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Abstract. We consider the problem of solving the algebraic system of equations which
arise from the discretization of symmetric elliptic boundary value problems via finite
element methods. A new class of preconditioners for these discrete systems is developed
based on substructuring (also known as domain decomposition). The resulting precon-
ditioned algorithms are well suited to emerging parallel computing architectures. The
proposed methods are applicable to problems on general domains involving differential
operators with rather general coefficients. A basic theory for the analysis of the condi-
tion number of the preconditioned system (which determines the iterative convergence
rate of the algorithm) is given. Techniques for applying the theory and algorithms to
problems with irregular geometry are discussed and the results of extensive numerical
experiments are reported.

1. Introduction. The aim of this series of papers is to propose and analyze
methods for efficiently solving the equations resulting from finite element discretiza-
tions of second-order elliptic boundary value problems on general domains in R?
and R3. In particular, we shall be concerned with constructing easily invertible and
“effective” preconditioners for the resulting system of discrete equations which can
be used in a preconditioned iterative algorithm to achieve a rapid solution method.
The methods to be presented are well suited to parallel computing architectures.

In this paper we shall restrict ourselves to boundary value problems in R2.
Let Q be a bounded domain in R? with a piecewise smooth boundary 9. As a
model problem for a second-order uniformly elliptic equation we shall consider the
Dirichlet problem

(1.1) Lu=f inQ, u=0 on 91,

where

2
0 ov
Lv=-— Z a—mz (azyégj'),

7,7=1
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with a;; uniformly positive definite, bounded and piecewise smooth on (2. The
generalized Dirichlet form is given by

(1.2) A(v,¢) = Z/ U(;av gi

3,5=1

which is defined for all v and ¢ in the Sobolev space H!({2) (the space of distribu-
tions with square-integrable first derivatives). The L?(Q)-inner product is denoted

(v,¢)=/;lv¢d:c.

The subspace H}(Q) is the completion of the smooth functions with support in (2
with respect to the norm in H!(Q). The weak formulation of the problem defined
by (1.1) is: Find u € H}(Q) such that

(1.3) A(w,¢) = (f,9)

for all ¢ € H}(Q). This leads immediately to the standard Galerkin approximation.
Let S2(?) be a finite-dimensional subspace of Hg (). The Galerkin approximation
is defined as the solution of the following problem: Find U € S2(f2) such that

(1.4) (Ua 9) = (f’ 9)

for all ® € SP(1). Once a basis {x;}; for SP() is chosen, (1.4) leads to a system
of linear algebraic equations. Write U = Y | a;:. Then (1.4) becomes

N
(1.5) > wiA(xi x5) = (£1%5),

=1
7 = 1,...,N. We shall choose SJ(Q) so that firstly, the function U will be a
good approximation to u and secondly, efficient algorithms for the solution of the
underlying linear system (1.5) can be developed. In particular, we will consider
subspaces SP(02) of H}(Q2) which are defined so that certain related subproblems
can be efficiently solved. We will see that this leads to algorithms for the solution
of the global linear system which is well suited to parallel processing.

The strategy of choosing SP (1) so that efficient algorithms exist for the solution
of the resulting linear system is not unusual. For example, for the Laplace operator
on a rectangular region, a subspace S () of piecewise linear functions on a uni-
form triangulation leads to the usual 5-point approximation to the Laplacian. The
resulting equations may be solved “fast” using, for example, fast Fourier transform
techniques. In this case, other choices of S?({2) may lead to good approximate solu-
tions, but these solutions may be more difficult to obtain computationally. Another
example of a special choice of SP((2) which leads often to a fast algorithm is one
which may be thought of as connected with a nested set of grids. For such spaces,
a “multigrid” algorithm may be applied.

The underlying method which we will consider is a preconditioned iterative
method. The choice of a particular iterative method within a certain class is not
essential, but for the purpose of this exposition we may think of the well-known
conjugate gradient method [12], [15] which is often used in practice. Roughly, the
application of a preconditioned method may be described as follows. Let A be the
N x N matrix with entries A(x;,X;), @ the column vector whose components are
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as in (1.5), and F the vector with components (f,x;). Then (1.5) may be written
as

(1.6) Ao =F.

Generally, the matrix A is not well-conditioned so that a direct application of
the conjugate gradient method to the symmetric positive-definite system (1.6) will
not be a very efficient algorithm. The preconditioned conjugate gradient method
(PCG) consists of choosing a positive-definite symmetric matrix B and writing the
equivalent system

(1.7) B~ 'Aa=B'F.

In the present context the matrix B will be associated with another bilinear form
B(-,-) defined on S2(2) x S2(). The system (1.7) is symmetric with respect to
the inner product defined by

N
(1.8) (0,81 = Y Bijaifs;.
7,7=1
Thus, the conjugate gradient method may be applied to (1.7) with respect to (1.8).
The importance of making a “good” choice for B is well known. The matrix B
should have two properties. First, the solution of the problem

(1.9) BA=b

should be easy to obtain. This is tantamount to applying the operator B~! to the
vector b. Secondly, B should be spectrally close to A in the sense that the condition
number K of B~!A should not be large. Clearly, K < A1/\o, where Ao and \; are
constants such that

’\O[IBa :8] < [B-IA,B,,B] < Al[ﬂ,ﬂ] for all /3 € RN'
In terms of the form B(-,-), the first property means that the solution W of
(1.10) B(W,®) = (g,®), forall®c S2()

for a given function g should be easier to obtain than the solution of (1.4). The
spectral condition, in terms of the forms, is

(1.11) MB(V,V) < A(V,V) < MB(V,V) forallV e 82().

These two properties will guarantee, firstly, that the work per iterative step in
applying the preconditioned method will be small, and, secondly, that the number
of steps to reduce the error to a given size will also be small so that an efficient
algorithm will result.

In this paper we will describe and analyze a technique for constructing the bi-
linear form B(-,-) so that the action of the corresponding matrix problem B! is
easy to compute. As a preliminary step, the domain is subdivided into subdomains.
Our preconditioner will be defined so that the computation of its inverse applied to
a vector only involves solving in parallel related Galerkin (or matrix) equations on
subregions of {1 and some interconnecting equations, which may also be solved in
parallel. The preconditioner B will be the first of our domain decomposition pre-
conditioners to be developed in this series of papers and will sometimes be denoted
DD1.

In Section 2, the preconditioner B~! will be defined and the essential step in
the iterative algorithm of computing the action of B~! will be described in detail.
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The main result concerning the condition number K is also stated in this section as
Theorem 1. Section 3 is devoted to a complete proof of Theorem 1. In Section 4 we
show how S2(0) can be constructed and how various coefficients introduced in the
definition of the preconditioner (see Section 2) can be chosen so that the related
subproblems can be efficiently solved, even in rather complex domain geometry.
Section 5 contains a reexamination of the process of applying the action of B~1
in the context of “block Gauss elimination”. Finally, in Section 6 we describe the
results of numerical calculations which show that the theoretical estimates are fully
realized in practice.

For other works dealing with the numerical solution of boundary value problems
via substructuring we refer to [1], (2], [4]-[7], [10]. We emphasize that a novel
feature of our approach is that more than two subdomains can meet at an interior
point of the original domain. In addition, our results remain valid independently
of the number of such points. As a simple example, our approach applies to a
checkerboard subdivision of a square.

2. The Construction of B(:,-) and the Preconditioning Algorithm. As
mentioned in the introduction, the preconditioner which we will construct involves
the solution of smaller related problems on subdomains and subdomain boundaries.
For the sake of simplicity of exposition we shall proceed with the discussion only
for the special case of polygonal domains and piecewise linear approximations.

More precisely, we shall begin with the following assumptions with regard to ().

A.1: Q is a polygonal domain.

A.2: For each h, 0 < h < 1 a parameter, () has been given a quasi-uniform
triangulation ). By this we mean that there exists a positive constant ¢; inde-
pendent of A such that each triangle 7* € Q" contains a ball of radius cih and is
contained in a ball of radius h.

A.3: For each triangulation %, 1 may be written as the union of disjoint regions
x, which are either quadrilaterals or triangles whose sides coincide with the mesh
lines of the original triangulation and which are quasi-uniform of size d > h with
constants, as above, which are independent of d and h. If ) is a quadrilateral, we
require additionally that the lengths of each side be bounded from below by c1d
and that any interior angle a satisfy 0 < Cy < a < C; < 7. The collection of
regions () will frequently be referred to as the subdomains.

The vertices of the {2} will be labeled v; (ordered in some way) and I';; will
denote the straight line segment with endpoints v; and v;. Throughout this paper
we shall only consider I';; when I';; is an edge of some (). Furthermore, we
associate with each ()i the triangulation inherited from the original triangulation
. The examples given in Figures 2.1 and 2.2 should help clarify the situation.

For each h, let S, () be the space of continuous piecewise linear functions defined
relative to the triangulation (0* and SP(02) be the subspace of S;(f1) consisting of
those functions which vanish on Q. S2(Q2;) will denote the subspace of S2(f2) of
functions whose supports are contained in (}; (in particular, they vanish on 9Q; and
outside (1;). In addition, S,({2;) will be the set of functions which are restrictions
of those in S2() to ();. Subspaces on the boundaries of the subdomains will
be denoted as follows. Sp(9Q;) will denote the restrictions of Sx(f2;) to 9; and
SP(T;), the subspace of Sy, (9(2;) consisting of functions whose support is contained
on the edge I';;. In what follows, ¢ and C' (with or without subscript) will denote
generic positive constants which are independent of h, d and the Q.
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FIGURE 2.1. The domain Q) and subdomains.

FIGURE 2.2. The domain with mesh.

We construct our preconditioner B by constructing its corresponding bilinear
form B(-,-) defined on S?(Q2) x S2(Q). We first introduce another form A(-,-)
which is defined by first setting

aU 8V
k
k(U V) = Z/ % 3. 327 9

1,7=1
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and then defining
AU V) =) A(U,V).
k

Here for each k, afj is a piecewise smooth (possibly discontinuous) uniformly
positive-definite matrix. The reason for the form of A will become clear as we

proceed with the development. We note, however, that

for positive constants Co and C;. Thus, the problem of finding a preconditioner
for A is the same as finding one for A.

We next decompose functions in S (1) as follows: Write W = Wp + Wy where
Wp e S(M) o --- @ SY(M,) and satisfies

Ay(Wp,®) = A(W,®) for all ® € SP(0)

for each k. Notice that Wp is determined on (U by the values of W on  and
that

AWy, ®) =0 for all ® € S2(%).

Thus on each Uk, W is decomposed into a function Wp which vanishes on 9§ and
a function Wy € Sp(Q) which satisfies the above homogeneous equations and has
the same boundary values as W. We shall refer to such a function Wy as “discrete
Ag-harmonic.”

Remark 2.1. The matrices with entries afj are in principle arbitrary but, as will
be seen in Section 4, they may be chosen in such a way that the subproblems deter-
mining Wp and Wy may be easily solved once the values of Wx on the subdomain
boundaries are known. ~

We note that the above decomposition is orthogonal in the A-inner product and
hence,

AW,W) = AWp,Wp) + AWy, Wg).

We shall define B(:,-) by replacing the A(Wg,Wy) term above. To do this, we
decompose Wg € Si(Q) into Wy = Wg + Wy, where Wy € Sp,(Q) is the discrete
Ag-harmonic function whose values on 0. are the linear function along each T';;
with the same values as W at the vertices. Thus Wg is a discrete fik-harmonic
function in Qi for each k which vanishes at all of the vertices. .

Before defining the form B(-, ), we note that for any discrete Ax-harmonic func-
tion W with zero mean value on (1,

(2.1) WAW, W) < W25 00, < AW, W),

where 7o and ~; are positive constants and | - [1/2,50, is the norm on the Sobolev

space H'/2(9Q). This will be proved in Section 3 but is noted here to motivate
our construction. Now it will also be shown in the next section that
if W = 0 at the vertices, then the norm |W|? /2,60, may be replaced in (2.1)

by Zrij a,-,-(a—lz”g”W, W)r,; with new values of vo and 7; such that ~1/y0 <
C(1+ In(d/h)?). Here I is the operator defined for each I';; on S? (T's5) by

(2.2) (™ ioW, ®)r,, = (aW',®')r,, for all ® € SY(T;).



THE CONSTRUCTION OF PRECONDITIONERS FOR ELLIPTIC PROBLEMS 109

The prime denotes differentiation with respect to arc length s along T';;. In (2.2) a
is, for simplicity, a positive piecewise constant function on I';j, 0 < ap < a < ay,
with.ap and a; independent of T';; and h, and

@b, = [ ovds

Note that Iy is symmetric and positive definite in the inner product (@1, -)r,; and
hence its square root is well-defined.

Here again we may, in principle, choose the function a quite arbitrarily, but, as
will be seen in Section 4, computational considerations dictate a natural choice. a;;
is a positive constant which will also be chosen explicitly later. We however require
that 0 < Cp < a5 < C; for constants Cp and C; which are independent of h, d,
and the Q’s.

Finally, as is shown in the next section, for Wy as defined above,

CoAr(Wy,Wy) <3 0 (Wy (v;) — Wy (v)))? < C1Ax(Wy, Wy)
holds for some positive constants Cy and C;.
With the above statements in mind, we now define the form B(-,-) by
B(W,@) = A(Wp,q)p) + Z a,-j(a_ll?)/zWE, @E)p“
Fij

+ D @i (Wy (v) = Wy (1)) (Bv () — By (v5)).
To

(2.3)

The following theorem is proved in Section 3:
THEOREM 1. There are positive constants g, A1 and C such that
MBW,W) < AW,W) < \{B(W,W) for all W € S2(10),

where A1/Ao < C(1 +1In(d/h)?). If all of the vertices of the Qi lie on AN, then
/\1//\0 <C.

Thus the condition number grows at most like (1 +1In(d/h)?) as h tends to zero.
This means that the preconditioned iteration will converge rapidly and corresponds
to the second of the two desirable properties mentioned earlier.

The first property previously discussed states that problem (1.10) should be
much more easily solved than the original (1.4). This means that the solution of
the corresponding matrix equation (1.9) is relatively easy to obtain.

We shall demonstrate how (1.10) can be solved efficiently. In fact, we shall see
that the defining equations have been chosen to conveniently lend themselves to a
“block Gauss elimination” procedure. Here, we shall describe the process used to
solve (1.10). The matrix interpretation is given in Section 5.

Given g, the problem of solving (1.10) reduces to finding the functions Wp and
Wy. The function Wp restricted to (U satisfies

(2.4) Ay(Wp,®) = (9,®) for all ® € S(%).

Thus the function Wp on (U can be obtained by solving the corresponding Dirichlet
problem (2.4). Note that the problems on different subdomains are independent of
each other so that they may be solved in parallel.
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With Wp now known, we are left with the equation

25) Y il U W, E)r,, + Y i (Wy () — Wy (9)) (@v () — By (vy))
2.5 T, T,

~ ~

= (g,‘l)) - A(Wp,(PP) = (g> (I)) - A(WP7 Q))’
the last equality holding since A(Wp, ®y) = 0. Notice that the value of (g, ®) —

A(Wp, ®), for each ®, depends only on the value of ® on the I';;’s. Thus (2.5)
gives rise to a set of equations on the restriction of SP() to |JT;;. To solve these
equations, we proceed as follows: For each T';; choose ® in the subspace of S5 (2)
whose elements vanish in the interior mesh points of every 1 and on all other I'’s
and, in particular, at the endpoints of I';;. Thus, on this subspace, (2.5) decouples

into the independent problems of finding Wg € S(T;;) given by
(26) ais(a~ 1y *We, ®)r,; = (9,2) — A(Wp, ®)

for each I';;. The computational aspects of solving for Wg on each I';; are fully
discussed in Section 4; however, note that these are local problems with unknowns
corresponding to the nodes on I';; and may be solved in parallel.

Next we must solve for Wy on the edges. We consider the subspace of SP((1)
consisting of functions which are linear between the endpoints of each I';; and
wvanish at mesh points in 2" which are interior to any (1;. Clearly, such a subspace
has dimension equal to the number of interior vertices, i.e., vertices of the (0 which
do not lie on Of). For each @ in this subspace, ®z = 0 and (2.5) reduces to

27 Y Wy (v) — Wy (v))(@v (v:) — @y (v))) = (g,8) — AWp, B).
F‘J

A basis for this subspace may be chosen as follows: Choose ®!,...,®M where M
is the number of vertices not on 90 and ®*(v,) = §;; where §;; = 1if i = j and 0
otherwise. This choice gives rise to a difference equation for the function Wy on the
interior vertices which is independent of (2.6) and may be solved concurrently. The
values Wy at the vertices determine Wy on the edges and hence Wy = Wg + Wy
is known on all of the edges T';;.

The last step consists of determining Wy in each (U so that

(2.8) A(Wy,®) =0 for all ® € S2().

The problem of finding the solution of (2.8), given the values of Wy on the boundary
of the subdomains, reduces to independent Dirichlet solves on the subdomains.
Hence the solution of (1.10) is determined by W = Wp + Wy

We summarize the process by outlining the steps for obtaining the solution of

B(W,4) = (9,9) for all ¥ € S3(0),
and hence for computing the action of B~1.

Algorithm DD1.

1. Find Wp by solving Dirichlet problems on subregions. The solution of the
individual Dirichlet problems on the subdomains may be done in parallel.

2. Find Wg on I';; by solving one-dimensional equations on each I';;.

3. Find Wy on |JT; by first finding Wy on the interior vertices of ) by solving
a coarse mesh difference equation and then extending piecewise linearly to the edges
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I';;. The solution on the different segments I';; of Step 2 and Step 3 may be done
in parallel. ~
4. Find Wy by extending the values of Wg + Wy on the T';; discrete Ag-
harmonically to the subregions; i.e., solve Dirichlet problems on the subregions.
As in Step 1, the solutions of the individual Dirichlet problems on the various
subdomains may be done in parallel.
5. Set W =Wp + Wy.

We shall now discuss several features of this preconditioning algorithm.

Remark 2.2. The process described above is just that which is required for
applying the “action” of the matrix B~! to an arbitrary vector. We again emphasize
that it involves solving some local problems on subdomains which are independent
of each other so that they can be solved concurrently on computers with parallel
architecture.

Remark 2.3. As remarked previously in this section, the matrices of coeffi-
cients a"c defining the forms Ay need only, in principle, be chosen so that they are
umformly positive definite (which implies the spectral equ1valence of A and A).
However, as will be seen in later sections, a judicious choice of al can often be
made which results in subdomain problems which can be “fast” solved. In Section
4, we shall explicitly show one method of choosing the coefficients a¥; in a simple
way so that known efficient direct methods may be used to solve the problems on
the subdomains.

Remark 2.4. The theoretical results for this algorithm remain valid independent
of the number of subdomains and interior vertices used in the decomposition of (1.
This is important when the coefficients a;;(x) are rapidly varying, in which case
preconditioners with smaller subdomains more closely reflect the behavior of the
coefficients and give rise to more rapidly convergent algorithms. The freedom to use
many subdomains may also prove to be important in developing the most efficient
preconditioner for a computer with a large number of parallel processors.

Remark 2.5. For simplicity of presentation, we have assumed that {1 is a polyg-
onal domain and the subdomains (2; are either quadrilaterals or triangles and that
the subspaces consist of piecewise linear functions. The algorithm and theorem
can be extended, under reasonable assumptions, to the case where (1 is a bounded
domain with piecewise smooth boundary and the subdomains (2; have either piece-
wise smooth boundaries or are mesh domains which approximate piecewise smooth
boundaries. We can also extend the above algorithms to a class of higher-order
piecewise polynomial subspaces. We intend to deal with these extensions in a later
paper.

Remark 2.6. We could also define another preconditioner by replacing the form
on the left-hand side of (2.7) by a form, corresponding to a weighted identity oper-
ator, leading to the equations for Wy given by

M
(2.9) >0y (v:)@v (v) = (9, 9) — AW, ®),
i=1
where the sum is taken over all interior vertices of the (1;’s. Note that in the case
M = 1, this formulation coincides with (2.7). The choice of basis functions ®* as
indicated after (2.7) leads to
Wy (vr) = &2 ) -AWp, @ ), i=1,...,M.

Qy
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In this case one can prove, using the techniques given in Section 3, that Theorem 1
holds with

(2.10) At/Xo < Cd73(1 +1n(d/h)?),

where C is independent of d and h. The estimate indicates that this procedure
may be reasonable if d is large, i.e., there are very few subdomains, but will become
inefficient as d becomes small, i.e., as the number of subdomains is increased. This
is illustrated by the results of Example 6 of Section 6.

Remark 2.7. In the case that the forms Ak(-,-) and A(:,-) coincide on functions
in S, () then the variables which are interior to (1 can be eliminated from the
iterative process. Consequently, if the above forms coincide on every subdomain,
then the iterative process can be reduced to a boundary iteration. The resulting
algorithm is more efficient than the general algorithm in that each iteration does
not require the solution of (2.4). However, much of the generality and flexibility of
the general algorithm is lost.

3. A Proof of Theorem 1. In this section, we prove the main theorem of
the paper which provides bounds on the condition number for the preconditioned
system corresponding to (1.7). This, as previously noted, reduces to the estimation
of the quantities A9 and \; appearing in quadratic form inequalities (1.11). This
will be done here in the special case of assumptions A.1, A.2, A.3, and where the
finite element subspaces are as in Section 2.

We shall first need some preliminaries. We remind the reader that ¢ or C, with
or without subscript, will denote a generic positive constant which is independent
of h, d, the subdivision () and the triangulation Q.

The derivation of the estimates in this section requires the use of various norms
defined on the subdomain boundaries. Let (); be a subdomain of (" (as defined in
Section 2) and B3; be the set of indices 7k with T'; € (), hence 8Q; = JT';x for
jk € B;. The Sobolev space of order one half on 8Q; will be denoted H'/2(0(2;)
and is defined in [11], [14], [16]. With d as in A.3 (roughly the diameter of (;), we
define the weighted norm on H/2(9Q);) by

(w(z) —w(y))? w(y))?
(3.1) |wly /2,60, = (./an /an T Eo? |2 ds(z) ds(y) o
+d_1 |wliZ(ani)> ,

where s is arc length along 9€);. If v is a smooth function on 9(); with support
contained in one of the edges Tk C 0%, then the integral term in (3.1) reduces to

(v(a) — v(w)* v(z)
/,k/Jk T ‘2 dS()dsy)+2/1k/8n/rjkIz_deS()ds()

A straightforward computation gives that
e[ le-ul st sl- e -nlt <0 [ amyidst).
00 /T ik i

Thus, for smooth v with support contained on I'j, the norm in (3.1) is equivalent to

(£ L, 3 esnsas

1/2
+/j Iv(z)2 + v(2)* ds(x)) .

Tk x—'l)kl |x_vJ|

(32)
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The space H/ 2(I‘, k) is defined to be the completion of the smooth functions with
compact support in I';x with respect to the norm (3.2). We shall denote by |-|1/2,r;,

the norm on H'/2(T';) given by (3.2). It is well known that the space H1/2(F k)
is the interpolation space which is halfway between H§(T';x) and L?(T;) [14] [16]
We note that the operator (—9%/8s?) with domain of definition H§ (T, k) is posi-
tive definite and selfadjoint on L?(T;;) and domain of (—8%/8s2)1/2 = HY/2(T ;).
Consequently, the corresponding norm given by

(3.3) (((—32 95224, w>h> 2

is equivalent to the norm of (3.2) on H1/? (Tj&). We note that the discrete operator
lo defined on SP(T'jx) by

(LW, ¢)ij =W, ¢')ij for all ¢ € S (L),
is a finite-dimensional approximation to (—82?/9s?). Using A.2, it can be shown by
interpolation {13, Theorem 9.1] that

(34) Wl < <11/2W,W> L SOWlar,, forall W e STy,

We also note that by the assumptions on the coefficients defining lp in (2.2),
¢ (oW, W)y, < <a—lioW,W>r < C (W, W)y, for all W € S3(Tj).
ik
By A.3 and a similar interpolation argument,

(11/2W,W>F g<a-1i3,/2w,w>
k

i

(35) <C <10/2W W>  forall W € SR(Ty).

We shall need several lemmas which will be useJ:d in the proof of the main theorem.
LEMMA 3.1. ForV € SP(Tyx), let V be the function which is equal to V on T sk

and 13 equal to zero on the remaining edges of ();. Let v denote the A;-harmonic

extension of V satisfying 9 =V on 9Q; and

(3.6) Ai(9,6) =0 for all ¢ € HY (V).

Then

jk

cAi(5,5) < (o™ 10/2V,V>F‘k < CA;(3,%).
J

Proof. Let D;(u, ) = fﬂ Vu-V¢dz, and let v* € H'(Q) satisfy v* = V on 8();,
and D;(v*,4) = 0 for all ¢ € H}(Q);). Then, using a trace inequality, A.3, and the
uniform positive definiteness of the {a}; },
|V|1/2,3ni < eD;(#,9) < cAy(#,9)

< cAi(v*,v*) < CD;(v*,v*).
Using A.3 and a well-known a prior? inequality, we have D;(v*,v*) < C |I7|f /2,60,
and hence
12 5~ 12
(3.8) ¢ |V|1/2,ani < Ai(9,9)<C |V|1/2,an.~ :
The lemma easily follows from the equivalence of norms (3.1) and (3.2) for functions

V, (3.4), (3.5) and (3.8). O i
We shall need some a prior: estimates for discrete A;-harmonic functions.

(3.7)
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LEMMA 3.2. Let W € Sp(Q) be discrete A;-harmonic, then
(3.9) AW, W) < C W g 00, -

Furthermore, the following hold:
(i) If W has mean value zero on €);, then

(3.10) WIS 500, < Ai(W,W).
(i) If W vanishes at the vertices of (1;, then
(3.11) AWw)<C S ap <a-1z}1,/"’w,w>F .
jkeB: "
(iii) If W s a linear function on each edge T'ji C 0Q;, then
(3.12) AW, W) <C Y oW (vy) — W (w)2.
JkEB,

Proof. The inequalities (3.9), (3.10), and (3.11) were essentially proved in [4].
For completeness we shall include a proof of (3.9) and (3.10) at the end of this
section. Here we shall show how (3.11) and (3.12) follow from (3.9), (3.10) and
earlier inequalities. We prove (3.11) as follows. Let T'jx be any edge of (}; and let
W be the discrete A;-harmonic function which is equal to W on T'j, and vanishes
on all the other edges of 9Q);. Clearly, W = )" jkep, Wik and the triangle inequality
yields

(3.13) AWW)<C D AWk, W)
JkEB,
Applying (3.9), the equivalence of norms (3.1) and (3.2) on the functions Wjy, (3.4)
and (3.5) gives
AiWik, Wi) < CIWikl} 3 50,

3.14
(3:14) <CWilpr, < c<a-1i§,/2w, W>F

7k

Combining (3.13) and (3.14) proves (3.11).
We next prove (3.12). Applying (3.9) to the function W — 3, where 3 is a constant
to be determined later, gives

(3.15) AWW) =AW -B,W-B)<C|W - ﬁﬁ/z,aﬂl :

If Q); is a triangle (resp. quadrilateral), let W* be the linear (resp. bilinear) function
on §2; which has the same boundary values as W — . Choosing § so that the average
of W* on (), is zero, applying a trace and Poincaré inequality gives

(3.16) W = Bl3 /2,00, < CDi(W", W").

An elementary calculation yields

Di(W*\W*) < C Y (W(v;) =W (vx))?
JkEB,

<C Y a(W(v;) - W(we)2.
JkEB.

Thus (3.12) follows from (3.15), (3.16), and (3.17). O

(3.17)
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An important ingredient for our analysis is a certain type of discrete Sobolev
inequality. Let () be a polygonal domain which satisfies a cone condition with
radius d and angle 4. Let Sy for 0 < h < 1 be any family of subspaces of W1 ()
satsifying the inverse inequality

(3.18) VWl ey < Coh™" W |y for all W € S,
where d > h. We then have the following lemma.

LEMMA 3.3. There exists a positive constant C independent of h and d and
depending only on v and Cy in (3.18) such that

(3.19) [W|2wigy <C (d-2 W22 + In(d/h) Dg (W, W)) for allW € 8,

where D¢ (-,-) denotes the Dirichlet form on (1.

Various discrete Sobolev inequalities have appeared in the literature (3], [19].
Since the results in the literature do not correspond exactly to the given lemma,
we shall include an elementary proof of the lemma after the proof of Theorem 1.

Some consequences of Lemma 3.3 which are important in our present consider-
ations are the following discrete type Sobolev inequalities.

LEMMA 3.4. Let W be in Sp({).
(i) If W(p) = 0 for some point p € ();, then

(3.20) W2y < C(1+ In(d/R) As(W, W).
(i) For any function W € Sp((2;),
(3.21) Y (W (vy) = W(v))? < C(1+In(d/h) A(W, W).
Jk€EB;

Proof. In order to prove (3.20) we first observe that by A.2, (3.19) is satisfied
for S, = Sp(Q;). Let a be the average value of W on ();. Applying the Poincaré
inequality yields

=2 W - ol|1a(q,) < CDi(W,W) < CA(W,W).
Thus, applying Lemma 3.3 to the function W — «a gives
W = allZ g, < C(1L+In(d/h) Ai(W, W).
Note that since W (p) = 0,
(3.22) laf <IW —allpeo(q,) »

and (3.20) follows by the triangle inequality.
Since

Y (W) —W(wk)? <C Y (W(vy) —W(w))?,

JkEB; JkEB;

the inequality (3.21) follows by applying (3.20) to the function W(z) — W (vy,),
where vy, is a vertex of ();. This completes the proof of the lemma. 0O
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LEMMA 3.5. Let W € S@(Qi) satisfy W = 0 on the vertices of Q; and let
Wi € Sh(Q%;) be a discrete A;-harmonic function which is linear on each edge
F]‘k C 3ﬂi. Then

Z Ok <a—1i‘(1)/2W’W>I‘-
(323) JkEB; gk
< C(1+In(d/R)})A;(W + WL, W + Wy).

Proof. We shall first prove (3.23) in the case that W, = 0. Let T'j; be any edge
of ;. It follows from (3.5), (3.4), (3.2), and (3.1) that

2 2
(329) i (a” BWW) gc{m/ﬁ/mﬁ / W? | W) ds(z)}.
Jk

T, 2=l |z =

Let a be the average value of W on );. Applying (3.22), (3.10), and (3.20) leads to
WL 200, < C (Ia*+ W = afl 00,
<O (IW = alfm e,y + AW, W)
< C(1+In(d/h)) A:i(W,W).

Hence, it suffices to show that
IW)=L(W) + (W)

(3.25) = [ W@? (z) + /r W(z)* ds(z)

|z — vk e 17— 05

< C(1+1In(d/h)?)A;(W,W).

Without loss of generality, we assume that vy is the origin and that I'jj is the line
segment with z; = 0 and z2 € [0,Y]. Then,

/ WOy)2

Let y; be the y-value of the node on T'j; closest to zero. We bound the preceding
integral by considering

Y 2 Y1 2 Y 2
w0 RO O,
0 Y 0 ) Y

Y1
Note that by A.2, ch < y; < Ch. Therefore, by the mean-value theorem (using the
hypothesis that W (0,0) = 0),

V1 W(0,y)?
0

aw (0, |I?
Y Lo (0,41))

where the second inequality used the inverse property for the subspace SP(f;).
Hence, by (3.20) and (3.27),

" W(0,y)?
0 y
For the second term in (3.26) we have

Y W(0,y)?

(3.27) dy < Ch?

<CIW oy »

dy < C(1 +In(d/h))A;(W,W).

dy < W) c / W 001 +In(d/h)?) AW, W).

Y1
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Combining the above estimates gives a bound for the first term in (3.25); the second
term is estimated similarly. Hence (3.23) follows in the case that W = 0.

To prove (3.23) in the general case, let W, be the function in Sp(f2;) which
satisfies W (vm) = Wi (vmm) for all vertices vy, of 8 and A;(W,¢) = 0 for all
¢ € Sp(;) with ¢(vm) = 0 on all vertices of 91);. Notice that W + W, — W,
vanishes at the vertices of ;. Applying the arithmetic-geometric mean inequality
and the special case of (3.23) proved above gives

ajk( _1%/2W’W> Tk

< 2051 (AW + We = WL), (W + WL = W1))

Jk

+ 20, <a-1i})/2(WL W), (W — WJ_)>

< C (1+In(d/h)) A (W + W —W1),(W + W —WL))
+ Zajk <a_1i(1,/2(WL - WJ_), (WL - W_L)>

ik

Since the functions (W + W, — W) and W, are orthogonal in the A;(-,-)-inner
product,

AW + Wy —WL),(W + Wy —WL)) < (W + W, W +Wy).

Thus to complete the proof of the lemma we need only show that

(3.28) <a—li(1)/2(WL -Wy),(Wr - WJ_)>ij
< C(1+1In(d/h)®)A;(W + WL, W +Wp).

Since W — W, vanishes at the vertices of (1;, applying inequality (3.24) and the
subsequent arguments give

<a_1i(1)/2(WL -Wy),(Wr - WJ')>F<;¢
< C(1+1In(d/h)A;(WL — WL, WL —W1) + I(Wr - W),

where I is defined in (3.25). Since W, is orthogonal to W, — W in the A;(-,-)-inner
product, we have in view of (3.12) and (3.21) that

A (WL =W, WL = W) < A;(Wr,Wy)

<e Y oG [(W(vy) + Wi(v;)) — (W (ve) + We(vi)))
JkEB;

< C(1 + In(d/h)A;(W + W, W + Wp).
Hence, in order to complete the proof of (3.28), it suffices to show that
(3.29) IWy —W.) < C(1+1n(d/h)?)A;(W + W, W +Wy).

Now with I; and I, as in (3.25) we have by the arithmetic-geometric mean inequal-
ity,
(3.30) LW —W,) <2li(Wy — W, (vk)) + 2I1(Wr — Wi(vk))-
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For the first term on the right we apply (3.25) and then use the fact that AW, W)
< A;(W +Wr,W + W) to obtain

LWy =W () < C(1+1In(d/R)?)A;(W + WL, W +Wy).
A simple calculation using the linearity of Wy, on I';x and (3.21) yields
LWy — Wi (vk)) < Cajx(Wr(v;) — Wi (vk))?
< C(1+In(d/R)A;(W + WL, W +Wy).
Thus .
LWL —W1) <O +1In(d/h))A;(W + Wi, W +Wp).

Obviously, the same bound holds for Io(Wr — W, ), which completes the proof of
(3.29) and hence the lemma. O

We are now in a position to prove Theorem 1.

Proof of Theorem 1. By the uniform positive definiteness of the matrices {a;x}
and {aty},

cA(W,W) < AW, W) < CAW,W) for all W € S2().

Hence, it suffices to compare the quadratic forms A(, -) with B(-,-). As in Section
2, we decompose W € SP(Q) into W = Wp + Wg + Wy. With Wy = Wg + Wy,
we have (as noted in Section 2)

AW,W) = AWp,Wp) + AWy, Wg)

and

B(W,W) = A(Wp,Wp) + B(Wg,Wx).

Hence, it suffices to compare A(WH, Wr) with B(Wg,Wp). More specifically, the
proof will be complete when we have shown that

(3.31) AWy, Wy) < CBWy,Wh),
and
(3.32) B(Wg,Wg) < C(1+In(d/h)}) AWy, Wg).

Consider a subdomain 2;. Using the arithmetic-geometric mean inequality,
(3.11) and (3.12) yield

/L'(WH, Wg) < 2(A1(WE,WE) + fi,’(Wv,Wv))
S C Z a]‘k (<a_1i(1)/2WE,WE>
jkep, r

Summing with respect to ¢ gives (3.31). In view of (3.21) applied to Wy, and (3.23)
applied to Wg and Wy (replacing W and Wiy, respectively, in (3.23)), we have on
each 1;,

) - Wv(vk))Z) .

J

> g (<a_1i2)/2WE,WE>F,k + (Wy (v5) — WV('Uk))2>
jkeB, 7

< C(1+In(d/h)?)A;(Wy, Wg),

and summing with respect to 7 gives (3.32) which completes the proof of the theorem
in the case where interior vertices are present.
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We now turn to the case where all the vertices of the (); lie on 9f). Since the
function Wy vanishes at all the vertices, it follows that Wy = 0 on 1 so that
Wy = Wg and hence the preconditioning form B simplifies to

BW,W) = AWp,Wp) +3_ ajk <a~li},/2WE, WE>

.
Tk ik

Reasoning as in the proof of the first part of this theorem, we have A(WE, WEg) <
CB(Wg,Wg) which is a special case of (3.31). Hence, we need only show the
sharper version of (3.32),

(333) B(Wg,Wg) < CA(Wg,Wg).

Let us first note that Wg = 0 on 91 and by our assumption that the vertices of
the {); are in this case fixed independent of h, there are a fixed number of interior
edges I'jx on which possibly Wg # 0. Consider any interior edge I';x. Identifying
I';i as two segments, say I‘}k and T’ ?k with opposite orientations, it is not difficult
to prove that either 5

(i) Tji separates (1 into two polygonal domains, one of which (say (1;) has a
boundary 0f2; consisting of T ;k and nonempty parts of J{) meeting each vertex of
T}, or

(i) I‘Jl-,c and F?k may be considered t<~) be part of the boundary 8 of a polygonal
domain bounding a subdomain, say 1; of (), where I‘;k and I‘Jzk are separated
(there is a positive distance with respect to arc length along 8(); between them)
by components of ).

In either case, by equivalence of norms,

—171/2 _ —171/2 2
(77 <a llo/ WE’WE>FM = ok <a llo/ WE,WE>F;’C < CIWE|1/2,65~)1 .

Using a trace theorem for {}; we have

Ojk <a_1%/2WE, WE> < CA(WE,WE)

ij
The inequality (3.33) follows after summing over all interior edges I'jx. This com-
pletes the proof of Theorem 1.

In the remainder of this section, we shall give the proof of Lemma 3.3 and the
inequalities (3.9) and (3.10) of Lemma 3.2.

Proof of (3.9) and (3.10). It is not difficult to see (by scaling (}; to unit size
and using A.3) that it suffices to prove (3.9) and (3.10) under the assumption that
d=1.

_ We first prove (3.9). Let W € S,((%;) be A;-discrete harmonic and w be the
A;-harmonic function defined by

Ai(w,¢) =0 forall ¢ c HA(Q), w=W ondf;.

Using the well-known a priori inequality for harmonic functions, /L(w,w) <
c |W|rf /2,60,» and the triangle inequality, it suffices to prove

(3.34) Aw-W,w-W)<ec IWﬁ/z,an,- :
Now from the definition of w and W it follows easily that
Ai(w—W,w—-W) < inf A;(® —w,® - w),
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with the infimum taken over functions ® € Si(f);) with ® = W on 0);. By
well-known properties of Sy ({);), we see that for 0 < e < 1/2,

inf A;(® — w,® — w) < Ch* |w|Fare () -

Now using a well-known a priori inequality (cf. [14], [16]) and an “inverse property”
implied by A.2, we see that

2 2 2
h? |wl|Eise,) < CR* Wlgnate a0,y < C W15 2,00,

which proves (3.34) and hence also (3.9).
We next prove (3.10). Let W € Si(f2) have mean value zero on (};. Applying
a trace inequality gives [W|? 12.00; < AD(W,W) + W] LQ(Q)} Using a Poincaré

inequality and the assumptions on the coefficients a‘ defining A; yields
|W|1/2,ani < CDy(W,W) < CA;(W, W),

which proves (3.10). O

Proof of Lemma 3.3. Let W be in Sy, and z be a point of () where |W(z)| =
Wl oo (qr)- Let A C () be a cone of radius d, angle ~, and vertex z. Without loss
of generality assume that z = 0. For any point y in A, the Fundamental Theorem
of Calculus gives that

W“’)=W('~')‘/o| 'VW<| |> o &

Breaking up the integral into two regions and integrating over 6 gives

INCOXE //ahvw<|t5(oe)|) iy

+ / W) - —dg
A/Ash | |

where § > 0 is to be chosen and Agy, is the cone contained in A of radius §h, angle
~ and vertex (0,0). The second term above is estimated by

[ Cow <|t5<00>)|> o

and then kicked back. Applying the Schwarz inequality to the first and the third
terms gives

won < of ([ wwent @) < 19Wi,ag, < L. ﬁ) N }
<ol ([ wuor ) v (L) 1w )

Squaring Eq. (3.35), applying the arithmetic-geometric mean inequality, multiply-
ing by |y| and integrating from 0 to d with respect to |y| gives

L wop <c (nwnm(m + 2 <Z> D(W’W)>

which completes the proof of the lemma. O

YW (0)] <

S AR VW || oo () < €6 [W(0)]

(3.35)
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4. The Choice of the Coefficients Defining A; the “Fast Solvability”
of the Subproblems. As stated in Section 2, the application of our precondi-
tioning algorithm involves solving the subproblems defined in (2.4), (2.6), (2.7) and
(2.8). We have shown that Theorem 1 holds when the coefficients defining these
problems are chosen among a rather large class of functions. Once a specific choice
of coefficients has been made, one is then faced with the problem of choosing a
method for solving the resulting equations. There are many ways in which this can
be done. In general, a good choice may depend on the particular problem and the
architecture of the particular computing machine. It is for this reason that we have
stated Theorem 1 in a somewhat general form. In a forthcoming paper we shall give
a detailed discussion of some possible approaches which are applicable to a large
variety of boundary value problems and which have the additional feature that the
subproblems (2.4), (2.6) and (2.8) may be solved by known “fast” methods. Our
aim in this section is to give a very brief discussion of a very special case of one
of these methods, which will be used in the calculation of the examples given in
Section 6.

FIGURE 4.1. A regular mesh on a rectangle.

A globally efficient algorithm results when the original domain is split into sub-
regions whose subproblems can be efficiently solved. The possibility of “fast solv-
ability” for a subproblem is inherently linked to the coefficients defining Ay and the
geometry of the mesh on the subdomain. We shall first consider some simple sub-
domain problems where “fast solvers” are available. We will then show how these
solvers can be used with Algorithm DD1 to solve much more complex problems on
the original domain.

We shall begin by discussing “fast solvability” in the special case where a sub-
domain is a rectangle which has been triangulated with a regular mesh and then
indicate how this may be extended to more general subregions. For m and n pos-
itive integers and 0 < h < 1, let Q) = R denote the rectangle R = {(z1,7z2) | 0 <
1 < mh, 0 < 3 < nh}. Assume that R has been triangulated with a uniform
mesh of size h as indicated in Figure 4.1. Here, for simplicity of notation, the de-
pendence of R on m, n, h and k has been omitted. The choice of m, n, and h will
be clear in the context in which they are used. As before, let S, (R) be the space
of piecewise linear functions defined relative to the given triangulation and SP(R)
the subspace of Sy, (R) whose functions vanish on 9R. We shall restrict ourselves to
a particularly simple choice of the form Ay, namely a constant times the Dirichlet
form for the Laplace operator,

(41) Alc(u’ ’U) = quk(U,’U),

where g is a constant which is to be chosen below.
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Let us first consider the problem of inverting (2.4). Let 8 denote the vector
whose components {f;} are the values of Wp at the interior nodal points of the
triangulation, ordered say successively along columns. Then the corresponding set
of linear equations can be written as

(4.2) Mg =b,
where M is the (m — 1) X (m — 1) block tridiagonal matrix with block order n — 1
given by

T -1

-1 T -1

-1 T -I
-1 T

Here I is the (n —1) X (n — 1) identity matrix and T is the (n —1) X (n — 1) matrix

4 -1
-1 4 -1

The matrix M of course corresponds to the usual five-point centered difference
approximation to —A . It is well known that (4.2) may be solved by, for example,
“fast” direct methods. An excellent discussion of some of these methods, which
are also applicable to problems more general than (4.1), (4.2) on rectangles, may
be found in Swarztrauber [18]. Let us just mention that using a discrete Fourier
method or a cyclic reduction algorithm, the computational complexity of solving
(4.2) on a serial machine is O(mn log(n)). The Facr(l) algorithm which uses a
combination of both of these is shown in [18] to have a computational complexity
of O(mn log log(n)), where for convenience we have taken n < m.

Let us now turn to the choice of the constant gx. As noted in Remark 2.3, any
qr > 0 will satisfy the hypothesis of Theorem 1. It is obvious, however, that A
should model the original form A as closely as possible (with this simple choice of
qx). One prescription is as follows: Choose any point, say T € R, and let go and
¢1 be the smallest and largest eigenvalue of the matrix {a;;(Z)} (which may be
trivially calculated). We can choose g to be any number satisfying

(4.3) g < gk < q1.

Obviously, the problem (2.8) may be handled in exactly the same fashion since it
also can be reduced to solving (4.2) with appropriate b.

We now turn to problem (2.6). Let I';; be an edge which is on the common
boundary segment for the subdomains say (x and ;. Since the mesh is equally
spaced on T';;, we take a = 1 (see (2.2)) on T';; and hence, I3/? = I3/%. Without loss
of generality, assume that there are n — 1 (as opposed to (m — 1)) interior nodes
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onI';;. Let 3 be the vector of length n — 1 whose components {3} are the nodal
values of Wg (the solution of (2.6)) on T';; and let {®,} be the nodal basis for
S2(T;;). The problem of computing 4 is the same as the matrix problem N3 = ~,
where N is given by

—171/2
(4.4) Npq = a5 <a llo/ o, (I)q>l".'j .
Since the nodes are equally spaced, the eigenvectors of N are given by

s.in(ﬂ'p/n)
(45) v, - s1n(27'rp/n)

sin((n —.1)7rp/n)

The eigenvalues for N are then given by

(4.6) Ap = aij\/(2 -2 COS(”P/”))(SM + 2 cos(mp/n))

Thus the computation of nodal values of Wg reduces to the expansion of « in terms
of the eigenvectors (4.5), the division of the resulting coefficients by the eigenvalues
(4.6), and the evaluation of the resulting expansion (with the divided coefficients)
at the nodal values. Both the expansion of v in terms of the eigenvectors and the
subsequent evaluation at the nodes reduce to discrete sine transforms. Using the
Fast Fourier Transform, the sine transforms and hence the solution of (2.6) on each
edge I';; can be computed in computational work on the order of O(n log(n)).

Finally, we come to the choice of the coefficients a;; and solution of the difference
equation (2.7). Again, let T';; be an interior edge which is a common boundary
segment of the two subdomains (1 and ;. We take

(4.7) Qi; = qk + qu.

We solve the difference equations (2.7) by applying some standard method, for
example sparse Gaussian elimination techniques [8], [9]. We emphasize that (2.7)
may be solved in parallel with (2.6) and if the number of internal nodes is reasonable,
the cost of solving (2.7) will be negligible.

We now turn our attention to the more general situation where the subregions
may be quadrilaterals. For simplicity of presentation, let us indicate by an example
how the subproblems (2.4), (2.6) and (2.8) may be set up so as to utilize the fast
solution methods previously mentioned. Consider the region given in Figure 4.2.
The key idea here is to set up a mesh on each subdomain () which is topologically
equivalent to a regular mesh on R. Then, the coefficients afj defining Ay can be
chosen so that the matrix problem for (2.4) and (2.8) can be solved by fast direct
methods. To make this example nontrivial we shall consider subspaces which are
somewhat refined near the nonconvex corners of the domain.

We start by imposing a “radial like” rectangular refinement around these corners
which is then extended to the rest of the domain as illustrated in Figure 4.3. The
final triangular grid is shown in Figure 4.4 and is formed by subdividing each
quadrilateral in Figure 4.3 into two triangles.

Obviously, the triangulation of each subdomain 2 in Figure 4.4 has the same
topological nodal structure as that of R in Figure 4.1, and we can order the nodal
points in precisely the same fashion. In fact, the triangulations are equivalent in
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FIGURE 4.2. A more general domain.

FIGURE 4.3. The domain with rectangular subdivision.

the sense that there exists a nondegenerate piecewise linear mapping of the triangu-
lation of Figure 4.1 onto any of the subdomain triangulations of Figure 4.4. It can
be shown that any simply connected piecewise smooth domain may be triangulated
in an analogous way and hence our assumption that (1 is a quadrilateral is just
for convenience of presentation.

We shall use the piecewise linear mapping mentioned above to define the coef-
ficients afj . Fix k and let T be the corresponding piecewise linear mapping of R
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FIGURE 4.4. The domain with triangular subdivision.

onto (1. We clearly have, by a change of variable, that

2 5 _ k (T () (T (z)
(4.8) q’“/}e’w d= ) /nka” az; Fra

= /ik(’U,U),

where {afj} is a piecewise constant 2 X 2 matrix (here g is a positive constant to
be defined later). We use (4.8) to define afj . If {®;} denotes the usual nodal basis
for S,(Q) restricted to Qg, then {¥; = ®; o T} is the usual nodal basis for the
subspace Si(R). Thus, the form A applied to basis functions is given by

(4.9) Ap(®4,95) = g /V\I/i-v\pj dz.
R

In light of (4.9), it is clear that the coefficients afj need never be computed. Fur-
thermore, the matrix problem for the solution of (2.4) and (2.8) is given by (4.2)
and hence can be fast solved.

The constant gx may be chosen in the following manner: Let T be any fixed
point of ;. By a change of variable, we clearly have

/ ov dv da::/ d.av(T(z))Bv(T(z)) .
o) R

iy ij
x 8.’151' 8.’12_7‘ 8.’151' 82:J'

Let g; and go denote the largest and smallest eigenvalue of the matrix {a;;(z)}.
Then we may choose g to be any number

(4.10) 90 < gk < q1.

This again is a trivial calculation. We remark that it is easily seen that Ay corre-
sponds, in this case, to a form whose coefficients afj are piecewise constant functions
on the triangles of the triangulation of (1.
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We now turn to defining Iy and solving the problem (2.6). As in the definition
of the coefficients afj above, we shall use a “mapping” technique to define the
coefficient a in (2.2). Fix 7 and assume that I';; has n — 1 interior nodes and
is a common boundary segment between subdomains (), and ;. Let L denote
the line segment [0, nh] which has an associated equally-spaced mesh with n equal
segments. There is a piecewise linear mapping T which maps the mesh of L onto
the nodes of I';;. We clearly have, by a variable change,

(voT,woT) = {a v,v),

3

and

<dv(§z(x)), dv(zi;(z)) >L = (@, ¥)p,, = (a g0

for appropriate piecewise constant a. Let 8 be the vector whose components are
the nodal values of Wg on I';;. Then, 8 is the solution of

(4.11) NB =+

g

for an appropriate right-hand side vector ~, where the matrix N is given by (4.4).
The discussion following (4.4) describes an efficient procedure for solving (4.11).
Again, the coeflicient a is a theoretical device and need never be actually computed
in the implementation of Algorithm DDI.

Finally, the coefficients in (2.7) are chosen in exactly the same way as for the
case of a rectangle, i.e., they are defined by (4.7) and (4.10).

5. Matrix Representation of the Operators. In this section we will de-
scribe the action of inverting the preconditioner B (given by Algorithm DD1) in
terms of block matrices. It will be shown that B has a special structure and that
the process for solving Ba = (3 previously described may also be seen to be a block
Gauss elimination process with an appropriate basis.

We consider the inversion of B in terms of basis functions of the following form:

1. {®%} is the set of basis functions for |J SP((2;). These functions correspond
to the usual nodal basis of functions which are one on one of the nodes interior to
some subdomain and zero on all of the remaining nodes.

2. {®%} is the set of basis functions corresponding to the variables which lie on
the edges of the subregions (excluding the corners). This basis consists of the usual
nodal basis functions which are one on one of the edge nodes and zero on all of the
remaining nodes of (",

3. {®%} is a basis for the functions which are linear on the edges of the subre-
gions. The function ®}, is one on v;, zero on all other vertices v; with 7 # 1, zero on
all of the nodes which are interior to any of the subregions, and extended linearly
along the edges of the subdomains.

It is easily seen that the above collection of functions give rise to a basis for
SP(€2). As usual, we decompose functions in SP((2) in terms of linear combinations
of these basis functions and an arbitrary function in the subspace is represented by
a vector of its coefficients. We order these vectors as follows:
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where vp, vg, and vy represent coefficients for basis functions of type 1, 2, and 3
respectively. In terms of block matrices the system corresponding to B is then

Byy Byve Byp vy by
(5.1) BY%y Bge Bgp vg | = | bE
BtVP B%:',‘P Bpp vp bp

The first step of Algorithm DD1 corresponds to computing the solution of Bppbp.
Using this solution to calculate the data for the inversions of Steps 2 and 3 of
Algorithm DD1 corresponds to eliminating two blocks in the third column of (5.1)
to obtain

Bvv — BypBppBYp Bye — BypBppBip 0 vy
By — BepBppBYyp Brr — BepBppBlp 0 g
Byp Bip Bpp vp

(5.2) »
by — BypBppbp
=| bg — BEPB;};bp

bp

We note that the inversions of Steps 2 and 3 are problems which can be solved
independently and involve the edge and vertex basis functions respectively. This
fact means that the two blocks Byg — BypBppBlp and BYp — BepBppBlp in
matrix (5.2) must be identically zero. Furthermore, the upper two diagonal blocks
of (5.2) must correspond to

My =Y 0 (B (v:) — B (v;)) (@, (v:) — @ (v;))
Fij
and

k¥

Nkl = Zaij <i(1)/2q)§7 lE>I, ’
Tyj

respectively. Steps 4 and 5 of the algorithm correspond to backsolving (5.2) once
the values of vy and vg are known.

6. Numerical Experiments. In this section, we shall present some results of
numerical experiments which illustrate the convergence properties of the precondi-
tioning algorithm using DD1 as a preconditioner discussed in Section 2, when used
in conjunction with the conjugate gradient method. To this end we shall report a
number of parameters which measure or effect the convergence of the scheme. We
shall, for example, compute the condition number K of the preconditioned system.
In some examples, we shall also report n, the number of iterations required to re-
duce the matrix norm (Az - 2)!/2 of the error E, = U — U, below an indicated
tolerance. Here U is a randomly generated solution of the matrix equations nor-
malized so that —1 < U < 1 and U, is the approximation to U obtained using n
steps of the iterative algorithm.

The examples were chosen to illustrate the effectiveness of the algorithm on
problems with both smooth and discontinuous coefficients on domains with different
geometries. In all of these examples subspaces S2((2) of piecewise linear functions
defined on a quasi-uniform mesh of size h were used and the algorithm was applied to
solve the finite element equations approximating the solution of an elliptic problem
of the form

Lu=f in (), u=0 on 9.



128 J. H. BRAMBLE, J. E. PASCIAK AND A. H. SCHATZ

FIGURE 6.1. Subdivision of the square.

The procedure discussed in Section 4 for choosing the coefficients of the precon-
ditioning form and solving the related subproblems (in particular problems (2.4),
(2.6), and (2.8) by fast methods) was used throughout this section.

Ezample 1. For our first example we take L = —A, the Laplace operator (i.e.,
a11 = ag2 = 1 and ay2 = ag1 = 0), 2 the unit square and SP(Q2) the piecewise linear
functions on a regular mesh of size h which vanish on 9€2. Note that although, in this
very simple case, the resulting equations may be fast solved on a serial machine by
any of the methods discussed in Section 4, the algorithm used would be particularly
appealing for a machine with parallel architecture. We will also use this example
as a benchmark for the more complicated examples to follow. We subdivide the
domain (] into sixteen subregions as indicated in Figure 6.1.

TABLE 6.1. Iterative convergence for Example 1.

verage oerage.

Iteration A-error Reduo tigon Max-error Redue tigon
1 9.5 x 102 .095 6.6 x 107! .66
2 5.5 x 10~2 .23 54 x 101 74
3 2.4 x 102 .29 1.8 x 1071 .56
4 48 x 103 .26 42 x 1072 .45
5 1.2x1073 .26 9.9 x 103 .40
6 6.7 x 10~4 .30 9.6 x 10—3 .46
7 3.6x10°* .32 3.2x 103 44
8 9.5 x 103 31 7.5x 10* 41
9 1.6 x 10~3 .29 1.2x 1074 37
10 5.0 x 10~ .30 5.6 x 103 .38
11 3.3x10°8 .32 42 x 1075 .40

Table 6.1 illustrates the iterative reduction rates for Example 1 when h = 1/32.
The table lists the total reduction and average reduction rate as a function of the
number of iterations in the matrix norm (Az-z)'/? and the maximum norm. These
reductions are normalized so that the initial error is unity. We see, for example,
that a reduction of .0001 in the A norm (resp. maximum norm) requires only 8
(resp. 10) iterations.
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FIGURE 6.2. The coefficients for Example 2.

To more fully illustrate the convergence behavior of the method on this problem
we consider Table 6.2 which gives the condition number and theoretical reduction
p** for Example 1 as a function of the mesh size h. We note that the theoretical
reduction gives a pessimistic bound on the worst-case convergence in the A norm.
For example, the actual reduction rate given in Table 6.1 for 11 iterations was .32
which is considerably better than the theoretical rate of .45 given in Table 6.2 for
h = 1/32. We also compare the condition number to the function (log,1/h)?/3.5
and hence demonstrate the log-squared growth in the condition number which sug-
gests that Theorem 1 is sharp.

TABLE 6.2. Condition number and theoretical reduction for Example 1.

h K (logy1/h)%/3.5 p**
1/8 3.0 2.6 27
1/16 | 45 46 36
1/32 | 7.0 7.1 45
1/64 10.3 10.3 .92

1/128 14.0 14.0 .08
1/256 18.6 18.3 .62

Ezample 2. In this example, (1 is the unit square and the subdomains were taken
as in Example 1 (see Figure 6.1). The operator L is taken to have coefficients which
have jump discontinuities across the subdomain boundaries. More specifically, we
take a1 = ago = p and aj2 = ag; = 0, where p is the randomly chosen piecewise
constant function on the subdomains as indicated in Figure 6.2. Table 6.3 gives
the results for the condition number of the preconditioned system and the theo-
retical reduction factors for this example as a function of h. Note that the results
differ negligibly from those given for the Laplacian in Table 6.2. We remark that
similar results were obtained in tests with other randomly chosen coefficients. This
indicates that the iterative method DD1 will be extremely effective on interface

**1t is well known (cf. [17]) that the error for preconditioned conjugate gradient iteration
satisfies (AE, - En) < 4p®"(AEy - Ep), where the reduction factor p is given by p =

(VK —1)/(VK +1).
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TABLE 6.3. Condition number and theoretical reduction for Example 2.

h K (log,1/h)?/3.2 Al
18 | 30 2.8 27
1/16 | 5.0 5.0 38
132 | 77 78 AT
1/64 11.2 11.3 .54

1/128 15.2 15.3 .59

problems, even when the coefficients change drastically across interfaces, as long as
the subdomain boundaries align with the interface boundaries.

Ezample 3. Here we take L to be an operator with smoothly varying coeffi-
cients. The region (1 and the subdomains are taken exactly as in Example 1. The
coefficients are defined by

a1 = 1 +4(2% + ¢?), a2 = 3zy,

6.1
(6.1) a1 = 3y, a9y = 14 11(z? + ¢?).

This example illustrates that the introduction of more subdomains allows the pre-
conditioner to more closely model the differential operator. Table 6.4 gives conver-
gence results for the above problem as a function of n,, the number of subdomains
used. The coefficients defining the preconditioner were chosen as in Section 4. More
precisely, we set gx = \/qoq1, where go and ¢; are as in (4.3) and the point Z (see
(4.3)) is chosen as the center of the subdomain. All computations in Table 6.4 were
made for h = 1/64.

Note that if the Laplace operator on the original domain was used as a precondi-
tioner for the variable coefficient problem (6.1), then the condition number would
be larger than 55. In contrast, the results given in Table 6.4 show considerable
improvement even when relatively few subdomains are used.

Table 6.4 also illustrates the fact that the theoretical reduction (computed from
the eigenvalues of the discrete system) provides a useful bound for the actual rate
of convergence. We finally included n, the number of iterations required to reduce
the matrix norm (Az - a:)l/ 2 of the error E,, = U — U, by a factor of .0001.

TABLE 6.4. Convergence results for Ezample 3.

nr K p! lgetc)lsggﬁ)% n
4 42.3 73 .56 17
16 17.5 .61 .51 14
64 11.1 .54 45 12
256 7.4 .46 43 11

Ezample 4. In this example, we consider an interface problem where the interface
separates two domains with irregular geometries. The domain () is again the unit
square subdivided into sixteen subdomains as illustrated in Figure 6.3. The space
S2(Q) is taken to be piecewise linear functions defined on an irregular mesh. A

t See footnote **.
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FIGURE 6.3. The wrregular geometry of Ezample 4.

FIGURE 6.4. The coefficients of Example 4.

K =1000
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portion of this mesh is illustrated by the fine triangulation in Figure 6.3. Again
the coefficients of L are piecewise constant functions defined by a;; = as2 = p and
a12 = az1 = 0 where u is given by Figure 6.4.

Results for this problem are given in Table 6.5. A comparison with Table 6.2
indicates that the irregular geometry of this example only increased the condition
number by about 2.5. This results in less than a factor of two increase in the number
of iterations required for a given accuracy. We again remark that fast methods were
used to solve the subproblems (2.4), (2.6) and (2.8) required for the preconditioner.

TABLE 6.5. Convergence results for Ezample 4.

ho| K | o | Repeved | n
1/8 56 | .41 32 9
1/16 | 108 | .53 45 13
1/32 | 176 | .62 51 15
1/64 | 254 | .67 55 16

t See footnote **.
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FIGURE 6.5. The mesh and subdomain structure for Example 5.

Ezample 5. In this example, we illustrate Algorithm DD1 applied to the solution
of a problem on a polygonal domain with nonconvex corners. The mesh and subdo-
main structure were chosen as illustrated in Figure 6.5. Note the mild refinement
near the nonconvex corners of the domain. For the operator L we use the Laplacian
as in Example 1. The results for this case are given in Table 6.6. This example
illustrates some of the power and flexibility of this algorithm which will be more
fully developed in later papers.

TABLE 6.6. Convergence results for Ezample 5.

Number of Ob d
Ulrllrl?noev{lr?s K o’ Redsgggi%n n
405 8.54 49 45 12
1705 14.4 .58 .50 14
6993 20.6 .64 .55 15

Ezample 6. As a final example, we compare the preconditioner DD1 with the
somewhat simpler preconditioner discussed in Remark 2.6. In particular, we replace
the global difference equation (2.7) by a weighted identity (2.9) on the coarse mesh
points. For this example, we use the Laplace operator on the square as in Example
1. This example illustrates the effect that the diameter of the subdomains has on

t See footnote **.
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the actual condition number observed in practice. Table 6.7 compares the condition
numbers for DD1 and the preconditioner of Remark 2.6 as a function of d. Observe
the clear superiority of DD1 in applications with many subdivisions.

TABLE 6.7. Comparison of DD1 and the preconditioner of Remark 2.6.

d K(DD1) K (Remark 2.6) h
1/2 6.3 6.3 1/16
1/4 7.0 10.5 1/32
1/8 75 26.6 1/64
1/16 75 96.9 1/128

Department of Mathematics
Cornell University
Ithaca, New York 14853

Department of Applied Mathematics
Brookhaven National Laboratory
Upton, New York 11973

Department of Mathematics
Cornell University
Ithaca, New York 14853

1. P. E. BJORSTAD & O. B. WIDLUND, “Solving elliptic problems on regions partitioned
into substructures,” Elliptic Problem Solvers II (G. Birkhoff and A. Schoenstadt, eds.), Aca-
demic Press, New York, 1984, pp. 245-256.

2. P. E. BIORSTAD & O. B. WIDLUND, “Iterative methods for the solution of elliptic prob-
lems on regions partitioned into substructures.” (Preprint.)

3. J. H. BRAMBLE, “A second order finite difference analogue of the first biharmonic bound-
ary value problem,” Numer. Math., v. 9, 1966, pp. 236—249.

4. J. H. BRAMBLE, J. E. PASCIAK & A. H. SCHATZ, “An iterative method for elliptic prob-
lems on regions partitioned into substructures,” Math. Comp., v. 46, 1986, pp. 361-369.

5. B. L. BUZBEE & F. W. DORR, “The direct solution of the biharmonic equation on rect-
angular regions and the Poisson equation on irregular regions,” SIAM J. Numer. Anal., v. 11,
1974, pp. 753-763.

6. B. L. BUZBEE, F. W. DORR, J. A. GEORGE & G. H. GOLUB, “The direct solution of the
discrete Poisson equation on irregular regions,” SIAM J. Numer. Anal., v. 8, 1971, pp. 722-736.

7. Q. V. DIHN, R. GLOWINSKI & J. PERIAUX, “Solving elliptic problems by domain decom-
position methods,” Elliptic Problem Solvers II (G. Birkhoff and A. Schoenstadt, eds.), Academic
Press, New York, 1984, pp. 395-426.

8. S. C. EISENSTAT, M. C. GURSKY, M. H. SCHULTZ & A. H. SHERMAN, Yale Sparse
Matriz Package, I. The Symmetric Codes, Dept. of Computer Science Report No. 112, Yale
University.

9. A. GEORGE & J. W. H. L1U, User Guide for SPARSPAK, Dept. of Computer Science
Report No. CS-78-30, Waterloo University.

10. G. H. GOLUB & D. MEYERS, “The use of preconditioning over irregular regions,” Proc.
Sizth Internat. Conf. on Computing Methods in Science and Engineering. (Preprint.)

11. P. GRISVARD, Elliptic Problems in Non Smooth Domains, Pitman, Boston, 1985.

12. M. R. HESTENES, The Conjugate Gradient Method for Solving Linear Systems, Proc.
Sympos. Appl. Math., vol. 6, Amer. Math. Soc., McGraw-Hill, 1956, pp. 83-102.

13. S. G. KREIN & Y. I. PETUNIN, “Scales of Banach spaces,” Russian Math. Surveys, v. 21,
1966, pp. 85-160.

14. J. L. LIONS & E. MAGENES, Problémes auz Limites non Homogénes et Applications,
Dunod, Paris, 1968.



134 J. H. BRAMBLE, J. E. PASCIAK AND A. H. SCHATZ

15. D. G. LUENBERGER, Introduction to Linear and Nonlinear Programming, Addison-
Wesley, Reading, Mass., 1973.

16. J. NECAS, Les Méthodes Directes en Théorie des Equations Elliptiques, Academia,
Prague, 1967.

17. W. M. PATTERSON, 3RD, [lterative Methods for the Solution of a Linear Operator
Equation in Hilbert Space—A Survey, Lecture Notes in Math., Vol. 394, Springer-Verlag, New
York, 1974.

18. P. N. SWARZTRAUBER, “The methods of cyclic reduction, Fourier analysis and the FACR
algorithm for the discrete solution of Poisson’s equation on a rectangle,” SIAM Rev., v. 19, 1977,
pp. 490-501.

19. V. THOMEE, Galerkin Finite Element Methods for Parabolic Problems, Lecture Notes
in Math., Vol. 1054, Springer-Verlag, New York, 1984.



