v;) < ChJ”elll,QJ“”U”Z,QJ +C Ejhj”elll,Dj”U”z,Dj
J<

< Chyllel,q,, + C > hj”elll,Dj’
jsJ

where we have confined ourselves to use the standard regularity estimate (3.2) in the
last step. In fact, we shall only need the weaker estimate
(5.9) d}lello.q,,, < CTh;d} el q,,, + C X jh;d)" el p,,

i<t
where we assume, for notational simplicity, that j; > 0, that is, that D; is empty for
j < 0. (Otherwise, the factors j must be replaced by, say, |j| + 1.) In order to see that
the sum in (5.8) can be estimated in the same way, we apply the estimate (5.7) and
change order of summation with respect to j and i. We thus obtain

L 4 lelos, < Ohsd} lelha,,, T 1

jsJ hsisJ
+C X hdlelyp, X 1+ CEX hd " el p, X d)
i<t h<y<i i<t 1gys<J

< CIhyd} el g,,, + C X ihid]llel p,,

isJ
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and by this we have shown

(5.10) lell, < CIndY el q,,, + C X jh;d) el p,-
isJ

At this point, in the case of & > (r — 2)/(r — 1), we obtain (5.2) by just applying
our above estimates on d/?|le||; and S. In order to prove (5.2) also for the smaller
a’s we proceed from (5.10) as follows.

Once again we first estimate the term associated with @, ,. By Lemma 6, our
assumption « > (r — 2)/r, and the fact that J is of order In1/h, we have

JhydY?|le|l, < CIR3dY/*h~ VA=) < C(C,) Jh2
<c(Cyny Lo ¢ cie .

Setting
= 2 jh dN/zlle”l.Dj’
JjsJ
we shall now prove that
(5.11) S’< Ch" + 158",
Since this yields S’ < Ch’, showing (5.11) completes the proof of (5.2).
Obviously,
< C(CHR + X jh dN/zlle”l,Dj’
J<J
and in view of Lemma 7,
< C(COh™+ X jhidlall, p + € X jhyd > Hello
isJ JjsJ !
Using (5.5) and our assumption a > (r — 2)/r, we obtain
Z]hrdN/zllu”r,D <C ZjhrdZ r Chr Zjdjra+2—r < Chr,
JsJ JZh JZh
since the last sum is dominated by the convergent integral

/w(x+1)2“"‘dx, c=ra+2-r>0.
0

We have thus shown,
(5.12) < C(CHh™+ C3 X jhyd)* Hello,p,»
j<J !
and we proceed to find an estimate also for the last sum.
Using (5.7) for a starting-point, we deduce that

lello.n, < Ch,d32d; " el q,., + C~'d; 28" + Cd2 max (id7™)s"

a<isi
N/23-N/2 -17-N/2
< Ch,dj/dj e, + Cj d; 728",
where we stick to the convenient assumption j; > 0. For a suitable choice of C, we
thus obtain

Cy Y jh;dY?" 1||e||0'D < Chyd) el X jh,d; " + CS" 3 hd;t
j<J J<J Jj<J

< C(Cy)J*h2 + CS'h,d;' < Ch + LS.
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Joint with (5.12), this estimate shows (5.11) and hence completes the proof of (5.2)
and of Theorem 1.

Proof of Theorem 2. In view of Corollary 5.1 of [13] and our assumptions, there are
constants ¢ and C such that for d > ch! A1~

luy(x) — u(x)| < C(hd®)" (In(hd*~1)) |lul

WL (By /(X)) + CdM|u, - u”LI(Bd/Z(x))’

where we have used that the local mesh-size on B, ,(x) is of order hd“. Together
with (3.3) and our error estimate (1.8), since a > (r — 2)/r, this shows

|u, (x) — u(x)| < Ch"(In(hd*~1)) d* "N+~ 4+ Cd~V|u, — ullz,
< Cd’Nh’(ln l)r,
h
which proves Theorem 2.
It remains to demonstrate the
Proof of the Corollary. By the definitions of v and v,, we have
A(x,v,—v)=0 Vx€ES,,
so that using also (1.3) and (1.4),
vu(xg) —v(xg) = A(u, v, —v) = A(u — uy, v, —v) = A(u — u,, v, — v),
where we take v; € S, to be the interpolant of v defined in Lemma 2. By the

continuity of A(-,-), the error estimates of Theorem 1, and the approximation
property (2.9) of v,, we thus have for a > (r — 2)/(r — 1),

|Uh(x0) - U(xo)l C”“h - “" W‘“UI - U” wh < < Ch*"™ 2”0” we.

This proves the corollary.

6. Number of Elements. Construction of Refined Meshes. In this section, we shall
first show that for a in [0,1), the number of elements in the partitions A, (x,, a) is
of the same order, O(h~"), as in the corresponding quasi-uniform ones. Hence, the
amount of work in solving the discrete variational problem (1.4) is not seriously
increased by using our special spaces S, (x,, a, r) instead of standard finite element
spaces. We shall then comment on the possibility of constructing meshes satisfying
the crucial assumptions (1.5) and (1.6).

In order to estimate N,, the total number of elements in A, we first note that as a
consequence of (1.5) there is a constant ¢ > 0, and for each 7 € A,, an associated j,
such that

(6.1) m(rND,)>cm(7).

For each j, we shall estimate the number N, of elements 7 for which (6.1) holds and
then sum over j. This will yield the desired estimate for N,. It follows from (1.5) that
if 7 intersects D, then

diam(r) > Chd®,
and hence, by (1.6),

m(7) > ChMd)".
Since m(D,) < (2d,)", we obtain

N, < Ch=NaNa-o,
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With j, as before and « in [0, 1), we thus find
N, < XN <ChiVy art-o<ch”,

Jjzn A

which proves our assertion.

We shall now see that a partition satisfying (1.5) and (1.6) can indeed be
constructed. For notational simplicity, we consider the case N = 2 and x, = 0. We
first construct a (nontriangular) mesh of the correct mesh-size. Introduce polar
coordinates (r, 6) and draw for the construction the circles S, of radii r, = (ih)' /' =%,

i=1,2,.... It follows that the distance between the two neighboring circles on
distance r, and r,, , from 0 is approximately
0 1/1-a) _ 1 gyel-a) _ 1 a
haxx [ 1—ah(lh) 1= —ahri ,

which is the mesh-size required in (1.5). In order to obtain the given mesh-size also
in the @-direction we start with the rays r > 0, § = 27i/4 for i =0,...,3. We

SRR
b7z ol
02

SERONL
Y

N VV)%”

FIGURE 1
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then draw, for m = 1,2,... and for i = 0,...,2™*"! — 1, the rays r > r,m, § =
(2i + 1)27/2™*% as in Figure 1. In this way, for 2” < i< 2™*! the annulus
between S,_; and S, is divided into 2™ *?2 equal pieces. Since the circumference of S;
is 2arr, this implies that each such sector of an annulus is of width approximately

2ar,/2"*2 ~ 1, /i = hr®

in the #-direction. Hence the partition so obtained satisfies (1.5). In order to modify
this mesh into one consisting of triangles also satisfying (1.6) and the “face-to-face
condition”, we replace each sector of an annulus by a corresponding union of two or
three triangles as shown in Figure 1, and the four sectors closest to 0 by the
corresponding triangles. It is immediate that the triangles so obtained satisfy a
minimum angle condition, which for interior elements is equivalent to (1.6). Once
this is done it is easy, if needed, to modify the mesh so that (1.6) holds also for the
boundary elements.

In higher dimensions a similar but somewhat more involved procedure is possible.

7. Appendix: an Extension Lemma. It is well known that functions in W;,"(Q) can
be continuously extended into W;,"(RN ). In the proof of Lemma 2 of this paper, we
use local estimates for such extensions. Therefore, we shall show below that by the
method of extension using reflexions in the boundary (cf., e.g., Adams [1]), such
estimates are easily obtained.

LEMMA A. Let Q be a bounded domain in RN with smooth boundary T, and let r be a
nonnegative integer. Then there exist a linear operator E: L,(2) — L,(R") and
constants C and Cy such that Ev is an extension of v, that is, Ev = v on Q, and such
that forx € ,d>0,1<p< o00,0<k<r,andv € W;,"(BCEd(x)), the estimate

(7.1) [| Evl| WE(B(x) S Clio| WE(Bepa(x) N Q)
holds.

Proof. Given a set D C R", let us denote by D* (D) the subset where y, > 0
(yy < 0). In view of the assumed regularity of I' there exist a finite number of
diffeomorphisms 7, and a finite open cover {O,}™ ; of & such that n, maps O, onto B
and O, N € onto B*, where B is the unit ball B,(0). We shall first construct an
extension operator E: L, (B*) - L,(B) such that for y € B*, B,(y) C B, and
b€ W) (B (1),

(7.2) ”Ei}” WE(B () S Cliz|| WE(Bu (1))

and then, using this case for reference, we define E and prove (7.1).
With y’ = (y1,...,Vn_1), S€t

5()/’, yN) foryy > 0,

Eﬁ()”’yN)= ijﬁ(y’,—)’)v/j) for yy < 0,
j=1

where the coefficients m ; are determined by the linearly independent equations

Y m(-1//)" =1 fork=0,1,...,r — 1.

j=1
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It is sufficient to prove (7.2) for smooth §’s. But in that case, in view of the regularity
of the extension across y, = 0, we have for k < r,

”Ei}” WK(B.(y) — ”Ei}” WK(B4(»)") + ”Eﬁu WK(BAy) )

and hence (7.2) follows at once. Now, let { 8,}™, be a partition of unity on & subject
tosupp(B;) € O,for1 < i < M, and set

M

(7.3) Ev=Y B(E(ven;")en,).

J=1

Obviously, this defines E as a linear extension operator. In order to prove (7.1) we
first restrict ourselves to the case of suitably small d’s and estimate each term in
(7.3). With i fixed, we may then assume that B,(x) intersects supp(B;) (otherwise
there is nothing to prove) and that B,(x) C O,, since supp(8,) is a compact subset of
O,. Let y = ,(x) and let B,.( y) be the ball of smallest radius containing 7,( B,(x)).
By the smoothness of 1, and n;' we may further assume that for small d’s,

1

B,.(y) C B and that there is a constant C, such that n;*(B,.(y)) C B 4(x). But then
|IB(E(vem;t)e "h)“W,fwd(x» < ClE(ven)| W (B, (»)
< C”v ° ’771” WhBA(ND S Clle| Wy (Bca(x) N Q)

Hence, (7.1) follows with C; = max, C;. For the smaller d’s, this completes the
proof. Since we may as well assume that Ev vanishes outside any given neighbor-
hood of &, the estimates (7.1) for the larger d’s follow from what we have proved for
the smaller d’s by an obvious covering argument. This completes the proof.
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