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Class Numbers of Cyclotomic Function Fields
By K. F. Ireland and R. D. Small

Abstract. Using results of Galovich and Rosen the plus and minus factors for the class
number of the cyclotomic function field associated with irreducibles of degree three and four
over the-field with three elements are computed. As a consequence it is shown that the
analogue to a result of Kummer on the p-divisibility of these factors is false.

Consider an odd prime p and let F, denote the finite field with p elements. To
each monic irreducible polynomial P(T') of degree d with coefficients in F, one can
associate a cyclic extension K, of F,(T') that enjoys properties analogous to those of
the classical cyclotomic number fields Q(¢,), §, = e>""/?. Such fields were dis-
covered by L. Carlitz in the 1930’s and have been studied intensively in recent years
by D. Hayes, M. Rosen, S. Galovich, D. Goss and others. If D is the integral closure
of F,[T]in K, then one has the diagram:

Kp
D/ ‘
| F,(T)
F[T]
The following properties hold:

(a) K has degree p? — 1 over F(T).

(b) P(T) completely ramifies in Kp.

(c) If Q(T) is monic irreducible, 9/ = 1 (P), f minimal, then QD =P, --- P,,
s = (p9—1)/f, P, of relative degree f.

@ Q/TD=(P,--- P)""L r=(p?—1)/(p — 1), where D is the integral
closure of F,[1/T]in K, and P, are distinct primes of degree 1.

(e) The Galois group of K,/F,(T) can be canonically identified with the multi-
plicative cyclic group (F,[T]/P(T))*.

To explain the important property (e), we define the Carlitz action on the algebraic
closure FI,(T)alg of F,(T). Define operators ¢ and p on FI,(T)alg by ¢(a) = a” and
p(a) = Ta. Then ¢ and p are noncommuting operators and one may consider
P(y + p)u = uP™_ It can be shown that u”™ /y is irreducible. The splitting field
of this polynomial is K. The action & — (™) gives the additive group of F,(T)*#
the structure of a F,[T] module. This construction is due to Carlitz. If A is a fixed
root of u”™ /u, then the automorphisms of K, are given by A — A1) where
A(T) € (F,[T]1/P(T))*. This explains (e). The arithmetic of the unique quadratic
subfield was treated by E. Artin in his thesis [1].

Received July 27, 1984.
1980 Mathematics Subject Classification. Primary 12A35, 12A50, 12A90.

©1986 American Mathematical Society
0025-5718 /86 $1.00 + $.25 per page

337



338 K. F. IRELAND AND R. D. SMALL

If K* denotes the maximal subfield in which 1/T splits completely, then K* has
degree (p? — 1)/(p — 1) and is the fixed field under the subgroup F; of the Galois
group. This field is the correct analogue of the maximal real subfield in the classical
case.

For each integer s dividing p¢ — 1 there is a unique subfield of degree s, denoted
by K. Thus K*= K ,a_y,,,—1)- Denote by Z(u, K,) the congruence zeta function
of the extension K /F,. Then, according to A. Weil [4, p. 154], one has

fi(u)
(1 -u)1 = pu)’
where f,(u) is a polynomial with integer coefficients of degree twice the genus of K.
The value of f,(u) at u = 1 is the number of divisor classes of degree zero on K.
We denote this divisor class number by 4. Let G = (F,[T]/P(T))* and consider the
nontrivial complex-valued characters x on G, that is Hom(G, C*), x # id. To each
such character define the quantities

s,(x) = Zx(4),

the sum being over all elements 4 of G that are monic and of degree j. Put

Z(u,K,) =

X s, (), ordx + (p’—1)/(p-1),

Os,(x)uf/(l —u), ordx|(p‘-1)/(p-1).

j=

Then one can show that

T1L*(u, x)

(1 —u)(1 - pu)’

Put h*= divisor class number of K* and define 4~ by h = h*h~. In the case of
cyclotomic number fields it is a well-known conjecture that p never divides
h*(Q(¢,)). This is the so-called Vandiver conjecture. Furthermore, it is a known
result of Kummer that if p|2*(Q(S,)), then p|h~(Q($,)). These two statements
refer, of course, to the ring of integers in Q({ »)-In the case of function fields there is
in general a nontrivial divisor class group concentrated on the primes at infinity. The
order of this group is known as the regulator and it is the quotient of the divisor
class number given by the zeta function by the regulator that is the class number of
the associated ring of integers.

In E. Artin’s thesis it is shown that for p = 3 and P(T) =2 + T? + T* the class
number of the ring of integers is 3. Since the extensions are totally ramified at P, it
can be shown (Rosen [6] and Iwasawa [5]) that 3 also divides the class number of the
ring of integers in K. Using a program devised by R. D. Small, we found that, in
this case,

Z(u,K,) = ord x|s, x # id.

ht=27-3-112-17 - 292 - 4217 - 1919692.
Needless to say, the regulator has not been computed. In the classical case this is
difficult even for cubic extensions! Furthermore, the machine calculation showed
that
h™=2%.241 - 3329 - 65521 - 1322641,
which is not divisible by 3. Thus the analogue of Kummer’s Theorem is false!
A computer program has been written by R. D. Small that calculates the divisor
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class numbers for all subfields of K, r,. We conclude this note with a short table of
some of the results. Namely, we give the prime decomposition of 2" and 4~ for all
cubic and quartic polynomials modulo 3. Several observations are in order. Notice
that 3 never divides 4~ in the quartic case. Furthermore 3 does not divide the total
class number A*h~ for 2 + 2T + T*. Such P(T) are called regular by D. Goss, and
for such irreducibles he has proved an analogue of Fermat’s last theorem. The power
of 2 dividing A~ is consistent with a result of Rosen and Galovich on the unit group
that implies (p — 1)"|h~, where r = (p¢ — 1)/(p — 1) — 1. Thus for cubics 22| h~
and for quartics 2°°| k™. The explicit calculations show, in fact, that these estimates
are exact. It would be interesting to know if this is true in general.

P(T) h* h-
24 T2+ T3 53313 212.5.79
24T+ T*+ T3 53 - 313 212.5.79
1+2T+T*+ 713 53-313 212.5.79
1+ T+2T*+ T3 53 - 313 212.3.131
2+ 2T+ 2T+ T° 53 - 313 212.3.131
1+272+7T° 53 - 313 212.3.131
242T+ T3 3° 212.3.7
1+2T+ T3 3° 212. 36

p=3,degP(T)=4

P(T)=1+4+2T+ T*+ T*
ht=2%2.33%.54.112. 17 - 41 - 101 - 5468921
h™=2%.17%. 13921 - 18743655761

31h*t,31h"

P(T)y=2+2T+ T*
h*=2%-112-17 - 41 - 71 - 97 - 491 - 881 - 1464361
h™=2%.17-97 - 63648628175761

P(T)=2+2T*+ T*
h*=27.3%.5%.17-19%.292. 89%. 1017
h™=2%.17% . 12046669609441

31h*,3+h™

P(T)=2+T?>+T*
ht=27-3.11%2-17 - 292 421% - 1919692
h== 2% .241 - 3329 - 65521 - 1322641

31h*,3+h"

P(T)=2+T+T*
ht=2%-11%-17-41 - 71 - 97 - 491 - 881 - 1464361
h™=23%.241 - 641 - 881 - 532611841
P(T)=1+T+T*+ T*
ht=222.33%.5%.11%2- 17 - 41 - 101 - 5468921
h™=2%.17%- 853111437361
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