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On the Rate of Convergence
for the Approximation of Nonlinear Problems

By J. Descloux, J. Rappaz and R. Scholz

Abstract. This paper shows how to obtain from estimates on linear problems error bounds in
various norms for the approximation of nonlinear problems. The theory developed in this
paper is applied to finite element methods for approximating the problem —~Au = Ae* and the
Navier-Stokes equations.

1. Introduction. The aim of this paper is to present an abstract theory to obtain
error estimates in various norms for the approximation of solution branches of
nonlinear equations with the aid of known estimates for corresponding linear
problems. We give a general analysis similar to that of Brezzi-Rappaz-Raviart [2]
and apply it to the study of the convergence of finite element methods for nonlinear
elliptic problems. Our analysis applies to regular points and simple limit points but
not to bifurcation points.

In_ order to illustrate our results, we consider the following model problem. Let &
be a bounded convex domain in R? with sufficiently smooth boundary 9Q2. We are
interested in approximating the solution of the boundary value problem

(1.1) -Au=2Mxe* inQ, u=0 ondQ,

where A is a real parameter. It is well-known (see Amann [1], for instance) that there
exists a maximum value A* of the parameter A such that Problem (1.1) has at least
one solution u € H}(2) N L*(); moreover, there exists a unique solution u* €
HA(Q) N L*(RQ) of (1.1) for A = A*, and (u*, A*) is a turning point.

In order to parametrize the solution branch of Problem (1.1) which passes through
(u*, A\*), a new variable 7 and a normalization equation are introduced as in Keller
[8]. To this end we take a nontrivial function ¢* € H}(R) such that

(1.2) —Ag* = A*e¥p* InQ,

and we choose a continuous linear functional ¢ on L?(2) with ¢(¢*) # 0. Then
there exist ¢, > 0 and a unique continuous mapping ¢ € (-, f) = (u(t), A1) €
(H}(2) N L*(2)) X R such that for |¢| < #,:

_Au(t) = A(1)e*® g,

(1.3) e(u(t) —u*)=t, u(0)=u*, A(0) =
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In order to compute an approximation of I' = {(u(t), A(¢)): |t| < t,}, we consider
a finite element method for discretizing Problem (1.1). Let ¥, be the finite element
subspace of H}(2) N L®(Q) of piecewise linear polynomials with respect to a
triangulation of @ with mesh size # > 0. For the sake of simplicity we assume here
that Q is a polygonal domain; in the case of a curved boundary 0£2 we use an
appropriate modification of the functions of ¥V, in the boundary triangles. An
approximation (u,, A) € V, X R of solutions of (1.1) is defined by

(1.4) D(u,,v,) = N(e*,v,), forallv, € V,,

where D(-,- ) and (-,- ), denote the Dirichlet integral and the L*()-scalar product,
respectively.

Using the general results of Brezzi-Rappaz-Raviart [2], it is possible to prove that
for h < hy and e > 0 small enough, there exists a unique continuous mapping
t € (=g, tg) = (u,(1), A,(2)) € V, X R such that for |t| < t,:

D(u,(1),v,) = A, (1)(e"®, v,,)0 Vv, € V,,
@(u, (1) —u*) =1, |lu(t) = u, ()l +IN(1) =N, (2)| <e.

Moreover, error estimates for |A(¢) — A,(¢)| and ||u(¢) — u,(¢)|| s (o, are obtained;
but by using this theory it is not possible to get optimal error estimates for
u(t).— u,(t) in the L2norm or the L®-norm, for example.

In Section 2 we give an abstract setting which permits us to obtain error estimates
in various norms for the approximation of the solutions of nonlinear equations. In
order to justify our formalism we return to the above example by setting V = HJ(Q)
N L*(Q), W = L*(Q). If T and T, are continuous linear operators from W into V
defined, for f € W, by

Tf=uecV if D(u,v)=(f,v),forallv eV,

(1.5)

and

T,f=u, €V, if D(u,,v,)=(f,v,)forallo, € V,,
if G: V X R — W is the nonlinear mapping given by G(u, A) = -Ae*, then Prob-
lems (1.1) and (1.4) are, respectively, equivalent in finding pairs (#, A) and (u,, A) in
V X R such that
(1.6) F(u,A\):==u+ TG(u,\) =0,
1.7) F,(uy, N) i==u, + T,G(u,,\) = 0.
We remark that if (u,, A\) € V' X R is a solution of (1.7), then u, belongs to the
range of T, and we have u, € V,. Result (1.5) is a direct consequence of the work of

Brezzi-Rappaz-Raviart [2] and of the fact that lim,_,,||T — T}|l #w,1, = 0. More-
over, we have the error estimate

(1.8) IN(2) = A (0)] +|u(2) = u, ()l < CIE(A(2), u())ly,

with C independent of & < h, and |¢| < t,, which leads to an optimal error estimate
lu(t) = u, ()|l gy < Ch. If we want to obtain optimal L>-error estimates from the
same theory, we would like to set Problems (1.6), (1.7) in H X R instead of V' X R,
with H = L?(Q); unfortunately we cannot define G on H X R, and, in Section 2, we
develop an abstract setting for replacing V' by H in the error estimate (1.8).
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In Section 3 we apply this theory to the above example and prove quasi-optimal
L% and L*-estimates for the conforming as well as for a mixed finite element
method. Section 4 is devoted to the conforming finite element method for the
Navier-Stokes problem, using the “stream-function formulation” with optimal error
estimates in the H'-norm.

2. Abstract Error Estimates. In this section, ¥ and W will represent real Banach
spaces; £ (W, V) is the space of bounded linear operators from W to V. If there is
no danger of confusion, the different norms || - ||, || - ||y, .. Will be denoted simply
by ||| The norm of a product space of the form ¥ X R will be defined by
02 Mlyscr = llolly + AL |

Let T and T, belong to £ (W,V), and let G: VX R — W be a nonlinear
C?-mapping with p > 2; h denotes a positive parameter, the values of which have an
accumulation point at 0.

In a neighborhood of a point (uy, Ay) € V X R, we consider the nonlinear
equations

(2.1) F(u,\)=0, F,(u,A)=0,
where Fand F,: V' X R — V are nonlinear mappings defined by
(2.2) F(u,\)=u+ TG(u,\), F,(u,\)=u+ T,G(u, ).

For an intuitive meaning of V, W, G, T, T,, F, and F,, the reader may refer to the
example of Section 1.
We first suppose:

(2.3) (a) F(ug, Ag) =0,
(2.4) (b) Tis a compact operator,
(2.5) (c) ’}1111() T - Th"_f(w, vy = 0.

Denoting by F'(u, \) € Z(V X R, V), by D,F(u, \) € £(V, V), and by D, F(u, A)
€ Z(R, V), respectively, the total derivative of F at (u, A) and the partial deriva-
tives of F with respect to ¥ and A, we remark that Hypothesis (2.4) implies that
D, F(u, \) is a Fredholm operator of index 0 and, consequently, that F'(u, ) is a
Fredholm operator of index 1.

We next suppose either that D, F(u,, A,) is an isomorphism from V into itself, or
that D, F(ug, A,) has a kernel of dimension 1 and D,(u,, A,) does not belong to the
range of D, F(u,, A,); in the first case, (4, A) is a “regular point”; in the second
case, (uy, Ag) is a “simple limit point”. This assumption can be written simply as

(2.6) (d) Range F'(uy, Ay) = V.
The following result can be found in Descloux-Rappaz [4].

THEOREM 2.1. Under Hypotheses (2.1)—(2.6), there exist hy > 0 and a neighborhood
of (uy, Ay) € V X R such that, for h < h,, and in this neighborhood, each of the
equations F(u, N\) = 0 and F,(u, A\) = O possesses a unique branch of solutions. These
branches can be parametrized as (u(t), A()), (u, (1), A,(2)), |t] < ty, ty > 0, with the
following properties:

(a) (u(2), \(2)) and (u,(1), N\, (1)) are of class C?; (u(0), A(0)) = (uq, Ag);
u’(0) # 0;
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(B) lim,_qsup . {lu®(t) = w0, + IANO@) = ANP@))} =0, 0<k <
p — 1, where u®, \%__ . are the kth derivatives of u, \,. . . with respect to t;
(7v) there exists a constant C such that, for |t| < to, h < hO, 0 < k <p— 1, we have

”u(k)(t) —u "’(t)||,, |>\<k)(t) F,, u(t), \(1)) o

4
The purpose of this section is to derive error estimates for u‘*)(¢) — u{¥)(z) in a
norm different from || - ||,.. Let H be a Banach space for which we suppose
(e) V C H with continuous injection;
(2.7)  (f) there exists a constant C such that along the solution branch of the exact
problem (u(?), A(¢)) defined by Theorem 2.1, we have

(2.8) 1DA='DiG (u(2), A1) (1,0 |lw < C””/”Hﬂ lodly

for|t)]<ty,1<k<p-1,1<I<k,andforallv,,...,v,;€ V.
Our main abstract result is contained in the following

THEOREM 2.2. We assume that Hypotheses (2.1)—(2.8) are satisfied. Then, for the
exact and the approximate branches of solutions defined by Theorem 2.1, there exist
constants t, h, and C and parametrizations (u(t), A(¢)), (u,(1), X, (2)), such that, for
0<k<p—2t <ty h < hgy, we have

| *2(r) = uf ()| + N (1) = X0 (1)]

<oz

=0

LR

+||F,,(u(t),x(t))||zy}. .

Remark 2.1. In Theorems 2.1 and 2.2, the parametrizations of the exact (respec-
tively, of the approximate) solution branch are not necessarily identical; however, in
the proofs we shall show that it is possible to choose the same ones.

Remark 2.2. In general, Theorem 2.2 gives better bounds for [A¥(¢) — AF(¢)|
than Theorem 2.1 does.

Remark 2.3. In many examples, Hypothesis (2.8) will be verified by using
regularity properties of the solutions of the exact problem.

Remark 2.4. Hypotheses (2.4) and (2.5) can be weakened by using results of
Descloux-Rappaz [4].

We first prove the following auxiliary result.

LEMMA 2.1. Let R L (W,V), Se LV, W),ac W, a €R, p € L(V,R); let
ALV XRVXR)and B L(W X R,W X R) be the linear operators defined
by

A(v,A\)= (v + RSv + ARa, p(v) + a)),

B(w,\) = (w+ SRw + Aa, p(Rw) + a}).
We suppose that A is an isomorphism. Then B is an isomorphism and

1B < 1 +(1 +[RA +[S]+lal)ll4].

Proof. We only verify the surjectivity of B. Let g € W, y € R be given; setting
(v, A\)=A"Y(Rg,v), w= g — Aa — Sv, if follows that B(w, A) = (g, v). From the
expressions of w and A, one deduces easily the bound for [|B7}|. O
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In the following, we shall suppose that Hypotheses (2.3)-(2.8) are satisfied. By
(2.6), since F'(uq, A) is a Fredholm operator of index 1, it follows that the kernel of
F’(uy, Ay) has dimension 1. Let (z, w) € ¥ X R be a nonvanishing element of the
kernel of F'(u,, Ay). By (2.7) and the Hahn-Banach theorem, there exist ¢ € #(H, R)
and a € R such that

(2.9) o(z) + aw # 0.

Let us define the mappings #: VX RXR > VX RandZ: WX RXR - W XR
by

(2.10) F(u, A, t)=(u+ TG(u,\),p(u—ug) + a(A—A,) — 1),

(211)  F(w, A, t)=(w+ G(Tw,N), p(Tw — uy) + a(A —Ay) — 7).
Furthermore, we set w, = -G(u,, Ay) and notice that, by (2.3), we have u, = Tw,
and, consequently, % (uy, Ay, 0) = 0, F(wy, Ay, 0) = 0. (2.8) and (2.9) imply that
D, »)F (ug, Ay, 0) € L(V X R, V X R) is an isomorphism; setting, in Lemma 2.1,
R =T, S=DG(up Ay), a=D,G(uy, Ay), we see that 4 = D, »,F (uy, A, 0)
and that B = D, ,,%(wy, A(,0) € L(W X R, W X R) is an isomorphism. We next
define#,: VX RXR -V XRand g,: WX R X R - W X R by the right-hand
members of (2.10) and (2.11) when T is replaced by 7,. By (2.5) there exists a
neighborhood ¥~ of (uy, Ay,0) € ¥V X R X R and a neighborhood #” of (w, A, 0)
€ W x R X R such that, for 0 < k < p — 1, lim,_,, %, = # ¥ uniformly in ¥~
and lim,,_,, 9® = % uniformly in %" By the classical implicit function theorem
applied to # and ¢ and by its special version given in Brezzi-Rappaz-Raviart [2]
applied to %, and ¢,, we obtain

LEMMA 2.2. (a) There exist positive constants ty, h,, and Cy, and for |t| < to, h < hy
there exist unique elements (u(t), A(¢)) € V X R, (w(¢), p(t)) € W X R,
(uy (1), A (1)) € VX R, (w,,(2), (1)) € W X R such that

F(u(t),N1),1) =0, [u(r) = ugll, + [\ (1) = Ao < G,
G(w(t),pu(2),t)=0, Iw(2) = wollw + |1 (2) = Aol < G,
F(un (1), M(1), 1) = 0, luy (1) = uolly +IA4(2) = Al < Cos
Gy (wi(2), pa(2), 1) = 0, [Iw, (1) = wollw + s (2) — Aol < Co3

moreover, all functions u(t), A(t), w(t), u(2),... are C’-mappings.
(B) For 0 < k < p — 1 we have

lim sup {[u®(¢) — uf®(1)], +A©() - A‘,{‘)(t)|

h=0 yr1<1,

W R0 = () + WO (0) = ()]} = 0.

() There exists a constant C such that, for0 < k <p — 1, |t| < ty, and h < h,, we
have

Ju2(6) = w0+ P9y - X (0) < € X |4
=0
k
W (2) = wik ()| +[p*(2) = p5O(2)] < Z

f(u(t) A(2),1)

9

VXR

? W(w(1), 1(2), 1)

.0
WXR
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Note that, in Lemma 2.2, ¢ is a pseudo-arclength parameter, as in Keller [8].
Clearly Theorem 2.1 is a direct consequence of Lemma 2.2, and we now proceed to
the

Proof of Theorem 2.2. We remark that %(-G(u(t), A(2)), A(¢),t) =0 and
G, (=G (u, (1), A (1)), A, (2), t) = 0 for |¢| < t,; by the uniqueness of the quantities
u(t), A(?),... in Lemma 2.2, we deduce the following key relations:

w(t) = -G(u(1),\(2)),  u(r) = Tw(z),
(2.12) wy (1) = =G, (u, (1), A, (1)), u,(t) = Tyw,(1),
p(t) =A(1),p,(2) =N, {t) for|t| <o, h < hg

In the following, C will denote a generic constant.

Since G is a map of class C?, we can assume, without loss of generality, that for
[t] < tg, h < hg, (Tw(t), A(2)) = (u(2), A(2)), and (T, w(t), A(1)) belong to a convex
neighborhood ¥'C ¥ X R of (u,, A,) for which we have

(2.13) sup |[G®(v,N)|<C, O0<k<p,
(v, N)e¥y
where || - || represents the norm of the k-multilinear operators from (¥ X R)* into W.

Since ¥(w(t), u(t), t) = 0, we obtain, by Lemma 2.2 and (2.12) for0 < k <p — 1,
[t| < tgoh < hy:

[lw(r) = W;Sk’(t)llw + O (r) = A0 (o)]

(2.14) < CZ { —(G(Tw(1), A(1)) = G(Tw(t), (1))

w

(T, - T)wm(t)u,,},

where we have used Hypothesis (2.7) and the fact that ¢ € .Z(H, R). Furthermore,
by (2.7), (2.12) and the uniform boundedness of the operators T, € L(W, V), we
have

lu®(2) = u ()l <(Tw = TIWP (D) +[|TW (WP (1) = Wi (1))
<|(T, = TYW®O )| + Clw®(2) — wi(2)]] -

Clearly, the relation % (u(t), A(¢), t) = 0 implies F(u(t), A(¢)) = 0 (see (2.2)), and

by (2.12) we have F,(u(t), A(¢))= (T — T,)w(2); consequently, by (2.14) and

(2.15), the proof of Theorem 2.2 will be completed if we establish that, for
0<k<p-—2<tyand h < h,, we have

(2.15)

k

y 4G (Tw(1), A(1)) = G(Tw(1), A(1)))

dl

w

(2.16) )
C{,Zo (T, = TYwO(O)] + (T, — T)wmua}.

For the sake of simplicity, we verify (2.16) only for k = 0 and k = 1. We shall use
the notations ¥V = VX R, H = H X R, G(v) = G(v, A) forv = (v, A) € V, and we
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set u(t) = (u(), A(2)) = (Tw(), A(2)), v,(t) = (T,w(t), A(2)). For k=1, k=2,
Hypothesis (2.8) implies
16" (u(2)) vl w < Cllollg.
”G"(E(’))[Ql’ Qz]"w < C”Ql”g”Qz”ﬂ
for all v, vy, v, € V and all |¢] < ¢,. By (2.13), (2.17), and Taylor’s formula, we get

(2.18) 1G(v4) = G(&)|lw < C{llwy — ully + v, — ull} },

where, from now on, we simply write ¥®) and v$® for ¥¥’(¢) and v{¥)(¢). (2.18)
proves (2.16) for k = 0. With the same arguments we obtain

ll%(G(Qh) - G(u))uw =lo' (e, — 6" (W]l

(2.19) <(6"(u) = G"(w)) tillw + 16" () () — &) w
<[6"(w) e} v — u]|lw + Cleslllo, — ul} + 6 () (2, — )|
< C{llow = ully +lloh = wll +los — wliy

where we have used the boundedness of ||u; ||, and relation (2.13) for k = 1,2,3;
(2.19) proves relation (2.16) for k = 1.

3. Application I: A Second-Order Boundary Value Problem. Let @ c R? be a
bounded convex domain with sufficiently smooth boundary 9. We consider the
nonlinear boundary value problem

(3.1) -Au=2Ne* inQ, wu=0 ondQ.

We will show that the abstract results can be applied in the context of approxima-
tion of branches of solutions of (3.1) by conforming and nonconforming finite
element methods.

First we will consider the case of conforming finite elements. We use the standard
notation of Sobolev spaces Hi(2), H™(Q), W™P(R),... and set V:= H}(2) N
L>(Q), W := L*(Q). A weak formulation of (3.1) is

Find (u, A) € V X R with
(3.2) D(u,v) =A(e*, v), forallve V,
where D(-,- ) and (-, ), denote Dirichlet’s integral and the L?()-scalar product,
respectively.

We define the operator T € £ (W, V) by

Tf=u if D(u,v) = (f,v),forallv eV

holds, and the nonlinear operator G: ¥V X R = W is given by G(u, A) = -Ae“
Then (3.2) is equivalent to the following problem:

Find (u, A) € V X R with
(3.3) F(u,\):=u+ TG(u,\) =0.

To determine approximate solutions of (3.3) we consider subspaces ¥, C ¥V, which
consist of continuous, piecewise linear functions with respect to regular triangula-

tions of © with mesh-size 2 > 0. (In the case of a curved boundary 9 we use an
appropriate modification of the functions of ¥V, in the boundary triangles. See

(2.17)

w
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Zlamal [16], for example.) With respect to the approximation properties of the
spaces V,, we refer to Ciarlet [3], for example. We define T, € £ (W, V) by

T,f=u, ifD(u,,¢)=(f,p)forallegeV,.

The following estimates are known:
(3-4) “(T Th)f"Lz(ﬂ) + h”(T Th)f“fl})m) Chz”f"LZ(n),

(3-5) ”(T Th)f”L‘”(Q) Ch“f”LZ(Q)’
(3.6) (T = T,)flli=(@) < CRIn B| | Tf || p20(qy  if Tf € W*(Q) holds.

Here C denotes numerical constants which are independent of f and h. For proofs of
(3.4) and (3.6) we refer to Nitsche [10], [11]. Estimate (3.5) follows from (3.4) and
inverse estimates. An immediate consequence of (3.4) and (3.5) is

(3.7) IT = Tyloaw.s < Ch.

The Galerkin problem to approximate the solution of (3.3) is formulated as follows:

Find (u,, A) € ¥V X Rwith
(3.8) F,(u,, \)=u, + T,G(u,,\) =0

Note that if (u,, A) is a solution of (3.8), then u, belongs to the range of T, and
we have u, € V.

Assume (ug, Ay) € V X R fulfills (2.3) and (2.6). First of all, by Theorem 2.1, we
have:

For |t] < t,, h < h, there exist branches (u(t), A(2)), (u,(2), A,(t)) of solutions
of (3.3) and (3.8), respectively, with (¢(0), A(0)) = (u,, Ay) such that, for k € N,

(3.9) ”“(k)(t) - “frk)(t)”fl},(n)an(Q) + I}‘(k)(t) - A(hk)(t)l < Ceh

holds, where C, is independent of 4 and ¢.
The proof of (3.9) is an immediate consequence of (3.7) and the fact that G is of
class C*. Applying Theorem 2.2, we get

THEOREM 3.1. For the branches (u(t), A(1)), (u,(1), A,(2)) as above, the estimate
(3.10) Hu(")(t) - u},"’(z)”Lz(m + |>\(")(t) - A(,f’(t)l < C h?

Folds for all' K = U, I, Z,.... I}, moreover, u is a C*-mapping of [~t,, t,] into W=(S),
> 2, then, for 0 < k<p—2

(3.11) [u®(2) — uf ()|l =0y < Cich*|In Al
holds. Here C, denotes constants which are independent of t and h.

Proof. First we set H :=L*(Q). Then Assumption (2.7) is trivial; to apply
Theorem 2.2 we have to prove (2.8). Since we can write G(u, A) = AG(u) with
G(u) = e, we only have to show

-1
(3.12) [DG()lor,..odlw < Clofu TT oy

with W = L%(Q), V = HA®) N L*(Q). Since D'G(u)[vy,...,v,]=e€* v, --- v,
holds, (3.12) follows with

C = exp (”uI|L°°(ﬂ))'
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Now (3.10) is a direct consequence of Theorem 2.2 and estimate (3.4). To show
(3.11) we set H := L*({2). Then (2.7) and (2.8) are trivial and the result follows by
combining Theorem (2.2) and estimates (3.4) and (3.6). O

Next we will apply a mixed finite element method to get approximations of a
branch of solutions of Problem (3.1). In this case we set V := L®(2) X L*(2)? and
W := L*(2). Furthermore, let H(div; 2) be the subspace of those elements z €
L*(2)* with div z € L*(Q). Using these notations, another weak formulation of (3.1)
is:

Find ((u;, u,), A) € ¥V X R with

~(uy,divz)y = (u,, 2), for all z € H(div; ),

3.13
(3.13) —(divu,,w), =A(e“,w), forallwe L?(Q),

where (-, ), denotes the scalar product in L?(2) as well as in L2(2)2.

In this case the operator T: W — V is defined as follows. For f € W denote by

u = (uy, u,) € L*(2) X H(div; ) the solution of
—(uy,divz)y = (u,, z), forallz € H(div; 2),
—(divu,,w)y = (f,w), forallwe L*(Q).

Using shift theorems and Sobolev’s imbedding theorem, we get Tf = u € V.

Further, let G: ¥V X R — W be given by G(u, A) := —-Ae*. Then Problem (3.13) is
equivalent to:

Find (u, A) € ¥ X R with
(3.14) F(u,A\):=u+ TG(u,\) =0.

To determine approximations of the solution of (3.14) by a mixed finite element
method, we use the subspaces introduced by Raviart-Thomas [12]. With respect to a
quasi-uniform triangulation of & with mesh size & > 0, we denote by S, the space of
piecewise linear functions without any boundary conditions on 9Q or continuity
requirements across interelement boundaries. H, are subspaces of H(div; Q) which
consist of pairs { = ({;, {,) such that {, and {, are special polynomials of degree 2.
Weset V), := S, X H,; the operator T): W — V, isdefined by T}, f = u,, = (uy ;, u,,)
if

—(uy ,dive)y = (uy,,$), forall{ € H,,
—(divu,,, w)y=(f,w), forallw € S,.

The following estimates for u = Tf and u,, = T, f are known:
(3.15) ety — g ull 20y + Alluy = g 4l 200y < Ch2||f||Lz(9),

(3.16) lJae — “1,h"L°°(sz) < Ch"f”t}(sz)-

For a proof of (3.15) see Raviart-Thomas [12], Scholz [13]; (3.16) follows from (3.15)
and inverse estimates. A direct consequence of (3.15) and (3.16) is

(3.17) "T - Th".?’(W. V) < Ch.

The Galerkin problem corresponding to (3.14) is defined by
(3.18) F,(u,, \) =u, + T,G(u,,\) = 0.
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If (2.3) and (2.6) are satisfied, for |¢t| < ¢y, h < hy, kK € N, according to Theorem 2.1

there exist branches ((u;(2), u,(¢)), A(2)) and ((u; ,(2), u, (1)), A, (1)) with
(3.19) ”“{k)(t) - “{{(h)(t)”v"(m +[ug(r) ~ “(262(’)”&9)2
' +AO (1) — AP (1)| < Cih,

where C, is independent of ¢ and A.
To get a better order of convergence for the approximation of u, in the L*(2)-norm,
we need

LeEMMA 3.1. Let f € W be given and set u = (uy, u,) = Tf and u;, = (uy 5, u,,) =
T,f. Then the estimate

(3.20) luy = s wll10y: < CRIf N 2y
with H () = H}(RQ)*, holds, where C is independent of f and h.
Proof. By definition we have

(u, — Us ns Z)o

v —u o = SU
(7728 2l ey P 121l 3 0y

where the supremum has to be taken over all z € H}(2)2. Let z be fixed. In
Raviart-Thomas [12] a linear operator I1,: H'(Q)? - H, has been constructed with

llz - th||1.2(s2)2 < C’"“Z”H‘(Q)2
and divII,z = P, divz, where P,: L*(Q) — S, denotes the L*(Q)-projection. Using
the defining relations of T and T,,, we therefore get

[(uy = uy s 2)ol < |(uy = g 4y 2 = T2 )o| + |(y — uy 4, Pydivz)|

< C{h||u2 - “2,hl|L2(m2 + luy — ul,h”Lz(Q)} '||Z"H1(sz)2-

Together with (3.15) the assertion follows. a
Using this result, we get

THEOREM 3.2. With the same notations as above, the estimate

(3.21) "“{k)(t) - u{{(h)(t)“Lz(SZ) + "“(21()(’) - u(z’,(z(t)||n'1(sz)2
+AO (1) = NP(2)| < C(h?

holds, C, independent of h and t.

Proof. We set H := L*() X H ()? and again apply Theorem 2.2. By (3.15) and
(3.20) we get

(T = T)flw < CRASIl W

for f € W, W = L?(Q). The inclusion (2.7) is trivial, and (2.8) is shown in the same
way as in the proof of Theorem 3.1; so the assertion follows. O

Remark 3.1. If the solution of (3.14) is sufficiently smooth, an estimate analogous
to (3.11) can be proved, using L®-estimates for the mixed finite element method.
(See Johnson-Thomée [7], Scholz [14].)
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4. Application II: The Navier-Stokes Problem. In this section we consider the
Navier-Stokes equation (stream-function formulation) for an incompressible viscous
fluid. Let @ c R? be a convex polygonal domain. For g € H~%(2) we consider the
problem

vAY + Y Ay, — Y Ay, =g inQ,

(4.1) y=¢,=0 ondQ,

where » > 0 is the viscosity coefficient; Ay is the vorticity. (Again we use standard
notations of Sobolev spaces; especially, we denote H %(Q):= H¥(Q)* and
W-kpP(Q) = WFUQ)*, keN,1<p<oo,1/p+1/q=1) A weak formulation
of Problem (4.1) is:

Find y € H}(Q) such that

(42)  v(AY, Do) +(Y, Ay, —¥,AY,,v) = (g,v) forallv € H3(R),

where (-,- ) denotes the L?(R2)-scalar product of the pairing between elements of
W -%P(Q) and W 9(R). (For details we refer to Girault-Raviart [5] or Teman [15],
for example.)

For functions u, v € C°(R) we find, by

u bu, — u,Au, = (udu), —(uyAu)x
and integration by parts, that
(4.3) (ubu, —u,Au,,v) = (vu, — vu,, Au);

x v xo

this means for u € Hj(Q) we have u, Au, — u,Au, € W*>(Q). Since the opera-
tor T: H™2(Q) > HZ(R), defined by

Tf = u if (Au, Av) = (f,v) forallv € H(Q),

is also continuous from W ~14/3(Q) into W34/3(Q) (see Grisvard [6]), the solution of
the Navier-Stokes problem fulfills the regularity condition ¢ € HZ(2) N W3*3(Q)
for g € W-143(Q). If, moreover, g € H '(2) holds, the regularity result y €
HE(Q) N H3(Q) follows by Sobolev’s imbedding theorem and the fact that T is also
continuous as an operator from H"}(2) to H}(2) N H*(R). (Consult also Kellogg-
Osborn [9].)

We want to show that the general theory of Section 2 can be applied if we choose
W:=H"%Q), V:=W¥Q), and H := H}(R), and if the right-hand side g of
Problem (4.1) is regular enough. The crucial point for further analysis is the
following

LEMMA 4.1. Let u, v € C{°(Q) be given. Then
(44) (uxAuy - uyAux’ U) = (uxuy’ U,y — Uxx) + (u)zc - ui’ Ux,v)
holds.

Proof. First we use (4.3) and get

(ubu, — u,Au,,v) = (vu, —vu,, Au).

r¥xo
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Now we write
(vou,, Au) = (uu,, +uu,,v)= ((u y), — sul, + uf,‘y,vx)
= —(uu,,v,)+ %(uf - uy, vxy).
By the same argument we get
(vyux,Au) —(u,u,,v,,) +3 (u —ux,vxy),

and the result follows. O
Let g € H %(Q) be fixed. We get G: V X R - W with

G(u,\):=A(u,Au, — u,Au, — g).
Using Lemma 4.1, we see that G is well defined. Further, Problem (4.2) is equivalent
to
(4.5) v+ TG(¢,\) =0, A=1/v.
By the regularity results mentioned above, we find G(¢, ) € W-1%3(Q) for
g € W%3(Q),and G(¢, \) € H'{(Q) forg € H(Q).

Let V,, 0 < h < h,, be a family of finite-dimensional subspaces of HZ(2) with
the following approximation property:

For u € HZ(2) N W3*9(Q) there exists u;, € V, with
(46) ||u - uh" wkr(Q) < Ch3_k_2(1/‘7_1/”)||ul| w9(Q)»
0<k<21<g<p< o, where Cis independent of u and h.

Remark 4.1. Approximation property (4.6) is typical for conforming finite element
subspaces with respect to regular triangulations of € with mesh size 4 > 0. (See
Ciarlet [3], for example.)

The operator T,,: W — V), is defined by

T,f=u,€V, if(Au,, Ap) = (f,p) foralle € V,.
The discrete analogue of Problem (4.5) is
(4.7) Yy + TG (¥4, A) =0
To apply the general theory of Section 2 we need the following lemmas.
LEMMA 4.2. The estimate
(4.8) IT = Tleqw. v, < ChV2
holds with C independent of h.

Proof. Let f € W be given. By definition we have
(u—uy, 2)
”(T - Th)f”V = sup "Z” : .
zew-14g) 1w @)

For z € W-1%3(Q) fixed there exists w € HZ(2) N W34/3(Q) such that A’w = z
and

(4-9) "W" wiss(Q) S C"z" w-14/3(Q)
holds with C independent of z. We get
(u—wu,,z)=(A(u—u,), Aw)=(A(u—u,),A(w — ), @€V,
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where we used the defining equations of u and u,, respectively. If w € V, is
especially chosen as the orthogonal projection of w onto ¥V, with respect to the scalar
product (A -, A - ), we get

(8w = u,), A(w = @)) = (Au, A(w = ©)) < Clullga inf v~ ol o
w h

Using the approximation property (4.6) with k = 2, g = 4/3, and p = 2, we find

inf “w w”,,g(m Chl/ ||w“W3"/3(S2)
weV,

By (4.9) and the a priori estimate
“uHHO(SZ) C”f“}r?(a) C”f” wo
we finally get

(T = T) 7l < ChZ2If llw,
and (4.8) is shown. O
Remark 4.2. With the same duality arguments, for f € H ~}(Q) one can prove

(4.10) (T - Th)f”V < Ch3/2||f"n-l(sz)
and
(4.11) (T = Tl < CR2If oy

V = Wl4Q)and H = H(Q).

LEMMA 4.3. Let y be a solution of (4.5) and assume g € W143(Q): i.e, y €
HZ(Q) N W3*3(Q). For allu € Hy(Q) the estimate

(4.12) IDG (¥, M) ullw < CIN Wl wasnallull
holds, C independent of {, \ and u.
Proof. Let v € H}(R) be fixed. Using Lemma 4.1 we have
(G (¥ 1), 0) = A[(4,0 0 = 00) +(¥2 = 93, 0,) = (8,0)],
and, consequently, we find
(D‘J;G("l” }\)u’ U) = A(‘!’xuy + \Pyux’ Uy, — Uxx) + 2}\(4/qu —Y,U,, ny)'
We therefore get
(4.13) (DG (¥, M) u, v)| < CIN ¥l yio ey l0ll iz @1l ey -
By Sobolev’s imbedding theorem we find

”‘P”w‘w(m C"‘l’"w“ﬂ(m,

together with (4.13) we get (4.12). O

Now let (¢4, Ay) be a solution of (4.5) such that (2.3) and (2.6) hold, and let
(¢ (1), A(1)) and (¢,(2), A,(2)) be branches of solutions of (4.5) and (4.7), respec-
tively, according to Theorem 2.1. For simplicity we assume g € H }(Q), ie.,
V(1) € HH(2) N H3(Q). Then we get

THEOREM 4.1. For |t| < ty, h < h the estimate
(4.14) [ (8) = ¥ () wsscar + AP (1) = N2(1)] < k2,
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k € N, holds. Moreover, for k = 0,

(4.15) o (2) = ¥ (Dllyea) + N (1) = X, (2)[ < Ch?
holds.

Proof. (4.14) is a consequence of Theorem 2.1, Lemma 4.2, and estimate (4.10).
Lemma 4.3 shows that Assumption (2.8) of the general theory is fulfilled for p = 2;
(4.15) therefore follows by Theorem 2.2, (4.10), and (4.11). O

Remark 4.3. Estimates analogous to (4.14) and (4.15) can be derived if only
g € W1%3(Q) is assumed.
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