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Error Bounds for Finite-Difference Approximations
for a Class of Nonlinear Parabolic Systems

By David Hoff* and Joel Smoller**

Abstract. In this paper we establish error bounds for a finite-difference approximation to
solutions of certain parabolic systems of the form v, + f(v), = ev.,. We assume that the
Cauchy data is of class BV. and we show that the sup norm of the error is bounded by
O(Axjln Ax|) at positive times.

1. Introduction. In this paper we establish error bounds for a finite-difference
approximation to solutions of certain parabolic systems of the form

(1.1) vo,+f(v)y,=ev.,, (x,7)eRXR._,
with initial data
(1.2) v(x,0) =v,(x), x€eR.

Here v € R", f € C?, ¢ is a positive constant, and v, is a function of bounded
variation. Thus initial discontinuities are allowed, and (1.1)—(1.2) includes the
classical “shock-tube” problem.
We let x, = k Ax and 7, = n Ar. The approximation to v(x,, ¢,) is denoted by u},
which is to be computed inductively from the finite-difference equation
wp—wpmt = 2t gty f(wn) - (uinh)

(1.3) ar ¢ Ax? B 2 Ax

In [3], Nishida and Smoller showed that for the class of systems under considera-
tion here, the u} do in fact converge to a unique, classical solution of (1.1)—(1.2). In
the present paper we establish a more precise result by obtaining the error bound

<
Ve,

for 0 < ¢, < 7, where C depends only on 7, ¢, and f (Theorem 3.3 below). Actually,
our exposition is essentially self-contained; indeed, with some minor modifications
our arguments can be used to independently establish the existence and regularity
results of [3].

(1.4)  supluy — v(x,.1,)| < = | Xlug — vo(x,)| Ax + Axfln Ax]|
K K
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36 DAVID HOFF AND JOEL SMOLLER

We also remark that computer computations performed for us by J. S. Shi indicate
that the bound (1.4) is of the correct order in Ax.

We now state our assumptlons concerning the system (1.1) and the mesh parame-
ters Ax and At:

AssUMPTION A. There is a convex set S in v-space, in which f’(v) is bounded,
which is invariant for the Lax-Friedrichs scheme

(1.5) af = 3 (ufd + ) + S(1(w) - £ugs)).

(This means that when 47~ ] and uj ;] are in S, then so is the vector uJ defined by
(1.5).)

Of course, when a = Az/Ax, (1.5) is a finite-difference approximation for the
first-order system

(1.6) v, +f(v),=0
associated with (1.1). Now in all cases of interest, (1.6) will be strictly hyperbolic;

i.e., f'(v) will have distinct, real eigenvalues A,(v),...,\,(v). Our precise assumption
then is that S is invariant for (1.5) when a satisfies the CFL condition

At -1
= 2L < ( max A
* (k.uaexsl k(u)l)

Ax
AssUMPTION B. The mesh parameters Ax and At satisfy
(1.7) eAt/Ax2 < 1/2
and
(1.8) Ax < 2e max A (u)|.
k.ues

These mesh conditions insure that S is invariant for our difference scheme (1.3).
To see this, note that if 8 = Az/Ax?, then (1.3) may be written in the form

(19) wy = (1 - 26B)u;” ‘+ZeB[ (wod + ) + 2 (7o) - f(uz;}))]-

Thus if u}} are points of S, then so is the term in the above brackets, in view of
Assumption A and (1.8). Furthermore, since 1 — 2¢B > 0 by (1.7), (1.9) shows that
uy is a convex combination of points in the convex set S. '

Examples of hyperbolic systems (1.6) which satisfy Assumption A are scalar
equations, the “p-system”

u,+p(v)x=0, Ut_ux=0 (pl(v)<0<.')”(v))
(see Hoff [1] for details concerning the invariant regions for (1.5) for this example),
and those 2 X 2 systems whose shock and rarefaction curves coincide (see Temple
[5])- A complete discussion of invariant regions for weak solutions of (1.6) is given in
Hoff [2]. When (1.6) is genuinely nonlinear, such invariant regions are necessarily
convex (but not otherwise), and in this case they are always invariant for the
Lax-Friedrichs scheme (1.5), at least when u}~] and u}; | are sufficiently close.

We remark that, although different error bounds could be anticipated for smoother
initial data, we have decided to focus attention on initial data of bounded variation
because the system (1.1) is of interest primarily as a perturbation of the correspond-
ing system of conservation laws (Eq. (1.1) with & = 0), and the class BV is the
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natural space for data and solutions of these conservation laws; see Glimm [6].
Moreover, there is now renewed interest (DiPerna [7]) in the problem of comparing
solutions of the viscous equation (1.1) with the solution of the corresponding system
of conservation laws. This question presupposes of course, that one can actually
solve the system (1.1) globally for initial data in BV. The existence portion of our
results gives an affirmative answer for a large class of systems (1.1) of interest.

Because our goal is to establish an error bound in sup norm, even when the initial
data (1.2) is discontinuous, we shall need to exploit the regularizing properties of a
certain discrete heat operator. Now, since this operator is orthogonally diagonaliz-
able, one could easily show that, for positive times, it maps the Sobolev spaces H*
continuously into H**? for p > 0. On the other hand, the corresponding regularizing
properties on the space BV are less well-known. We therefore give a complete,
self-contained exposition of these facts in Section 2. Then in Section 3 we apply
these results to obtain the error bound (1.4) for the scheme (1.3).

We shall use the following notation conventions throughout the paper. If u =
(..., u,,...)1s an infinite vector, we let

luly = Xluel Ax and  |u),, = sup|u,].
k k

Also, for functions v = v(x), l|loll, will be the usual L”-norm, 1 < p < co.
We let K be the usual heat kernel

(1.10) K(x,1) = (1/Vamet )= et
The solution v(z) = v(-, t) of (1.1)—(1.2) then satisfies the standard representation
(1.11) o(1) = K(t)w vy — [K (1= 5)% f(u(s)) ds;
0
see [4].

2. The Discrete Heat Operator. In this section we study the standard explicit
method for the scalar heat equation
v, = &v,,
in the case that the initial data v(x,0) has finite total variation. Thus v(x,, t,) is
approximated by u}, which is computed from the finite-difference scheme

2.1) wf =i sl = 2upt
At Ax?
Using the notations
Fup=u o~ 2u+ugy, u=(...,ul...),
and, as before,
B =At/Ax?,
we may rewrite the scheme (2.1) in the form
(2.2) u" = (I+ eB8%)u""1.

We difine below a discrete fundamental solution for (2.2); we investigate its
properties in Theorem 2.2; and in Theorem 2.3 we derive a bound for the error

Suplu;(' - U(xk’ tn)l'
k
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Definitions. The fundamental solution for (2.2) is the sequence a} defined by
@={o"" ko
and
a" = (I+ ¢pd?)"a’.
Also, given sequences w, and z,, one of which has finite support, we define the

discrete convolution by

(w*z), =Y w,_,zAx.
J

It is clear that the usual algebraic properties of convolution hold, and that if &, is
the forward-difference operator, 8 ,w, = w, ., — w,, then

S, (wxz)=(8,w)*xz=w=x(8,2).
Finally, we have the inequalities
lw*z|, <|wlilzl; and |w*z|, < |w|z],.

In the following theorem we derive the discrete version of Duhamel’s theorem for
the heat equation. This result will enable us later on to give a representation of the
solution of the difference equation (1.3) in terms of the fundamental solution aj.

THEOREM 2.1. The solution u;} of the nonhomogeneous difference equation

up —up ! 82yt

— n—1
At € Ax? i

is given by
n
u"=a"*u®+ Y a"/x fI1 AL
j=1

Proof. We have that
n—1

u — un—l - (an _ an—l)*uO + aO*f"_lAt + Z (an—j _ a”_l_j)*fj_lAt
j=1

n—1
ef8%a" e ul + f AL+ Y eB8%" VT x fITLAs
j=1

n—1
=ef8*a" ' xul+ Y a" VI fIT VAL + 7 AL
j=1

=¢B8%u" 1+ f" 1At O

Next we collect together various facts about the fundamental solution a} which
will be required in the subsequent analysis.

THEOREM 2.2. Assume that ¢f8 < 1/2. Then the sequence a} satisfies
(2.3) Yai=1,
k

(2.4) 0<ay<C/t,,
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and
(2.5) 182ag/8x7), < Cy/t2/2.
Here C, is a constant which depends only on ¢, and C, depends on € and p.

Proof. (2.3) holds for n = 0 by construction, and the general case follows by
induction on n, since

Y(ap —a;™') =eBY8%; ! = 0.
k

k

Similarly, the lower bound in (2.4) holds for n = 0 by construction, and the general
case follows by induction, since the difference equation (2.1) shows that a; is a
convex combination of a} ! and a}}.

To prove the upper bound in (2.4) we let w”(6) be the trigonometric polynomial

w"(8) = Y aje’ .
k
Applying the difference equation (2.1), we find that
w"(8) = v(8)w"~1(8),
where
v(0) =1+ 2¢B(cos 8 — 1).
Thus
w"(6) = v(8)"w°(8) = (1/8x)v(6)".

Now, it is easy to see that our hypothesis on 8 implies that

(2.6) Y(6)] < e
for some positive constant C when |0| < . Therefore,
n_ _1___ v -ik@, n 1 4 -Cné?
ak—zﬂf_"e w(0)d0<2ﬂij:ﬂe do
1 ® ey C
S—— | e“Ydy=—.
2mn/? Ax '/-oo Y t

n

We prove (2.5) first for the case that p = 1. Let
2"(8) = X(8,a7)e™.
k

Again, using the difference equation (2.1), we find that
n -i0 n,ik@ e-i0 -1 n
(27) 2(8) = (&7 = 1) Tage = S| (6)".
. X
Next, define
2(8) = L1, afle’’.
k
Observe that
(m) = L(-1)"18.a = 0,
k
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because of the obvious symmetry a} = a”,. Therefore,

S.afl o [rd .
. ; e x—z(O)—[deoz(ﬂ) df
’ w112 12
SRR e TR
a6 .

However, (2.6) and (2.7) show that
|2"(68)] < (C16l/Ax) e,

so that
lz"|| ;2 < C/n*Ax.
Similarly,
dz" £ 2 -Cn#?
“ (a)’s (14 nb2)e-”,
so that
dz" c
dl |2 = nV/Ax’
Substituting these estimates into (2.8), we then have
8.4i| o c/mrax = cp,
Ax |,

as required.

For general p we let m be the greatest integer in n/p and n = m(p — 1) + ¢. It is
easy to see that there is an integer N = N( p) such that, when n > N( p), the integers
m and g satisfy m, ¢ > n/2p. For such n, then,

82a" é,.a" 8,a”m | 68.,.a7
Ax? Ax Yoo Ax * Ax

1

1
p — 1 factors

JBan et ¢ € _Clep)
Ax | | Ax |} = gp-b2 ,}7/2\ 272
And when n < N(p),
6% aj 2%, __ C
Ax?P |~ Ax?P AxPr/?’
so that
8ra"| _ & cax C
Ax? |y = LGy AxPEE T At

_cnrh2 - C(e, p).

O
18/ = 1872

Next we establish an L*-error bound for the approximate solution of the discrete
heat equation in the case that the initial data v has finite total variation. This result
will be crucial for the derivation of error bounds for the approximate solutions of
the regularized conservation laws (1.1).
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In the following, K will be the usual heat kernel defined in (1.10). Thus the exact
solution of the heat equation at time ¢ is v(¢) = K(¢)* v. Also, P will denote the
operator which projects functions of x onto vectors by pointwise evaluation, that is,

(Pw)y = w(x,).
For example, if 4" is the solution of the finite-difference equation (2.1) with initial

data u = v(x,), thenu" = a" * Pv.

THEOREM 2.3. Let v € BV, and let V = Tot.Var.(v). Then, given T > 0, the bound

(2.9) |a"* Pv — P(K(t,)*v)|, < C(T)—K—Axﬂn Ax|
t

Ve

isvalid for0 < t, < T.

Proof. We adopt the following notations:
"= P(K(t;,)* v) and u"=a"*(Pv).
In addition, if j, is the standard mollifier with support in [-A, k], then
v, =jy*v, vp=P(K(t,)*v,), and u)=a"*(Pv,).
We then have
la"* Pv — P(K(t,)*v)|, = [u" — v

< U =l + uf = Ofl + |0} — 0

"loo

(2.10) ’

The proof consists of showing that when A = Ax, each of the three terms on the
right side of (2.10) is bounded by the right side of (2.9).

The third term on the right of (2.10) is bounded by

C
1K (2,)* (v = 0)lloo < K (2,)llollon — 0l < F”Uh = Ul

n

But for smooth functions v(x),
o4 (x) = o(x) < [in(x = 2)lo(y) = v(x)|dy
0 rx+h x+h
< i (x —y)|v'(s)|dsdy = v'(s)|ds,
L1 =)y = [* 710G

so that :
®  rx+h
lop = ol < [ [ or(s)lds dx

-0 Yx—h
= foo f”h |v'(s)|dxds =2nV.
-0 Ys—h

The same result holds for v € BV by a simple approximation argument. Thus, when
h=Ax,

lop = v"l,, < (CV/\1,) Ax.
The bound for the first term on the right of (2.10) is similar:

u" = upl =la"* P(0 = 0,)|q < la"||P(v = v))]y

<(c/Vt,)1P(0 = vp)h,
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by Theorem 2.2. And as above,

10 (x) = oa ()l < [* " 0(x) = 0(x) 1y (e = x) dx

Xp—
< Var[v; (x, — h, x, + h)],
so that
|P(v— o)l = Z |U(xk) - vh(xk)IAx
k

<Y, Var[v; (x, — h, x, + h)] Ax = 2VAx
k

when h = Ax. Thus
u" = ufll, < (CV/\t, ) Ax.

To estimate the second term on the right of (2.10) we define the vector ¢”~! by

op —op! _ 88202‘1

At Ax?
We shall show below that, when & = Ax,

+o"!

Ax7!, n320,
(2.11) lo"l, < cV{t;'*,  n>0,
Ax t,:l, n>0.

Now, by Theorem 2.1,
n—1
vi=a"*Pv,+ ) a"xo/"1At,
j=1
and, by definition,

n _ n
u, =a"* Pvu,.

Thus,
n
vp—up =Y a"“/xo/"1At
j=1
n—1
=a" 'x0%At+ Y a"Vxo/ 1At + a®+ 6" 1 At,
Jj=2
and
—1,.j-1
C "« o/, At ., At
10F = ufle < =10l Ar + € ¥ TR 4 jory A

I j=2 th_ tj
Using each of the estimates (2.11), we obtain
n-1
cv 1 % + Y Ax At .
Yoy 8% 2yt =t
Now the result (2.9) is trivial if ¢, = O(At), and for ¢, > 2 At we have that

1/t,_1 < V2 /1.

|UZ - ul':loo <
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Since At/Ax = O(Ax), we may conclude that

n—1
Ax +-A PE——

=2 Mt 1t

(2.12) |f — uple < CV|—=

The sum here is

n—1

y _J <2 ft,. g _ 2 fl dy
,21—1 / 4t Ar\t, —ss ‘/;;Az/x,, T—yy

Now since the function {/1 — y + y is bounded away from 0 on [0, 1], we have
that
L <l
vi—yy y
Therefore the sum in (2.12) is bounded by

< [1 '

\/I—n '/;t/l,, Yy

1
)

At
nf 2) + l_t_]

n

dy=C

1
‘/T
< C(T)(1 + [In Ax)),
and (2.12) shows that
lop — upl < C(T)(1 + 1/, )VAx[in Ax|,
as required. ‘
We still have to prove (2.11). From its definition we have that
820,, 3%,(¢,)
x? |,
We shall estimate only the first term here. The argument for the second term is

somewhat easier. First, note the simple fact that if w is a smooth integrable function
of x,

vz+l vn

60,,
At (t)

(213) o'l <

- P

Y wi,Ax — [wdx|< Ax [|w'(x)| dx.
T o < ax

The term in question is then estimated as follows:

)»

vh(xk’tn+1)_vh(xk’tn) —%(X ¢ )
k°

. At
Z Al f”H n+l — 612 S) dS
2.14 _ 1 faa %y
(2.14) At.[ (241 — s)[ A% (x4, 5) Ax] ds

9%
dx + Axf W(x, 5) dx] ds

1 %
Altf (tn+1 5)[[ 2

h
—\X, S
Y (x,5)
< CAr sup [|IDfo,(s)lly + Ax||D2v,(s)I].

LSSty
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since v, satisfies the heat equation. But
v,(s) = K(s)* jy*v,
so that if p and g are nonnegative integers with p + ¢ = 3,
D0, (s)lly < IDZK ()1 DIl Dol
< CVs™P/?h=9 < CVs P/2 Ax~4
when h = Ax. Similarly,
),AXIIDXSU;,(S)IH < Ax|IDZK ()L DIyl Dyolly < CVs™#/2 Ax e+ D,

Substituting these bounds into (2.14), we thus find that the first term on the right
of (2.13) is bounded by

CVt P/ AtAx=9= CVt;?/2 AxP~!
for p = 0, 1, 2. The estimate for the other term in (2.13) is similar. O

3. Proof of the Error Bound. In this section we apply the results of Section 2 to
prove the error bound (1.4) for the approximate solutions u; of the difference
scheme (1.3). We assume throughout this section that Assumptions A and B of
Section 1 hold. Therefore, as remarked in the introduction, the convex set S is
invariant for the scheme (1.3), and the results of [3] then apply to show that we have
the bounds

lugl, Xlugo —upl < C(T), 0<t,<T.
k
Moreover, the u; converge to the unique classical solution v(x, t) of (1.1)-(1.2),
which therefore satisfies v(x, t) € S and
lo(-, Dllees o, ) < C(T)V,  0<t<T.

(We remind the reader that, as in Section 1, 4 and v are vectors in R".)
We begin by estimating the derivatives of the exact solution v(x, 7).

LeMMA 3.1. Given T > O there is a constant C depending on T, €, and f such that the
solution v(x, t) of (1.1)—-(1.2) satisfies

(3.1) o (D)1, < CV/Ve
and
(3.2) o (Dl < C(V + V) /e

fort < T. Here V is the total variation of v,.

Proof. Using the bound || K (1)||, < C/ V¢ in the representation (1.11), we obtain

cv ()l
33 v (2 < —+ C| ——===ds.
(33) e e e
Now let a(t) = Vr llv.(2)|| .- Multiplying (3.3) by V7, we then obtain that
(3.4) a(t) < CV + cﬂf’M

o fs(t—s)
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Substituting this estimate back into the integral in (3.4), we then obtain

a(t) < Cv+ cﬁf()’% + Cffrcm (%W

= Co(T)V + c(T)f'“(T)

fr ds ) dr
Tt —s)(s—17)
A simple change of variables shows that the inner integral here is a constant. It
therefore follows from Gronwall’s inequality that
a(r) < C(T)V,
which is (3.1).
The proof of (3.2) is similar. From the representation (1.11) we have that

0(1) = Kot = 9) 406 = [K (1= 5)%f(0(5)) wrds,

so that
+
(t)”l < Q/ + Cf’”vxx(s)lll ”Ux(s)“oo”vx(s)”lds'
v s
The second term in the integral is bounded by

.t V2ds

“Jo ys(t—s)

= ¢y

by (3.1). Thus,

low (Dl < c(% ) Cﬁ%

This is nearly identical in form to (3.3); and so (3.2) follows as before. The proof is

complete.
As an immediate corollary to (3.1) and (3.2) we observe that

(3.5) 17 (0(2)) el ()1, < € V}Vz
t

As in Section 2, P will denote the projection operator, defined for a given vector
function w of x, by

s 0<txT.

Pw=(...,w(x,),w(x,s1),...);

and if v is the exact solution of (1.1), the vector Pv(-, ¢,) will be denoted by v”". The
truncation error associated with v is then the vector 7" defined by

n . 8 n
(3.6) v"=a"*Pv,— Y a" /*2Afo(v(tj_1)) At + 7",

Jj=1

We then have the following bound for 7".

LEMMA 3.2. Given T > O there is a constant C, depending on T, ¢, and f, such that
the bound

(3.7) 7"l < C((V + V) /|1, ) Ax[ln Ax|
holds for0 < t, < T.
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Proof. From the representation (1.11) we have that
v" = P[K(t,)* 0] = ["P[K(t,~ s)* f(v(s)).] ds.
0
Subtracting this from the definition of 7", (3.6), we then have that

= {P[K(t,)*v,] — a"* Pvy)}

+ éa"‘f*[zzx Pf(v(t,-1)) - P%f(v(tj_l))] A

j=

- {arte 22 g(0l,)) = P K= 1) 21000,
(3.8) +_,-§1{a Paxf( (t, )) P[K(t t)) axf( (¢ ))]}At

FASUEDE 2 1(0(s)) ds]

=1+ II+1III+ IV.

We shall show that each of the terms I-1V is bounded (in the | - | , norm) by the
right side of (3.7). The bound for I is immediate from Theorem 2.3. For term II, note
first that thej = 1 and j = n summands are bounded by

17 (0(2;-1)) Il (At/Ax).
Now At/Ax = O(Ax), and it is easy to see that
(3.9) I1f (v ()]l < CT.V.(v(1)) < C(T)V.

(This requires the normalization f(vy(-o0)) = 0, which entails no loss of generality.)
Thus the j =1 and j = n terms in II are bounded by CVAx as required. Next
observe that

< j‘xk+l

fo(xei1, 1) = flo(xe-1, t) d
A Lo 2 o) < [*

dx,

fo(x0)

so that
d )
Pt (o()) = 75 P/ (o1, 0)|

92 V+ V?
g;f(v(tj—l)) s

< 2Ax Ax

<C
1

-1
by Lemma 3.1. Thus the sup-norm of the remaining terms in II is bounded by

o V+ V2

>

j=2 1ty — tj

AxAt < C(V2+ V) Ax,

.,

as required.
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In term III the j = n term is 0 and the j = 1 term may be discarded as before.
Applying Theorem 2.3 and Lemma 3.1, we find that the remaining terms are
bounded by

n—1 1

62
C ——flvl,_ Ax|ln Ax| At
P Ll
n—1 2
<cy —1 | YEY ) Axpn Ax A
=2t = o |t

< C(V*+ V) Ax|n Ax|.
Finally, we bound term IV in (3.8). First observe that

y CIf(0(5))llo
3 < '[t,-_l ,____tn — ds

by (3.9). We may therefore integrate from ¢, to #,_; in the integral in IV. Similarly,
the j = 1 term in the sum of IV is bounded by

1K (ta_ )1l (vo) Il A2 < CVAL/1,,

and thej = n term is bounded by

a%f(v(tn—l))”ooAt < CVAL/L,, .

< CVWAt = CVAx

[ Kty = 5)% et (o(s))

j—

These terms may therefore be discarded. Thus, except for these modifications, the
sup-norm of the brackets in IV is bounded by

n—1

L K(ty = )2 5o (0(t,-1)) A1 = ["K (e, =) 2 f(o(s = A1)

J h

oo

(3.10) +’

[ K (1, = )+ [£(0(5)) = £(0(5 = an)] ds

n

0

The second term in (3.10) is bounded by
In-1 S
C K. (t, = s)lollv(s) ds
L7 Kt = 9l ()l
_ 1 s do
scv+v) [ —m [ Ly
( )fn (t,— )" '/s—At\/;
ds

t,—s5)(s — Aar)"”?

SCV+VH)AY*=C(V+ V?) Ax.

<C(V+v?) Azf’"“(
h

Now for the first term in (3.10), we use the fact that, for regular functions w(t),

n—1
w(t,) At = ["w(e) dt| < At ["w,(2)| dt.
J
j=2 n b



48 DAVID HOFF AND JOEL SMOLLER
Therefore the first term in (3.10) is bounded by

Atfr:" 1‘ K. (1,—5)* f(v(s—At))H ds

< A’f, 1K (1, = )l (0 (s = A,

+IK, (2, - s)nwnf(v(s = At)) lI,) ds
) V+V?
< CAt| ™ +
fl [ -5 (1, - 5)(s - A
SCV+VH)AY?2=C(V+ V?) Ax.

The proof is complete.

We are now prepared to derive the final error bound for the approximate solution
u" computed from (1.3). We continue to let v(x,t) be the exact solution of
(1.1)-(1.2) and v" = Pu(-, t,).

THEOREM 3.3. Assume that v, is of class BV with total variation V and that
Assumptions A and B of Section 1 are in force. Then given T > 0 there is a constant C
depending only on e, T, and f such that the bound

(3.11) [o" — u"|, < —C;[lv0 — 4, +(V + V?) Ax|ln Ax|]

Ve
holds for0 < t, < T.

Proof. From the representation theorem, Theorem 2.1, applied to the difference
equation (1.3), we have that
n
u"=qaq"=* uO _ Z a"—f*
j=1

5 .
2Axf(uf ) At.

Subtracting this from the definition of 7", (3.6), we therefore obtain that
o — u = an*(UO _ uO)

da”
- Z 2Ax

where by Lemma 3.2,

(3.12)

=J

[ Pr(o(t,0)) = f(w )] At + 77,

V+ 12 E
ft Vo
Now thej = 1 term in (3.12) is bounded (in the sup-norm) by

san 1 E

i

(3.13) 7", < C

Ax|ln Ax| =

lflao I —

by Theorem 2.3, and the j = n term is bounded by

( H If(u" ‘)l )

/\

_] 1

E
A



ERROR BOUNDS FOR FINITE-DIFFERENCE APPROXIMATIONS 49

by Lemma 3.1. We therefore have from (3.12) that
0 0 n—1 j—1 i—1
— C J — y/
[0° = ), - w N, 2B
Ve =2 YT Ve
Multiplying by \/t—,,_ and letting E, = \/E |o" — u"|,, we then obtain
n—1 E._ At
(3.15) E,<C(I0°—u%, + E) + Cft, ¥ ——r—.
ji=2 tj—l(tn - t/)
This is nearly identical in form to (3.4). A discrete version of the proof of (3.1) from
(3.4), applied to (3.15), then shows that

E, < C(T)(|v° — 4%, + E),

(314) " —u"l_<C

which is (3.11). O

Acknowledgement. We would like to thank the referee for making several sugges-
tions for simplifying the proofs and improving the exposition.

Department of Mathematics
Indiana University
Bloomington, Indiana 47401

Department of Mathematics
University of Michigan
Ann Arbor, Michigan 48109

1. D. HoFF, “A finite difference scheme for a system of two conservation laws with artificial viscosity,”
Math. Comp., v. 33,1979, pp. 1171-1193.

2. D. HoF¥F, “Invariant regions and finite difference schemes for systems of conservation laws.” (To
appear.)

3. T. NIsHIDA & J. SMOLLER, “A class of convergent finite difference schemes for certain nonlinear
parabolic systems,” Comm. Pure Appl. Math., v. 36,1983, pp. 785-808.

4. J. SMOLLER, Shock Waves and Reaction-Diffusion Equations, Springer-Verlag, New York, 1983.

5. B. TEMPLE, “Systems of conservation laws with invariant submanifolds,” Trans. Amer. Math. Soc., v.
280, 1983, pp. 781-795.

=+ J. GLIMM, “Solutions in the large for nonlinear hyperbolic systems of equations,” Comm. Pure Appl.
Math., v. 18, 1965, pp. 697-715.

7. RONALD J. DIPERNA, “Convergence of the viscosity method for isentropic gas dynamics,” Comm.
Math. Phys., v. 91, 1983, pp. 1-30.



	Cit r37_c37: 


