MATHEMATICS OF COMPUTATION
VOLUME 45, NUMBER 171
JULY 1985, PAGES 1-14

A Multigrid Version of a Simple Finite Element
Method for the Stokes Problem

By Juhani Pitkaranta and Tuomo Saarinen

Abstract. We consider a finite element method for the Stokes problem on a rectangular
domain based on piecewise bilinear velocities and piecewise constant pressures on a uniform
rectangular grid. It is shown that by a simple stabilization strategy the method can be
implemented in a convergent multigrid procedure.

Introduction. One of the most natural ways of discretizing the Stokes equations on
a two-dimensional rectangular domain is to apply the finite element techniques with
continuous piecewise bilinear velocities and piecewise constant pressures on a
rectangular grid. This method is easily extended to more general quadrilateral
meshes and it has proved to be quite effective in practice. The convergence analysis
of the method was first carried out in [10] on a rectangular domain. In [12] the
estimates of [10] are improved and extended to more general quadrilateral meshes.

So far, the above method has been used mainly in connection with direct band
solvers, usually combined with penalty/perturbation techniques to eliminate the
pressure [9]. In this paper we consider an iterative variant of the method based on
multigrid techniques. Such an algorithm seems attractive, especially since the un-
derlying finite-difference equations are relatively simple.

Multigrid methods for the Stokes problem and for more general elliptic systems
were considered previously by Hackbusch [8] and Verfurth [14]. In [14] it is shown
that a convergent multigrid algorithm for the Stokes problem can be constructed by
appropriately scaling the variables, provided that the underlying finite element
scheme satisfies the Babuska-Brezzi stability condition [2], [5]. In our case, however,
the finite element method is not stable in this sense, and we have not been able to
show that the straightforward application of the algorithm proposed in [14] yields a
convergent process. Therefore, we suggest first modifying the finite element method
in such a way that it becomes stable in the ordinary sense.

The usual way of stabilizing an unstable mixed method is to add more velocity (or
primary) variables. A classical example of this is the quadratic/linear velocity-pres-
sure element of Crouzeix and Raviart [6]), where added “bubble” functions act as
stabilizers in the velocity space. Increasing the dimension of the velocity space would
be an alternative in our case. However, we propose another method which seems to
yield a simpler algorithm. It is based on adding an extra stabilizing term into the
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finite element functional while keeping the velocity and pressure spaces unchanged.
The added term introduces an extra consistency error, the magnitude of which
depends on the smoothness of the pressure. At worst, it is of the same order of
magnitude as the discretization error in the original scheme. The main point in the
modification is, however, that it increases the computational work of the multigrid
algorithm by only a negligible amount.

For simplicity, we consider only a model problem on a two-dimensional rectangu-
lar domain. The ideas could be easily extended to more general variants of the
method. In particular, the same kind of stabilization is possible on the quadrilateral
meshes considered in [12] or in the three-dimensional version of the method
analyzed in [11].

The plan of the paper is as follows. In Section 2 we introduce the finite element
method and establish some basic stability and error estimates. In Section 3 we
consider an iterative two-grid algorithm based on the finite element method of
Section 2. The analysis of a more general multilevel algorithm is omitted, as it is a
straightforward extension of the two-grid case, cf. [4], [13], [14]. In Section 4 we
report on some numerical experiments on a three-level algorithm.

2. The Finite Element Method. Let @ € R? be a rectangular domain, 2 = {(x,, x,):
0 <x;<a,;i=1,2}. We consider the Stokes differential equations for an in-
compressible fluid with viscosity equal to unity:

Au+vp=f inQ,

divu=0 inQ,
(2.1) u=0 onaQ,

fpdx=0.

Q

Here u = (uy, u,) is the velocity field, p denotes the pressure and f € [L,(2))? is the
external force field. For simplicity, we assume homogeneous Dirichlet boundary
conditions and normalize the pressure to have a zero mean value.

Finite element methods for solving the system (2.1) are usually formulated as:
Given the subspaces V, € [H)(2)]* =V and Q, C L,(Q) = Q, find (u,, p,) €
V, X Q, such that [, p, dx = 0 and

(2.2a) (vu,, vv) —(p,,dive) = (f,v), vev,
(22b) (le uh? q) = O’ q € Qh?

where (-, -) denotes the inner product of L,() or [L,(R)]%. Here we consider a

particular case of algorithm (2.2) where the subspaces are chosen as follows: Let %,

be a uniform rectangular partitioning of ,

(2.3) Ch = {KU = {(x, xy):ihy < x; < (i + V)hy, jhy <x, < (j+ )h,},
i=0,....m—1,j=0,....m, — 1},

where h, = a,/m,, and we set h = h,. Then, let V, consist of continuous vector
functions which vanish on 9Q and are bilinear on each K € %,, and let Q, consist of
functions which are constant on each K € €,
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When used in connection with direct solvers, the above algorithm performs well,
as is known from both practice [9] and theory [10], [12], [15]. The multigrid
implementation of the method, however, seems nontrivial since the method is not
stable in the classical sense of Babuska [2] and Brezzi [5] (see Lemma 2.1 below). We
therefore suggest modifying the scheme so that instead of (2.2) we seek (u,, p,) €
Vv, X Q, which satisfies (2.2a) and

(2.2v') k(py, mgq) +(diviy,, q) =0, q€ @,

where k > 0 is a parameter and =, is an L,-projection into a subspace of Q, as
defined below. The scheme (2.2a,b’) performs well whenever « is nonnegative and
bounded (see the remark following Theorem 1 below), but it has the desirable
multigrid characteristics only when k = 0(1). Therefore, we mainly assume that
k = 1 below.

Let us now define the projection a, in (2.2b"). To this end, assume that m, and m,
in (2.3) are even numbers, and denote by €,, a coarser rectangular subdivision of £
defined by

where
T, = {(xy, x,): 2vhy < x, < 2(v + 1)y, 2phy < x, < 2(p + 1)k, ).
For each T,, € %,,, define a function §,, € Q, as follows:

0 ifxé&T,

v

(-1)'" ifxe€K,NT,. K€%,

V'[’

(2.4) £,(x) = {

Then let m, be the L,-projection into the subspace of Q, spanned by the functions
gu .

#In the remaining part of this section we analyze the convergence of the modified
finite element method (2.2a, b’). We denote below by || - ||, and | - |, respectively, the
norm and the seminorm of the Sobolev space H*(Q) or [H*(2)])%, s > 0. By C, we
denote a generic constant which may take different values on different usages. The
constant may depend on © and on the ratio h,/h,, but not on any other parameters
unless indicated explicitly. By P,(K), we denote the space of polynomials on K of
degree < k.

To shorten the notatjon, let us introduce the bilinear form

(2:5) B((u, p); (v,9)) = (vu, vv) —(p.divo) = (divu, q)

defined on ¥V X Q. Then the variational formulation of problem (2.1) is: Find
(u, p) € V X Q such that (p,1) = 0 and

(2.6) B((u, p); (v, 9)) =g(v,q9), (v,9)EVXQ,
where g(v, q) = (f, v). Similarly, (2.2a, b’) may be written as

(2.7) By ((uy, pr); (v, 9)) = g(v, q), (v,q) €V, X Q4,
where

(28) gh((“» P), (09 4)) = g((u’ P), (09 q)) - K(p’ ﬂhq)‘
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The finite element method (2.7) is stable if there is a constant C such that for all g in
the dual space of V' X Q, the solution to (2.7) satisfies

(2.9) laslly +llpallo < Cllgll-10,
where || - ||_, o denotes the dual norm of V' X Q:
v,
lgll-10 = sup _g_(__q)_

w.qevxe ol +liglo”
Inequality (2.9) is equivalent to the following condition due to Babuska [2]: There is
a constant C > 0 such that for all (v, q) € ¥V, X Q, with(¢,1) = 0:

(2.10) sp 2000 r)) o 4l

wnevxe, Wl +lirllo
On the other hand, (2.10) follows if one can prove for all ¢ € Q,, with (¢g,1) = 0, the
inequality (cf. [S], [6], [7])
(2.11) sup (divo, g)
vev, ol

> Cligllo,

where C > 0 is independent of ¢q. This is usually referred to as the Babuka-Brezzi
stability inequality. In the present case (2.11) does not hold (see below), but we can
nevertheless prove (2.10) for k = 1.

Below we denote by # the usual interpolant of u in V), and by p the L,-projection
of p into Q,. We also need another interpolant p defined so that for each T € %,,,
Pl; € P(T) and

fT (p—p)pdx=0, peP(T).

THEOREM 1. Let (u, p) € V X Q be a solution to (2.6), where g is a bounded linear
functional on V X Q, and let (u,, p,) € V, X Q, satisfy (2.7), where B, is defined by
(2.8) with k = 1. Further, assume that (p,1) = (p,,1) = 0. Then we have the follow-
ing stability and error estimates:

lunlly +ll2allo < Cligl-10,
and
WM u = ullo +|u = wyly +1lp = pally < Clu — @l +1lp = Bllo +llp — Bllo).
where the interpolants are defined as above.

Before proving this theorem, let us note that we have the simple

COROLLARY. Under the assumptions of Theorem 1, if the solution of (2.6) satisfies
u € [H*(R2))% p € HY(Q), then one has the error estimates
B w = wyllo +u = uply +llp = pallo < Ch(lul2 +|ply).
Proof of Theorem 1. Let us first prove the stability estimate in the form of (2.10).

We need the following weak form of the Babu¥ka-Brezzi stability estimate. For the
proof, see [10]. Below, 7 denotes the identity operator.

LEMMA 2.1. There is a positive constant C such that for all ¢ € Q, with (¢,1) = 0,

divo,
@&v0.9) o )1 - m) gl
s AW
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Remark. One can improve the above estimate at best as

supM>c

("(I - '”;.)4"0 + |7’h‘1|;.),
veV, ”Ulll

where | - |, is a seminorm with two-dimensional null space N,, (including the unity),
see [10]. If Q,, is replaced by its orthogonal complement N;* with respect to this null
space, then the mapping
4 - sup (divo, q)
vev, vl

obviously defines a norm in N;'. However, this norm is still weaker than the
L,-norm: one can only estimate it as [10]

sup (divo, q)
vev, ol

Thus, (2.11) does not hold even if Q, is replaced by N;". O
Now let (v, g) € V, X Q, be given with (¢,1) = 0. Then by Lemma 2.1, there
exists z € V, satisfying

(2.12a) Izl < Cli(1 = m,) qlo,

(2.12b) (divz, q) =)l = m)qlls-

Now choose w € V, and r € Q, as follows:

> Chlqlo. g€ Ny .

w=uv— 8z, r=-q,
where § € (0, 1) is a constant to be chosen below. Then we have by (2.12a),

(2.13) hwlly +lirllo < C(llolly +llglo )-
Moreover, recalling (2.8) and (2.5), we have by (2.12a, b),

2 .
B,((v,q); (w, r)) =oli +mgllo + 8(divz, q) — (v, vz)
2 8 2
> (1 = C8)Jolf + lImugll, + E"(I — m)4llo
and thus choosing § = 1/2C,

B,((v,9): (w, r)) > C(|of} +lqll)-

Together with (2.13) this proves (2.10) and, accordingly, the asserted stability
estimate.

To prove the error estimate we proceed from the error equation
B, ((uy — @, py— p); (v, q)) = B((u — &1, p — p); (v, 9)) +(p. mq),
(U’ q) € Vh X Qh’
which follows easily from (2.6) through (2.8). Since (p, — p,1) = 0 we conclude
applying the stability estimate (2.10) and the usual estimates on the right side that

lu, = all, +llps = Bllo < C(lu = @l +lp = Bllo) + C sup (P, mq)-
qE Q)
llgllo=1
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To estimate the last term on the right side, note that the functions §,, in (2.4) are
orthogonal to polynomials of degree < 1 on Ly(T,,). Therefore,
(p,mq) = (p,mq) =(p—p.m9q), q € Q.

Using this in the above inequality, the asserted estimates for |u — u,|, and || p — p, ||,
follow applying the triangle inequality.

The estimate for |u — u,||, is finally proved applying the ordinary duality
argument. We omit the details, so the proof is complete. O

Remark. Although the assumption k = 1 was used heavily in the above proof, it is

not necessary for obtaining error estimates. For example, it can be shown that in the
whole range 0 < k < 1, one has the estimate

(2.14)  h7Mlu = uplly + lu — wyly + (1 = m) py — pllo < Ch(lul2 +|pl1).
i.e., the usual optimal estimate holds provided that the pressure is first smoothened
by removing the oscillating component =, p,. In the case k = 0, (2.14) is proved in
[12], [15]. However, one further assumption is required: the functional g in (2.6) has
to be such that g(0,m,q) =0 for all ¢ € Q,. In the above situation this holds
trivially, but when the algorithm is used in a multigrid process, this assumption is no
longer valid in general. This is one reason for introducing the stabilizing term into
the finite element functional #,. O

Remark. The term || p — p||, on the right side of the error estimate of Theorem 1
may be interpreted as the extra consistency error caused by the added term
~( Py m4q) in B, Since p is defined on the coarser mesh, one might suspect that the
stabilization reduces the accuracy of the method severely, say, to the level of the
corresponding method on the coarser grid. This could indeed be the case if p were
piecewise constant on %,,. However, with the above definition we have also the
higher-order estimates

= 2
"P - p”Lz(T) < Ch IPle(T)’ T € €,,
so the extra consistency error is probably relatively small in practical situations. O

3. Convergence of a Two-Grid Algorithm. In this section we consider a two-grid
procedure for solving the system (2.2a,b’) with k = 1. To define the algorithm, let
us associate to the partitioning %,, the space V,, of continuous piecewise bilinear
functions on €,, and the space Q,, of piecewise constant-valued functions on %,,.
Further, assuming that m; and m, in (2.3) are divisible by four, we may associate
with the coarse grid the projector ,, defined as above replacing €, by %,,. With
this notation, one step of a two-grid algorithm consists of the following: Given an
initial guess (2, pY) such that (pj,1) = 0 and a linear smoothing operator G;™:
V, X Q, = V, X Q, involving m steps of some iteration process, compute first
(u™, pi™) as

(3.1) (4™, p§™) = G (u®, piP).

Then compute a correction to (uy™, pi™) on the coarser grid by solving the
problem: Find (d,,, e,,) € V,, X Q,, such that (e,,,1) = 0 and

(3.2) QZh((th’eZh)*(vv q)) =g(v,q) - g((“imn P},m)); (v, ‘1))’
(v,9) € V3 X Oy
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Here %,, is defined as %, above, except that =, is replaced by m,,, and we have
assumed (as will be the case below) that the smoothing operator preserves the
pressure normalization, i.e., ( p{™,1) = 0. The two-grid step is now completed by
adding the correction to (u§™, p{™):

(3.3) u" D =uf™+ d,y,,  pytD =pim + ey,

To define an appropriate smoothing operator we follow the idea of [8], [14] of
scaling the variables. Let {¢@,, i = 1,...,M } (where M = 2(m; — 1)(m, — 1)) be the
usual basis of V), associated with the nodes of the rectangular grid, and let ¢,,
i=M+1,...,N (where N= M + m;m,) be the basis of Q, consisting of the
characteristic functicns of the rectangles in 4,. We assume each ¢, to be normalized
so that ||g,|/|, = 1. Then if we associate with the solution (u,, p,) of (2.7) a vector
¢ € RY so that

M N
(3.4) (ups 1) = Z £9: Rt Z £ |
i=1 i=M+1
we may rewrite (2.7) as a system
AE=b,
where 4 = (a,;) is a symmetric matrix with elements defined by
(Ve Vo)), i, j<M,
a,=1{-h'dive,q), i<M j>M,

~h=*(me;, '”'h(Pj), i,j>M.

Here we have dropped the normalization condition for the pressure, which means
that one of the eigenvalues of 4 is zero.

In the sequel we consider only smoothing operators G™ with m even, m > 2,
which result from applying m/2 single iteration steps to the positive semidefinite
system
(3.5) A% = Ab.

Further, we consider for simplicity only two ways of defining a single iteration step.
These are:

(1) The Jacobi method. With a given initial guess for £, iterate according to the
rule

(3.6) Rl = gk — |\ (425 — ab),

where A, is the largest eigenvalue of 4 in absolute value, and w is a parameter,
0<w<xgl

(2) The conjugate gradient method. Iterate according to the rule
2 2
gkt =§k+0‘kdkv ak="'k| /l4d*(’,

A5l = ekt g g gk B, __.|rk+1|2/|rkl2,

where d® = —r° rk = 4%t — Ab, and | - | denotes the Euclidean norm of R".
Remark. If the algorithm (3.1) through (3.3) is used as a block in a multigrid
process, an appropriate work estimate is the number of arithmetic operations
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required in multiplying a given vector by the matrix 4. If m, = m, = m in (2.3) the
multiplication requires 64m?> + O(m) operations without the stabilizing term in the
functional (i.e.,x = 0 in (2.2b")), and 66m> + O(m) operations in the above stabi-
lized form. Thus, the stabilization increases the computational work only by a
negligible amount. O

The main result of this section formulated below states an estimate for the
convergence rate of the algorithm (3.1) through (3.3). As in [14], we measure the
convergence in a scaled L,-norm || - ||, , defined as

(s p)llos =Null3 + H2lpll.

THEOREM 2. Let m be even and let (u]"*!, pi**1) be computed from (u®, p{?)
according to (3.1) through (3.3), where G{™ in (3.3) corresponds to m/2 steps of either
the Jacobi iteration or the conjugate gradient algorithm as described above, and
(p?,1) = 0. Then if (u,, p,) is the solution to (2.7) with (p,,1) = 0, we have the
estimate

"(“fvm“) — uy, pim — Ph)"o,;, < c(m)"(ul(vO) = Up, P;,O) - Ph)"o.m

where c(m) < C(wm)™'/2 for the Jacobi iteration and c(m) < Cm™ for the conjugate
gradient algorithm.

The proof of Theorem 2 is split below into three lemmas. We introduce first some
notation. Let 0 = A; <|A,| < -+ < |A,| be the eigenvalues of the matrix 4 and let
{¥1,..-,¥n} € RY be the corresponding system of eigenvectors, orthonormal with
respect to the Euclidean inner product ( -, -). Further, let v € V, and ¢ € Q,, be
expanded in terms of the basis functions of the subspaces as

M

N
(3.7) v=2Yn9, q=h" Y ne,
i=1 i=M+1

where 1 € RV is further expanded as

N
n= Z v
i=1
Then we may define a scale of (semi)norms ||| - |||, for s > 0 by setting
N
2 s
(o, Il = X [ e?.
i=1
Below we need only the norm ||| - |||, and the seminorm ||| - |||,- Note that we have
(3.8) liCe. @)lllo = Inl,
(3.8b) liCo. @Ml = V<40, m) =|dal,
where | - | denotes as above the Euclidean riorm. Moreover, by (3.7) and by the
definition of the basis functions ¢,;, we have
(3.9 C 'l <l(v, @)llo.n < Clnl
for some constant C, i.e., || - ||o , and ||| - |||, are equivalent norms on V), X Q,.

The first step in the proof of Theorem 2 is to obtain an estimate for the smoothing
effect of the operator G§™. The proof of the following lemma is found essentially in
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[14] (cf. also [4]). For the convenience of the reader, the proof is reproduced at the
end of this section.

LeMMa 3.1. If G{™ in (3.1) is defined as above, we have

|”(“§:"') —u,, pi" - Ph)"lz < Ch”C(m)|||(u§.°’ — Up, Pf,o) - Ph)"

where c(m) is as in Theorem 1.

0

The next step in the proof is now to verify that the solution of (3.2) satisfies the
estimate

(3.10) "(th —d, ey — e)”O.h < Ch2|||(d, e)l"zy

where (d, e) = (u, — u{™, p, — pi™). The statement of Theorem 2 then follows by
combining (3.3), (3.10) and Lemma 3.1. The proof of (3.10) is also given essentially
in [14], where it is carried out in the spirit of [4] using duality techniques. Here we
present another proof which appears to be a bit more transparent. It is based on the
auxiliary seminorms.
[5]
on

2 2
lolow= X Wlypa+ha™t X _[
2 2
lalis= ¥ lalwar+4 [ [a]"

2
ds,

Ke 4%, ser,”S
and
Ke %, Sem,

Here 7, denotes the set of sides of rectangles in €, that are interior to £, [¢] is the
jump of g across S and [dv/dn] is the jump across S of the derivative of v with
respect to the normal of S. These seminorms are associated, respectively, with
the spaces

[HX(2)]* = (ve Vivre [HX(T)], T ¢,},
and
HNQ)={q€Q:qlre H(T),T€ 4,}.

Using the above notation, we now split the proof of (3.10) into the following two
lemmas.

LEMMA 3.2. There is d constant C such that for all (v, q) € V, X Q,,
lol2.s + gl < Cll(v, @)]ll2-
LEMMA 3.3. The solution of (3.2) satisfies the error estimate
I(dan — d. €34 = €)llon < CH (124 +leli.4),
where (d, e) = (u, — ui™, p, — py™).

Proof of Lemma 3.1. Consider first the Jacobi method, where according to (3.4)
through (3.6),

gt = (1 - o7 a2)" (0 - 9).
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By (3.8), the asserted inequality is equivalent to the estimate

|67 — £l4 < Ch7%c(m)|£° -
where ||, = |A7n|. Now if £ — ¢ = TN ,c,¢,, we have

67 = &l = (42(1 = oI\ v 42)" (80~ £), 80— £)

-SR]

<o P max x3(1 - x?)"¢0 - g’.

To estimate |A |, note that by (3.9) and by definition of the matrix 4,

|AN|= max |§Aﬂ "12' <C max |gh((v q) (U,Q))|

neR |y’ wO<hx0 (0, q)[on

By a simple inverse estimate,
12, ((v, 9); (v, 9))| < C(Iol} +1ql3)

2
< Ch'2||(v,q)||0_,,, (Us q)E th Qh‘
Therefore, |A y| < Ch~2, and since
max l|x|(1 -x)"? < Cc/Vm,
the asserted estimate follows.
Consider next the conjugate gradient method. In this case we have the identity (cf.

3))
g™ — &la = min [r(47)(£° ~ §)l,
re A,,,/z
where A, ,, denotes the set of polynomials r of degree < m/2 such that r(0) = 1.
Recalling that |A y| < Ch~2, this gives the upper bound

|¢" — ¢4 < Ch™? min  max |xr(x?)|[€° - ¢|.
rel,, m/2 -1<xxgl1

Since m is even, it is possible to choose

x7'T, +1(x)

where T,,., is the Chebyshev polynomlal of degree m + 1. This choice yields
immediately the asserted estimate, so the lemma is proved. O

Proof of Lemma 3.2. Let (v, q) € V}, X Q, and let  be as in (3.7). Then recalling
(3.9) and the definition of the matrix 4, we have

B,((v,q); (w, r
1o, )l = nl = sup $4182 5 ¢ gy Elloig)iCenr))
teRV |§| (w.r)eV,XQ, l”(w’ r)”IO.h
Therefore, if (w, p) € V}, X Q, is such that
(311) ﬂ,,((v,q),(w,r))=(w,w)+h2(p,r), (w,r)e than

we have

r(x

||(‘° P)"0h C"l(” ‘I)I"zy
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and so the asserted estimate follows if we can show that

(3.12) ol2.0 +1gli.n < Cll(w, p)llo.5>
which is a stability estimate for (3.11).
To prove (3.12), let (v, g) = (v®, ¢V) + (0@, ¢@), where (v, ¢) e V, X Q,
satisfies (¢®,1) = 0 and
gh((v(l)’q(l))’(wvr)) = (“J’w)’ (w,r)e th Qh’
and
B, ((v®,4P),(w, 7)) =h*(p,r), (w,r) €V, XQ,.

Then (v, ¢) is the approximate solution of the Stokes problem (2.1) with f = w.
Denote by (u, p) the corresponding exact solution normalized so that (p,1) =
(¢®,1) and let (&, p) be the interpolant of (u, p) in V, X Q,. Then applying first
the triangle inequality,

oDy + gVl s <lo® = aly, +g® = ply
+lu—dly, +1p - Plin +lulys +1pls
and on the right side the further estimates
lo® — @y, +1g™ = Blis < Ch_l('”‘” —afy + (g™ —ﬁ"o)
< Cy(lul +ply),
lu— @y, +1p = pliy < C(lul, + |P|1)
(where we used standard inverse and interpolation error estimates (cf. also [13]),
together with the error estimate of Theorem 1), we conclude, noting that |u|, , = |u|,
and | p|, , = | p|, and applying the standard regularity estimate, that
lo®],., + lg®l < C(I“lz + |P|1) < Cill@llo-

In estimating (0@, ¢‘®) we need only to combine the stability estimate of Theorem 1
with inverse estimates to obtain

0@, +1gP14 < Ch_l(lv(z)ll + ”‘1(2)"0) < Cihllello-

Combining now the estimates for (v'”, ¢'V), i = 1,2, we obtain (3.12), and the
lemma is thus proved.

Proof of Lemma 3.3. Comparing (2.7) and (3.2) and noting that =g = 0 for
q € Q,,, we obtain

B, ((d34, €2)5 (v, 9)) = 8,,((d, e); (v, 9)) + (e, m49),
(v,9) € V3, X Q2p-
Arguing as in the proof of Theorem 1, we obtain the error estimate
I(dzs — d, ez = €)lon < Ch(ld — dl; +le — éll +lle — éllo).

where the interpolants d € V;,,é € Q,, and é are the coarse-mesh analogies of
those in Theorem 1. The asserted estimate obviously follows if we can prove the
interpolation error estimates

(3.13) |d - d|, < Chld|,,, deV,,
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and
(3.14) lle — éllo +lle = éllp < Chlel, 4» eE€Q,.

To prove (3.13), let K|, K, € €, be two rectangles with a common side S. Set
K = K, U K, U § and define the seminorm |v|, ,  for v € V, by

[57]
on

where we use the same notation as in defining the seminorm | - |, , above. It is easy
to see that the null space of | - |, , x is contained in the null space of the seminorm
U = |v = Bl k), where § is the interpolant of v in V,,. Therefore, by a simple

scaling argument and by the equivalence of norms in a finite-dimensional space,
there is a constant C independent of K such that

2
ds,

o34k = IUliﬂ(lm + lvlilz(Kz) + h-lj;

|U - 5'”'(’() < Chlvlz‘h’K, 1)) (S Vh‘

When summed over all pairs of adjacent rectangles in €,, this proves (3.13).
Estimate (3.14) is proved in a similar manner, and so the assertion of the lemma
follows. O

4. Numerical Results. The algorithm of Section 3 was tested by solving numerically
the Stokes equations on the unit square, with f in (2.1) chosen so that the exact
solution is given by

u(x)=xt(1- xl)2(2x2 - 6x; + 4x§'),
u(x) = x2(1 = x,)*(-2x, + 6x2 — 4x}),
p(x) =x{ - xi.

A three-level algorithm with W-cycle (cf. [13]) was applied to solve the problem on a
16 X 16 grid. The relaxation steps were distributed symmetrically with respect to
coarse grid corrections, and on the coarsest 4 X 4 grid the discrete equations were
solved directly as usual.

In the numerical tests the scaling parameter 4 in (3.4) was first replaced by yh and
v was varied so as to obtain the best convergence rates. The optimal value was found
to be close to 0.5. Similarly, the value of the parameter w in the Jacobi relaxation
was chosen close to the optimum, i.e., w = 1. In the subsequent computations the
parameters Y and w were held fixed and asymptotic convergence rates in the norm
Il - llo.» were computed as a function of the remaining parameters, i.e., the stabiliza-
tion parameter x and the number of relaxation steps per level.

Table 1 shows the dependence of the convergence rate on the stabilization
parameter k in the case of eight conjugate gradient relaxations per level. Similar
results were obtained with other values of m and with the Jacobi relaxation. Thus we
conclude that the stabilization, although unnecessary in the direct solution, is of
essential importance in the multigrid solution.

Table 2 shows the dependence of the convergence rate on the relaxation method
and on the number of relaxation steps per level. As expected, the conjugate gradient
relaxation gives faster convergence for large m. However, for small m the Jacobi
relaxation seems superior as it is simpler.
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We should finally point out that very likely neither of the relaxation methods
considered in this paper is the best possible one. The development of smoothing
algorithms that give better convergence rates for small m no doubt deserves further
studies. For previous work in this direction, cf. Brandt and Dinar [16].

TABLE 1

Asymptotic convergence factors of a three-level algorithm for various values
of the stabilization parameter. Eight conjugate gradient relaxations per

level.
k=20 0.1 0.25 0.5 1.0 2.5
94 .50 22 22 23 48
TABLE 2

Asymptotic convergence factors of a three-level algorithm for various types
of relaxation. x = 0.5.

m= 2 4 8
Jacobi .87 .81 .7
Conjugate gradient .87 .62 22
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