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A Uniformly Accurate Finite-Element Method
for a Singularly Perturbed One-Dimensional
Reaction-Diffusion Problem

By Eugene O’Riordan and Martin Stynes

Abstract. A finite-element method with exponential basis elements is applied to a selfadjoint,
singularly perturbed, two-point boundary value problem. The tridiagonal difference scheme
generated is shown to be uniformly second-order accurate for this problem (i.e., the nodal
errors are bounded by Ch?, where C is independent of the mesh size 4 and the perturbation
parameter). With a certain choice of trial functions, uniform first-order accuracy is obtained
in L*[0,1].

1. Introduction. We consider the following two-point boundary value problem:

Ly=¢(py) —r=f on(0,1),
(D) YO =3 y(1) =,

where ¢ is a parameter in (0, 1], y, and y, are given constants, the coefficients p, r,
and f are in C?[0, 1] and satisfy

(1.1a) p(x)=>¢>0 and r(x)>B>0 forxe[0,1].

The solution y(x) has, in general, a boundary layer of width O(e) at both end points
of [0,1].
Letting y(x) = w(x)( p(x))~!/?, this problem transforms into

2w —d(x)w=g(x),
w(0) = yo(p(0)'%,  w(1) =y (p(1))"",

where d(x) and g(x) are easily computed.

However, since d(x) involves both first and second derivatives of p(x), a
discretization of this transformed problem is not attractive from a numerical point
of view. In this paper, we present a numerical method which is directly applicable to
problem (1.1).

Finite-difference schemes for singularly perturbed selfadjoint problems of the
form (1.2), which are uniformly in & accurate, have been examined by various
authors. Miller [6] gave sufficient conditions for the uniform first-order convergence
of a general three-point difference scheme. Hegarty et al. [4] and Niijima [7]
produced uniformly second-order difference schemes. Boglaev [1] examined problem
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(1.2) in a finite-element framework and achieved uniform first-order accuracy at the
nodes. Shishkin [11] examined problem (1.1) on a nonuniform mesh, which depends
on & and obtained convergence results for various difference schemes. A useful
discussion of uniform convergence of difference schemes for singularly perturbed
two-point boundary value problems is obtained in Doolan, Miller, and Schilders [2].
Schatz and Wahlbin [10] examined problem (1.2) in both one and two dimensions,
using a Galerkin finite-element method.
A weak form of problem (1.1) is:

find y € H'(0,1) such that
(1.3)  B/(y,v)=-(py,v')—(ry,v) = (f,v) forall v € H}(0,1),
y(0) = yo, y(1) =y,

where ( , ) denotes the usual inner product in L2,

In this paper, we will discretize (1.3) using a Petrov-Galerkin finite-element
method with exponential test functions and a quadrature rule that replaces the
functions p, r, and f by piecewise-constant approximations. This enables exact
evaluation of the modified integrals in (1.3). By introducing a discretized Green’s
function, the nodal errors are given explicitly in integral form. Our approximation
will be shown to be uniformly second-order accurate at the nodes. The crux of the
proof lies in suitably bounding the discretized Green’s function and its derivative.
Using exponential trial functions to interpolate between these nodal values, our
approximation is then shown to be uniformly first-order accurate in L*[0,1]. Thus
the second-order nodal accuracy is a superconvergence result.

For a discussion of exponential elements, see Hemker [5], de Groen [3] and the
references therein. A discretized Green’s function was first used by Stynes and
O’Riordan [12] to prove a superconvergence result for a nonselfadjoint singularly
perturbed two-point boundary value problem.

Note. Throughout this paper, C will be used to denote a generic constant
independent of x, j, h, and &. Also, g = O(h?) means |g| < Ch?, p=0,1, 2.

2. The Continuous Problem. The differential operator L in (1.1) satisfies a
maximum principle (see Protter and Weinberger [8]). We state this formally as

LeEmMMA 2.1. If w(0) < 0, w(1) < 0, w € C?[0,1] and Lw > 0, then w < 0 on [0, 1].

In order to obtain the appropriate bounds on the derivatives of the solution of
(1.1), we will require some information about the solutions of

(2.1) Lw=g(x,¢e), |w(0)|]<C and |[w(1)|<C.

We will say that g is of class (v, ;) if the derivatives of g with respect to x satisfy
(2.2) gD (x,e)|< C(1 + e7le v/ 4 g le A =0/¢)
for 0 < i < j, x € [0,1], where y is some positive constant independent of x and e.

LEMMA 2.2. Let g be of class (y,0). Then the solution w of (2.1) satisfies
lw(x)| < C.

Proof. Apply the maximum principle to -C + w(x). O
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LEMMA 2.3. Let g be of class (v,0). Then the solution w of (2.1) satisfies
w'(x)] < Ce™! for x €[0,1].

Proof. From the differential equation (2.1) we have that
(23) (Pe-D/e(w/ + 8-1((r/p)1/2)w)>/ — e—Ze—D/e(g +((rp)l/2)/ew)’

(2.4) (peD/f(w' _ 8_1((r/p)1/2)w))' _ e‘zeD/e(g _((VP)I/Z)'EW),

where
D(x) = fx (r/p)l/zdt.
=0

Integrate (2.3) from O to ¢, multiply by p~'e22/¢ and then integrate again from ¢ = 0
to ¢t = 1. Collecting terms, we get |w’(0)] < Ce™'. By integrating (2.4) from 0 to x
and using |w’(0)| < Ce™}, we get |w'(x)| < Ce™l. O

LEMMA 2.4. Let g be of class (v, 1). Then the solution w of (2.1) satisfies
w'(x)]< C(1 + elexp(~8x/e) + e lexp(-8(1 — x) /¢))
for x € [0, 1], where § is a positive constant depending only on p, r, and vy.
Proof. Differentiate (2.1) to obtain
(2.5) e —(r/p)v =g +r'w,

where v(x) = pw’(x). Applying the maximum principle to (2.5) with the barrier
function

z(x) = C;(exp(-8x/e) + exp(-8(1 — x)/¢)) + C,

(where C,, C,, and § are suitably chosen constants) and using Lemma 2.3 to bound
|w’(0)] and |w’(1)], we get the desired bound on |w'(x)|. O

LEMMA 2.5. Let g be of class (v, 2). Then the solution w(x) of (2.1) satisfies
w”(x)|< C(1 + e 2{exp(-8x/e) + exp(-8(1 — x) /&) })
for x € [0, 1], where § is a positive constant depending only on p, r, and vy.

Proof. Apply the arguments in Lemmas 2.3 and 2.4 to the differential equation
(2.,5). O

COROLLARY 2.6. If y is the solution of (1.1), then
ly@(x)|< C(1 + e {exp(-8yx/e) + exp(=8,(1 — x)/¢)}) fori=0,1,2
and x € [0, 1], where §, is some positive constant depending only on p and r.
The next lemma gives us an asymptotic expansion for the solution y of (1.1).
LEMMA 2.7. The solution y(x) of (1.1) may be written as
y(x) = ~f(x)/r(x) + Ky(e)exp(-D(x) /&)
+K,(e)exp(~(D(1) = D(x))/e) + eRo(x),
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where
Ki(e)l<c k(o)<
D(x) = [ (r()/p(1) at,

1=

R (x) satisfies LR,(x) = g(x, ), R,(0) = R,(1) =0,
and |g(x, e)| < Cforx € [0,1], e € (0,1].

Proof. Check by substitution. O

The final lemma in this section bounds the derivatives of the remainder term
Ry(x).

LEMMA 2.8. Let Ry(x) be defined as in Lemma 2.7; then for x € [0,1],
[RP(x)|< Ce,  i=0,1,2.
Proof. From Lemma 2.2, |R(x)| < C. From Lemma 2.3, |R\(x)| < Ce™!. Now

e?(pRYy) = g(x,€) + rRo(x).
Thus
|R(x)|< Ce?, 0<x<1. O
3. Discretizing the Problem. Divide the interval [0, 1] into N subintervals, each of
length 4, and let x; = jh, 0 <j < N. Define [0,1]* to be [O,l]\{xj}é’. As an

approximation to the function r(x), define the piecewise-constant function 7(x) to
be

Flx)=7= (r(xj_l) + r(xj))/2 forx €[x,_,,x;), j=1,....N,
F(xy) = Fy-
Define p(x) and f(x) similarly. Define the operator L by
Lw = e2(pw') — w for w € C?[0,1],
the derivatives being taken in the sense of distributions.
The next lemma shows that L satisfies a maximum principle.

LEMMA 3.1. Let w € C[0,1] N C*([0,1]*) and pw’ € C[0,1]. Suppose w(0) < 0,
w(1) < 0, Lw > 0 on [0,1]*. Then w < 0 on [0, 1].

Proof. Suppose the conclusion is false. Then there exists z € (0,1) such that
max, ., <1 w(x) = w(z)> 0.

Case (i): z € [0,1]*. Then w”(z) exists and w”(z) < 0, hence Lw(z) = e*pw"(z)
— rw(z) < 0, a contradiction.

Case (ii): z = x,, for some fixed i. Since w € C[0, 1], we can choose intervals
(¢, x;) and (x;, b), with x,_; < ¢ < x, and x; < b < x,,,, such that w > 0 on (¢, b).
Now Lw = e2(pw’) — fw > 0 on (¢, x;) U (x,,b). Thus (pw’) >0 on (c, x,) U
(x;, b).

(a) Suppose pw'(z) > 0. Then, since pw’ € C[0,1] and ( pw’)’ > 0 on (x,, b), this
implies that pw’(x) > 0 on (x,, b), hence w'(x) > 0 on (x;, b). Then w cannot have
a maximum at x,. Contradiction.

(b) Similarly, if pw’(z) < 0, it follows that w’ < 0 on (¢, x,), hence w cannot have
a maximum at x,. Contradiction. O
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Define each test function y,, k = 1,..., N — 1, to be the solution of

(3.1) Ly, =0 on [.O,l]*,
xpk(xj)=8k'j, j=0,...,N,
where 8, | is the Kronecker delta.
Choose the trial functions ¢;, i = 0,..., N, to satisfy ¢,(x;) = Si,j, j=0,...,N,
with the support of each ¢,(x) the one or two subintervals containing x;.
The Petrov-Galerkin approximation is
N

(32) u(x) = X ui(x),

i=0
where the u, are determined from the system of equations
63 Buv) = (1) j= ¥ =1,

Up = o, Uy =D

where

B,(v,w) = (-e?pv’,w') —(Fv,w), v,we HY(0,1)
and

(v,w) = fl v(x)w(x)dx, wv,we L*0,1).
0
LEMMA 3.2. The difference scheme (3.3) has a unique solution.

Proof. The difference scheme (3.3) may be written as
e*h2Au = Bf,
1.€e.,
82h-z["j_“j—l + aju; + ”fr“j+1] =b 45 f =l N1

where

ai = (x20), af = hpi(x5a), @) = hp(x7) + ket (%)),

b~ = h'l(l,xpj)j, b = h“l(l,xl/j)j+l and (u,v)j=f' u(x)v(x)dx.

X, _1

By explicitly solving for y,(x) from (3.1), the reader can easily verify that

+

- + 0 - _
a; >0, af >0 and a;<-a; —aj.

This implies that the matrix —A is an M-matrix and hence invertible (see Varga
[13). O
REMARK. The difference scheme (3.3) is written out explicitly in Section 7.

4. The Discretized Green’s Function. We associate a discretized Green’s function
G;(x) with each node X, Jj= 1,..., N — 1. Define each G (x) in the sense of
distributions by
ZGj(x) = ez(ﬁGj’) (x) —7G,(x) = 8(x — x;),

G,(0) = G,(1) = 0,

where 8(-) is the Dirac é-distribution.

(4.1)
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In the classical sense, each G,(x) is defined by

(4.22) G e clo,1],

(4.2b) G,(0)=G,(1) =0,

(4.2¢) G’ exists and is continuous on [0, 1]*,

(4.2d) eZﬁij’ —7G,=0 on]0,1]*,

(4.2¢) lim e’pG/(x) — lim &pG/(x) =8, , i=1,...,N—1.

LEMMA 4.1. (1) G;(x) is well-defined and lies in the test space spanned by the test
functions defined in (3.1).
(ii) G;(x) < 0 on [0,1].

Proof. (1) We must show that there exists a unique choice of { A, }¥_} such that
N-1
Gj(x) = Z A (x).
k=1

Now for each i we require
N-1

5., = (¢,8(x - x)) = (¢,LG,) = B(¢,,G) = k}: AB.(9 %)
=1
Thus, we have the system of equations
N-1
Y MB(¢n¥) =8, i=1,..,N-1,
k=1

for the unknowns A,,...,A,_;. The matrix of this system is the transpose of the
matrix associated with the difference scheme (3.3), which from Lemma 3.2 is known
to be invertible.

(i) The matrix in (3.3) is the negative of an M-matrix, so its inverse has all
nonpositive entries (see Varga [13]). Thus A, <0, k=1,...,N - 1. Now ¢, >0
on (x;_y, Xz 41)- Since G,(x) = LY A, (x), we have G, < 0 on[0,1]. O

THEOREM 4.2. For x €[0,1], |G,(x)| < Ce exp(-y|x — x,|/¢), where vy =
min((r(x)p(x))'/?)/max( p(x)).

Proof. Set w(x) = ~{exp(~(BE)"*|x — x,|/(F(x)e))} /(2 BE)/%). Note that
po'(x;) = -1/Q2¢%), pw'(x])=1/(2¢%). So pw’(x) has a jump of £* at x,. Let
z=w— G; on [0,1]. Then z € C[0,1], z € C*([0,1]*) and pz’ € C[0,1] (jumps
cancel at x = x,). Thus we are able to apply the maximum principle for L, given in
Lemma 3.1. Now z(0) < 0 and z(1) < 0. On [0, 1]*,

Lz = &(pw’) —(Btw)/p +(BE/p — F)w — LG, = (B — 7p)w/p > 0.

By Lemma 3.1, z < 0 on [0, 1]. Thus G;(x) > w(x), but from Lemma 4.1 G;(x) < 0.
Thus |G, (x)| < |w(x)]. The result follows. O
The next result bounds the derivative of the Green’s function.

THEOREM 4.3. |G/(?)] < Ce Zexp(—y|t — x;|/¢€) for t € [0,1]\ {x;}, where v is as
in Theorem 4.2.
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Proof. From the definition of G(¢) in (4.1), we have
(Pexp(-D/e) G +(7/p) 7G| )

= e-2exp(-D/e)[8(x — x,) + (/7 )'eG .
(Pexp(D/e)|G; —(7/p) e 'G]) )

= e 2exp(D/2)[8(x - x,) ~ (Y77 )'eG}),
where D(x) = [§ (7(t)/p(t))"/* dt.

Integrate (4.3) from 0 to ¢, multiply by ( 5) 'exp(2D/¢) and then integrate again
from ¢ = 0 to ¢t = 1. Collecting terms, we get

|G/(0) | < Cs'zexp(—ﬁ(xj)/e) + Ce 1],

(4.3)

(4.4)

where
1= j(;l (p) 'exp(-2(D(1) — E(t))/e)fot exp(~D(s)/e)eG,(\/7p ) dsdt.
The integral I equals

é kz [ (7o) exp(-2(D(1) = B(0)) /e)exp(-D(x,)/e)
xeG, (x, ) {Vip (xi) — V7B (x;)} dr.

Now for any set of numbers { b, }, it is easy to show by induction on N that
N -1 N-1 N
Z Z b = Z Z bi-
=1 k=1 k=1 1=k+1

Applying this above yields
N-1

I="Y exp(-D(x,)/e)eG,(x){Vp (x¢) — V7B (x:)}

k=1

X ﬁ fx' (pe) 'exp(-2(D(1) — D(1))/e) dr.

1=k+1 " X-1
Thus,

|I]< kz:,l Chexp(-vx,/e)€|G,(x,) |fxl e'exp(-2(D(1) — D(t)) fe) dt.

Bounding each integral in the sum by C and using the bound on |G, (x,)| from
Theorem 4.2, we get

J N-1
|[I|< Ch| Y exp(—yxj/e) + Y exp(—y(2xk - xj)/e)

k=1 k=j+1
N-1
<Chy exp(—yxj/e) < Cexp(—yx,/e), since hN = 1.
k=1

We have thus shown that
(4.5) |G/(0)| < Ce%exp(-vx,/¢).
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We will use this to bound G(#) on [0, x;). Let ¢ € [x,_y, x,), where i < j. Integrate

(4.4) from 0 to ¢ and multiply by ( p(2)) 'exp(~D(z)/¢). Thus, collecting terms, we
get

|G/(2)] < Ce%exp(~v(x, — 1) /¢)
fot exp(—(D(t) — D(s))/e) eG;(s)(yp ) (s) ds

< CeZexp(—v(x, — 1) /¢)

+Ce?

(4.6) +Che'2;é1 exp(—y(t - xj)/e)exp(—y(xj — x;)/€)

= Ce'zexp(—y(xj - t)/e)
i-1
+Che‘2exp(—y(xj —1)/e) ¥ exp(-2v(t — x,)/¢)
k=1

< Cs‘zexp(—y(xj - t)/e).
By symmetry arguments, we now extend this bound to (x;,1]. For 0 < x < 1, set
F(x)=G(1-x), A(x)=7(1-x) and p(x)=p(1-x).
Then
e(p1F) (x) = A(x) F(x) = £(G)(1 - x) = F(1 = x)G,(1 - x)
=8(1-x-x;)= 8(x -(1- xj)).

That is, F; satisfies the same sort of equation as (4.1) (of course F;(0) = F(1)=0).
Note, however, that we have §(x — (1 — x,)) instead of §(x — x 1), as we had for
G;(x). From (4.6), we therefore have

G/(1 = y)|=|E(»)|< Ce?exp(—v(1 = x; = y)/e),  0<y<l-x,
Let x =1 — y. Then
|G/(x)| < Ce2exp(—y(x - x;)/¢) for x; <x<1,
which together with (4.6) completes the proof. O
CorOLLARY 44. (a) |Gi(x;) — Gi(x;_1)| < Chs'zexp(—y(xj - x;)/€) for

1<ix<y
() 1G;(x,) — G(x;_,)| < Che™?exp(-y(x;_; — x;)/€) forj <i < N.
Proof. (a)
’Gj(xi) - Gj(xi—l) | = h’Gf("Ti)
< Che'zexp(—y(xj —,)/€) fori</,

) X1 <M <Xy,

< Chs'zexp(—y(xj - x,)/¢), sincen, < x,.
(b) Similarly. O

5. Estimating the Nodal Error. The error at each node x; can be given explicitly in
terms of the discretized Green’s function.
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THEOREM 5.1. Let y(x) be the solution of problem (1.1). Let u(x) be our
approximation defined in (3.2) and (3.3). Then

(51)  y(x)—u(x)=(f=1.6)+((p = 5)y.G)) +(r = 7, yG)

forj=1,...,N—1.
Proof.

(y—u,8(x— xj))

(y - u,L6,) = B(y - u,G)=B.(»,G)) - B(4,G))

B(y.G,) - (f G, ) by (3.3) and Lemma 4.1(i)

B(5.G) +(e(p - §)y'.G)) +(r = 7.¥G,) = (.G,

= (£.6) = (£.6) +((p = $)y".G)) +(r = F,yG). O

On the interval [x,_;, x;] we may write the Green’s function in the form
(52) G(x)= a,sinh(e,(x — x;_q5)/h) + b;cosh(e,(x — x;_¢5)/h),

y(x,) —u(x) =

where
= (Gj(xi) - Gj(xi—l))/(2 sinh(a,./2)),
= (G(x,) + G;(x,-1))/(2cosh(a;/2)),
Xi_os= (%1 +x,)/2 and @« = (7/p,)" *he".
The following term will arise repeatedly throughout the error analysis:

(53) n= f - xi—O.S)Sinh(ai(x - xi~0‘5)/h)]/[2 Sinh(ai/z)] dx.

The next lemma is a technical lemma needed in the analysis of Lemma 5.3.

LEMMA 5.2 (i) |7 < Ch?,
(ii) || < Che,
(iii) |74, — 7| < Ch?,
(iv) |7 — 7] < Ch?|x; — x ],
where 7, is defined in (5.3) and 1 < i, j < N.

Proof. (i) Setting y = 2(x — x,_o5)/h,
1 . .
T, = (h2/8)fl [ ysinh(e,y,/2)]/[sinh(a;/2)] dy.
Thus |7,| < Ch?.
(ii) Evaluating the integral in (i), we get

|| =|(h/a,)*{(a;/2)coth(a,/2) = 1} | < Che,

since |x coth(x) — 1] < Cx for all x.
(iii) Using (ii), we get

Tiv1 T T hz( al o ){(ai+1/2)00th(ai+1/2) -1}
+h%a;*{(a;,/2)coth(a;,1/2) — (a;/2)coth(a;/2)}.
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Now |xcoth(x) — 1| < Cx and |xcoth(x) — ycoth(y)| < |x — y], since |(x coth(x))'|
< 1forall x. Thus |7,,, — 7| < Ch%.
(v)Fix i, j€ {1,...,N}. Let
u(y) = sinh(a;y/2)/sinh(e,/2) and v(y) = sinh(a,y/2)/sinh(a;/2),
0<y<1 Let Mw=w"— (a2/4)w, for w € C?[0,1]. Note that M, satisfies a
maximum principle and M,u = 0. Apply the maximum principle for M, to
2(y) = -Clx; = x| (u-0v)(y), O<y<L
Now z(0) = z(1) = -C|x, — x;| < O and
Mz = C(a?/4)|x, - x| i—(oc,.2 - ajz)v/4 >0
for suitably large C, since |v| < 1. Thus z < 0. That is, |u — v| < C|x; — x,|. Thus
1
7= 5= (1/4)| [ (u(r) = 0()) db| < CHlx, = x,|. ©
Note that
(5.4) fx‘ (x = x,_qs)cosh(a;(x = x;_o5)/h) dx = 0,
X -1

since the integrand is an odd function about x = x;_g .

LEMMA 5.3 Let G;(x) be the solution of (4.1). If k, q, and w are functions defined
on [0,1] such that |k’ < C for i=0, 1,2, |gV|< C for i=0, 1, |[w®| < Ce™*
for i=0, 1, k(x)= (k(x;,) + k(x;_1))/2 for x € [x;_1,x,) and D(x)=
o (r(2)/p(2))\/? dt, then

@) |(k — k,4G))| < Ch?,

(i) | (k — k, gexp(-D/¢)G;)| < Ch?,

(iii) | (k — k, gexp(-(D(1) — D(x))/e)G))| < Ch?,

(iv) |(k — k, £%4G))| < Ch?,

) [(k = &, eqexp(-D/&)G))| < Ch?,

(vi) |(k — k, egexp(-(D(1) — D(x))/e)G))| < Ch?,

(vii) |(k — k, £°wG))| < Ch™.

Proof. For x € [x;_4, x,),

k(x) = k(x) =k'(x,_o5)(x = x;_05) + O(h?),  q(x) = q(x,5) + O(h).

Let s(x;) = k'(x;_5)q(x,_¢s) and set

(u,0), = f u(x)v(x)dx for u, v e L2[0,1].

X;-1

(i) Theorem 4.2 implies that (1, IG,) < C. Using this and (5.2), (5.3), and (5.4), we
have

(k=%.46)) = L s(x)(6,(x) = G(x,-)) + O(A?)

N-1

= (& - gi—l)Gj(‘xi) + O(hz)a

i=1

where we put £, = s(x;)7, and used G,(xy) = G;(xy) = 0. By Lemma 5.2, we have
|£1 - §1+1 | < ls(xl) - s(x1+1)l |Tl| + |S(X,~+1)l |Ti - Tl+1|
< Chmin(h?, he) + C min( 4%, h%) < Ch? min(h, ¢).
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Combining this with the estimate |G;(x;)| < Ce Yexp(-vh|j — i|/¢), which follows
from Theorem 4.2, we get

;1 (& - £i+1)Gj(xi)

N—-1

< Ch*min(h/e,1) Y, exp(—yh|j — il|/¢)
i=1

< Ch?*min(A,1)/(1 — e~ ")

with A = A/e. Since A/(1 —e ™)< C for 0 <A <1 and 1/(1 - e ™) < C for
A > 1, we have

N
Y (¢ - £i+1)Gj(xi) < Ch?,
i=1

which completes the proof of (i).
(i) Let D(x) = [%,(F(¢)/p(t))"/* dt. We have
(k- k,qe ?/°G;) = (k — },qexp(—ﬁ/e)Gj) + 0(h?),
since |k — k| < Ch,(1,|G,) < C, |¢| < C and
|exp(~D(x)/e) — exp(-D(x)/e) | < Chxelexp(-vx/e) < Ch.

Hence,
(k - },qexp(—l_)/e)Gj)
N
= '21 s(x,-)exp(—D(x,-_O'S)/B)(x - xi—o.s’e_a'(x—x'"o'S)/th), + 0(h?).

On the interval [x,_,, x;),
Gj(x) = {(ai + bi)/z}exp(ai(x - xi—O.S)/h)
+{(b, — a,)/2}exp(-a,(x = x,_¢5)/h),
where a; and b, are as defined in (5.2). Using (1, x — x,_45), = 0, we get
(k - quxp(—ﬁ/s)G,)

= Z s(x;)(a; = bi)exP(—B(xi—o.s)/e)Sinh(ai)"'i* + 0(h?),

i=1
where 7* = (x — x;_¢s, {sinhQea;(x — X;_¢5)/h)}/2sinh(«,)), [use ™7 = cosh(y)
— sinh( y) and (5.4)]. Let
¢;=(a;- bi)eXP(‘T)(xi—o.s)/e)smh(ai)-
With this notation,

N
(k - },qexp(—ﬁ/e)Gj) =Y s(x;)e;r* + O(h?).
i=1

From the definition of a, and b,,

¢ = exP(“f)(xi)/E)Gj(xi) - exp(_B(xi—l)/e)Gj(xi—l) =N Mi-a-
Consequently,
N N N-1

Z s(x,)em* = E s(x;)(m; = i) 7> = E (s(xi)"'i* - s(xi+1)’ritl)ni’

i=1 i=1 i=1
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since G;(xy) = G;(xy) = 0. Note that Lemma 5.2 can be applied to 7* and that
[n;l < 1G;(x;)| holds. Hence we get as in part (i),
N

% s(x)er

i=1

< Ch?,

which completes the proof of (ii).
(iii) We have

(k — k. qexp(~(D(1) - D(x))/e)G;(x)) = (ky — k1, grexp(-Dy(1) /&) F (1)),
where k() = k(1 — t), k;(t) = k(1 — t), q;, r;, and p, defined similarly,
Di(1) = [ (n(s)/pa(5)) " ds

and F(z) is defined as in the last part of Theorem 4.3. Since F)() satisfies the same
sort of differential equation as G;(x) did, we can use (ii) to get the result.
(iv) From (5.2), on the interval (x;_;, x;),

ij(x) = (a,a,/h)cosh(a;(x — x;_5)/h) +(e,b;/h)sinh(a;(x — x,_o5)/h).
Thus
|(e(k - %), 46;) |
N

=| Y eh7as(x,)1{G,(x;) + G/(x,_,) }tanh(a,/2) | + O(h?)

i=1

N
< Ch%e Y |G(x,) + G,(x;_1)|(1 — e7%) + O(h?),
i=1
since, by Lemma 5.2, || < Ch?. From Theorem 4.2, we have
exp(-vlx; — x;|/¢), i</,
|Gj(xi_1) + Gj(x,) | < Cel ( / ) o
exp(_YIXI—l - xj|/£)9 l >J

Using this, we get the result.
(v) Follow the argument in (ii), replacing G, by &G/, and note that

6G)(x) = (sa,/(2h)){(a, + b,)eC—-09/% 1 (a, — b,) e~ a6 50)/h )
(vi) Use the transformation given in (iii) and then use (v).

(vii) Write w(x) = w(x;_qs) + (w(x) — w(x,;_gs)). Thus,

(ez(k - %),WG;) =) k’(xi_0.5)(W(x) = w(x;_gs), (x - xi—o.s)szG;),-

i=1
+0(h?) by (iv).
Therefore,
|(k — &, e2wG)) | < Ch? max|w'(x) (1, 2/} |) + Ch2.
Now (1, ¢G/|) < C by Theorem 4.3. Thus
(k - &, ewG))

< Ch?emax|w’(x) |+ Ch* < Ch%. O
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THEOREM 5.4. Let y(x) be the solution of problem (1.1). Let u(x) be the approxi-
mation defined in (3.2) and (3.3). Then
max | y(x,) - u(x,)| < ChZ.
<i<N

SIS

Proof. Substitute the asymptotic expansion given in Lemma 2.7 into the closed
form expression for the nodal error given in Theorem 5.1 and use Lemma 5.3 to
bound each term. The nine terms involved are

y(x)) = u(x) = (/= 1.G)) +(r = 7, = (f/r)G))
+e(p =5, = (1/r)G)) +(r = 7, K1 PG
—e(p = 5. Ky(r/p) 2 POV G)) +(r — 7, Kpe~PO=PI/eG))
+s(p - P, K2(r/p)l/ze‘(D(l)_D(")V‘GJ{) +(r —F,eRG,)
+e(p — P, R\G)).

The last two integrals need the bounds given in Lemma 2.8. O

6. A Uniform Global Error Estimate. As in O’Riordan [9], we choose the trial
functions in such a way that, “close” to a boundary layer, they mirror the shape and
direction of that boundary layer. For notational convenience, we will take N to be
even. Define the trial functions {¢,}Y , by

Lo, = e’pe) + (75) ¢, =0 on[0,0.5] n[0,1]*,
(6.1) Lo, = e2po} — e(75)*¢; =0 on[0.5,1] n[0,1]*,
¢,(x;)=9,,, j=0,...,N.
THEOREM 6.1. If the trial and test functions are chosen as in (6.1) and (3.1),
respectively, then
ly —ulle < Ch,
where y is the solution of (1.1) and u is the approximation defined in (3.2) and (3.3).
Proof. (a) Let x € (x,_,, x,), where i < N /2 is fixed.
Ly =epy” +e(p)"y’
” 2 ’ b=y ” > ’
=e2py” +e(rp) Py’ + (P —p)y" — (VB — Vi )ey
=f+m+e(p)?y —epy +e(p—p)y” +(yip — Vip)ey.
Using the bounds from Corollary 2.6,
|Zoy|<|f+m+e(p) 7y
since exp(—8,(1 — x)/¢) < exp(-8,x/¢) for x < 0.5.
Substituting the asymptotic expansion for y from Lemma 2.7, we get
f+ry+e(r/p)?y = 2K,re"PO-DON/e 4 g(x),
where |k(x)| = |{(eRy — (f/rY}(rp)"/* + rR,| < C. Therefore,
|f+ ry + s(rp)l/zy’| < Ce(1 + e7%e77/?%) sincex < 0.5

< Ce.

+ Ce + Che /¢,
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Thus |L,y| < Ce + Che™®*/%. Set z(x)= C(x — x, — h) — Che "/ + (y — u),
where the positive constants C, y are to be chosen. Now for C sufficiently large,
Theorem 5.4 implies that z(x,_;) < 0 and z(x;) < 0. Also,

Lz = Ce(75)"* + pChy{(7/p)"* — v} e »/* + L.

Now |L,y| < Ce + Che™%*/¢. Hence we can choose C and y such that L,z > 0.
Since L, satisfies a maximum principle (see Protter and Weinberger [8]), we have
z<0on[x,_q,x;]ie,|y—u/<Chon[x,_,x],i<N/2

(b) Similarly for x € (x;_;,x,), where i > N/2 is fixed, use the maximum
principle for L, applied to the barrier function

z(x)=C(x,— x — 2h) — Che ¥'=®/¢ 4 (y —u) forx € [x,_,,x,]. O

7. Numerical Experiments. In this section, we present some numerical results
which illustrate Theorem 5.4. All computations were performed in Fortran double
precision on a VAX 11 /780 at University College, Cork. The authors are indebted
to Dr. Jeanne Ng-Stynes for these results.

The difference scheme (3.3) may be written in the form

ezh'z{aj_uj_1 +aju, + a;'ujﬂ} = ¢ fio1 i+ ¢ fi,
where
a; = ﬁj"(aj), af =.5,'+1°(0‘,‘+1), a,(') = “ﬁj"?("‘j) “.5,+1"I(0‘j+1)a
_ -2 -2
¢, = o(aj)(2o(aj/2)) . < =o(aj+1)(20(a1+1/2)) ,
_ _ o2, -
) =c +¢f, a = (rj/pj) hel,
_j= (p(xj—1)+p(x/))/2’ ’_'j= (r(xj—1)+r(xj))/2’
and
o(x) = x/sinh(x),  n(x) = xcoth(x).
Example 7.1. We applied this difference scheme to problem (1.1), with
p(x)=1+x2,  r(x)=cos(x)(3-x)",
f(x)=40(3x* = 3x + 1)((x = 0.5)° +2), y(0)=-1, y(1)=0

(see [2, p. 231]). The results are given in Table 1. The errors (EMAX) and the rates
of convergence (RATE) are based on the double mesh principle (see [2, p. 223]). We
define, for N = 8,16, ...,512,

EMAX = OmaxN|u}" - u3¥| and RATE = {In(E') - In(£?)}/In(2),
<J<

where E! and E? correspond to EMAX for # = 1/N and h = 1/2N, respectively.
Example 7.2. We also applied this difference scheme to problem (1.1), with

p(x)=1, r(x)={4+4e(1+x)}/0 +x)",
F(x) = {~4/(1 + x)*}[(1 + e(1 + x) + 4n2e?)cos(2mt) — 2me*(1 + x)sin(27t)
+3(1 + e(1 + x))e/5(1 — e/%)7],
y(0)=20, y(1)=-10
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TABLE 1
RATE(EMAX)

N~E| LOE-05 | LOE-10 | 1.0E-15 | 1.0E~20 | 10E-30 | 10E - 40

8 1.98 1.99 2.02 2.20 1.74 1.73
(96E-2) | (71IE-1) | 1I9E+0) | B4E+0) | (5.5SE+0) | (55E +0)

16 2.00 2.00 2.01 2.07 1.99 1.86
(2Q4E-2) | 18E-1) | @TE-1) | (75E-1) | (LTE+0) | (1.7E + 0)

32 2.00 2.00 2.00 2.02 2.34 1.93
(61E-3) | WSE-2) | 12E-1) | 18E-1) | 42E-1) | 46E-1)

64 2.00 2.00 2.00 2.00 2.24 1.97
(ASE-3) | ALIE-2) | Q9E-2) | 44E-2) | (82E-2) | (12E-1)

128 2.00 2.00 2.00 2.00 2.10 2.06
(38E—-4) | Q8E-3) | (73E-3) | 1IE-2) | (1.7E-2) | (31E-2)

256 2.00 2.00 2.00 2.00 2.03 2.31
(9SE-5) | (JOE-4) | A18E-3) | Q7TE-3) | (41E-3) | (T4E-3)

512 2.00 2.00 2.00 2.00 2.01 2.32
Q4E-5) | 1TE—4) | WSE—4) | 69E—4) | (99E-4) | (1.5E-3)

TABLE 2
RATE(EMAX)
I 1 h**0.25 h**0.5 h**0.75 h**1 h**1.5
8 1.96 2.02 2.08 2.08 1.95 1.79
(42E-1) | B8E-1) | B3E-1) | 28E-1) | 2Q5E-1) | 26E—-1)
16 1.97 2.02 212 2.05 1.95 1.76
(11E-1) | 95E-2) | (78E—-2) | (66E—-2) | (64E—-2) | (7.7E-2)
32 2.00 2.07 2.10 1.98 1.97 1.56
(2Q7TE-2) | 23E-2) | (18E-2) | (16E-2) | (1L7E-2) | 2Q3E-2)
64 2.00 2.07 2.06 1.98 1.69 1.82
(69E—-3) | (56E—3) | 42E—3) | (40E—-3) | (42E-3) | (76E - 3)
128 2.00 2.08 2.01 1.99 1.80 1.92
(17E-3) { 13E-3) | (IOE-3) | A0E-3) { (13E-3) | 22E-3)
256 2.00 2.07 1.99 1.82 1.91 1.96
(43E-4) | B1E-4) | Q5E—-4) | Q6E-4) | BTE—-4) | (5.TE—4)
512 2.00 2.07 1.99 1.83 1.94 1.98
(11E—-4) | (T4E-5) | (63E-5) | (7T3E—5) | (1.0E—4) | (1.5E — 4)

(see [10, p. 81]). The results are given in Table 2. In this example, the analytic
solution can be computed. Thus we define

EMAX = 0maxN|y(xj) —u(x;)| and RATE = {In(E') — In(E?)}/In(2),
<j<
where E' and E? correspond to EMAX for h = 1/N and h = 1/2N, respectively.
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