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Recurrence Relations for Hypergeometric Functions
of Unit Argument

By Stanislaw Lewanowicz

Abstract. We show that the generalized hypergeometric function

-n,n+ }\,ap.l
Poi= i3k bysa

1) (n>0)

satisfies a nonhomogeneous recurrence relation of order p + o, where 0 = 0 when ,, 3 F,,>(1)
is balanced, and ¢ = 1 otherwise. Also, for

(cq+1),, ( n+ cq+2

U= <7 4+:F
(dq)"(n+)\),,q+2 N n+d, 2n+A+1

1) (n>0)

a homogeneous recurrence relation of order g + 1 is given.
1. Notation. The generalized hypergeometric series

( ay, ay,...,8,,, ) i [pf[l(a )kzk/k H(b)k],

(11) p+1F;)

b, bz,...,bp o
where
(1.2) (a) = T(a + k)/T(a),

converges for |z| < 1. Further, this series is absolutely convergent for |z| = 1 if

pia —Zb)

i=1 Jj=1

(1.3) Re

However, if any a; is zero or a negative integer, then (1.1) always converges, since it
terminates. If any bjisOora negative integer, the series is not defined. If a;, = b; for
someiandj,1 < i < p+1,1<j<p,then,  F,reducesto F,_,
Ifin(l.l)z = 1, and the parameters are such that
p+1
(1.4) 1+ ) a;= Z
i=1 Jj=1
then the ., F, is said to be balanced.
- Throughout, we employ a contracted notation. Given the function M, we define

Mla,.)i= TIMCa).  M()= TTM(e).
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522 STANISLAW LEWANOWICZ

The symbol 1 + a, — a;,, stands for theset1 + a, —a;,1 + a, — a,,..., 1 + a,
-a,_,1+a,-a,.,...,1+a,— a,,,. Thus we may write (1.1) in abbreviated
form

ap+1 s
p+1F}7( b z) = Z [(apﬂ)kzk/k!(bp)k]'
P k=0

For a treatment of the generalized hypergeometric functions, see any of the
references [1], [4], [5]).

2. Introduction. In this paper we derive new difference equations satisfied by the
functions

-n,n+ }\,ap,l

(21) Pn = p+3F;)+2 bp+2 1)9
(cq+1)n n+ Cq+2
e A CARCET Rt ERT LR Ot
(n=0,1,...).
Notice that recursion relationships of the forms
' p+2
(2.3) Y Gu(n;p+2)0, ,=v(np+2),
m=0
) q+2
(24) 2 (_1)mHm(n; q + 2)\I’n+m = 0’
m=0

where G, (n; t), H,(n; t), y(n; t) are rational in n (see formulae (3.1), (3.2) and
(3.11) below), are satisfied by (2.1) and (2.2), respectively. The relations are of order
p+ 2 and g + 2, respectively. This result can be deduced from some general
theorems due to Wimp [8] (see also [4, vol. 2, p. 135 ff.]).
We show that (2.1) also obeys the difference equation
pto

(2.5) Y G,(n;p+0)®,_, =v(n p+o),

m=0

of order p + o, where ¢ = 0 for the balanced case,

P p+2
A+2+ Ya,= Y b,
i=1 j=1
and o = 1 for the general case. Further, we show that (2.2) obeys the equation
q+1
(2.6) X (-D)"H,(n; 9+ 1)¥,,, =0,
m=0

of order g + 1. Notice that the coefficients of Eqs. (2.3) and (2.5) are formed
according to the same general rule (3.1). A similar statement is true for the
coefficients of (2.4), (2.6) and for formula (3.2).

For applications, it is convenient to have available the functions which satisfy the
same difference equation as does P, (U,, respectively), or the homogeneous form of
this equation. A theorem, given in the next section, also provides information of this
kind.
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3. Results. Let p, g, n, m, t be integers > 0. Let A, a; (i = 1,2,...,p), b (j=
L,2,...,p+2),¢c,(k=12,...,9 +2),d,(I=1,2,...,q9) be complex constants. We
define the functions

(n+1-m),2n+A-2m),,

(n+)\—m)m(2n+)\—m—t),,,(n+bp+2—1)

G,(n;t):=

!

1
X{—&—-(n—m—l+bp+2)

—-m,2n+)\—m—t,n—m+bj,,+2

(3.1)
Xp+afpes 2n+A-2m+1l,n-m-1+b,,,

1)

1—m,2n+>\—t+1,n—m+1+ap

2n+>\—2m+1,n—m+a1J
1)
@n+A+m)(n+d,)
L(m)(n + c,y)
1—m,2n+)\+m+1,n+1+dq
2n+>\+q+2,n+dq

1
+m(2n+k—m—t)(n—m+ap)

><p+2F}'7+1

4}

@2n+A),(n+B8+1),
(n+21),

H,(n;t):=

—m,n+2n+>\,n+1+cq+2
2n+A+qg+2,n+cyy,

1
X {;—n—!'q+4Fq+3

(32)

X gr2Fgi1 1 } .
Here B+ 1=, for i = g + 2. We assume the parameters to be such that all
expressions make sense. By applying a lemma of Wimp [8], we get the alternative

forms for G, H,:

(D) (n+1-m),@n+A-2m)2n+A—-1+1),_,
B (n+A=m),2n+A-m—-1),(n-1-b,,,)

G,(n;1)

x{——l———(n+)\—t+1—bp+2)

(z — m)!

m—t2n+A—-m—-t,n+A—t+2-b
(3.3) X 1oy 72

P4ty 2n+A—t+1ln+A-t+1+b,,,

+—1—(2n+)\—m—t)(n+>\—t+l—a)

L(t—m) P
m—t+1,2n+)\—m—t+1,n+>\—t+2—ap

Xpr2fpar 2n+A—t+Ln+A—-t+1-a, L
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(-1D)%2n+A)gexn+B+1),

Hm(n; t) - (n + }\)m(zn + A+ m)m+1(n + c4+2)
(n+A+m_cq+2)
(t—m)
m—t,2n+)\+m,n+m+)\+1_c"+21
(34) X grafyis 2n+A+2m+1Ln+A+m—c,,
1
+T‘Tt——m)'(2n+>\+rn)(n+>‘+m+l_d")

m—t+1,2n+}\+m+1,n+m+>\+2—dq
2n+>\+2m+1,n+m+>\+l—dq

X g+2Fq1

In particular, we have

1)}
Go(n;t) = Hy(n; 1) =1,
(-D)P(n+1-1),Cn+A—t+1), (n+X—t+1-b,.,)

(3.5) Gi(m; 1) = (n+Ax=1),@n+A-2t+1),4(n—14+b,,,) ’
H(n:1) = (-1)Qrn+A)gia(n+ B+ 1) (n+A+1-c,.,) .
’ (n+2),@n+A+1),1(n+cyyy)
Observe that

-m,m+ a,1 + w,
r+2'Fr+l k+ a. w
for m > k > r (see Luke {4, vol. 1, p. 114]). This shows that G,(n;¢)=0 for
mz2t+1>p+2,andH, (n;t)=0form>¢t+1>q+2.
Let

(3.6) Gi(nm;1)i= (n+A—1),Q2n+A=20+1),_y(n+ b, — 1)Gplns 1).

1) =0  (m k=0,1,..)

Using (3.1), (3.3) and an identity from Luke [4, vol. 1, p. 42], one checks that

(3.7) G* (t—n—X1t)=-G*(n;t) (m=0,1,...,1).

Similarly, for

(32) Hf(n;t)=(n+ X)), (n+m+A-8),_,
XQ2n+A+t+1),(n+c,y)H,(n51),

we have

(3.9 H* (-n—-A—1t;t)=HXn;t) (m=0,1,...,1).

We need the following result,which can be easily obtained with the aid of some
formulae from Luke [4, vol. 1, p. 26]. If m > r > 0, m and r integers, then

-m,m+ a,1 + w,

(3'10) r+2F;'+1

Sp

r—h+a,o

_(-)"mT(r—h+a)
- T'(m+ a)o,
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for h = 0,1, where

1

soi=1,  s:= %(m)2+%-(m—r+1)(m+r+2a—2)+Zw.
i=1
For n, t integers > 0, we define
b, ,—1)(n+A),
(3.11) y(n; t):= (by42 = 1)( )

(n+b,,—1)(n+A-1),

THEOREM. The function
-n,n+A,a o 1

(312) Pn = p+3tp+2 bp+2 l)

satisfies the difference equation
pto

(3.13) Y G (n;p+0)®,_,=v(n;p+o) (n>p+o),
m=0

where the functions G,, and y are defined by (3.1) (or (3.3)) and (3.11), respectively, and

P p+2
(3.14) o:=sgn()\+2+ Za,.—Zb,).
i=1 j=1

Moreover, if

P p+2
Re()\ +Ya,— ) bj) < -2,

, i=1 j=1
then another solution of (3.13) witho = 1 is

0 - byos— 1 . 2-b;,51 .
"o(n+D)(n+A-1)(a, - 1) n+2,2-n-\2~a,
3.15
G139 1-b,,,1
=1-_.3F 1.
pH37p+2 n+1,1-n-\1-a,
Finally, if

P p+2

Re()\ +Ya-Y bj) < -1,
Ci=1 j=1

then the functions

I'(n+1)T(n+A-a)

R(j)::
g T(n+1+a;)T(n+A)
(3.16) l4a b, 1
X . F
p+27p+1 l+a,+nl+a,—n—-AN1+a,—a}
(j=1,2,...,p),
RG+D F(n+1)T(1-n-A)TQ2n+A)T(n+a,)
" r(n+bp+2)
3.17
( ) l_n;bp+2 . 1
Xprafprl 1 xCam1on— a1
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FQA-n=MNI(n+1)I(n+X+1-5,,,)
F@n+A+1)I(n+A+1-a,)
1)

under the condition that no two of the quantities -n,n + X\, a, (i = 1,2,...,p) differ by
an integer or zero, and the functions
1)

T'(n+1)T(n+A+1-0b,)
(k=1,2,...,p+2)

I'(n+b,)T(n+A)
1-b,—n1-b,+n+A1-b,+a,

under the condition that no two of the parameters b, (j = 1,2,...,p + 2) differ by an

integer or zero, satisfy the difference equation

(p+2) .—
R{P*D =

(3.18)
n+A+1-5b,,,

“proboi| gpiat 11404 A—a,

p+2ip+1

SR 1=

(3.19)

><p+2Fp+1

1-b,+b%,,

p+1
(3.20) Y G, (n;p+1)®,_,,=0 (n=p+1).
: m=0
Remarks. 1°. It follows from a theorem in [4, vol. 2, p. 136], that (3.12), (3.15)
satisfy Eq. (2.3), while the functions (3.16)—(3.19) are solutions of the homogeneous
form of this equation. 2°. That the function (3.12) with b, = 1 for i = p + 2 satisfies
a homogeneous equation of order p + 1 (Eq. (3.20), in fact) follows from results of
Wimp [10]. (Note that formulae (5), (6) of [10] should be corrected by multiplying
the sth term of each sum by 1/s! (see [12]).) 3°. It can be conjectured that if no aq; is
equal to any b,, the functions (3.12), (3.15) do not satisfy a nontrivial equation of the
form (3.13) of lower order than p + o or p + 1, respectively, and none of the
functions (3.16)—(3.19) satisfy an equation of the form (3.20) of lower order than
p + 1. (We assume that a;, b, are not interrelated.)
Proof. A. Putting the function (3.12) in the left-hand side of (3.13), turning the
sum around, replacing n by n + p + o, and performing some algebra, we get '

pto
(321) z Gp+a—m(n + p + g, p + o)Pn+m = ‘Y(n + p + 0; P + o)(¢n + ‘Pn)’
m=0
where
n+p+e (n +p + o)(n + )\)(a ) n+p+o—1
¢n = Z gk, ‘Pn = b — 1 F Z nka
k=n p+2 k=n
¢ = (-1D)“(-n-p-o)i(n+ M il(byea),
k-

k!(b +2 7 1)k(k + M)k

p

k—-n—-p—-o,k+n+Ak+b,,,
Xp+akpis 1
prate 2k+A+1,k—-1-b,,,
—k,k+)\,ap,l
Xp+3F,42 b 1 (k> 0),
p+2
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_ (-)*A=n=p—0)(n+A+1),(1+ a,),

11 .
k k!(k+X)(a,),
k—-n—p-o+1Lk+n+X+1,k+1+a,
Xp+2Fpa1 2k+A+1,k+a, 1
-k, k+ M\, a,1
xp+3F;7+2 b 1 (k = O)
p+2
Let
—n—p—o,n+}\,ap,l
fn = p+3};;7+2 bp+2 -1 1}.
By applying a theorem in [4, vol. 2, p. 7], we have
n+p+o
(322) fn= z £k=¢n+pn’
k=0
where
n—1
P,, = z gk'
k=0

Simil¢ rly, for

1—n—p—o,n+)\+1,l+ap,l
I = peabpia 1
P P bp+2
bp+2_l

- (n+p+o)(n+A)a, 1 =1),

by virtue of the same theorem, we obtain

n+p+o—1
fn* = z Nk>
k=0
which implies
(3.23) 1-f,=¥,+ 1,
where
(n+p+o)n+A)a, "}
Tn = b -1 £ Z Nk
p+2 k=0
Applying (3.10), we get for k = 0,1,...,n — 1, the equations
F —h,h+p,k+b,,, C (-D"RTQKk+A+])
&P p+pt+o+1,k—1-b,,, T(k+n+A) (k-1 +bp+2)yk°’

l—hh-1+vk+1l+a,| |\ (-D"(h-DTQk+A+1)
pe2fpar v+p+o—1,k+a, ~ T(k+n+A+1)(k+a,) Fko:
where
h=n+p+o—-k, p=2k+A—p—0, vi=p+2,
p+2 P
Y= Zu=1 po=w+ Zlbi’ Zko = Wk+)\+2+zlai,

W, = (k—1)(p+2)+%(n+p—k)2+%(n—k—l)(n+3k+2)\).
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Hence
n—1 n—1
pn = 8 Z wkyko’ Tn = _8 Z wkzko’
k=0 k=0
where

_ (D) (p+n+ o)
T(n+A)(b,,,—1) ’

_ (-D*QEk+NT(k+1) (—k,k+x,a,,,1
k= k! p+3ip+2 b
P+2

1)
(k=0,1,...,n-1).

As, in view of the definition (3.14), y,, = z,,fore = 0,1and k = 0,1,...,n — 1, we
obtain p, = —7,. This, together with (3.21)-(3.23), implies that the function (3.12)
satisfies Eq. (3.13).
B. A similar argument shows that the function (3.15) satisfies Eq. (3.13) with
o = 1. Putting Q,, in the left-hand side of (3.13), we get after some algebra
p+1

(324) Y Gy Wwn+p+1L,p+1)0, ,,=v(n+p+1;p+1)(¢,+,),

m=0
where
¢, == (n+}\+ 1 —bp+2)n,,

(3.25) p+1

-m,m+2n+A,n+A+2-5b,,
X z p‘m(n)p+4f;:p+3 o
m=0

2n+)\+p+2,n+)\+1—bp+2

1),

—m,m+2n+>\+2,n+>\+2—ap
2n+A+p+2,n+A+1-a,

Y, =(n+A+1-a,)x,

(3.26)

1),

14
X 2 p'm(n + 1)p+2'F;)+1
m=0

T(m+n+A—=1T(m+2n+A)2m+2n+1)
m!T(m+ n+2)

Bm(n):=

2_bp+2’1
X F 1
p+37p+2 m+n+2,2-n-A-m2—a,|l |
. T(n+p+2)

" (1-a,)T(n+NTQn+X+p+2)’

Notice the use of the second form, i.e. (3.3), for G,,. By applying a theorem from [4,
vol. 2, p. 5], and making use of (3.10), we obtain the equations

2—bp+2 * _ =1- _ \I/=g+p
1—ap)(n+)\—1)(n+p+2)g" P Bn ™ P moem

¢n=(
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1)
e

m__ mi,(n)
=TQn+A+p+2 1) .
pn ( nv p )Knm=§+2( ) I\(m+2n+A)
Hence (3.24) is equivalent to (3.13) with @, = Q,and o = 1.
C. We check that the functions (3.16) obey Eq. (3.20). Let j be any integer from
the set {1,2,...,p}. Proceeding as in part B of the proof, we get
p+1

(327) X Gy n(n+p+1L,p+1)RY, =y(n+p+1;p+1)(¢, +¥,),

m=0

where
F 2_bp+2,1
8= pr3tpe2 n+p+21-n-2X1-a,

3 - bp+2,1

* o
8 = pesbpea n+p+3,2-n—-1\2-a,

where ¢, and ¢, are as given in (3.25), (3.26), in which, however, the functions k, and
i ,(n) are defined anew by

e I'(n+p+2)
" (=B, ) T(n+MTQn+ A+ p+2)’
T(m+n+X—=a,)T(m+2n+X)(2m+2n+1)
mT(m+n+1 —aj)

(3.28) m,(n)=

1+a_b 2
x F J P+

p+2p+1

)

Applying the above-mentioned theorem from [4, vol. 2, p. 5], and then using identity
(3.10), we may write

(3‘29) ¢n = Kn(f;l - pn)’ lpn = xn(wn _fn + pn)’
where

_ (1+a,-b,,,)T(n+A=a)T(2n+A+p+2)

1+aj+n+m,1+aj—n—)\—m,l+aj—a;‘

" T(n+p+2+a)
2+a_b 2
Xp+akpi1 Lo «|1]
1+aj—n—}\,2+aj+n+p,1+aj—a‘p
il m__ miu,(n)
p,=TR2n+A+p+2) Y (-1) T(m + 27 + 1)

m=p+2
:=(n+}\+1—ap) .
° (2m+2n+A+2)T(m+2n+A+2)T(m+n+A+1-a))

X ;
m—0 m!l"(m+n+2+aj) »
—m,m+2n+)\+2,n+)\+2—a‘p
XpraFp 2n+A+p+2,n+A+1-a, 1.
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Now, applying the identity

s Gmenn, (o) (@),
moo MmU(m+v)un p+27p+1 a,d,— p

(@)ule,),’

which can be deduced from another theorem in [4, vol. 2, p. 1], we conclude, after
making an identification of the parameters (y =2n+ A+ 2, a=2n+A+p+2,
p=a;,—n -A-l¢=1+4+a;,-a,d;=a;—a;fori=12,..,p), that w, = 0.
The result then follows from (3.27) and (3.29).
D. We show that the function R(?*?, defined in (3.18), obeys (3.20). Putting
(3.18) in the left-hand side of (3.20) yields
p+1

(3.30) )» Gp+1—m(n +p+1;p+1)RZ?
. =

=y(n+p+1;p+ 1)(—1)"cnn(¢,’:‘ + ¢;:'),
where c is a constant, k, is given by (3.28), and

pr=(n+A+1-b,,)

p+1 —m,m+2n+>\,n"'7\"'2_bp+21
xmz_‘,ovm(n)puf}w 2+ A+p+2,n+A+1—b,, |

yri=—(n+A+1-a,)
[-m,m+2n+X+2,n+X+2~a,] )

(S Y AN A =
X V’”\n-'-l)“zf”“\ 2n+A+p+2,n+A+1-a, 1

M

(-1)"@2m+2n+ N)T(m+2n+N)T(m+n+X+1-b,,,)
m!I‘(2m+2n+?\+l)I'(m+n+}\+1—ap)

)

By virtue of the theorem mentioned in part A of the proof (see [4, vol. 2, p. 7]), and
using identity (3.10), we get

v,(n)=

m+n+A+1-b,.,

Xprafpir 2m+2n+A+1,m+n+A+1-a,

¢:==—¢::=ﬁ1_‘%’
where '
T(n+A+2-b,,,) n+X+2-b,,,

" T(n+A+1-a,) p+2F”+1(2n+}\+p+2,h+}\+1—ap

1),

mW, (n)
T(m+2n+2A)’

F@n+r+p+2) ¥ ()"

m=p+2

Pn'

Hence the result follows from (3.30).
E. The difference equation
p+1

(3.31) 2 Gxn;p+1)®,_,=0,

m=0
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where the coefficients G,* are defined by (3.6), is obviously equivalent to Eq. (3.20).
Because of the symmetry property (3.7), Eq. (3.31) is invariant under the change of
variable n:= -n — A. Thus R{?*D = const - R2*? must also be a solution of
(3.20).

F. As it has already been remarked, the functions (3.16)—(3.19) satisfy the
difference equation

p+2
Y Gu(np+2)9, ,=0
m=0
of order p + 2,and so any p + 3 of them are linearly dependent. Thus the functions
S8 (k=1,2,...,p + 2) satisfy Eq. (3.20). This completes the proof of the theorem.
As a corollary to the above results, we give a difference equation satisfied by a
family of functions, including U, as defined in (2.2).

COROLLARY. Let n, q be integers > 0. Let B, A, c; (i =1,2,...,q+ 1), d, (j=
1,2,...,q) be complex constants such that none of the quantities B + 1, X, ¢, d; are
negative integers or zero and that

q+2 q
Re| Y ¢, - Zdj—x) <1,
i=1 j=1

where c.,.= R + Lfari= q + L. Then.the function.

(cq+1),, n+Coun

L roncea Kok PRRAERS

)

satisfies the difference equation
g+1

(3.33) Y (-1)"H,(n;q+1)¥,, = 0,

m=0
the coefficients H,, being given by (3.2) or (3.4). Further, if no two of the parameters n,
-n — A, d; (j=1,2,...,q) differ by an integer or zero, then the functions
- w,,l"(n+)\+1—dq)
" T(n+A+1=c,,)T(1—A—2n)

(3.34) o
XeraFon| g _ o 1-a-2aft)
W = n
" F2-d,—n)T(n+A+2-4d,)
(3.35) 14d,—c,.,
L PTTY S 1
2-d;—n,n+A+2-d,1-d +d}

(j=12,...,9)
are also solutions of (3.33). Here

w,:’=2n+A)T(n+A)/T(n+ B +1).
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Finally, if no two of the parameters c; (i = 1,2,...,q + 2) differ by an integer or zero,
then the functions
1)

(k=1,2,...,q+2)

Z(k) — (_l)nwn(ck)n
g T(n+A+1-¢)T(Q+c,—cpur)

(3.36) . F n+c,-n—A+e¢,1-d, +¢

q+24q+1

— c*
1+c¢—c7in

also satisfy Eq. (3.33).

Remarks. 1°. By virtue of a theorem in [8], the functions (3.32), (3.34)—(3.36) are
solutions of (2.4). 2°. Making the substitution

= (A - B)nq’n/(x)n
in (3.33) yields the equation
g+1

Y ()"Hy(n; g+ 1)¥Y, =0,
m=0
H ) being defined by (3.8).
Proof. In (3.16)-(3.20), let p:= ¢, a;:= A+ 1 —d;, b;:= A+ 1 — c;. Then we
have
Rstj) = C(j)TnVVn(j) (J = 1’ 2a~ . ’P)’
R(P*D = crtDry | R(P*D = Cr+Ir |

Sk = ptir z*k (k=1,2,...,p+2)
for some constants C), D), and
7,:= (-1)"T(n+ 1)T(n + B+ 1)/(2n + A)T?*(n + A).
Now, in (3.20) make the substitution ®,:= 7,¥,, turn the sum around and replace n

by n + p + 1. The result is
g+1

Y tinGpirom(n+ g+ 1,9+ 1)¥,,, =0.

m=0
However, a simple calculation shows that the identity
Tn+m q+1- m(n+q+l q+1)_pn( 1) H, (n q+1)
holds for some rational function p, (cf. (3.2), (3.3)). Thus ¥, satisfies (3.33).

4. Examples: Tiv this final scetion we- illustrate the applicatien: of the theerem: by
taking some examples of problems in which functions of the type (2.1) or (2.2) occur.
These problems were originally solved using different methods. We show that the
solutions can be readily obtained by applying the results of Section 3. Also, there are
new implications in some places, which seem to be interesting.

A. Beta integral of the Jacobi function. In [2], the integral

41) m,:= /1 x* 11— x)"'R™P(x) dx, Re(a) > 0,Re(b) >0,
0
is examined. Here

1 -
@) ren= S i L) et
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is the Jacobi function. If n is an integer > 0, then (4.2) is the nth shifted Jacobi
polynomial. (4.1) is called a beta integral of the Jacobi function. It can be shown
that

_ (a+1),B(a,b) -n,n+A,b
M = I'(n+1) 3F2(¢x+l,a+b1)'

The theorem of Section 3 yields the second-order recurrence relation
n(n+A-=1)2n+A-3)(n+a+b-1)m,
+@2n+A=3)[u(n) —u(n-1)—-n-A+b+1]m,_,
—(n+a-1)(n+B8-1)2n+A-1)(n+X—-a—-b-1)m,_,=0,
u(n)=(n+B)(n+A-1D(n+A—a->b)/2n+A-1).

In a special case, when b = 1, this theorem gives for the integral

(4.3) myi= [ x4 IRE®P(x) dx,
0

the first-order recurrence relation

(n+A=1(n+a)m*+(n+B)(n+A—a—-1)m*_,
=(2n+ X -1)(a),/T(n+1).
These recursions can be used to evaluate (4.1) or (4.3), respectively. Note that in [2]
(see also [9]), another computational scheme, based on a second-order recurrence

relation for a certain auxiliary sequence, was used.
B. The Wilson polynomials. The nth Wilson polynomial is defined by [6], [7]

- -n,n+Aa—1t"% a+ 12

(4.4) Pa(1)i= (@t B)wab| Ty by 4+ by
A=a+b, +b,+b;—1.
In the sequel we use the notation f(b) for f(b,)f(b,)f(b;). Thus, (a + b), is short
for (a + b,),(a + b,),(a + b;),. Notice that the series ,F; in (4.4) is balanced. The
Wilson polynomials form an orthogonal system with respect to a positive measure

on the real line, provided a, b, b,, b, have positive real parts [7]. Application of our
theorem yields the three-term recurrence formula

(n+ N)aa(e) =@n + M)t = (n + @) = v(n) + 0(n + 1)] p, (1)
—(n+A-a-b)2n+ A+ 1)v(n)p,_,(z) =0,
v(n)=n(n+a+b-1)/2n+r-1),
which agrees with Wilson’s result [6]. For @ + ¢!/ =1 or a — /2 = 1 we have the
nonhomogeneous two-term relation ‘
(n+A=1Dp,(t)—np,_(t)=(a+b-1),2n+A-1).

C. The Hahn polynomials. For real a > -1, B8 > -1 and for positive integral N, the

Hahn polynomials Q,(x) = Q,(x; a, B, N) are defined by

’

-n,n+ A, -
(4.5) 0,(x):= 3F2( ';-7-1,—Nx 1) (n=0,1,...,N),
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where A:= a + B + 1. The polynomials Q,, Q,,...,Q constitute an orthogonal
systemon x = 0,1,...,N with respect to the measure

(a+1)x(ﬁ+l)N—x/X!(N_x)!' :
The three-term recurrence relation for (4.5), obtained earlier by Weber and Erdélyi
(see [3]), follows readily by application of the theorem of Section 3.
It is interesting that if x = -1 or x = N + 1, then the Hahn polynomials satisfy a
first-order nonhomogeneous equation. Namely,

(n+A=1)(n+a)(n=N-1)Q,(-1) +n(n+B)(n+ A+ N)Q,_,(-1)
=-a(N+1)2n+Ar-1),
and, in view of [3],

_( B+,
Qn(N + 1) - (“1) (a + l)nQn(_l)’
a similar result for Q,(N + 1) holds.

D. Representation for , F,(1). Recently, Wimp [11] has shown that

Qy, Ay, 03 1
372 Bl, B2 ’

the parameters a;, ,Bj being not interrelated, cannot be represented in closed form.
Actually, he showed more by proving that the classical Watson formula (see [1, p.
189]; or [4, vol. 1, p. 104]) cannot be generalized. The main tool used in the proof
was the difference equation

(n+X=1)(n+a)
@n+r-2), o

(n+B)n+a-1) (n+B+1)(n+a)
(4.6) _[ m+A—1  2n+A+1 +"+b_l]®"
_(n+a+1)(n+,B+1)(n+)\—a+l)q) -0

(n+M)@2n+A+1),
(n + ais short for (n + a,)(n + a,), etc.), satisfied by
1 2
C = (a), (n+a1,n+a2,n+B+l1
" (b)) (n+ X)), n+b2n+A+1 ’
A=a+B,a>-1,8> -1,

which follows by application of the corollary of Section 3. Wimp constructed Eq.
(4.6) by using another technique. He also gave other solutions of this equation,
corresponding to (3.34)—(3.36).
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