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Computing the Irreducible Characters 
of the Group GL6(2) 

By M. R. Darafsheh* 

Abstract. All the sixty ordinary irreducible characters of the group of six by six nonsingular 
matrices over a field with two elements are found. To do this we use methods of Steinberg and 
also characters induced from certain subgroups which makes it possible to calculate the whole 
character table by hand. 

1. Introduction. In [5] and [6] Steinberg gives methods for obtaining a number of 
irreducible representations of the general linear group GLj(q). In particular, using 
geometric properties of the underlying vector space V = Vn(q), he obtains p(n) 
irreducible representations of GLn(q) where p(n) denotes the number of partitions 
of n. These p(n) irreducible representations are related to those of the symmetric 

group En. 
Let n = A + X + +X - ) >1 2 > . > An > O. be a partition of 

n. Let a k-dimensional subspace of V be denoted by V(k). Let /(A) denote the set 
of all the sequences of subspaces V(XA), V(X1 + X2), .. ., V(X1 + X2 + +Xn) of 
V such that each one is contained in the next one. Then GLn(q) acts transitively on 
A('". Let X(A) denote the permutation character obtained in this way. Let the letters 
from 1 to n be partitioned into sets consisting of X1, X 2, . . . X n letters. If we set 

H(A) = Ix, X zA2 X ... X4An and denote by 1H(N) T S7- the character induced by the 
identity character of H(A), then by [6] X(A) and 1H(O T En split in the same manner. 

Using this fact and properties of elements of G = GL6(2) we can find 11 
irreducible characters of G corresponding to 11 partitions of 6 which will be 
described later. To obtain the rest of the irreducible characters we use the method of 
inducing characters from certain subgroups of G. 

Throughout this paper He K denotes the extension of group H by group K. If 
H < G and x is a character of H, then x H T G denotes the character induced by X. 
For x E G then C(x) denotes the centralizer of x in G. 

2. Conjugacy Classes of G = GL6(2). G = GL6(2) has order IGI = 215. 34 5 * 72 

31 = 20,158,709,760. Using irreducible polynomials of degrees up to six over 
GF(2) [2] we find that G has 60 conjugacy classes. In Table I (Table I and all 
subsequent tables appear at the end of this paper) a representative from each class in 
its matrix form together with its centralizer order and the dimension of its fixed 
space, d, when acting upon V are given. Here (m) denotes a conjugacy class of 
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elements of order m and when there are more than one class of elements of order m 
then subscripts (me) are used to differentiate classes. (m) denotes one of the pair of 
classes such that elements of a class are inverses of elements in the other class. x2, 
X3, X , X7 define the power map. Finally,(31) denotes one of the pair of classes of 
elements of order 31 such that elements in a class are third powers of elements in the 
other class. 

3. Conjugacy Classes of Certain Subgroups of G = GL6(2). Let 6 = X1 + A2 
+ *.? +X6-(A), X1 >X 2 >* * 6 >O , be a partition of 6. Let A(x) be the set 
mentioned in Section 1. For an element of Y'(X) the set of elements of G stabilizing it 
(as a whole), G(A), consists of matrices of the form: 

A1 

A2 

0 
A6 

where Ai E GL (2), 1 < i < 6. Therefore G(x) is a group of the form T (GL\1(2) 
X ... X GL 6(2)), where T is an elementary Abelian 2-group of order 2N, N= 

El < i < i j 6 A iA and will be denoted by 2N from now on. 
If Xi is a character of GLA (2), 1 < i < 6, then X = X1X2 ... X6 is a character of 

G(X). To evaluate X T G, by [3] we have 

T G(g) =IJC(g)j 
X g ( ~ 

~~~ =1 I '(,\)I 
where g = g1, g2,..., gm are representatives of those classes of G(X) which are 
conjugate to g in G. We can write the expression above as 

X 
T 

G(g) = EM C(g ) Ie xgi). 

Therefore, to evaluate X T G(g) we need to know the ratios IC(g)t/jC(,) I together 
with the image of gi under the canonical homomorphism G(x) - G(X)/T. 

We shall call these images the coset representatives. 
In our work, most of the irreducible characters of G are obtained from inducing 

characters from the groups G(42) and G(32). These groups have the form G(4,2) _ 28 - 
(GL4(2) X GL2(2)) and G(32) 29 . (GL3(2) X GL3(2)). As GL4(2) A8, GL2(2) 
- :3, GL3(2) PSL2(7), we have G(42) 28. (A8 X Y3), G(32) 29 - (PSL2(7) X 
PSL2(7)). Now the conjugacy classes of the groups A8, :3, PSL2(7) are given in [4], 
and using these,together with the analysis of each coset,we find conjugacy classes of 
the groups G(4,2) and G(32). In Tables II and III we give the ratios IC(g)I/IC(,)J 
together with the coset representatives and the fusion of elements of the groupsG(4,2) 
and G(32) in G. In giving the coset representatives we use the notations of [4]. 

In these tables (17) and (35) denote one of the pairs of classes of elements of order 
7 and 15 respectively of A8 such that elements in one class are inverses of elements 
in the other class. (71) and (72) denote two classes of elements of order 7 in PSL2(7) 
and in this case elements in one class are inverses of elements in the other class. 
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4. Computation of the Irreducible Characters of G. Let 6 = X1 + X2 + ... +X6' 

X1 >X 2 > .. > 6 > O, be a partition of 6. As we mentioned in the introductory 
section, 1 I T 6 and X(x) split in the same manner [6]. Now the character table of 

26 is given in [4], and using this we find the irreducible constituents of IH(, T6 for 
each partition (X) of 6. By comparison we get the following relations: 

X(6) =Xi, the identity character of G, 

X(5,1)= + X2, 

X(4) Xi + X2+ X3, 

X(3) =Xi+ X2+ X3 + X4, 

X (4)1- Xi + 2X2 + X3 + X5' 

X(31 -=Xi + 2X2 + 2X3 + X4 + X5 + X6, 

X(3 - Xi + 3X2 + 3X3 + X4 + 3Xs + 2X6 + X7, 

X(-) Xi + 2X2 + 3X3 + X4 + Xs + 2X6 + X8' 

X(21 2) Xi+ 3X2 + 4X3 + 2X4 + 3X5 + 4X6 

+X7 + X8 + X9, 

X( ) =Xi + 4X2+ 6X3 + 3X4+ 6X5 + 8X6 

+4X7 + 2X8 + 3X9 + Xio' 

X(i) )=Xi + 5X2 + 9X3 + 5X4 + 10X5 + 16X6 

+10X7 + 5X8 + 9X9 + 5Xi0 + Xii, 

where in the above, Xi, 1 < i < 11, are distinct irreducible characters of G. Using the 
formula given for the size of the sets A) in [6],we are able to find the degrees of Xi, 
1 < i < 11. We have: Xi(1) = 1, X2() = 62, X3(1) = 588, X4(1) = 744, X5(1) = 

1240, X6(l) = 6480, x7(1) = 9920, X8(1) = 5952, X9(l) = 18816, Xio(1) = 31744, 

Xii = 32768. A glance at the above relations shows that if X(A), for each partition 
(X) of 6, is known, then we are able to evaluate Xi, 1 < i < 11, on the whole of G. 
Now we know that X(s i)(g), g E G, is equal to the number of nonzero vectors of V, 
fixed by g, which can be computed from Table I. Therefore, it is straightforward to 
calculate X2 on the whole of G. Using Table I and properties of elements of G, 
together with combinatorial arguments, we computed X(x) for each element of G, 
which are tabulated in Table IV. 

Now using relations written at the beginning of this section, together with Table 
IV, we evaluate Xi, 1 < i < 11 on the whole of G, which are tabulated in Table V. 

At this stage, as 31 divides IGI to the first power, the consequences of [1] yield six 
more irreducible characters of G. G has exactly one block of the lowest type, namely 
the principal block BO(13). BO(13) contains 5 ordinary irreducible characters and 6 
exceptional characters which are 31-conjugate. Incidentally, the 5 ordinary irreduci- 
ble characters of BO(31) are X1, X3' X6' X9 and Xii* By [1], if p denotes one of the 6 
exceptional characters in BO(31), then we have the following relation for all 
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31-regular elements x of G: 

p(x) = xl(x) - X3(X) + X6(X) - X9(X) + Xll(X)- 

Thus p can easily be evaluated on all 31-regular elements of G, in particular we have 
p(l) = 19845. Let these 6 exceptional characters be denoted by X12, X13, X14, X1s5 
X16 and X17. Then using [1], we evaluated Xi, 12 < i < 17 on the 31-singular 
elements of G, which are tabulated in Table V. 

Now, we use Tables II and III to induce certain characters of the subgroups G(4,2) 
and G(32). Let the irreducible characters of 3, PSL2(7) and A8 be denoted as 
follows: Irreducible characters of 23 are denoted by 01, 02 and 03, where 01 is the 
identity character of E3, with the degrees: 01(l) = 1, 02(1)= 1 and 03(1)= 2. 
Irreducible characters of PSL2(7) are denoted by T1, 92, 93, p4, (5 and T6 with the 

degrees: p1(l) = 1, 992(1) = 993(1)= 3, 994(1) = 6, 995(1)= 7, 6(l) = 8. Finally, 
irreducible characters of A8 are denoted by ),, 1 < i < 14, with the degrees: 

+1(l) = 1, 42(1) = 7, 43(1)= 14, 4)4(1)= 20, 45(1)= 21, 46(1) = 47(1) = 21, 

48(1) = 28, 49(1) = 35, 4)o(1) = 411(1) = 45, 412(1)= 56, 4)13(1) = 64 and 4)14(1) 

= 70. In the above, 46 and 47 are a pair of 5-conjugate characters while 41O and 

4)11 are a pair of 7-conjugate characters. 
Now we proceed to describe irreducible characters of G obtained from inducing 

certain characters of G(4,2) and G(32) which was described in Section 3. We start with 

(4,2)28. (A8 X 3). Recall that if 4 and 6 are characters of A8 and 3, 

respectively, then X = 40 is a character of G(42). X can be evaluated easily using 
Table II, and if 

(X, X) =- X(g) X (g) =1 |G| geG 

then X is an irreducible character of G. Various irreducible characters of G are 
obtained in this way, which are listed below. 

4)162 induces an irreducible character X18 of G with degree 651, 
4)302 X19 " 9114, 

4561 ' " " X20 " 13671, 
4563 ,, ,, X21 " " " 27342, 

4)2 " " " X22 ", 13020, 

4 1262 " X23 " 36456, 
P 201 " " " X24 " " " 4557, 

4)861 " " " ,, X25 " 18228, 

4661 " " X26 " 13671, 
4 701 " " X27 " 13671, 

4)263 X28 " 9114, 
4)1062 " X 29 " 29295, 
4)1102 " X30 " 29295, 
4663 " " X31 " 27342, 

)763 ,, " " X32 " 27342, 
4/863 " " " X33 " 36456, 
4 1301 ' X 34 " 41664, 
4502 X35 " 13671, 

4662 " " " " X36 " 13671, 
4762 X37 ", 13671. 



IRREDUCIBLE CHARACTERS OF THE GROUP GL6 (2) 305 

No other irreducible characters of G are obtained in this manner and what is 
obtained are either repeated earlier or compound characters of G. Similarly, we 
induce certain characters of G(32). Below are irreducible characters obtained by 
inducing certain characters of G(32) which have not appeared earlier. Note that these 
characters are evaluated on G using Table III. 

P2P1 induces an irreducible character X38 of G with degree 4185, 
T3T1 

1 9 
X3 " " " 4185, 

T2T4 
99 99 99 99 

X40 ,, ,, 25110, 
T3T4 

99 99 99 99 
X 41 " 25110, 

T2T6 X 42 3380 

3T6 X 43 " 33480, 
T2T3 

99 99 99 99 
X 44 "9 99 
9X 12555. 

No other irreducible character of G is obtained in this way. At this point we take 
tensor products of certain characters of G which are already known and obtain 
various relations between the unknown characters of G. After solving these equa- 
tions we obtain the remaining 16 characters of G. We omit the details and tabulate 
the irreducible characters of G in Table V. 

Note that in Table V we have: 

! (-I + in), ! (-I + in), 

a = E + 2 
+ e4 + e8 + e16 b 3 

+ 
6 

+ e12 + e17 + 
24 

5 9 10 18 20 2 7 
C = + c + c + c + E C=cos- + i sin - 

31 31 
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TABLE I. Conjugacy classes of the group GL6(2) 

Class x2 X3 X5 X7 IC(X)j d Class x V2 X X5 X7 IC(x)l d 

1 [ 11 2'5 34 5 72 31 6 62 [1 1 1 32 2, 25 32 2 

2'5 32 5 7 5 63 [ 1 3, 2, 2632 3 

22 [ I] 21432 4 64[ i 33 23 2331 

23 [ 1 2 1237 3 65 [ 1} 33 21 233251 

[, L i i 2, 21 37 4 66 [ . 1 33 22 23322 

42 21, . 211 3 12, 61 4_ 243 - 

43 [ ] 2 293 2122[ 6] 44 2'31 

44 122 283 3 123 11] 
3 1 2432 

45 22t ] 23 2 9 [ 1 31 32.7 

26 2s~i ~ .25 811 42 25 2 5 L 1 2 .3 2.5 2 

82 , l 43 25 1 10 
. 

.].5 2, 235 1 

[I t ;1 ~~2534-57 7...151 ] 5 33 2.32.52 

3 2[. llj 26 33.5.7 415 ,[ II ] 5 33 2 32 5 2 

]23633 2521[ [ 1] 533 325 

613[2 ]1 22 2632 - 152 ] 1 5 3 325 2 
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TABLE I (continued) 

Class X X2 XI XI XI C(x)I d Class X X2 XI XI X7 IC(x)l d 

[ 53] 3 3 5 _ 21, . . . ] 72 32 3 7 1 

3[H HH ]16 2351 21 2L H 7f 3 327 _ 

.~~~~~~~~~~L . . 1 1 

30 1]15 
j 10 6 235 1 22 1 ] 7 3 32 7 

23.32 .72 63.[ 221 932.7 

7 , ] 23.372 632 [ 2[ ] 2 9 32 7 

7 [. I ] 23.3.7 233 3 [[I1]21229 327 

7I 23 7 63 21 2 9 32 7 

[ 232,7 [L1 1]31 
3 2 2~~~3 1 

74[ 1 12 2237 3 32 < . .1 21i9 
N2[i.ii..172 2.23.72312L 11 1i 

34227 312[ 1] 31 1 

4 ] 7 2, 3 
722 

[ I31 1 

1 f4 l f72 21 227 2 3 [ 2 9 3 7 

Li ' 1] [ ' ' '31 

14 1 71 23 2 7 1 3' I . . . . 31 1 

1 1 I ~~~~~~1 1: 1 . 

214 2 7 . . -2 21 2 7 2 71 , .1 . . . 31 1 
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TABLE II. Conjugacy classes of G(42) 

GL6(2) A8 XGL X 
E3-Coset Ratio 

I ,(1X,13) 651 (24, 3) 1 

(18,13) 15 (12 32, 12) 4 

21 (18, 12) 16 63 (123' 13) 
3 

(24, 13) 140 (26,1 ~ 4 

(18, 13) 1 (26,3) 1 
(1422,13) 16 64 (1223,12) 1 

23 (24, 13) 18 (153,12) 1 
(2, 12) 24 65 (26,3) 5 

(1422, 12) 28 (1232,3) 1 
23 (24, 13 ) 7 66 (1223, 13) 1 

(1, 12) 1 12, (1223,3) 1 
(24,1) 7 (1224,3) 1 

41 (42'132) 28 122 (26,12) 1 

(14 2, V ) ~~~~~~~(12 32, 12) 1 
(14 22, 13) 2 (4231 

(1422,12) 2 123 (26,12) 1 

(24,12) 2 (26, 13 ) 1 
(42, 12) 8 5 (135,1) 1 
(42, 13 ) 4 10 (135,12) 1 

(12,12) 1 (35,13) 1 43 (4 2,12) 6_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ 

(2, 12) 1 151 (35,I3) 1 

(1224,213) 4 152 (35,3) 1 44 (4 213) 3 
(42 12) 3 15 2 (35,3) 1 

(1422, 12) 1 153 (135,3) 1 
(12 24, 12) 4= 
(4,12) 30 (35,12) 1 45(42'12) 1 
(42, 13 ) 1 30 (35 12) 1 

(1224, 13) 1 _ 
8 1 (1224,12) 1 7 2 (17,13) 7 

(42,12) 1 72 (17, 13) 7 

82 (1224,12) 1 (17_,1) 1 

_31 ( ,3,3) 21 14 (17,12) 2 
(18,3) 1 

32 (1232,13) 35 (17,1 ) 1 

(153, 13 ) 1 142 ( 17,12) 2 
33 (1232,3) 5 28 (17,12) 1 

(15 3,3) 128112 
61 (1223,3) 4 28 (17,12) 1 

(1422, 3) 1 211 (17,3) 1 
62 (232,1'3) 1 21 17 3) X 

(26,12) 6 2 ~ (73 
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TABLE III. Conjugacy classes of G(32) 

GL6(2) PSL2(7) x PSL2(7)-Cosets Ratio GL6(2) PSL2 (7) x PSL2(7)-Cosets Ratio 

1(1,17) 1395 (17,132) 1 

(1,17) 3 5 (1322,132) 6 
(17,12) 1 20 63 (132, 17 1 2 

~ ~ (1 22, 120 (121323 

(1W,132) 12 265 (132,132) 5 
22 (1322, 1322) 72 66 (132 ,132) 3 

(13, 13) 12 . (132, 124) 1 

(17,17) 1 12 (124, 132) 1 
23 (1322,1322) 42 1_13 1 

(17, 124) 8 (132, 124) 2 
(17, 1322) 7 123 (132, 1322) 1 

41 (1322,1322) 21 (124,132) 2 
(1322, 17) 7 - 

(124,17) 8 71 (71,71) 9 

(17,1322) 1 7 (72, 72) 9 
(13 22, 124) 8 ( 

42 
W 

(122, 1322) 9 7 
1,7) 1 

(1322, 17) 1 72 (7l,1,) 1 
(124,1322) 8 (17,72) 1 

(1322,1322) 3 72 (72,17) 1 
43 (124,124) 12 (7172) 1 

(17, 124) 1 73 (7-2.7) 1 
(1322, 124) 3 _ 

44 (1322, 1322) 3 141 (71,71) 1 

(124, 13223) 141 (72,72) 1 
(124, 17) 12,7 

( 122,1322 1 (13 22 71) 1 

(1322,124) 2 142 (71,1 22) 1 
45 (124,124) 2 ( 122, 72 1 

(124, 1322) 2 14 2 (72 13 22) 1 

(1322 (124) 1 
81 ~~(124,124) 1 (2,1 

(124,1322) 1 28 (71,124) 1 

82 (124,124) 1 (124,72) 1 

(17, 132) 15 28 (72,124) 1 
3 ((132,17) 15 (132,7k) 1 

33 (132 ,132) 15 21 (71,132) 1 

(132, 1322) 3 (13 2,72) 1 

62 (1322 ,132) 3 211 (72,132) 1 
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