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Analysis of the Finite Element Variable
Penalty Method for Stokes Equations

By Haroon Kheshgi* and Mitchell Luskin**

Abstract. We give an error analysis of the finite element variable penalty method for Stokes
equations. It is shown that the variable penalty method is of higher order than the standard
penalty method.

1. Introduction. Stokes system for viscous, incompressible flow is given by

-V =f e

(1.1) V 2(“) + VP ’ X s
v -u=0, x€Q,

where u = (u;, u,) is velocity, p is pressure, f is a given body force,  is a bounded

domain in R?, and

du

.0
D,,(u)—(a—’+ ) i,j=12,

u
X; dax
29
( ) Ea— i i=1,2.

The penalty method for Stokes equations replaces the continuity equation
vV-u=0
by the perturbed equation
(1.2) V-u=-gp, x€Q,

where € > 0 is a small parameter (see the references in [3], [9]). The purpose of
introducing the approximation (1.2) is that it allows the pressure variable to be
eliminated from (1.1) to give the “simpler” system of equations

(1.3) —V-Q(u)—v(%v-u)=f, x€Q.

In this paper, we analyze a related perturbation method, the variable penalty
method, which replaces the continuity equation by

(1.4) V-u= —@,p, x€Q,
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348 HAROON KHESHGI AND MITCHELL LUSKIN

where |@,(x)| < 1, x € Q, and where ¢, alternates sign on a grid of size h. This
perturbation method also allows the pressure to be eliminated from (1.1) to give the
system of equations

(1.5) —V'Q(u)—v-(;Thv-u)=f, ceq.

The penalty method is often used to eliminate the pressure unknowns from the
linear system of equations which is obtained from finite element (or finite difference)
discretizations of Stokes equations [4]. Similarly, the variable penalty method can be
used to eliminate the pressure unknowns from finite element discretizations of
Stokes equations. Recent numerical experiments have shown that the finite element
variable penalty method is more accurate than the standard finite element penalty
method [5], [6], [7]. The purpose of this paper is to explain these results by giving
error estimates for the variable penalty method that are of higher order for the
velocity than those which can be obtained for the standard penalty method. We also
prove that a higher-order method for the pressure can be obtained if the computed
pressure is appropriately smoothed (or post-processed).

References for known results will often be to the texts, [3] and [9], rather than to
original papers (which are listed in the bibliographies of [3] and [9]).

2. Definitions and Main Results. We assume that Q has a C* boundary, 09, which
is the union of an interior closed curve, T';, and an exterior closed curve, T),.

U,
%

FiGure 1

We will be interested in the boundary-value problem

(B(w)—pI)n=0, xeT,
u=20, x €T,

where n is the unit exterior normal to I';. This choice of topology for & and this
choice of boundary conditions guarantees that (1.1) has a unique smooth solution
for smooth data. Thus far, we have been unable to analyze the variable penalty
method when the values of the velocity are given on the entire boundary, although
the variable penalty method has been tested successfully for this boundary-value
problem in numerical experiments.
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For scalar-valued functions £, n € L?(), we define the inner product and norm

(£,n)=f0£ndx, lel” = (&, ¢).

We denote by H*(Q), k a nonnegative integer, the space of functions
H*(Q) = {¢ € L*(Q)|D* € L*() for |a| < k}
with norm
léli= X o’
lej<k
We wish to also extend the above definitions in the usual fashion to vector-valued

functions v: © — R?, and we denote the resulting spaces by L2(2)2, H*(Q)?, etc.
Forv: € —» R% £ Q — R, and [, m > 0 integers we define the norm

1%, 17 = IV +1g5, v € H(QY £ € H(9).
Finally, it will be useful to define the spaces
HY(Q) = {ve H'(2)’lv=0on rz},
and
¥, = {<v, g)|lve H(Q)andg € LZ(Q)}.
We next define the continuous bilinear forms

a(w,v) = (=Q(w), Q(V)), w,v € H}(Q),

b(r,v)=(r,v-v), relLl*Q),ve H)(Q),

B({w,r),{v,q)) = a(w,v) = b(r,v) = b(q.w), (w.r),(v.q) € 7).
Let ¢, > 0 be such that

B((w, ), (v, q)) < coll{w. ) ollv. Dl (W), (v, 9) €75

Since the divergence operator is a map from H}() onto L*(Q), the analysis in [3, p.
50] shows that there exists a positive constant, ¢;, such that

(2.1) sup B(w. r). (v, ) = c1|l<w, r> ”1,0’ <w, r> € Y.

V.9, I<v, @) ll10
Now suppose that f € L?(2)2. It then follows from (2.1) [3], [9] that there exists a
unique (u, p) € ¥} so that
(22) B((ll, p>’<v9 q>) = (f,V), <V, q> € Vb'
We call (u, p) € ¥/, the solution to (1.1).
To approximate the problem (2.2) we let h denote a discretization parameter
tending to zero, and we let X, and M, be finite-dimensional subspaces such that

X, C HX(Q) and M, c L*(Q).

Also, let
Vbh = Xh X Mh'
We assume that ¢, can also be chosen independent of 4 so that
B((Wi, 1) (Vi 91))
(2.3) sup ko R C1"<Wh, "h> ”1,0’ <wh’ "h> € Yion-

Vs Gn) € Vo ”<vh’ qh>||1.0
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FIGURE 2

The classical finite element solution to Stokes problem is {(u,, p,) € ¥, such that

(2.4) B(uys pi)s Vs 4n)) = (£,V,), (V> 44) € V-

Many of the classical finite element spaces X, and M,, properly modified at the
boundary, can be shown to satisfy the hypothesis (2.3). For example, let £ be an
annulus and let { .7, } be a uniformly regular family of triangulations of § such that
the triangles bordering the outer boundary are pie-shaped and such that the triangles
bordering the inner boundary have curved boundaries as shown in Figure 2.

We then set M, to be the space of functions which are piecewise constant with
respect to the triangulation, ,. We further set X, to be the space of continuous
functions, w,(x), which are piecewise quadratic with respect to the triangles which
do not border the outer boundary. For triangles, K € ,, which border the outer
boundary (see Figure 2), we restrict w,(x) to be quadratic in the inscribed triangle
K’ c K with straight edges and vertices [a,, a,, a;] and to be zero in K — K’. It can
be shown [2] that there exists a positive constant, ¢, independent of A, such that for
w(x) € H{(Q) N HX(Q)?,

inf [w — w,[l, < chlwl,.
w, € X,

The argument in [3, p. 76] can then be used to prove (2.3). Clearly, this argument can
be extended to more general domains, £, such as domains which are diffeomorphic
to an annulus and which have a convex outer boundary, I';, and to many of the
other classical finite element spaces X, and M, which give stable approximations of
Stokes equations. It follows from (2.3) that (2.4) has a unique solution {u,, p,) € ¥},
and

C .
(2.5) ||<“ — W, p— Ph> ”1,0 < (1 + _0) inf ”<“ Vs P — ‘1h>”1.0-
C1 ) Vnan) €% n
The penalty method is to approximate the solution to (2.4) by the solution
(Wyes Phe) € ¥ tO
(2.6)  B({une, Pie)s V> 4i)) = €(Phes 1) = (£,9,), (V> @) € Vs
where ¢ > 0 is a small parameter. It follows that
(2.7) b(qs,us.) = —€( Phes qn)> 4, € M,.
We can define the discrete divergence operator, v, -: X, > M, by V, - W, =71,
where
b(Wys 44) = (> Vi - Wi) = (s 1) 9y € M,
and then (2.7) is equivalent to
(2.8) Vi Wy = —€Pp,.
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We can thus use (2.8) to eliminate p,, from (2.6) to obtain the finite element
approximation of (1.3)

1
(2.9) a(u,,,v,) + ;(Vh Wy, Vo V) = (£,9,), v, € X,.

If the pressure space, M,, is a space of discontinuous, piecewise polynomials, then
V, * V, can be constructed locally on the elements. Thus, we see that the penalty
method can be used to eliminate the pressure variables from the discrete equations
to reduce the size of the system of linear equations to be solved as well as the
bandwidth, and the pressure variables need never be included in the assembled
matrix problem [4].

The following approximation theorem is now well-known (although our proof
may be new).

THEOREM 1 [3). If |¢| < ¢,/2, then the penalty method (2.6) has a unique solution
s Prey € ¥y and we have the estimate that

2
”<u — W, P — Phe>”1,0 < (1 + ( o
(2.10)

inf u—w -r
<wh-r;.>€Vb;.“< hs P h>||1,0

2Je]
+ = lell

However, we must consider round-off error in addition to approximation error,
since the linear system (2.9) must be solved in practice by digital computers in
floating-point arithmetic, and it is observed in practice that the round-off error for
the solution of these linear systems by Gaussian elimination is O(1 /¢) [4], [5], [6], [7].
This can be explained theoretically by noting that the condition number of the linear
system (2.9) is O(1/¢). Hence, the penalty method is sufficiently accurate for only a
restricted range of the parameter, e. Further, it may not be possible to achieve
sufficient accuracy for any & with the penalty method for some problems, especially
if one is using a computer with a small word length.

The variable penalty method is to approximate the solution to (2.4) by the
solution {u,,,, ps.> € ¥y to

(211) B(Su,, Phe)s (Vs @) — &(@4Pher 94) = (£.1), (Vs ) € Voo
where ¢ is a small parameter and ¢,, is a measurable function satisfying

(2.12) lp,(x)|<1, xe€Q.

We will show that the approximation (2.11) is of higher order than (2.6) if there
exists ¢, > 0, independent of 4, such that

(2.13) f @€ dx < coh f | vé|dx
Q Q
for all functions £ satisfying
f |vEldx < 0.
Q

It follows by arguments similar to those for the standard penalty method that
(2.14) b(w,, 4,) = ~€(@4 Pres 4 4, € M,
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so
Vi Uy = —€P (@, P4.),

where P,: L2(2) —» M, is the standard L*(Q)-projection operator. We shall assume,

henceforth, that

(2.15) ®,9, € M, forq, e M,,
SO
(2.16) Vi Upe = —€Qy P

Thus, we can use (2.16) to eliminate the pressure from (2.11) to obtain the following
finite element approximation of (1.5)

1
(2.17) a(u,,,v,) +(av,, Wy, Vi Vi | = (,v,), v, € X,.

In our numerical experiments [5], [6], [7], we have used discontinuous, piecewise
polynomial functions of fixed degree with respect to a triangulation of size 4 for M,,
and ¢, has been a piecewise constant function with respect to that triangulation [5],
[6], [7]. Obviously, (2.15) is satisfied in this case and the variable penalty method is
no more difficult to implement than the standard penalty method. There are many
ways to construct ¢, so that (2.13) is valid. A simple choice for ¢, on a rectangular
grid is to let @, = 1 or -1 on alternating rows (see Figure 3).

In Section 3, we prove a result for the variable penalty method which is identical
to the result for the standard penalty method, which we have given as Theorem 1.

THEOREM 2. If |¢| < ¢;/2, then the variable penalty method (2.11) has a unique
solution (u,,, p,.> € ¥, and we have the estimate

2(co +el) )
o= p =2l < [1+ 2 e v =l
1 (Wys Th) €V
2lel
+ =, el

FIGURE 3
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To demonstrate that the variable penalty method is of higher order than the
penalty method, we estimate the error in the velocity in L*(2)2. We have assumed
that the boundary of @, 9Q = I'; U T, is smooth so that there exists ¢; > 0 such
that if (v, q) € L*(Q)? X H'(R), then the unique solution (z, m) € ¥}, to the
problem

(2.18) B({w, r),{z, m)) = (w,v) +(r, q), (w,ryev,,

has the property that (z, m) € H*(2)> x H'(Q) and (z,m) satisfies the a priori
estimate

(2.19) ||<z, m>”2.1 < c3||<v, ‘I> “0.1-

We also now assume that there exists ¢, > 0, independent of 4, and r > 1, such
that our subspaces X, and M, satisfy the approximation property that for each
v, q) € ¥, N H(Q)? X H'(Q) there exists (v,, g, € ¥, such that

(2.20) I<v = Vi g = a1 ”1,0 < eihf|v, q>||s+l.s’ O<s<r.

The piecewise constant space, M,, and the continuous, piecewise quadratic space,
X,,, described above satisfies (2.20) with r = 1. Isoparametric spaces which satisfy
the zero boundary conditions on approximate domains and the associated analysis
[2] are required to obtain higher-order approximation properties for curved
boundaries.

In the following, it will be convenient to use a generic positive constant, ¢, which
is independent of 4 and e but which can change from equation to equation. In
Section 3, under the above hypotheses, we will prove the following result.

THEOREM 3. Let || < ¢,/2. There exists a positive constant, c, such that if the
solution {u, p) to (2.4) satisfies (u, p) € H™Y(2)* X H'(Q), then

2
@21)  fhu—wpl < c(lelhlu, p)lloy +IePlpl+ 57w, P, n)-

To achieve a higher-order method for the pressure we define

2. .
22) K(x) = Kmoxg) = | @07 il < i =12
0, otherwise.
Let @ ¢ c Q. Then

K*phe(x)=/;2K(x_y)phe(y)dy’ XEQ,

is well-defined for V2 h < dist(2, 9Q). We will prove in Section 5 under several
additional hypotheses which are valid for finite element methods, when the triangula-
tion is regular on {,that if @, cc Q, (u, p) € H™**(2)> X H*(Q), and h is
sufficiently small, then

lp = K * pp.le,

(2.23) 2 2 rt1
< c(|e|h||<u, P> ”2,2 + |3| ”P“ + h?||pll, + A ”<“’ P> ||r+2.r+1)’

where ||£|§, = fo, §* dx.
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These estimates for the variable penalty method demonstrate that it can be
expected to achieve a desired accuracy at a larger value of |¢| than is achieved by the
standard penalty method. Since it is equally sensitive to round-off error [5], [6], [7],
the variable penalty method achieves a desired accuracy for a wider range of |e|.
Further, for a given triangulation, the desired accuracy may be obtainable by the
variable penalty method and may rnor be obtainable by the standard penalty method.

3. Main Estimates. Let
(1) B(w.r).(v.q)) = B(w,r),{v,q)) = e(@sr, q),
(w, ), (.0 € %},
It follows from (2.3) and (2.12) that if |¢| < ¢, /2, then
(3.2) sup B,({Wy, r4), (V> 4n))
(V2 Gn) €V I<Vas @ ”1,0

Now if {(w,, r,) € ¥}, we have from (2.2) and (2.11) that
Be((“he = Wi, Phe = ) (Vi an))

= B,(u=w,, p = 1), Vi) + e(9, 0. 4, (V> 44) € V-
Thus, it follows from (3.2) that if || < ¢, /2, then

c
> E}'“(wh’ ) ”1,0’ (W, 1) € V.
(3.3)

¢
71“<uhe —~ Wy, Phe = ) ”1,0 <(co+e){u—w, p— ’h>||1,0 + e| [|pll.

Hence, we see that

2(co + €) )
||<“ — Uy, P _phe> ”1,0 < (1 + Oc ) inf ||<“ — Wy, p— 1) ”1,0
1 (W T4 ) €EF
(3.4)
+ Zelp)
a )

This proves Theorem 2. We also note that since ¢, was only required to satisfy the
bound |¢,(x)| < 1, x € Q, in the above argument, this also proves Theorem 1.
For ¢ € L*(Q), we define the norm

(£¢)
R TN
Now for (v, g) € L*(Q)> x HY(Q), let (z, m) € ¥, satisfy
B({w,r),(z, m)) = (w,v) +(r,q), (w,r) €¥,.
Then (e, E) = (u — u,,, p — p,.) satisfies
(e,v) +(E, q) = B({e, E),{(z, m))
(3.5) = B((e, E),(z—1z,,m~ m,)) + B({e, E), <zh’ my))
= B({e, E),{(z = 2, m — m,)) — (@, Py, m,,), (24, my) € V.
Now by (2.9) and (2.20), we can choose (z,, m,) € ¥3, so that
B((e, E), (z=2,,m~- my))
(3.6) < Co”<e’ E) ”1,0”<Z = zy,m—my) ”1,0
< Co”<e, E>[|1,0c4h|[<z, m>[|z,1 < c0c364h[l<e, E>|[1,0“<Va q) [[o,r
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Also, we can assume that (z,, m,) € ¥, is chosen so that
~e(@4 Phe> my) = —e(@,p, my) + (@, (p = pu.), my)
~e(p,p, m) +e(@,p, m —my) + e(@,(p = py), my)
2¢5lelnllpllullmly + calelnllpll Imlly + cqlel |£]| lmllo
< (2calelnllpll + calelbllpll + calellEl) csll<v, @) llo,i-
Hence, letting v = e and ¢ = 0, we obtain from (3.7) and Theorem 2 that (with
le] < ¢1/2)
llell < cocscahli(e, E) ”10 + 2cxc3lelhllpll + cscqlelhllpll + cscqlel | E]

c(lelallCu, )l + el ol + 2w, P,

This proves Theorem 3.
The following lemma also follows from the estimates (3.5), (3. 6), and (3.7) by
letting v = 0 and ¢ € H'(Q) be arbitrary.

(3.7)

N

LEMMA 1. Let |e| < ¢;/2. There exists a positive constant, c, such that if (u, p) €
H™ Q)2 X H'(Q), then

2
(39) ”p - phe”—l < C(|8|h”<u, P> ”2,1 + |8| ”p” + hr+1”<u’ p>||r+1,r)‘

4. Estimates for the Smoothing Operator. In this section, we recall some estimates
and relations for convolution with

-2 .
Ku)=Kup%)={um it beof <
0 otherwise.

The proofs of these results can be found in [1]. We note that
f K(x)dx=1.
RZ

We extend the notation of Section 2 by defining for 2 C © and k a positive
integer,

lélo= [ 2ax, ¢e12(2),
(2]
o= Y D%, &< HYD),

laj<k

= s BT e g,
neH*(2) ”77”9 k

Hos= sip &N pei2g),

ne H(2) ||"I||.@ k
where
HY(2) = closure of C*(2) in H*(2).
We note that obviously

|§|9,-k < ||§||9,—k~
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Now for dist(x, ) > V2 h, recall that K * £(x) is well-defined and
2 [xyt+h fx;th
Kxg(x) = @R [0 [ (5, 3,) dyy .
xy—h Yx,—h

Now it is easy to check that if dist(x, 02) > V2 h, then

sz*”' [5(3‘1 +h, ) - g(xl - h, )
2h

0 _
ax ke = n) ! dy,

Xy—h
=L* al,hg(x)’
where
Ly(x) = {B(xl)/2h, -h < X, <h,
0 otherwise,
and

al,hg(x) = £(x, + A, XZ)2_h£(XI —h, x,) .

Here, 8(x;) is the Dirac delta function. A similar definition can be given for L,(x)
and 9, ,£(x) so that

i
a—sz*£(X) =L, *62,h‘£(x)-

We have the following lemmas [1].

LEMMA 2. If @ C C Q, then there exists a constant, cs, such that for h sufficiently
small,

(4.1) € — K *&lo < csh?|éll, &€ HX(Q).
LEMMA 3. If 2, C C @ C , then there exists a constant, cq, such that
2
d
(4~2) ”'5”90 < G |§|.@.—1 + Z ¢ > §e Lz('@l)'
2119x:7 g

LEMMA 4. If 9, C C D CQ, then there exists a constant, c,, such that for h
sufficiently small and ¢ € L*(2,),

|Li*£|90.—1 < ¢9l¢lo -1, i=1,2,
|K * &lo,-1 < ¢;€lo-1-

Now let 9, C € 9, C C 2 and suppose that 4 is sufficiently small. Then we have
that

(4.3)

”p — K*Phe”% <”p - K*P”90 +”K*(P _phe)llgo

< esh?|pll, + ”K *(p— phe)“.@o
and from Lemma 3 and Lemma 4 we have that

(4.4)

d
a—xiK*(P — DPhe)

_@1.—1)

2
(4.5) = Ce(|K*(P _Phs)|91,-1 + Z IL,- *ai,h(p - Phe)|91,-1)

2
1K *(p = po)lar < ca(lmp st X
i=1

i=1

2
< C6C7(|P - Phe|92,-1 + X |ai,h(p - Phe)|9,-1)-
i=1
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Thus
2 — K * pylla, < csh?plla + cscslp = Phelo
(4.6) 2
+csc4 E Iai,h(p - Phe)i.@,-l-
i=1
Now, by Lemma 1,

(4.7) 1P = Phelo 1 <lp — Paclls

2
< c(lelmlu, pY 1oy +1elIpl + A7 u, P, ).

The next section will be devoted to estimating

(4-8) “ai,h( P - Phe)"sz,-l-

5. Estimates for Difference Quotients. The results in this section are motivated by
the interior estimates for difference quotients for Ritz-Galerkin methods developed
in [8]. We assume that there exists £ c c Q with the property that for 4 sufficiently
small,

(5.1) 0,,9,=0, =12,
where

x + he;) — &(x — he,;
() = LTI 8(x ~ )
and e, = (1,0), e, = (0,1). We note that if [p,(x)| = 1 and ¢, alternates sign on the
rows of a rectangular triangulation (see Figure 2) in a neighborhood of &, then (5.1)
is satisfied.

We define for arbitrary open sets 2 C C Q, the spaces

7 (2) = {{v,q) € ¥}|supp(v,,q) € 2}

x e,

and

Y(2) = (Wi, 41) € Vulsupp(Vy, q4) € 2},
and we shall also assume that  C C  has the property that for 4 sufficiently small,

(5.2) 0,4 ({Vir 1)) € Vi for (v, q,) € ¥3,(Q).
We note that (5.2) is valid for the usual finite element spaces of piecewise
polynomials with respect to a triangulation which is regular in a neighborhood of &

(8]
It then follows from (5.1) and (5.2) that fore = u — u,,and E = p — p,_ we have
(assuming 4 is sufficiently small)

B(<ai,he’ 3 4E), (V> qn))
(5.3) = -B((e, E), <ai,hvh’ ai,hqh>) = (P4 Phes 0;.4qn) = ‘S(ai,h(%Phs), )
= —e(@,(x + he))d, 4 Puer 4n)s (Vi qn) € 73(Q).
We also need to assume that for arbitrary open sets @, C C & C C § there exists

a constant c¢g > 0, ¢z = ¢3(2,, 2), such that for h sufficiently small and (v, g) €
¥ (2,) N H(Q)? X H'(Q) there exists (v,, g,) € ¥,,(2) with the property that

(5.4) I<v = v, g — q1) ”1,0 < eshl{v, q) [ O<s<r.



358 HAROON KHESHGI AND MITCHELL LUSKIN

We further assume that if w € C§°(2,), then there exists a constant ¢4 > 0,
¢y = co(D,, 2, w), such that for h sufficiently small and {w,, r,) € ¥,(2), there
exists (v,, g, € ¥,(2) such that

(5.5) ||<°’Wh =V, WF, — 4h> “1,0 < C9h||<wh’ "h> ||1,0~
We note that these approximability assumptions hold for the spaces M, and X,
discussed in Section 2, as well as for other stable finite element spaces used to
approximate viscous, incompressible flow.

If 2 is an annulus, let its inner boundary be denoted by 92, and let its outer
boundary be denoted by 92,,,. We define the spaces

HY(2)={ve H(2)v=00md9,,],
¥, (2) = {(v,q>|v € H(2) andq € Lz(.@)}.
Henceforth, open sets 2 c € € will be annuli. For v: 9 — R%LE 9 - R, and

I, m > 0 integers, we can define the norm

2 2 2 2 m
||<V, £> ”9,1,m = ”v”9.l = ”giig.m’ vVE H[(g) ’g €H (‘9)

We also extend the definition of negative norms to vector-valued functions and we
define

2 2 2
KW, Mot = Wll2 s + Il 2 m,

(W, 7)ot = W[t + [Pl
We can define B({w, r),(v, q)) for (w, r), (v, q) € ¥},(2) as in Section 2 with {
replaced by 2. As before, it is known that there exists a positive constant,
¢, = ¢,(2), such that [3], [9]
B((w, ), <V, 4))
vayer@ 1KV loro
and a positive constant, ¢, = ¢,(2), such that

B({w, r),{v,q)) < coll{w, r) ”.@.1,0”("’ q) ”9,1,0a (w,r),{v.q) € 7,(2).

It is also known that the regularity result (2.19) holds on 2 with c; = ¢;(2).
Finally, we will set

¥, (D) = {(w,,, ) € ¥yulw, € Hi(2) andsupp r,, C .@}

and suppose that the stability result (2.3) holds for ¥,,(2) with ¢; = ¢;(2) > 0,
i.e., for A sufficiently small,

B((Wy, 1) (V> Gn))
sup
(5.6) meanyerin@ <V @) llaao

> ¢ |(w, r) ”9,1,0’ (w,r) € 7,(2),

> ¢)[{Wis i) |1 00

(Wi 1) € V3 (D).
We note that there exist families of triangulations, {7}, }, for which the properties of
the triangulation with respect to the annular domain, §2, described in Section 2 hold
for 2. In that case, the argument to prove (5.6) for the constant space, # ,, and the
quadratic space, x,, is identical to the argument given to prove (2.3). We will prove
the following result for the approximation of the pressure by the variable penalty
method under the above hypotheses.
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THEOREM 4. Let |¢| < ¢;/2 and let Q, € C Q. There exists a positive constant, c,
independent of h and e, so that if (u, p) € H™**(Q)? X H"*}(Q) and h is sufficiently
small, then

lp = K *p, clle,

2
< c(leltllCu, p) I +lel ol + A2pla + A7 ICu, PY g s)-
Now any , € € € c ¢ © can be covered by a finite number of annuli, each of

which is compact in €. Thus, for the proof of Theorem 4 we may assume that €, is
an annulus. We will prove Theorem 4 in a sequence of lemmas.

(5.7)

LEMMA 5. Let 9, and @ be concentric annuli, 2, CC 9 C C Q. Then, for h
sufficiently small, there exists a positive constant, c, such that

" <ai,he’ ;. E> "-% 0-1
(58) < c(hl(3,4e,0,4E)ar0+ (3,48 8, 4E)]o 1

2
+1elhl|Cu, p) I, + el ”P”)
Proof of Lemma 5. Let 2’ be an annulus such that 9, C C @' CC D are
concentric annuli and let w € C(2’) with w = 1 on &,,. Then, we have
”<ai,he’ ai,hE> ”90,0,—1 < ||<“"’ai.he’ "-’ai,hE> ”.@,0,-1
5.9 ; +(wd, ,E,
( ) — sup (wax,he’v) (O) ih q) .
v, q)ELH (D) x HY(2) ||<V, (1>||9,0,1
Now let (z, m) € ¥,(2) be the solution to
(5.10) B((w,r),{z,m)) = (w,v) +(r,q), (w,r) €7,(2),
where (v, ¢) € L*(2)? X H(2). Then,
(5.11) Iz, m) loas < all<v, ¢ l0.1-
Hence, for (v, q) € L*(2)? x H\(2),
(“"’ai,he’ v) +(“"’ai,hE’ q) = B(<wai.he’ wai.hE>’ <z, m))

5.12
BI) T B0, 8,45 (wz, om)) + 1((3, .3, E). (2, m)
where
I(<ai,he’ ai,hE>’ <z, m>)
dw 0 [ dw dw
= 2(a—xkai,,,ej, Djk(z)) +2 ai,hej, aTk(aTjZk + szj))
(5.13)

+((3, ,E)Vw,z) +(0, 46, (Vw)m)
< C|<ai,he’ ai,hE> |_@,—1,—2”<Z’ m>"9,2.1
< cc3|<ai,he’ ai,hE> |9'_1'_2||<v, ‘1> ”9,0,1-
Now, by (5.3) for arbitrary {z,, m,) € ¥,(2),
B(<ai,he’ ai,hE>’ <wz, “”">)
= B(<ai.he’ ai,hE>’ <°’Z — Zy,wom— mh>) - s(q)hai.hphe’ my).
Now, by (5.4), we can choose (z,, m,) € ¥,,(2), so that

(5.14)

(5.15) ||<wz - Zy, 0m — mh> ”1.0 < Csh”(“’z’ “”">”9,2,1~
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Hence,
B({3, 46,8, 4E),(wz — 2, om — m,))
(5.16) < C0”<ai,hea ai,hE> ||9,1'0c8h||<wz, wm) ”9,2,1

< Ch”(ai,he’ ai,hE> "9,1,o||<"a q) ”9,0,1-
Further,

—((Phai,hphe’ mh) = (q)hai,hphe’ wm — mh) —((Phai,hphe’ wm)
= (‘Phai,hl’a wm —m,) +((phai,h(Phe —-p),om— mh)
- (‘Phai,hPa wm) + (‘Phai,h(P - Phe)’ wm).
Now, by (5.15),
(9Bipp, 0m —my) < cllplillom — m,|| < ch||p||1||<wz, wm)”.@,z,v
E
((phai,h(phe - p),wm— mh) < lh—“-“wm — m,|| < c|E| ||<“)Z’ ‘*’m>”9,2,1a
by (2.13),
_((phai,hp’ wm) < ch|pll2llom|a,,

and

(‘Phai,h(P ~ Phe)> wm) = “(‘Ph(x + he,)E, ai,hwm) < ¢|E] wmlls,1.
Thus,

“(*Phai,hphea my) < C(hllpllz + ||E||)||<z, m>||9,2,1

< c(allpll; + 1EDIKv. 2 g0,

The result of Lemma 5 now follows from (2.20) and Theorem 2.
Now, for h sufficiently small, by Theorem 3 and Lemma 1,

|<ai,he’ ai,hE> |9,_1,_2 < c||<e, E> ”0,—1
2
< clelhl|{u, pll,; + clellpll + ch™*H[<u, pH, 1,

Hence, we have from Lemma 5, that
||<ai,he’ ai,hE> ”.@0,0,-1
(5.18) < C(h”<a~i,he’ ai,hE> “9,1,0 + |5|h”<“’ P) "2,2

2
+ el ol + A<, ), )-

(5.17)

Thus, it remains to estimate 4|9, e, 3, , E)l21.0-
We first prove the following lemma.

LEMMA 6. Let 9, C C D be concentric annuli. Then there exists a positive constant,
¢, such that for h sufficiently small and (w,, r,) € ¥,(2) satisfying

B({Wy, 1) V4> 44)) = 0, > qn) € 73(2),

we have

(5~19) ”(‘Vh, ’h>”90,1,0 < C(h”<wh’ "h) ”9,1,0 + |<Wh’ ’h> |9,0,-1)-
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Proof. Let 2’ be an annulus such that 9, C C @’ C C 2 are concentric annuli,
and let w € C°(2") withw = 1 0on @,. Let (W,, R,) € ¥,,(2) satisfy
B({ww, = Wy, @r, = R;), (v, g)) = 0, (Vs 4n) € Viu(2).
Then by (5.5) and (5.6),

||<‘°Wh - W,,wor, - Rh> ”9,1,0

C
5.20 < (1 + —0) inf WW, — V,, @F, —
( ) o <Vh’qh>e1/hh(9)“< h hy WFy 4h> ”@,1,0

< chl[{w,, r,) ”9,1,0-
Thus,
”(Wh’ ’h> ||90,1,0 < ”<°~’Wh’ w’h>”9,1,0
(5.21) <[{ww, = W,, wr, — R,) ”9,1,0 +[(W,, Rh>“.@,1,0
< Ch”<wh’ ”h> ”9,1,0 + ||<wh’ Rh> ”9,1,0'
Now, by (5.6),
B((W,, R, {Vh» 41))

(5.22) [{W,, R,) loao< et sup ,
s Gn) €Yon(D) (I$7 ‘Ih>”9.1,0

and for (v,, q,) € ¥},,(2),

B(<Wha Rh>’ <vh’ ‘Ih>) = B(<‘°Wh» “”h>’ <Vh, ‘Ih>)
= B({Wy, 1), {@¥y, ©g,)) + I({w,, 1), (¥, q1)),
where

H((me ) o) = 2§, D)

O (o o 0o
Whjs ax, axjvhk axk’”"f

+(nve,v,) +(w,, Vag,)
< cl{wy, 1) |9,0,-1”<Vh’ ) 21,00
and by (5.5) we have for (V,, Q,,) € ¥,,(2) C ¥,,(2),
B({Wy> 7> ¥y, 0g,)) = B((Wy, 71), (¥ = ¥y, 0, — Q)

(5.24) < <W|v -’h>‘||.@,1,0"h” <Vh’ an) ”9,1.0

< chl|{ Wy, 1) ”9,1,0”("11’ an) l2.1.0-
Thus, it follows from (5.22)(5.24) that
(5.25) KWy Rid 10 < C(””(“’h’ i) llono +1{Wh i) |o0.1)-

The result of Lemma 6 follows from (5.21) and (5.25).
Finally, we prove the following lemma.

(5.23) +2

LEMMA 7. Let @, be an annulus. Then there exists a constant, ¢ > 0, such that for h
sufficiently small,

2
(5.26) Al(3, 48,8, 4E) g, 10 < c(lelhl(u, p) oy + el ol + A0, Y1z p01)-
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Proof. Let 9§, 2’, and 2 be annuli such that 9, cc @jcc @' ccP@cc
are concentric annuli, and let w € C§°(2’) with @ = 1 on 2. Next, let (W,, R,) €
¥,n(2) be the solution to

B({W,, R,), (V4> 1)) = B((‘”ai,h“, “’ai,hP>, (V> 4n))
+e( @43 4 Phes 1) (V> 45) € V(D).
Then it follows by (5.6), the stability of B on ¥,,(2) X ¥,,(2), that

”<°’ai,h“ - W, 00, ,p — Rh> "9,1,0

(5.27)

o )
<1+ — f 9. m—v,, wd ,p—
< ( C1)<v;,,q;.>12ﬁ;.(9) ”<"-’ i, = Vp, WO,y P ‘Ih>”9,1,o

le]

(5.28) + o 19,5 Piell o
1

€
< ch’||<u, p>”r+2,r+1 + L_ll(Hai,h(Phe - P)H@ + ”ai,hp”.@)

2le
< b Pz, er + SSLEN + clel .

We have, by the triangle inequality,
h”<ai,he9 ai,hE> ”90.1,0 < h”<ai,hu - W,,0,,p — R;) ”90,1,0
+ hl{W, = 3, Wy, Ry = 3, P1e) 210
< c([eltllCu, pYl,y +1el ol + 27w, pY,0sin)

+h|{W, - 3, Myes Ry = 0, 4 Do) ll2,.1.0-

(5.29)

Now
(5.30) B((W, - 9 Mye> Ry — ai,hPhe)’ (V> gn)) =0, (Vi qn) € Vh(*@é)-
Thus, by Lemma 6,
"(Wh - ai,huhe" R, — ai,hphe> ”@0,1,0
< C(h”<wh = 9; M, Ry — ai,hphe> "96,1,0
+ (W, — 0; Mpes Ry — ai,hPhe) |.@5,0,-1)
(5.31) < ch|{8; 4.8, 4 E) l2g.0 + cl8; 48, 8, 4 E) |2g.01
+ch||(3; u — W,,3, ,R, — 3,,p) ll2g.1.0
+c|<ai,hu - W,, 3, ,R, — ai,hP)L@é,o,.l
< c||<e, E>"9,1,o + C||<‘°ai,h“ - W,, 0, ,p— Rh) ”9,1,0

’ €
< e[ WG 2l nir + AL + 1l 11)-
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Hence, we have that
h"<wh — 0, My, Ry — ai,hPhe) "90.1,0

2
< c(leltliC, Yoy +1ellpll + A7 0w, )], 1aron)-

The result of Lemma 7, (5.26), now follows from (5.29) and (5.32).

We finally turn to the proof of Theorem 4. As we remarked earlier, since {2,
Q@ ccQccQ, can be covered by a finite number of annuli, 2,, which are
compact in , we may assume that @’ = 2, is an annulus. Now, since @’ = 9, c C §,
there is an annulus, 2, such that 9, c ¢ 2 c ¢ { and such that 9, C C D are
concentric. It then follows from (4.6) and (4.7) that

(5.32)

2
lp = K * pacla, < c(leltll(w, o)1, +lellpll + A2lpll + A7 1w, P11 .,)

(5.33) 2
+c 2 [19,4(p = Pr)llo
i=1

Now from (5.18) and Lemma 7 we have for 4 sufficiently small,
2
(5-34) "ai,h(p - Ph;)"@,-l < c(|e|h||<u, P> "2,2 + |€| ”P”l + hrﬂ"<“, p>||r+2,r+1)'
Thus, from (5.33) and (5.34), we obtain
lp — K * piella,

2
< c(leltl¢u, )l +1ellpl + A2pll + A7+ 1w, P, oa)-
This completes the proof of Theorem 4.

(5.35)
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