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Cosine Methods
for Second-Order Hyperbolic Equations
With Time-Dependent Coefficients*

By Laurence A. Bales, Vassilios A. Dougalis and Steven M. Serbin

Abstract. We analyze efficient, high-order accurate methods for the approximation of the
solutions of linear, second-order hyperbolic equations with time-dependent coefficients. The
methods are based on Galerkin-type discretizations in space and on a class of fourth-order
accurate, two-step, cosine time-stepping schemes. Preconditioned iterative techniques are used
to solve linear systems with the same operator at each time step. The schemes are supple-
mented by single-step high-order starting procedures and need no evaluations of derivatives of
operators. L2-optimal error estimates are proved throughout.

1. Introduction. In this paper we shall study efficient, high-order accurate methods
for the approximation of the solutions of linear, second-order hyperbolic equations
with time-dependent coefficients. We shall use Galerkin-type discretizations in the
space variables and base the time-stepping scheme on a class of fourth-order
accurate, two-step methods generated by rational approximations to the cosine; cf.,
e.g., [3], [4] for the case of time-independent coefficients. The implementation of
these “base” schemes requires solving linear systems of equations with operators
that vary from time step to time step. Following Douglas, Dupont and Ewing, [9],
and Bramble and Sammon, 7], we shall modify the schemes by using preconditioned
iterative methods for the approximate solution of the linear systems and thereby
only solve linear systems with the same, time-independent operator at every step. If
k is the time step, we show that solving O(In(k ~!)) systems at each time step suffices
to preserve the overall accuracy and stability of the base schemes.

Preconditioned iterative techniques have been used for second-order hyperbolic
problems already by Ewing in [10], where a nonlinear equation is solved by a
second-order accurate, two-step time discretization. In addition, one of us, [5], [6],
has used such techniques coupled with up to fourth-order accurate single-step
discretizations for the problem (1.1) below, written in first-order system form, cf. [2].
These single-step schemes are based on rational approximations to e'* and give rise
to quite different time-stepping methods from the ones that we study here. In this
paper we take a different approach, discretizing the second-order equation without
reducing it first to a first-order system. Qur two-step schemes require then, as
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starting values, not only an approximation of the solution at z = 0 but also at 7 = k.
We supply the latter by using one step of a particular scheme from those analyzed in
(5], [6].
We now introduce the problem to be considered. Let Q be a bounded domain in
N with sufficiently smooth boundary 92 and let 0 < t* < co. We shall approxi-
mate the (real-valued) solution u = u(x, t), defined on € X[0, 7*], of the initial- and
boundary-value problem

u,=-L(t)us= Z o (a,/(x t)a )—ao(x,t)u in Q x(0, t*],

i,j=1

(1.1) {u(x,t)=0 on 32 x (0, t*],
u(x,0)=u%x) inQ,
u,(x,0)=u(x) inQ.

Here a;;(x, t) and a,(x, t) are sufficiently smooth real-valued functions defined on
© X[0, *], such that the matrix {a;; } N1 is symmetric and uniformly positive-defi-
nite and a, is nonnegative on £ X[0, *]. u°(x) and u°(x) are given initial data
defined on €.

For integer s > 0, H* = H*(Q) will denote the usual Sobolev spaces of real-valued
functions on © with norm || - ||,. The inner product on L? = L*(2) = H is denoted
by (-, -) and the associated norm by || - ||. As usual H! = H'(Q) is the subspace of
functions in H! that vanish in the sense of trace on 9%.

We shall assume that the operators L(¢) defined by (1.1) form, for ¢ € [0, z*], a
smooth family of unbounded selfadjoint elliptic operators on L?> with common
domain D, = H? N H' and a smooth family of bounded operators from H'*2 N D,
into H' for each / > 0. For integer j > 0 we calculate LY)(¢) = (d/dt)’L(t) by
differentiating the coefficients of L with respect to z. It follows that for j, / > 0,
L%(¢) are also bounded operators from H'*2 N D, into H'.

We shall need the following regularity result for the solution of (1.1). For integer
i>0]letu=(3/0t)'u. Let uy = u° u; = u? and, for integer i > 2, define u,, the
ith time-derivative of u at t = 0 obtained by differentiating u,, = —L(¢)u, by

= z ( ) Loy,

Ifforp, >0, wherep+m>2, u,€D forO0<j<p+m-2andu, , €
H', then it is proved, e.g. in [5], that there exists a unique solution of (1.1) such that
utrtm=2e p, uP e H™ for t € [0, t*] and that there exists a constant C > 0
such that for t € [0, 7*]:

(1.2) a2 ()] < C(Iullp+m + ]« m—1)-

In sequel by assuming smooth and compatible data u°, u?, we shall mean that u°
and u? are such that (1.2) holds for appropriate p and m. As is customary, we shall
use throughout the paper the symbols C, C;, C’ to denote generic positive constants,
independent of the discretization parameters and the solution u of (1.1).
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We shall let T(t): L? - D, denote the solution operator of the elliptic problem
Lw = fin Q; w = 0 on 0Q. Consequently, we have L(¢)(T(¢)f) = f for f € L% For
[ > 0, T(t) is then a smooth family of bounded operators from H'into H'*?> N D, .
If we put TY)(¢) = (d/dt)’T(t) we have for ¢t € [0, t*],

(1.3) LY()T(t) = -L(t)TV(z) on L?,

TO(t)L(t) = -T(¢t)LV(t) onD;,.
By induction it follows that, for each j > 0, T")(¢) is a smooth family of bounded
operators from H'into H'*> N D, for [ > 0.

For the space discretization of (1.1) we shall assume, cf. [7], [5], that we have a
family of finite-dimensional subspaces S, of L2 associated with a parameter
0 <h <1, and a corresponding, sufficiently smooth for z € [0, ¢*], family of
bounded operators T,(¢): L* - S,, which are selfadjoint positive-definite on S,
positive semidefinite on L?, and approximate T(¢) in the following way: there exists

an integer r > 2, such that, for each j > 0, there exists a constant C( j), independent
of h, such thatfor0 < /< r — 2,

(1.4) (T = T2 () f < R3Sl for £ € [0, £*],

if f € H'. Here T\’ = (d/dt)’T, as usual. We define, on S,, L,(t) = (T,(¢))"! and
put L$) = (d/dt)’L,. We assume that given j > 0, there exists a constant C(j),
independent of 4, such that

1.5) (L ()¢, ¢)|< C()(L(s)9. ¢) ford €S, 1,5 €[0,1*].
It follows by the symmetry of L{’ and Lemma 2.1 of [6] that, for j > 0,

(1.6) (L (1), )| < CUNLa(s) b, ) *(Ly(s)¥, ¥)"*
' forg,y € S,,t,5 € [0, t*].

Many well-known Galerkin type methods, including the standard Galerkin method
on S, C HY, satisfy the above conditions. For examples and verification cf., e.g., [8],
(1], [5].

We shall also assume that L, satisfies an inverse property, namely that there exists
a constant C,, independent of 4, such that

(1.7) (L,(1)$,8) < Ch2o|” foré e S,, 1€ [0,*].

(1.7) has a number of useful consequences. One may show, cf., e.g., [11], [5], that it
implies that for j > 0 there exist constants C(j) such that for s, t € [0, £*],

(1.8) IO T T () L (1) Pl < €()),

where P: L? > §, is the orthogonal L,-projection operator onto S,. In addition, it
follows from (1.7) that forj > 0,

(1.9) L ()Pl < C(j)n~2,  te[0,1*],
and

(1.10) 1L (1) < C(H)IIL,(s)¢| fore € S,,s,1 € [0, *].
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To approximate the solution of (1.1) one may define as an intermediate stage the
semidiscrete approximation u,: [0, t*] — S, that satisfies (with D, = d/dr)
(1.11) Druy(t) + L,(t)u,(t)=0, te(0,¢*].
If (1.11) is supplemented with suitable initial data u,(0), D,u,(0), it may be shown,
cf. [5], that ||u,(t) — u(2)|| = O(h") for ¢t € [0, t*]. We shall not use the semidiscrete
approximation at all in this work, except in order to motivate the time-stepping
schemes.

Our full discretization of (1.1) will be based on real-valued rational approxima-
tions r(x) to cos x for x € R!, cf. [12], [3], [4]. The rational functions that we shall
consider are of the form

1+ px?+ pyx*

r(x) = )
(1.12) 1+ q1x2 + q2x4

with1 + ¢;x? + ¢,x* > 0 for x € R' and ¢, # 0.

We assume that r(x) is a fourth-order accurate approximation to cos x, i.e., that it
satisfies, for | x| sufficiently small,

(1.13) |r(x) — cos x| < CxS.
We shall also assume that the “stability condition”

(1.14) lr(x)]<1 forx €R,

is satisfied.

As a parenthetical remark we should note here that the convergence analysis of
Sections 2-5 can be applied (with obvious modifications, although we shall not state
a formal result) to the much easier case of rational approximations of the form
r(x)= 1+ p;x?)/(1 + q;x?). These lead, in general, to second-order accurate
schemes with the exception of the case ¢, = 1/12, p; = -5/12, corresponding to the
Stermer-Numerov method, which is fourth-order accurate but satisfies (1.14) only
for |x| sufficiently small. Our analysis can also be easily extended to cover, under
stability restrictions on the discretization parameters of the form “kA~! small”,
“conditionally stable” methods, i.e., cases for which (1.14) holds for |x| < @ < 0.
However, it seems that our analysis cannot be extended, without restrictions of the
form “kh~“ small”, & > 1, to methods that result from rational functions r(x) with
even polynomials of degree higher than four as their numerator or denominator.
Similarly, we do not treat the case of special methods of the form (1.12) of order
greater than fourth (there exists a one-parameter family of sixth order and one
eighth-order method that at most satisfy (1.14) for small |x|—if they do so at all—),
since such methods would require appropriate higher-order single-step starting
procedures for which no theory is available without similar restrictions on k and A.

We turn now to a more detailed description of the rational approximations that
satisfy (1.12)—(1.14). It is not hard to see that fourth-order accuracy, i.e., condition
(1.13), implies that the coefficients p,, p, must be related to ¢;, ¢, by the equations

(1.15) P=q —1/2,
(1.16) Py =q,— q./2 + 1/24.
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FIGURE 1
Stability region for q,, q,

A straightforward elementary analysis shows now that if p,, p, are given by (1.15),
(1.16), then (1.14) is equivalent to the condition

(1.17) (91 92) ER,

where the region %, a subset of the g;, g, > 0 quarter plane is shown in Figure 1. We
put
R=RUOR and 0R=0R, U IR, VU 0%, U{A} U{B},

where 4 = (1/4,1/24), B = (1/12,1/144), 0%, = {(¢1,4,): ¢, > 1/4, q, =
(g, — 1/12)/4}, 3R, = {(q1, 42): ¢ = 1/12, q, > 1/144}, 3%, = {(q1, 9,):
g, = (g7 +q./2—1/48)/4,1/12 < q; <1/4}. In Z we have |r(x)| < 1 for x €
R'. In particular, in # we always have -1 + 8§ < r(x) <1 for some 8 > 0 for
all x €R' and also lim,_,,|r(x)| <1, while lim,_,r(x)=-1 on 32,
lim,_ r(x) =1 on d%,, whereas on d%;, r(x,) = -1 at x, = +(8/(1 — 4¢,))"/%
For further reference we also note that if (1.15) and (1.16) are satisfied, then the
following hold:

Pyt 4q,>0, 4, —p,>0 inZ,
¢,-p,>0 in®, ¢q,—p,=0 ond#,U{B},
P+ 49, =0 ondR, U{A4},

g+ pr=(q +p))°/8 ondR, U{4} U{B)}.

Many useful schemes are associated with rational approximation r(x) that satisfy
(1.15)-(1.17). For example, the point B represents the approximation to the cosine
obtained as the real part of the (2,2) Padé rational approximation to e’*. The special
approximations r(x) with denominators (1 + Bx?2)2, B > 0, considered in [3], [4],
that are especially effective for problems with time-independent coefficients, corre-
spond to g, = 28, g, = B? (with p,, p, given by (1.15), (1.16)), i.e., lying on the
parabola ¢, = q2/4 which crosses 3%, and lies inside Rforq, =28>1/2+1/V6.

(1.18)
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To discretize now (1.11) in time, we assume that u,(7) is sufficiently smooth, let
k > 0 be the time step and put t" = nk, n = 0,1,2,...,J with ¢t/ = ¢* for simplicity.
The fully discrete methods generated by the rational approximation r(x) to cos x,
henceforth referred to as “cosine methods” may be derived as follows. If we
approximate cosh z = cos(iz) by r(iz) in the formal expansion y(t"*1) + y(t" 1) =
2cosh(kD,)y(¢") and replace y(¢) by u,(t), we obtain, from (1.12) and (1.13), for
l<sn<gJ -1,

(1.19) (I = qk®D} + qok*Df)(uj ™! + uj™)
' = 2(I = p,k®D? + p,k*D)up + O(k*u®).

In (1.19) and in sequel, we let y" = y(¢"), 0 < n < J, and y? = D/y for a smooth

function y(¢) defined on [0, #*]. Now, differentiating (1.11) yields

(1.20) (1) = (L (1) = LP(1))u, (1) = 2LP (1) ufP(1).

Introducing the polynomials g(7) = 1 + ¢,7 + ¢,7% p(7) = 1 + p;7 + p,7? and the
notation L,(t") = L?, LY(t") = L{’" for j > 0, Q" = q(k>L}), P" = p(k*L}) for
0 < n < J, we obtain, by (1.19) and (1.20), for 1l < n < J — 1,

Qn+1u’r:+1 + Q"_lu;,’"l _ 2P"u,’,’ R
— k“qz(Lﬁ,z)"“u,',’“ + L%Z)n—lu;;—l _ 2L$'2)nu;:)

(1.21) +2k4q2(L21)n+1u;,1)n+1 + L1y W1 2L$'1)nu§,1)n)

1 n n
+k4(q1 - 1-2—)(L§,2>"u;: + 2L ud") + O(koul®).

Since we are interested in fourth-order accurate methods, i.e., of O(k®) local
accuracy, we see that the first two terms in the right-hand side of (1.21), being of the
form Ck*(v"*! — 20" + v"~ 1), v smooth, may be dropped without affecting accu-
racy. We also want to compute with a scheme that involves only approximations to
the values of u] and not of its derivative u§"". We shall therefore replace, in the last
term of the right-hand side of (1.21), u{V" by its O(k?) backward-difference
approximation:

1 n n— n n n— n,.n
;(”h —up )+ Sudn = jg(uh —upt) = 5 Lyuj,
where we have used (1.11). Thus we arrive at the following fully discrete scheme for
the approximation of u”, 0 < n < J, where u is the solution of (1.1). For U° U*

given elements of S, that will be constructed in sequel as suitable approximations to
u(0) and u(k), we seek {U"}]_, in S, as solutions of the equations

Qn+1Un+1 + Qn—lun—l —2P"U"
1 1 — k nrrn
= k4(q1 - E){L;Z)"U" + 2L$,1>"[;(U" - U -3 LU ]}

(1.22)

l<sn<J-1.

Due to the positivity of g(7) for 7-> 0, the selfadjoint operators Q" are positive-
definite on S, for 0 < n < J. Hence (1.22) possesses for eachn, 1 <n<J —1, a
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unique solution U”*! in §,. The scheme (1.22) will be referred to in sequel as the
base scheme. In Section 2 we shall study its consistency and stability. It will follow
from Theorem 2.1 that, if (1.15)—(1.17) hold, then, under the conditions that k™! be
bounded as k, h — 0, if (¢, q,) € 3R, U 3R, U { A}, kh™! be appropriately small
if (41, ¢,) € 9%, U { B} and unconditionally otherwise and if u°, u? are sufficiently
smooth and compatible,

(1.23) max lu" — U"|= O(k* + k") + !

holds. Here ¢*! is an error term that depends on the choice of the initial data
U°, U!. This choice is discussed in Section 3 where it is shown that if U is defined
as the “elliptic projection” of ¥° and U! is constructed by means of a single-step
method from those analyzed in [5], [6], then, for u° u? sufficiently smooth and
compatible, the optimal estimate e>! = O(k* + h") holds as well.

Solving for U"*! by (1.22) necessitates inverting, for each n, the operator Q" *!
that varies with n. Using preconditioned iterative techniques, following [9], [7], we
show in Section 4 how to modify the base scheme so that the resulting method needs
solving O(In(k~!)) systems with the same operator for every n, and preserves the
optimal error estimate. The starting scheme used to compute U! may be also
similarly modified so that the overall method will be quite efficient.

In (1.22) we note that in general (i.e., for cosine methods with g, # 1/12), we
need to calculate, for each n, the time-derivatives L{’", i = 1,2, of the operator L,.
To avoid such calculations, we replace in Section 5 these derivatives by centered-dif-
ference quotients that involve only values of L} for 0 < n < J. (The same thing is
done in the starting scheme that defines U!; however, the computation of L{° is
needed.) We prove optimal-error estimates for the resulting method that is then
coupled with preconditioned iterative techniques for solving the attendant linear
systems at each time step.

2. Consistency and Stability of the Base Scheme. For easy reference we rewrite
here the base scheme (1.22) as follows. Given U% U! in S,, we seek {U"}/_, in S,
satisfying, for 1l < n<J — 1,

yn(Un) = Qn+lun+1 + Qn—lUn—l —2P"y"

2.1
( ) _k4(q1 _ _1']:2—)[1‘512)"(]” + 2L$,l)n(%(U"— Un—l) _ gLZUn)]=O

We shall compare U” with the “elliptic projection” W" of u”, which is defined as
follows. Let P,(t) = T,(¢t)L(¢t): D, — S, for t € [0, t*]. As is well-known, it follows
from our assumptions thatif v € H'*2 N D, for some 0 < / < r — 2, then

(2.2) lo — Po|| <|lv — Pyoll < CR'*?|o)li+2 fort € [0, t*].

Let W(t) = P,(¢)u(?). Then, it is proved, e.g., in [7], [6], thatif m > 0,0 < /< r — 2
and u°, u? are sufficiently smooth and compatible, then

(2.3) lut™ () = w(1)]| < COmYR*2(Jullmers2 + 4l 121)

fort € [0, t*],



72 LAURENCE A. BALES, VASSILIOS A. DOUGALIS AND STEVEN M. SERBIN

and that it follows from (1.8) thatif m > 0
24) L)W ()| < C([ulmra + |40)ry) fore,s e [0, e*].
In view of (2.3) we shall be interested in comparing U" with W". Let E" = U" —
W". Then (2.1) yields the following error equation for the base scheme
(2.5) FE™) = =L"(W"), l<n<J-1
To estimate E” we first investigate the consistency of the base scheme. To this effect

we state the following lemma, whose proof follows easily from Taylor’s theorem and
(1.13) (i.e., (1.15) and (1.16)) and (1.2).

LemMMA 2.1. Let u° u® be compatible with u® € HS, u® € H5. Then for some
constant C, independent of h, k, and u,andforl < n<J -1,

'lq(—kZth)(un+1 + un—-l) _ 2p(—k2D,2)u"”
<k sup  [uO(n)] < k(e + ). ©
I"_l<‘r<t"+1

For the proof of the main consistency result we shall need the following technical
fact.

(2.6)

LEMMA 2.2. Let v € H' for some 0 <1< r— 2. Then, for j =1,2 there exist
constants C( j), independent of h and v, such that

([T (1) = L2()T(0)] 0, 9)]
< C()R L, (1) o] ford € S,,t € [0, *].

Proof. Suppressing the dependence on ¢ we have for j = 1 and ¢ € S, using (1.3),
its T}, L,-analog, (1.4) and (2.2), that

(LT, — LOT) v, ¢)| =|((T® - T,LT®) v, L,o)|

(2.7)

< ("(Th(l) - Tm)”” + ”(1 - P,)T(l)v”)llL,,cp” < Ch'* 2ol ILso).-
For j = 2 we note that differentiating (1.3) and its 7}, L,-analog yields on H'
LPT, — LOT = 2( LT, LPT, — LOTLOT) —(L,T® — LT®)
= 2LOT, (LT, — LOT) + 2(LPT, — LOT)LOT — (L, TP — LT®).
It follows from (2.7) forj = 1, (1.10), (1.4), (2.2) forv € H', ¢ € S,, that
((LPT, - LOT )0, 9)]
=2((LPT, - LOT)v, T,LPs) + 2((LPT, — LYT)LOTv, ¢)
-((1®-T1®)0, L,p) - ((I - P,)T®v, L,p)|
< Ch"* |l JL,0l. O
We now come to our main consistency result.

PROPOSITION 2.1. Let u® u? be compatible with u® € H* and u? € H*™!, p =
max(6, r + 2). Then, there exists a constant C, independent of h, k and u, such that for
oS, l<sngJ-1, '

(2.8) |[(£"(W"),¢)l< Ckz{k“(llu"lls +]|ul)ls) + A (Ju) ez + Ilu?llm)}
x{llo |l + k2 Lje] }-
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Proof. From (2.1) we have
F(wn) = (‘W”"l —2Wr+ Wl
+k2(q LWt + q LW = 2p LW
(2.9 +k4(q2(L;',+1)2W”+1 + qz(Lz—l)zwn—l _ 2P2(Ln)zwn)
—k“(ql - %){Lgbnwn + 2L§,1)”[%(W" wrl) - L"W”]}
l<sn<J-

Now, for v: [0, t*] = H/,j > 0, it follows that

o+t = 207 + 071 =||[* (k —|e)o®@ (s, + 1) dr
-k /

(2.10)
<k sup  [o@(7)];.
t"_l<‘r<t"+l
It follows then from (2.10) and (2.3) for 1 < -1,¢ € §,, that
(Wn+1 — W + Wn_l,(f))
— Wn+1 _ un+l —AW" — un) + Wn—l __ un—l,d)
(2.11) ( ( )

+(un+1 —2u" + un—l’¢)
< (u = 2um + w1, ) + CEPh (%2 + 6?00 ) I -

Since L,W = —Pu® we have,for¢ € S,,1 <n<J -1,

(2.12) (@Lyt' Wt + Ly W=t = 2p LiW", ¢)
- _(qlu(z)n+1 + qlu(Z)n—l _ 2P1u(2)n’ ¢).
The analog of (1.20) for u, L and (1.16) yield now, for1 < n < J — 1,
n 2 n n— 2 n— n 2 n
G (L3 ) Wt + g (L) Wt = 2py(Ly)'W

12
— P(qzu(4)n+l + qzu(4)n—1 _ 2p2u(4)n)
+q2[(L2+1)2W"+1 _ P(Ln+l)2un+1]

iy el e

_(ql 1 ){L(Z)nwn + 2L(1)"[ (Wn — Wn- 1) ____ann]}

1

73

1.

"2P2[(L )wr - P(L")zu"] —-(ql 12)(L(2)"W"— PLO"y")

1

_2( q; — B ){L(l)n[ (W" — wnr- 1) —L"W"] L(1),,u(1),,>

+q2P[(L(2)n+lun+l + L(Z)n—lun—-l _ 2L(2)nun)
+2(L(1)n+lu(1)n+1 + L(l)n—lu(l)n—l — 2L(1)nu(1)n)].
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Since LW — PL*u = —-L,(P — P;)u®, we have, using (2.2), (1.2), (1.10) that for
1<n<J—1,¢ES}p
l(qz[(L:+1)2Wn+l _ P(Ln+1)2un+1]
n—1\2yp n— n—1\2, n—
+a| (L)Wt — P(L71) )
n 2 n n 2 n
= 2p,[(Ly)' W - P(L")ur], 6|

< CH ([1uOr+2 + 2] 1) 1L58-

By (1.1), LPW — L@u = (LPT, — L®T)u®. Then, Lemma 2.2 and (1.2) give
forp € S5,,0<n</J,

(2.15) |(L@"w" — PLO™um, ¢)| < Ch7([[ull + ]|, —1)IL58]-
We also obtain for1 < n < J,

(2.14)

Lgll)n[%(wn _ Wn—l) _ gL:W"] _ PL(l)nu(l)n

(2.16) = LE""P[%L’"_I (wO(7) —uM(1)) d'r} + L{P"pz"
+L§,”"Pu(”'" — PLOnyOn

where

(2.17) "= %(u" — ) — O 4 gu@)n.

Now (1.8) and (2.3) give, forp € S, 1 < n < J, that
l(Lg})nP[lf’" (WO(r) - u®(r)) df], ¢)
k tn—l

(2.18) <|TrLPrp| sup W O(r) = u® ()| IL70]
I"—IQTSI"
< Ch' ([l 1 +Ju?]l, ) IL591.
Since Taylor’s theorem and (2.17) give fori = 2,3, m > 0,1 < n < J, that
lz%lm < C(i)k™t  sup  |Ju®(7)]|n»

l"_IS‘rSI"

we obtain by (1.8), (1.2), (2.4) for ¢ € S,, 1 < n < J, that

|(LP2", )| = [(LP" [T7L" + (P = P)] 2", )
(2.19) <Lz ol + | TrLsP P (P — Pr)z"| |Ligl
< (s + ulll)lo |+ Creh(lu®llrs2 + ], ) IL5]-

Now, since on D;, L{PP — PL® = LO(P — P)) + (LT, — PLOT)L, it follows
by Lemma 2.2, (1.8), (2.2), (1.2), for¢ € §,,0 < n < J,

(220) (P Pu®" — PLO"u®" ) < Ch7([[u%]+1 + ||l ) IL59]-

Finally, by (2.10), (1.2) itis seen that, for¢p € S,, 1 <n<J — 1,
l(L(Z)"“u"“ + L(2)n—1un—1 _ 2L(2)nun

(221) + 2[L(1)n+1u(l)n+l + L(l)n—lu(l)n—l _ 2L(l)nu(l)n], ¢)|

< Ck2([ulls + ¥ ]
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Hence, by (2.9) through (2.21) it follows that for¢ € S,, 1 <n < J — 1,
(" ("), )| <[(g(-,>D2)(w"** + u"Y) = 2p(-k2D?)u", ¢ )]
+ Ch2h (a2 + 0], Hll9 |+ (1ol + laa] ) K2 L0
01— 15 ({0l o2 + ], K20
+ 14 (lulls + ) ol

+ Claalk*(J1ulls +[Jull) o I

(2.8) now follows from (2.6).

Remark. (2.22) was written to encompass all fourth-order schemes including the
Stermer-Numerov method, which corresponds to p, = ¢, =0, ¢, =1/12, p, =
~5/12 and therefore has no || L}¢|| term in the right-hand side of (2.8).

We now prove the main result of this section, namely a bound on E" = U" — W",
obtained by the energy method.

(2.22) e

THEOREM 2.1. Let U°, U* be given elements of S, and let {U"}?_, be the solution of
(2.1). Let (q,, q,) € Zand if (q,, q,) € 0 assume in addition that

(2.23) kh™' <X, forany constant A > 0,if (q,, q,) € 0%, U 3R, U {4},

and

(2.24) knt < [CI(% - ‘11)]_1/2’ with Cyasin (1.7), if (q,, 9,) € 3%; U{ B}.

Then, for compatible u° € H*, u? € H* ' with p = max(6, r + 2) and for k suffi-
ciently small, there exists a constant C, independent of h, k, and u, such that for
O0<nglJ,

a5y TETI<IEN+ Choleo
+C{ k(s + ) + A (Nl 2 + ], 11)
where
e =|E! — E0||2 + kz( q; '2‘171 )(Llh(El + E9), E' + EO)
(2.26) +k2(%ﬂ)(L;(El — E°), E' - E°)

+k4( 9> ;Pz)“l}h(bﬂ + EO)”2 + k4( ‘12;P2)||L1h(E1 _ EO)“2'

Proof. Taking the L*inner product of both sides of (2.5) with E"*1 — E" ! for
1 < n < J - 1 and using the symmetry of Q/, P/ we obtain
(Qn+1En+l’ En+1) _(Qn—lEn-—l’ En*l) _((Qn+1 _ anl)En%—l’ En~1)
(227) _2[(Pn+1En+l’ En) __(PnEn’ Enfl)] + 2((Pn+1 _ Pn)En+1’ En)
- (An’ En+1 _ En—l) _(yn(Wn)’ En+1 _ En'—l)’ 1 <ng J — 1,

where, for1 < n<J -1,

1 )k4{L(h2)nEn + ZLEII)n[%(En _ Enfl) _ gLZEn]}

(2.28) A E(ql—ﬁ
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Summing (2.27) fromn = 1ton = [,1 < I < J — 1 and rearranging, yields

%((Ql+1 _ Pl+l)(El+1 + EI),EI+1 + EI)
+%((Ql+l + P1+1)(EI+1 — E’),El+l _ El)
= (@' - P')(E' + E®), E' + E°)
+3((Q'+ P')(E' - E°), E' - E°) = ((Q" - Q°)E°, E°)

!
+((Ql+l _ Q[)EI, EI) + Z ((Qn+1 _ Qn—l)En+1’ En—l)
n=1

! !
-2 Z ((Pn+1 Pn)En+l E" ) Z (An, En+1 _ En—l)
1 =1

l
Z (y (Wn En+1 _ En—l),

n=1

which, upon expanding the polynomials Q”, P" and using (2.26), may be written as

|E+Y — E’||2 + kz(ql _pl)(L’,,“(E’“ + E), EM1 4 E’)

2

(B e - 29,50 59

+k4( q, ;Pz)”L;;H(EH-l " E’)Hz " k“( 9, ;PZ)”LTI(EHI _ El)"2
= e%1 — qk?((L} — LY) E®, E°) — gok*([(L3)" - (£9)"] E°, E°)

+qk (L — L) EY EY) + gok([(L) - (L)] £, EY)
!
+q1k2 E ((LZ+1 _ Lz—l)En+l, En—l)

(2.29) =

—2P1k2 E ((LZ+1 _ LZ)E"+1, En)
n=1
!

+ gk Y ([(L2+1)2 _(LZ—1)2] En+1 En—l)

n=1
!

—2p,k* Y ([(LZH)Z _(LZ)Z]En+1’ E")

n=1

/
+ Z (An, En+1 _ En—l)
n=1

!
- Y (W), E"'—E™Y), 1<i<J-1
n=1

From (1.5), (1.6) it follows that for0 < m, n, i, j < J, ¢, ¥ € S

1/2

(2.30) I((Ly = L2)é, ¥)| < Clm — nlk(Lip, ) *(Liv, ¥)
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Hence, for 1 < / < J — 1, (2.30) and the arithmetic-geometric mean inequality yield
~qk>((L} — LY)E®, E°) + ik*((L}"* - Ly E', E')

!
+q1k2 Z ((L;:+1 _ Lz—l)En+1, En—l)
n=1
!
_2p1k2 Z ((LZ+1 _ LZ)E”+1, En)
(2.31) T
< Ck3 Z [(LZ+1En+1, En+1) +(L2+1En,En)]
n=0
!
< Ck Z kz[(LZ+1(En+1 +En), En+l + En)
n=0
+(LZ+1(En+1 _ En), E"tl — En)]
Also, for 0 < m, n, i, j < J and ¢, ¢ € S, it follows, as in (4.6) of [7], by (1.8) and
(1.10) that
(232) ([(zm? = (L3)] 6, ¥)| < Clm = nli|Lig] |1L34]-

Hence, (2.32) and the arithmetic-geometric mean inequality give
k(L) = (£9)°] B E°) + qak*([(2ir) —(L3)] ', EY)

fat T ([ - ()] )

n=1

/ , i
(2.33) —2pk* ¥ ([(L;',“) —(L}) ]E"“, E")

n=1

/

<CkY ("L2+1En+1"2 +"L2+1En”2)
n=0
/

< Ck E k4(|lL2+1(En+l + En)”2 +IIL2+1(En+1 _ En)”z)
n=0
Also, by (2.28), (1.5), (1.6), (1.8), (1.10) we obtainfor1 < I < J — 1,
/

Z (A",En+l _ En—l)
n=1
/

< Ck4 Z [(LZ+1En, En) +(LZ+1En+1, En+l)]
n=0

/
+ K3 E [(L2+1En,En) +(LZ+1E"+1, En+1)]
n=0

2.34 !
(2.34) +Ck* Y Ly E" | TrLP Pl |IL3(E"+t = En7Y)]|

n=1

!
< Ck Y K*[(Ly*YE™' + E"),E"*' + E")
n=0

+(LZ+1(E"+1 _ En)’ En+1 _ En)]

!
R (7 RNy S P Ry
n=0
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Finally, defining
(2.35) oin = k4l + [uflls) + 2 (he®ll 2 + [fe?

r+1)’

we have, by (2.8), (1.10) and the arithmetic-geometric mean inequality

/
_ E (yn(Wn)’En+l _ En—l)
n=1

!
< Z CkZO,k‘h(”En+1 _ En—1”+ k2||L;:+1(E"+1 _ En—l)“)
(236) =1 /
/
< Ck%2, + Ck Y |E™ - B’ + ck ¥ k4|Lp (B - 7|,
n=0 n=0

1<ig<J-1.

Therefore, it follows from (2.29), (2.31), (2.33), (2.34) and (2.36) that for 0 < / <
J-1,

|E* - E’”Z n kz( 4 ;pl)(L2+l(E1+l + EY), EM 4 E’)
+k2( 4 ;pl)(L2+1(El+l _ EI), E1+1 _ EI)

+k“( q, ;pz)”Lﬁ,“(E’“ + E’)“2 + k4(‘12 ;p2)|IL2+1(E1+1 _ El)”2

/
(237) < e + Ck%?,+ Ck ¥ |E"* — E7)

n=0

4
+Ck E kz[(LZ“(E”“ + En)’ Entl 4+ En)
n=0

+(LZ+1(E"+1 _ E"), En"tl — En)]

/
+Ck X k(L (Bt + BN+ Ly (B - B,
n=0

We now embark upon the stability investigation. We distinguish a number of cases
depending on the position of (g,, ¢,) in £.
Li: (¢,, ;) € #, q, > 1/4. In this case by (1.15), ¢; + p; > 0 and by (1.18) we

see that the coefficients of all terms in the left-hand side of (2.37) are positive.
Applying (the discrete) Gronwall’s lemma to (2.37) yields, for k sufficiently small,

(2.38) IE™t = E"* < C(e + k%2,), O<n<J~—1.
Taking square roots in (2.38) and using the fact that
IE™ < X IE/*! = E/| +|E°, forO<n<J-1,
Jj=0

we obtain (2.25).
Lii: (q,,9,) €%, q, =1/4. Now, since ¢q; + p; = 0, the third term in the
left-hand side of (2.37) is missing. For the analogous term in the right-hand side of
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(2.37) the Cauchy-Schwarz and the arithmetic-geometric mean inequalities yield, for
O0<i<J -1,
!
Ck Z kZ(LZ+1(E"+1 _ E"), E"! — En)

(2.39) n=0

!
2
< Ck Z {k4”L2+1(En+1 _ En)” + ”En+1 _ En”2}
n=0

Gronwall’s lemma may now be applied to (2.37) and (2.25) follows as above.

Liii: (¢,, 9,) € %, q, < 1/4. In this case all terms in the left-hand side of (2.37)
have positive coefficients except the third, since ¢, + p; < 0. However, the Cauchy-
Schwarz and the arithmetic-geometric mean inequalities yield, for any ¢ > 0

kz(L2+l(E,+l _ EI) E[+1 _ E[)
(2.40) Kt 2 g )
< Zl,L2+1(E[+1 _ E[)“ + 5||E1+1 _ E[“ .
It follows that the left-hand side of (2.37) is bounded below by

{1 + (¢ ';l’l)S]”E/H _ E’||2

+k2(41 ;pl)(Lﬁ,“(EIH + El), E*1 + E’)

(2.41) -
+k4(42 . pz)"L’,,”(E’“ + E’)||2

g, + + 2
+k4lq2 5 P> " (‘11 481’1)} 'llLﬁ“(E'“ _ El)“ )
Both the coefficients of the first and fourth term of (2.41) will be positive iff there
exists an € > 0 such that e < -4/(q; + p;) and ¢ > —(q; + p;)/2(q, + p,), i.e. iff
(¢; + P1)* < 8(q, + p,). This holds in the subset of % under consideration since the
equation of the parabolic arc 9%, is 8(q, + p,) = (¢, + p,)* Therefore there exists
a suitable € > 0 such that the coefficients of all terms in (2.41) are positive. After an
estimate like (2.39) in the right-hand side of (2.37) we may apply Gronwall’s lemma
and (2.25) follows.

ILi: (¢, g,) € 0%;. In this case ¢, + p, = 0 from (1.18) and all terms in the
left-hand side of (2.37) have positive coefficients except the last one, which is
missing. For the corresponding term in the right-hand side of (2.37) we have, by
(1.9), (2.23),

! !
242) ek Y kYL E - BN < oxk Y T - B
n=0 n=0
Hence, the application of Gronwall’s lemma is again possible and (2.25) follows.
ILii: (qy,¢,) = (1/4,1/24) = A. Now ¢, + p, = 0, gq; + p; = 0 while ¢, — p, >
0, g, — p; > 0. Using (1.9) and (2.23) we may estimate in the right-hand side of
(2.37), in addition to (2.42),

! !
(2.43) Ck Y k*(L}*NE"™'—E"),E"™'— E") < CNk Y |E™*! - E"||2.
0

n= n=0
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From (2.42) and (2.43) it follows that Gronwall’s lemma may be applied again to
(2.37); (2.25) follows.

III: (qy, q,) € 0%#,. Now ¢, — p, = 0,4, = p; > 0,4, + p, > O but ¢, + p; <0.
It is still possible, since 8(g, + p,) > (¢; + p;)? on 0%,, to repeat the analysis of
case Liii and choose € > 0 that enables us to hide the third term within the first and
the fifth term in the left-hand side of (2.37). Using again (2.43) and the estimate

!
Ck Z k4”LZ+1(En+1 + En)“2
n=0

(2.44) < Ck* i ||(LZ+1)1/2P“2“(LZ+1)1/2(En+1 + E™) 2
n=0

!
< C}\Zk E kz(L2+1(E"+l + En), En+1 + En)
n=0

(which follow from (1.7) and (2.23)), in the right-hand side of (2.37), we are able to
complete the proof of (2.25) in this case as well.

IVi: (g, 9,) € 0%;. Now q; —p; >0, ¢, +p; <0, g, +p,>0, g, —p, >0
but we are no longer able to find € > 0 for which all terms of (2.41) have positive
coefficients since (¢, + p;)*> = 8(q, + p,) on d%,. However, by (1.7)

k2(41 ';'Pl )(Lﬁ,“(E’” — E), El* - E’)

+ 2
> C;(ql 5 pl)%”El+l _ El”2_
Hence, noting, by (1.15), that (g, + p;)/2 = —(3 — ¢;) and using the hypothesis
(2.24) we are able to hide the third term of the left-hand side of (2.37) within the
first. An estimate of the form (2.43) prepares the right-hand of (2.37) for Gronwall’s
lemma and the results follow.

IVii: (¢4, 9,) = (1/12,1/144) = B. In this final case (which corresponds to the
r(x) obtained as the real part of the (2,2) Padé approximant of e*) we have
q, — p, = 0. As in case IV.i we may hide the third term within the first in the
left-hand side of (2.37). Two estimates of the form (2.43) and (2.44) make the
right-hand side of (2.37) amenable to the application of Gronwall’s lemma and
(2.25) follows. O

Remark. Obviously, if (¢,, g,) & 2 but still, e.g., g;, g, > 0, we can, by repeating
appropriate parts of the above analysis handle, under the hypothesis that kh~* be
small, all such conditionally stable cases too, i.e. cases for which |r(x)| < 1 only for
x| < a < co.

3. Starting the Base Scheme. In this section we shall consider the problem of
choosing suitable initial values, U°, U' in S, for the base scheme (2.1), that make
the initial error term || E°|| + Ck ~!|e®!|*/? in (2.25) of optimal order O(k* + A").

Taking U® = W° = T,°L°° will give of course E® = 0. Hence (2.26) shows that
it would suffice to choose U’ so that

(3.1) IEY| + k(LLEY, EY)"? + k| LLEY| = O(K® + kh").
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One way to do this is to choose U! by performing one step of a single-step fully
discrete Galerkin method for the hyperbolic equation (1.1) written in first-order
system form. Such methods (corresponding to rational approximation to e’*) are
analyzed in [5], [6], to results of which we shall frequently refer in sequel.

The specific single-step method that we shall use corresponds to the only fourth-
order accurate rational approximation to e, z € C, with quadratic numerator and
denominator, namely to the (2,2) Padé approximate of e, given by
(3.2) F(z)=(1+2z/2+22/12) /(1 — z/2 + 22/12),
which satisfies, for z sufficiently small,

(3.3) F(z) — e < Clz|’

and is, of course, A-stable. Here, however, we shall only need its stability on the
imaginary axis, i.e., that

(3.4) [7(ix)|]<1 forx € R.

Following now [5], [6], consider the product space S? = S, X S, and the operator on
S? defined by

0 I
20=( 1 of
Define forn = 0,1,2,..., & = &, (1"), L" = Di%,(t"),j > 0, and the operators
on k n k2 n\2 n
2" =1+ 5 +1—2[(.zf,,) + &0,
an k n k2 n\2 n
(3.5) @ =1-320+ (L) +20],
-,k
B =B - L0

It is shown in [5] that, as a consequence of the hypotheses made, e.g., in Section 1,
for k sufficiently small, 4" and #" are invertible. With W = P,u denoting as in
Section 2 the elliptic projection of u, define W " = [W",W®D"]T € §2 and let
' = [U}, U}] € S} be the solution of the system

(3.6) BU =W O.

For ® = [¢,, ,]7 € S? define the norm on S}

1/2
(3.7) @l = (loal” +(T765.62)) . n=0,1,2,....

We are now ready to prove a result that guarantees optimal starting for the scheme
2.1).

PROPOSITION 3.1. Let U® = W% and if %' = [U}, U7 is the solution of (3.6), take
U' = U}. Then, for compatible u® € H*, u® € H*"!, p = max(6, r + 2) and for k
sufficiently small, there exists a constant C, independent of h, k, and u, such that if %!
is defined by (2.26),

(3.8) E®+ ke < c{k*(Iulls +|ulls) + A7(Iurs2 + u2]11) } -
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Proof. We have already remarked that it suffices to prove an inequality of the type
(3.1). It follows from Theorem 4.1 of [6] that under our hypotheses, if §* = #! — #°!,
then

(3.9) 8’6 < Ckoy s,
where o, , has been defined by (2.35). Now, by Lemma 4.1 of [6] we have

(3.10) lisHll, + ezl + &2|(22)’ Y, < cli@& ..
Hence, since E! = E}, where &' = [E}, E}]7, (3.7) and (3.10) give

(3.11) IEY| < Cli#'&||.-
(3.7) also gives that

el =3 + (LiEd, 1),
from which (and (3.10)) we obtain
(3.12) k(LLEY, EY) < C|| 86"
Since (#})%6*! = [-L}E{, -L} E}]7, (3.10) and (3.7) yield
(3.13) k2| LLEY| < CllBE|s.

Therefore, we see from (3.9)—(3.12), that an estimate of the type (3.1) holds. Since
E® =0, (3.8) also follows. O

Combining now the results of Theorem 2.1 and Proposition 3.1 and (2.3) we can
state the following optimal-order convergence result.

THEOREM 3.1. Let {U"}!_, be the solution of (2.1) and U°, U" be chosen as in
Proposition 3.1. Under the hypotheses of Theorem 2.1 there exists a constant C,
independent of h, k, and u and such that for 0 < n < J,

(3.14)  lu = Ul < c{k*(lulls +[|u®]s) + A (1u®llr+2 + [0],.1) } -

4. Preconditioned Iterative Methods. Since the operators Q”*! that multiply U"*!
in (2.1) change at each time step, we shall consider, following [9], [7], preconditioned
iterative methods with suitable starting values to solve the linear systems represented
by (2.1), thus avoiding the repeated work of new matrix factorizations at each time
step.

We specify first desired properties of such methods relevant to our problem. Let H
be a finite-dimensional Hilbert space with inner product (-, -), and norm || - || ; =
(+, )% Let 4 be a positive-definite selfadjoint operator on H and suppose that we
want to approximate the solution of the linear system Ax = b, with b given in H.
Suppose that there exists another positive-definite selfadjoint operator A4, on H (the
“preconditioner”) with the properties that systems of the form A,y = z, z € H are
easily solvable and that there exist constants 0 < A < A, such that

(4.1) Ao(Agz,2) y < (Az,z) y < N (Ayz,2), forz € H.
Then, there are iterative methods, cf., e.g., [1], [9], [7], [6], for solving the system

Ax = b, which, given an initial guess x© € H, generate a sequence {x’} ., of
approximations to x and have the following properties.
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(i) Calculating x»*1, given {x/)}~,, only requires multiplying 4 with vectors,
solving systems involving 4, and computing inner products and linear combinations
of vectors.

(ii) There is a smooth decreasing function p: (0,1] —[0,1), with p(1) = 0 and a
constant C such that

(4.2) l4y2(x = x ) < CLeo/A)] 74> (x = xO) |,

where A, A, are the constants in (4.1). In our application we shall perform at each
step n, 1 < n < J, p, iterations, sufficiently many so that

(4.3) 145> (x = x| < B 4K (x = x)||s

is achieved, where B8, > 0 are small, preassigned tolerances. In general, we shall take

B, = O(k"), v > 1, thus requiring, in general, p, = O(In(k ~!)) iterations for each n.
To use such iterative methods to solve the linear systems associated with the base

scheme (2.1), we shall identify { H,(-, ")y} with {S,,(-, )}, the operator 4 with

Q"*1, and the preconditioner 4, with a selfadjoint positive-definite operator ?Q on

S,, such that for each ¢ € S,,(PQ) ¢ is easy to find and for which there exist

d

constants C, C’ such thatforall0 < n<J—-1,¢ € §,,
(4.4) C(709,4) < (2", ¢) < C'("Q¢, ¢)
is satisfied. An example of such a preconditioner is provided by the following
LEMMA 4.1. Assume that q,, q, > 0. Then, the operator
(4.5) rQ = (I+BkiLS)°, B>0
defines a suitable preconditioner for the iterative solution of the linear systems (2.1) and
satisfies (4.4).
Proof. Let II(x) =1+ x + x2 and I1" = TI(k2L?}). Then, since q;, q,, 8 > 0,
there exist positive constants C;, 1 < i < 4,such thatforall0 <n<J,¢ €S,
C(IT", ¢) < (@9, ) < G,(I1"9, ¢),
G;(11%, ¢) < (709, ¢) < G,(11%, ¢).

(4.3) now follows from the above and (1.5) and (1.10). O
Now with V° V! given elements of S,, let V"*!, 1 <n<J — 1, be the ap-
proximation to the exact solution ¥"*! of

Qn+11’7n+1 =2P"Y" — Qn—an—l
+k4(q1 - %){Lf’"V" + 2L£,1)"[%(V" -Vl - %LZV"]},

(4.6)

obtained by applying p, ., steps of an iterative method, such as the ones described
above, with a preconditioner 7Q that satisfies (4.4), so that, for1 < n<J — 1,and a
preassigned tolerance S, ;, we have

(4.7) I(7@) 27t = vt < B, (PQ) (Pt = vt

Here V;'*! is the initial guess which should be chosen sufficiently close to V" *! so
that the number of iterations to achieve (4.7) is reduced. Since V" is intended to



84 LAURENCE A. BALES, VASSILIOS A. DOUGALIS AND STEVEN M. SERBIN

approximate u” and u(t) is smooth, we shall construct V"*! by extrapolating from
previous values of V. Specifically, we take

TR(V)=vV" for2<n+1<4,

LO(V)=5V"—10r" "1+ 10V 2 — 5y 3 4yt
forS<n+1<J.

The next result shows that such an iterative procedure, with suitable tolerances 8, . ;

(which are in general of O(k*), » > 1 so that p,,, = O(In(k™'))), preserves the

accuracy and stability of the base scheme. In sequel we shall put Z" = V" — W",
O<sn<J.

(4.8) Vgtl=

PROPOSITION 4.1. Let VO, V! be given in S,. For1 < n <J — 1, compute V"*!, an
approximation to the solution V"' of (4.6), by a preconditioned iterative method that
satisfies properties (i), (ii) above when { H, (-, ) 4} = {S,, (-, -)} with a preconditioner
?Q that satisfies (4.4). Then, there is ay > 0 such that if we use

(a) Vg*t = TN (V), given by (4.8), as an initial guess for V"*! and a corre-
sponding tolerance B,,, = min(y, k°)if2 < n+ 1< 4,and

(b) Vgt =T (V), given by (4.8), as an initial guess for V"*' and a corre-
sponding tolerance B, ., = min(y, k) if 5 < n + 1 < J, and, if we assume that (q,, q,)
€ R so that (2.23), (2.24) hold, then for compatible u® € H*, u° € H*™!, p =
max(7, r + 2), there exists a constant C, independent of h, k, u, such that for0 < n < J,

(4.9) 1z7| < 1Z2°] + ck-1[g°]"”
+ (k4 + el + Al + )}

where
(4.10) $O is defined as €% in (2.26) with Z' instead of E', i =0,1.

Proof. The proof is largely identical to that of Theorem 2.1. The error equation is
now, in view of (2.1) and (4.6),
(411) #"(Z") = - (W") + Q" { (V" = V"), 1<sn<J-1.
Taking the L*-inner product of (4.11) with Z"*! — Z"~!, we see that (2.27) holds
with Z" instead of E" and the added term (Q"*}(V"*! — Y+l zn*l — Z" 1) in
its right-hand side. The latter term may be estimated as follows. First note that (4.7),
(4.4) and the triangle inequality imply that thereis a y > 0 such that for 8,,; < vy

(4.12) "(Qn+1)1/2(Vn+l _ [7n+1)||< CB,,+1”(Q"+1)1/2(V”+1 (V) “

where (and in sequel) i = 1 or 5 depending on n as in (4.8). It follows that for
l<sn<gJ-1,

|(Qn+1(Vn+1 _ I7n+1), Zn+l _ Zn—l)|
< ||(Qn+1)1/2(Vn+1 _ I_/n+1)“ |(Qn+1)1/2(zn+1 _ Zn—l)”
< CB,f|(@Y) (27t - 21|

x{[(em1) "z - 12:(2))|

(4.13)

+ @y 2w - o)),
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Now, by (4,8), (1.5), (1.10) it follows that for 1l < n < J — 1,

(414) (@)X (z - 19(2))| < ciinwﬁﬁﬂ—ﬂﬁw

Jj=n—i+2

On the other hand, it is not hard to see, using the Cauchy-Schwarz inequality, (2.3),
(1.2) and (2.4) thatfor1 < n < J — 1,

[(@ 1) *(w= —12,(w))|
(4.15) < clwmt -8, (w)| + ¢k
< G (1l + [lu?ll)-
Hence, (4.13), (4.14), (4.15) and our hypotheses on B, ; imply, for1 < n < J — 1,
|(Qn+1(Vn+1 _ I7n+1) Zn+l _ Zn—l)l

G0 o o=z - cnlit -l

Ln+1 Wn+1 Fyf?l(W))”

Continuing now the proof as in Theorem 2.1 and summing both sides of the analog
of (2.27) with respect ton fromn =1to/,1 < /< J — 1, we see, by (4.16), that the
new term in the right-hand side of the sum, i.e.,

!
Z (Qn+1(Vn+1 _ I7n+1)’ Zn+1 _ Zn—l),

may be bounded above by terms of the type that already appear in the right-hand
side of (2.37) (with E" replaced by Z" and %! by {%!), with the addition of the
increased regularity term Ck2[k*(||u®||; + ||u?||¢)]% The rest of the proof follows,
mutatis mutandis, that of Theorem 2.1 and the result (4.9) follows. O

Preconditioned iterative methods of the type described above may also be used
to approximate the solution of the linear system represented by (3.6) in such a
way so that the initial error term ||Z°%| + Ck~'[$%}|"/? in (4.9) is of optimal or-
der O(k*+ h"). Following [6] we identify for the purposes of this exercise
{(H,(-, )y} with S? = S, X S,, endowed with the L? X L%inner product which is
denoted by (( -, -)) and defined for ® = [¢,, $,17, ¥ = [¢, §,]7 € S? as

(4.17) ((2,%)) = (91, ¥1) + (2, ¥2).

We put ||| - [Il = ((-, -))*/2 As our system Ax = b we now regard a form of weighted
normal equations for (3.6), namely the system

(4.18) (B)Y* T B U = (BY)* T2 WO,

where (#')* is the adjoint of #' on S? with respect to the L2 X L%inner product
((+, -)) and where Z,° (is not the inverse of %, but) is defined as
I 0

0 =
(4.19) T, (O Tho).
Clearly, with this identification, 4 is selfadjoint and positive-definite on H. As
preconditioner we shall now consider a selfadjoint, positive-definite operator A4,
= P4, defined on S2, such that (?#)!® is easy to find for ® € S? and satisfying,
for some constants C, C’ and for ® € S?,

(4.20) c(*22,9)) < ((#")* 782, 0)) < C'(("%2,®)).
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An example of such a 7% is given by the following result whose proof follows from
Lemma 5.1 of [6].
LEMMA 4.2. For B > 0 the operator
(I+ BKk*LY)’ 0
0 (1+ BK2LY)TMI + BK2LY)

defines a suitable preconditioner for the iterative solution of the linear system (4.18),
that satisfies (4.20).

(4.21) PR =

(It is evident that we intend to take the same B in (4.21) and (4.5).)

For consistency in notation we now let ! (= ') be the exact solution of (4.18)
and ¥"! be its approximation, obtained by applying p, steps of an iterative method
that satisfies (i), (ii) in our present context, with a preconditioner 7% that satisfies
(4.20), so that, for a preassigned tolerance 3;, we have

(4.22) v @) 27 = »Y)| < B||(P2) (7 = v3)|.

where 77! is the initial guess for the iteration. The next result guarantees optimal
rate of convergence for such an iteration in p;, = O(In(k ~')) steps, in general.

PROPOSITION 4.2. There exists y > 0 such that if "' = [V}, V}17 is the approxima-
tion to the solution ¥'* (= ') of (4.18), obtained by a preconditioned iterative method
that satisfies properties (i), (i) above when {H,(:,")y} = (S (-, "))} using a
preconditioner % satisfying (4.20), the initial guess ¥} = W ° and a tolerance B, =
mm(y, k*) then, if we take V° = W°and V! = V., we have, for compatible u® € H",
u? € H*" ! u = max(6, r + 2), that there exists a constant C, independent of h, k and
u, such that

(4.23) [Z%+ &7 < c{ k4 (ells + u?lls) + A (s + ulll,41) )
where §°! has been defined by (4.10).

1/2

Proof. We shall just sketch the proof briefly. Define 2! = ¥! — %1, 1t follows
from (3.6) (with ! = ¥°1) that

Iz 2 <[l(#* - &) 2|, + B9 —2°%°|x
+l# (7 = ¥ L.

Now, as, e.g., in Lemma 4.3 of [6], we obtain

(4.24)

(4.25) iz — &) 2l < ckllg' 2.
Also, by Lemma 4.4 of [6] we have the consistency result
(4.26) - ||@wt - °1f/°||1 Ckoy

where o, , has been defined by (2.35). We may also conclude, by methods similar to
those used in Theorem 5.1 of [6], that there exists y > 0 such that, for B, =
min(y, k%),

@2 |87 - ¥, < chllgiz! -+ kS (fule +0]s)-

Finally, (4.24)—(4.27) imply (since Z! = Z}, Z° = 0), as in the proof of Proposition
3.1, that (3.1) holds with Z! instead of E'. (4.23) then follows. O
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The results of Propositions 4.1 and 4.2 may now be combined to give a conver-
gence theorem for the variant of the base scheme that uses ¥'° = W° and precondi-
tioned iterative methods to compute the approximations V" tou”, forl < n < J.

THEOREM 4.1. There exists Y > 0 such that if {V"}!_, are computed by the
algorithms described in Propositions 4.1 and 4.2 and the combtned hypotheses of these
propositions hold, then there exists a constant C, independent of h, k, and u, such that
forO<n<J,

@.28) 7" —wll< { k4 (Jull + uflle) + A (lallvz + ulll,00) }-

5. Replacing Derivatives of L, by Difference Quotients. It is possible to replace the
derivatives L{?", LV" of the operator L, that occur in the base scheme (2.1), if
q, # 1/12, by difference quotients involving values of L} for 0 < n < J. As a result
the computational cost will decrease because, as (2.1) stands now, these derivatives
have to be evaluated at each step for the computation of the right-hand side of the
linear system implied by (2.1). This task may be easily accomplished in our case (of a
linear, time-dependent coefficient problem) by replacing L{V" by, e.g.,

(5.1) 8Ly = (Lp*' - Ly ')/2k, 1<n<J-1,
and LP" by
(5.2) 8Ly = (Lp*'—2L) + L Y)/k?,  1<n<J-1.

Then, the scheme (2.1) is replaced by the following: given Uy, Us in S,, we seek
{Us"})_,in S, satisfying, for1 < n < J — 1,

ysn(Usn) = Q"+1l]s"+1 + Qn—IUSn—l _ 2P"U8" —k (ql 112)

(5.3) 1
<{(o)uy + 2060 1 (U - wr) - £z ]) =0
We indicate without proof the steps in the convergence analysis of the scheme (5.3).
We now state the “difference” analog of Theorem 2.1. In sequel we put Ej =
U'—w"0<sn<J. ’

PROPOSITION 5.1. Let U, Uy be given in S, and {Uy"}!_, be the solution of (5.3).
Then, under the remaining hypotheses of Theorem 2.1, it follows that the result of
Theorem 2.1 holds if we replace E" by EJ in (2.25) and (2.26). O

To supply the initial value U" for (5.3) we can use a scheme similar to (3.6). We
shall leave #°#°° as is—this necessitates the computation of L{P(z) at t =0
only—but replace the operator #' by %}, defined in terms of %', #' as

2 .
(5.4) B =B+ —A,sf’,, B+ ’1‘—2(A$,} —-ZM),

where, as it turns out, it is appropriate to take A%} as a third-order accurate
difference approximation to £ To fix ideas let

(5.5) AL} = (220 - 3%} + 622 — %) /6k.

It may be seen by the proofs of Lemmata 4.2 and 4.3 of [6] that for ® € S?,

(56)  |l(%-=2Y)0|, < < Ck? sup |||=.g,,<l>(7)<1>|||1 < CK||#'®]|1,

<7<3
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from which the invertibility of %} follows for k sufficiently small. We define now
u} € S} as the solution of

(5.7) Biur ='W O,
PROPOSITION 5.2. Let U = W° and ¥} = [Uy,, Us,]" be the solution of (5.7).

Define U = Uy\,. Then, under the remaining hypotheses of Proposition 3.1, the result
of Proposition 3.1 holds with E' replaced by Ej, i = 0,1, in (3.8) and (2.26). O

Combining now the results of Propositions 5.1 and 5.2, we have, in view of (2.3),
the following optimal-order convergence result for the new base scheme.

THEOREM 5.1. Let UYL, Ug be selected as in Proposition 5.2 and let {Ug"}._, be the
solution of the scheme (5.3). Then, under the combined hypotheses of Propositions 5.1
and 5.2 we conclude that there exists a constant C, independent of h, k, and u, such that
forO<n<J,

(58) U —wll< c{k*(luls +[ulls) + A (s +]lulll,0n)} . ©

The operators in the left-hand sides of the system (5.3) and (5.7) still change at
each time step. In analogy to what was done in Section 4 we may again use
preconditioned iterative methods for the efficient solution of these systems. There-
fore, we describe below our final method, which combines difference quotients and
preconditioned iterative procedures.

Consider first the difference analog of the linear system (4.18), i.e., the equation
(we put 73 = %;)

(5.9) () TRBT = (8) T2 W,

where (£})* is the adjoint of &} in S? with respect to the inner product ((-, -)). To
apply to (5.9) a preconditioned iterative method, such as the ones described in
Section 4, we identify { H,(-,-)} with {S?,((-, -))} and tegard (5.9) as the system
Ax = b. It can be shown (we omit the proof) that an example of a suitable
preconditioner that satisfies (4.1) in our context is furnished again by the operator
7% defined by (4.21). Our algorithm then starts as follows.

Step 1. Construct an approximation ¥3' = [V3;, V5,]” in S? to the exact solution
¥ of (5.9) by using a preconditioned iterative method that satisfies properties (i)
and (ii) of Section 4—where { H,(-, ")z} = {S?,((-, -))}—, with preconditioner 7%
defined by (4.21), using #°° as initial guess for the iteration and a tolerance
B, = min(y, k*) with y sufficiently small. (This will require in general O(In(k "))
iterations.) Put ¥’ = WO, Vi = 73,

Now, to compute {¥5"}7_,, consider the “difference” analog of the time-stepping
scheme (4.6), i.e., let I_/s”, 1 < n < J — 1, be the (exact) solution of

— 1
Q"+1Vsn+1 = 2P"V8n — Qn—len—l + k4(q1 _ __)
- , 12
(5.10) ) .
x{(s20)vy + 206 (00 = v ) - 5wy ]},

which we regard as the system Ax = b in the notation of Section 4 identifying now
{H,(-,-)} with {S,,(-,-)}. An example of a suitable preconditioner that satisfies
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(4.4) is of course again ?Q given by (4.5). The rest of the algorithm is then:

Step 2. With V;?, V! constructed in Step 1, compute for eachn,1 < n <J — 1, an
approximation ¥"*! to the exact solution ¥"*! of (5.10) using a preconditioned
iterative method that satisfies properties (i) and (ii) of Section 4—where
{(H,(-, )y} = {S), (-, -)}—, with preconditioner ?Q defined by (4.5), using Vy"*!
= T(D,(V), given by (4.8), as initial guess for the iteration and tolerances

min(y, k%) if2<n+1<4,
<

Brar= {min(y,k) ifs5<n+1<J,

with y sufficiently small. (This will require, in general, O(In(k 1)) iterations for each

n.)

By methods similar to those used in the proof of Theorem 4.1 we can finally prove

THEOREM 5.2. There is ay > 0 such that if {Vy"}]_, are computed by the algorithm
described in Steps 1 and 2 above and if the remaining hypotheses of Theorem 4.1 hold,
then there exists a constant C, independent of h, k, and u, such that for0 < n < J,

(s.11) ¥y = wil< (k2 (1l + uflle) + A (a2 +[u]11)} . ©
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