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Local Error Estimates for Some Petrov-Galerkin
Methods Applied to Strongly Elliptic
Equations on Curves

By Jukka Saranen

Abstract. In this article we derive local error estimates for some Petrov-Galerkin methods
applied to strongly elliptic equations on smooth curves of the plane. The results, e.g., cover the
basic first-kind and second-kind integral equations appearing in the boundary element
solution of the potential problem. The discretization model includes the Galerkin method and
the collocation method using smoothest splines as trial functions. Asymptotic error estimates
are given for a large scale of the Sobolev norms. '

1. Introduction. We study local convergence properties of some Petrov-Galerkin
methods applied to the general class of strongly elliptic pseudodifferential operators
given on smooth closed Jordan curves of the plane. This framework covers various
types of problems such as periodic differential equations on the real line, boundary
integral equations of the second kind or Symm’s first-kind integral equations with
logarithmic single-layer potential. These integral equations are of fundamental
importance in solving interior or exterior boundary value problems of potential
theory. Other applications are singular integral equations with Cauchy type singular-
ity in the kernel. These occur, e.g., in elasticity.

We are mainly interested in Galerkin and collocation methods. These methods
seem to be those best analyzed from among the Petrov-Galerkin methods, and
various global error estimates are given in [1], [2], [9], [13], and [14]. In particular, the
collocation method is widely used in engineering applications.

As far as we know, the literature concerning local or interior error estimates is not
very extensive. In [11] some local estimates were proved for the L,-orthogonal
projection on spline spaces. In [12] and [6] interior error estimates were derived for
the Galerkin approximation of the solution of differential equations.

In the case of integral equations no local error estimates seem to exist. The validity
of such results is not obvious, since the local properties of the integral operators
differ considerably from the local properties of the differential operators, the former
being only pseudolocal, in contrast to the local nature of the differential operators.

In the present article we derive local error estimates for general Petrov-Galerkin
methods when smoothest splines are used as trial and test functions. In deriving the
error estimates we adapt some techniques of [11] and [12]. The error estimates are

Received April 9, 1985; revised July 11, 1986.
1980 Mathematics Subject Classification. Primary 65R20; Secondary 65L10, 65N35, 45J05, 35S99.

©1987 American Mathematical Society
0025-5718 /87 $1.00 + $.25 per page

485



486 JUKKA SARANEN

given for a full range of the Sobolev norms corresponding to the known global
estimates. When the trial and test space coincide, we have the Galerkin method. We
briefly describe our results.

Let A: H* - H*~2* be an isomorphism between the Sobolev spaces H* = H*(T)
given by the strongly elliptic pseudodifferential operator 4 of real order 2a.
Furthermore, let

§4=S8%A) and T¢ =T%4)

be spaces of smoothest splines of degree d and d’, respectively, and the meshes A
and A be quasiuniform. Assuming essentially only that the Petrov-Galerkin method:
Find u, € S such that

(1.1) (Au,|v) = (Au|v), veT?,

is stable with respect to the norm || - ||,, there holds the optimal-order global error
estimate

(12) lu =y ll, < ch*~luls

for2a —(d’+ 1) <t<s<d+1,t<d+ % x <s. In Section 4 we prove corre-
sponding local estimates of the following type. Let Iy and I'; be open subarcs of T’
such that T, ¢ T,. We assume that the solution u satisfies local regularity u € H*(T;)
together with global regularity u € H” such that x < r < s < d + 1. By Theorem
4.3 there holds

(1.3) lu = w,ll,(To) < (A~ ulls(Ty) + A2 u],)
for values2a — d’ — 1<t < x and
(1.4) e = w,ll,(To) < (A~ ulls(Ty) + A1 rx=2ay]|,)

for x <t < d+ 1. Let us take as a special case the Galerkin method where d = d’
and x = a. Then one concludes from (1.4) that the optimal-order convergence for
values @ < t < d + % is achieved already by the requirement u € H*, i.e., that the
solution belongs to the energy space. On the other hand, if 1 < a, we need by (1.3)
for the values s > ¢ + d + 1 — a an additional global regularity to get optimal-order
convergence. Results of a similar kind were obtained for differential operators in
[12]. Also, other conclusions can be drawn from the above results. For example, it
turns out (see Subsection 4.3) that for fixed trial functions the locality of the
approximation increases by raising the degree of the test functions.

The other application which is discussed in Section 5 is the collocation method.
More precisely, we consider two different variants of the collocation method. First
we analyze the local properties of the collocation in the case of smoothest splines of
odd degree, when the nodes of the mesh are used as the collocation points. The other
example uses smoothest splines of even degree collocating at the midpoints of the
mesh. Our framework for Petrov-Galerkin methods is applicable to obtain results for
these collocation methods, since these methods can be considered as perturbations of
a Galerkin method (odd-degree splines) or of a Petrov-Galerkin method (even-de-
gree splines). For example, with splines of odd degree d =2; — 1 the result is
formally included already in estimates (1.3) and (1.4) with the choice x = j + a and
d = -1.
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2. Preliminaries.
2.1. Strongly Elliptic Equations. We consider equations of the form

(2.1.1) Au=f,

where A4 is a strongly elliptic pseudodifferential operator of real order 2a on the
smooth closed Jordan curve I' C R2. For example, the logarithmic potential

Au(x) = [Lu(y) Inlx = y| dy

defines a strongly elliptic pseudodifferential operator of order —1. Since A4 is of
order 2a, it defines for all s a Fredholm operator 4: H® - H*~?* with vanishing
index [15], [16]. Here, H* is the Sobolev space of functions defined on I'. We assume
that Eq. (2.1.1) is uniquely solvable. This implies that the operator A4 is an
isomorphism for all s.

The extension of the results to cover the cases where the initial problem is not
uniquely solvable, but becomes such by introducing auxiliary parameters and side
conditions as in [1], [14], is straightforward and is omitted. The same remark is valid
when considering strongly elliptic systems instead of single equations.

2.2. Identification with Periodic Spaces. By means of the parametric representation
t = x(t) of the curve I' we identify the functions on the curve with 1-periodic
functions u(¢) defined on the whole real line. The global scalar products and norms
can therefore be given by means of the Fourier representation as

(ulv),=Ju-Jo+ Y |20 a(n)s(n),

O#neZ
lulls = (utu)”.

For s = 0 we shall often omit the subindex. We have used here the Fourier
coefficients

a(n) = /lu(t)e""z’”dt
0
and the mean value Ju = #(0). Let A = {x,}, x, < x,,,, kK € Z, be a set of points
on the real axis such that x, = x,+ 1 for some N € N and all k € Z. We
consider the space S = S(A) of 1-periodic splines ¢ € S(A) such that ¢ is a
polynomial of degree at most d in every subinterval (x,, x, ;) and the function ¢
has continuous derivatives up to order d — 1 for d > 1. The space S°(A) means
piecewise constants.

2.3. Approximation and Inverse Properties. In deriving the asymptotic local error
estimates we need the approximation and inverse properties for splines. We assume
the sequence of meshes to be quasiuniform, which means that the ratio

hs/ha

remains bounded when N approaches infinity. Here, %, = max(x,,; — x,) and
hy = min(x,,; = x;).

For periodic spaces the following approximation and inverse properties can be
found in [8].
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LEMMA 2.1 (Approximation property). If t, < d + 3 and if t, < s <d + 1, then
for any u € H* there exists a function { € S¢ such that

(2.3.1) lu— ¢l < c(e)r Y uls forallr<t,.

LeMMA 2.2 (Inverse property). We have

(23.2) lplls < ch"ll@ll,  forall ¢ € 4,
t<s<d+ 3.

The proof in [8] extends earlier results to cover the range of indicesup to ¢, < d + %
in Lemma 2.1, or to s < d + 5 in Lemma 2.2, from the previously known ¢, < d in
Lemma 2.1 or s < d in Lemma 2.2.

A standard application of the inverse estimate combined with the approximation
property yields the estimate (2.3.1) also for the higher-order norms. Thus we have
(2.33) la = ¢l < e(e) " ulls
fr<s<d+1,t<d+ L

In addition to periodic splines, we shall need nonperiodic smoothest splines
defined on a given interval I. The corresponding spaces are denoted by S¢(I).
Furthermore, we shall need the Sobolev spaces H*(I) for all s € R. In particular,
the spaces with negative indices are given by the duality H™*(I) = (H3(I))’, s > 0.
Here, H;j(1) is the H*(I)-closure of the space C{°(I) of the infinitely differentiable
functions which are compactly supported in 1. Thus the norm of H*(I) is given by
(2.3.4) lullo(D) = sup AP

0+peHy(T) ol (1)

It was proven in [3] that for the splines S“(I) there exist inverse estimates
covering also the negative Sobolev norms. However, the negative norms used in [3]
are those which arise when one defines the negative spaces H5(I) by means of the
duality H*(I) = (H*(I))’. This yields the negative norms
(2.3.5) lu|-s(I) = sup ‘(uhp)(l),

0=pe H () ||(P||x(1)
which, in general, are stronger than those defined by (2.3.4).
With the weaker norm (2.3.4) we can prove the following

LEMMA 2.3. We have the inverse estimate

(2.3.6) lolls (1) < ch* =], (I)
forall o € S(I) andforallt <s,s<d+ 3%, s+p+ L peZ p< —1.

Proof. For the fractional-order norms ||ul|,, s =d + 8§, 0 <& < 1, we have the
Sobolev-Slobodetskii representation
2 2
lulls =llulla +[D4ul3,

where

2 _ lo(x) —v(¥)I?

[v]s = j;‘/; i dxdy.

An explicit calculation carried out in [8] shows that

(2.3.7) [¥]s < ch™?[¥],
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for all piecewise constant splines ¢ € S%(I), if 0 <7< 8 < 1. If ¢ € S4I), we
have D% € S°(I) and (2.3.7) implies

2 — 2
lols = Il +[D%]5 <llels + a2~ D%]
< ch2“ g,

ford<t<s<d+ 3 t=d+ 1, s=d+ 8. Since the inverse estimate holds for
the values d <t < s < d + 1, it holds also for the values —c0 <t < s <d+ %, if
the negative norms are defined by means of (2.3.5) [3].

In particular, we have

(2.3.8) lel,(1) <chllgll (1), O<t<s<d+13,
and
(2.3.9) lollo() < ch'lel,(I), t<O.

For any s < 0 we define X, to be the intermediate space (independent of m)
= [H°(I), H™(I)]4, where m € Z, m < s, and s = Om. Apart from the excep-
tional values s = p + 3, where p is a negative integer, the space X, coincides with
the Sobolev space H*(I), and the interpolation norm || - ||( X,) is equivalent to the
Sobolev norm || - || (7). On the other hand, the norms defined by (2.3.4) and (2.3.5)
are the same for — 3 < s < 0, since for these values, H (1) = H, *(I) [10, p. 55,
Theorem 11.1]. Starting from the estimate (2.3.9), that is,

lell(X) < erllol(X,), -3<t<0,
we obtain, again by means of the procedure in [3],
(2.3.10) lol(X,) < ek lell(X,), t<s<0.
For the exceptional values t = p + 3, p € Z, p < —1, there holds
(2.3.11) lell(X,) < el

since we have X, ., ,, = (Hy” '/*(I))’, where the space Hy? '/2(I) is continu-
ously embedded in Hy?~'/2(I) [10, p. 66, Theorem 11.7). Combining (2.3.8),
(2.3.10), and (2.3.11), we have the assertion of the lemma. O

We shall need the following form of inverse estimates without exceptional values.
Let w € C(1).

LEMMA 2.4. Forallt < s <d + % and Y € S there holds
(2.3.12) lo lls < ch* (1Y [|.(1).

Proof Since we have ||w{||; < c||¢||,(I), we may, by Lemma 2.3, assume that
< 0. For fixed ¢ < s we can choose by (2.3.3) an approximation { of wy such that

(2-3-13) loy =&l < ellwll.(1),

(2.3.14) leoy = &ll; < ch™ ¢ llo( ).

But then we have by (2.3.14), Lemma 2.2, and Lemma 2.3,

(2.3.35) eyl <lloy =&l + 181 < (BN 1.(1) + A8 ],).

From (2.3.13) there follows ||{||, < c||¥||,(I), and therefore (2.3.15) yields the
assertion. O
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We now choose a sequence of intervals I, C € I; c C I, € C I such that the
length /(I) < 1. Moreover, let w € C§°(13).

LEMMA 2.5. Assume thatty < d + 5 and q € N. Then
(a) For any ¢ € S there exists a function { € S such that

(2-3-16) ”"-’\l’ - gllr < ChHl_t"‘l’”s(I(;)’

(2.3.17) loy =l < ey,

when —q < t<tys<d.
(b) Foranyu € H*, ty < s < d + 1, there exists a function { € S such that

(2.3.18) low = &1l < k= ulls(15)

for all —q <t < ty. In both cases (a) and (b) one can choose the function § such that
supp$ C I, for 0 < h < hy,.

Proof. There exists a function n € S9(I) such that v = wy + n belongs to
HY*1(I). Moreover, in the set I\ I}, n is a polynomial of degree < d. We
introduce the integration operator D~?,

D Yf(x) = /xf('r)d'r, a<x<b,

assuming I = (a, b).

The function w = D~ % belongs to H**1*9(I) and, in I\ I}, is a polynomial of
degree < d + ¢. We fix an interval I, such that I; € C I, C C I. There exists an
approximation ¢ € S9*9(I) of w such that for 0 < h < h,, where h, is independent
of w, the function £ coincides with w in the set I, \ I; and such that

(2:3.19) | D¥(w = £) (1) < ch*a*1=H| D4+a* 1y (1)
forO0<k<d+gqg.

The above approximation ¢ can be defined as in [4], [5]. Then the asserted
property is a consequence of the locality of the approximation and the fact that the

approximation reproduces polynomials up to degree d + g. Define ¢ = D9 and
¢ € §9 such that

—(n(x) —o(x)), xel,
§(x) = {0, x eI\,

In the interval I, one has wy — §{ = DYw — §), which upon integration by parts
yields

Diw — 1
log =8lll) = e = ||f||f()1|2§)( !
<llw = €I(L) < ch®* | D4 |
< ch |y ll(15).-
From (2.3.19) there follows also
(2321) low = lla( 1) < ekl lla(15)-
But since the function wy — { is supported in I, we have by (2.3.20) and (2.3.21)
low = ¢l < ellow = Sl(1) < k™ Ny lla(15)

(2.3.20)
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for t = —g and ¢ = d. Interpolating, we obtain
(2.3.22) log = §l< ch®* g lla(15)

for —g <t <d.
Take d < t <ty < d+ %. If was proved in [2] that there exists an approximation
f € §¢ such that

(23.23) lo — all, < 1=y |lo(13).
Thus we get from (2.3.2), (2.3.22), and (2.3.23),
oy = ¢l <lloy —al. +14 - <
< k™ Ny lo(15) + ek li = £ la
< kY la(Ig) + b Noy = alla+ b Yoy ~ ¢ la
< by lla(1).

This, combined with (2.3.6), proves the assertion (2.3.16). The estimate (2.3.17)
follows from (2.3.16). The proof of (b) is a minor modification of the case (a) and is
omitted. O

We point out that Lemma 2.5 is very essential for obtaining local error estimates.
Similar approximation properties have been used, e.g., in [11] and [12]. However, it is
difficult to locate a proof in the literature which covers the smoothest splines of
general order, even for nonnegative values of the indices s and . The idea to
regularize wy, as in the proof of (2.3.16) or (2.3.17), to obtain the “extra power” of
h was already used in [7].

3. Petrov-Galerkin Method.
3.1. Stability and Global Convergence. We assume that the principal symbol
a(x, §) of the pseudodifferential operator A satisfies

(3.1.1) Rea(x,¢) > ¢ >0, xeTl,|¢ =1, ¢€R.

This assumption implies the validity of the Garding inequality [15]. Thus we have
the representation

(3.1.2) A=A, +K,

where A4, satisfies

(3.1.3) Re(Aqu|u) > cl[u||i, ue He,
and where K: H® — H*"2* is compact. Since 4 is assumed to be invertible, we
deduce from (3.1.2) and (3.1.3) that the Babugka stability condition,
(3.14) infsup|(dp|¥)[>c>0, |ola=1I¢la=1 955,
is satisfied for small 0 < 4 < h,. Here S¢ is a spline space such that S¢ c H¢ ie.,
a<d+ i

To verify (3.1.4), one can choose ¢ = ¢ — P,(A*)™ 'K *p, where P,: H* > §9 is
the L,-orthogonal projection and where A* and K * are L,-adjoints; cf. [14]. The
mapping T: ¢ — i satisfies

(3.1.5) allele <ol < cilloll, @ €57
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We are concerned with more general Petrov-Galerkin methods, where we use
S = S9A) as the trial subspace and 7¢ = S¥(A) as the test subspace. We require
that both meshes A and A be quasiuniform. Furthermore, it is assumed that these
meshes have the same number of points in the unit interval, i.e., $¢ and 7% have
the same finite dimension. The Petrov-Galerkin solution u, = Gu € S9 of (2.1.1) is
defined by

(3.1.6) (duy| @) = (Aulp), @eT"

We assume that the approximation is stable with respect to the norm || - || .. For this,
we first require that the inequalities

(3.1.7) x<d+3 and 2a—-x<d’ +}

be valid. By assumption (3.1.7) we have S ¢ H* and T¢ c H?*~* Furthermore,
we assume that the stability condition (0 < & < k)

(3.1.8) infsup|(dp|y)|>c>0, loli=1,¥laa-x=19€8) ¢ T,

is satisfied. Applications with different trial and test functions will be discussed in
the next section and in Section 5, when collocation with even-order splines is
considered. Since the operator 4: H* — H*® 2% is bounded, we have

(3.1.9) |(Aufv)| < cllufl<lvllza-x

for all u € H*, v € H*>*™*, From (3.1.8) and (3.1.9) it follows that the Petrov-
Galerkin method (3.1.6) is quasioptimal, i.e.,

(3.1.10) Ju o< inf Juegl.

We have the following asymptotic error estimates.

THEOREM 3.1. For the Petrov-Galerkin approximation there holds

(3.1.11) e =y ll, < ch*~ulls,

when 2a—(d’+1) <d+1, t<d+ % x<s. For the values 2a —
(d+1)<t<xwe also have

(3.1.12) lw = wpll, < ch*=Nu = u, |l

Proof. If t < x we take w € H™* such that |lu — u,||> = (u — u,|w) = ||w||%,.
With the element y = (4*) 'w € H™'"2* we have

2
(3.1.13) "“_“h”z=(“_“h|A*y)=(A(“_“h)U’_f)
for all { € T¥. The approximation property (2.3.3), together with (3.1.13), gives for
2a—(d'+ 1)<t
llu = u, || < ch* ) A(u = up) - 2a 17 ll2a-x
<o u =y, -llu = .,

which proves (3.1.12). Estimates (2.3.1), (3.1.10), and (3.1. 12) imply (3.1.11) for
2a — (d’ + 1) < t < x. The remaining cases with x < ¢t < d + % follow as usual by
using the inverse property (2.3.2). O
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3.2. Decomposition of Local Error. We write e = u — u,. For the local estimates it
is sufficient to bound the norms over any interval I, C C I where I is some interval
of unit length. We fix further subintervals such that

I,ccljccl/ccl//ccl,ccl.

Moreover, let w € C§°(15) be such that w(x) =1, x € I,. Further, take functions
n € C°(1{") and § € Cg°(1,) such that 9|, =1 and §|;, = 1. For any function f
we write f = wf. We decompose the local error ¢ as

(3.2.1) é=(u— Gu) +(Gu — Gu,) —(u, — Gu,)
and study each of the three terms separately. For any u € H* the restriction u|; of

the distribution u to the open interval I; is well defined. In what follows we write
u € H*(I,), which more precisely means u|, € H*(I;). Theorem 3.1 yields

LEMMA 3.2. Assumex < s <d + 1, u € H*(I;) N H*. Then we have
(3.2.2) e — Gitllx < ch* *|wulls < ch* | ulls(I;).

For the second term of the decomposition (3.2.1) we obtain
LEMMA 3.3. For any fixed B < x there holds
(32.3) 6 (i = a,) [, < (ANl () +llell-1(1)) +lells)
with v’ = min(1,d’ + 1 + x — 2a).
Proof. By (3.1.8) we have
(3.24) |G(a— )|, < esup[(AG(a — ) |¥)],  [¥loax=1, ¥ € T
The Petrov-Galerkin equation (3.1.6) yields for y € T¢
(3.2.5) (AGe|y) = (Az|y) = (de|wp) +([4, 0]e|¥)

with the commutator [4,w] = Aw — wA. By using (2.3.17) we find with some
§ € T, supp§ I, for |[Ylpq-r =1

(de|wy) = (dejwy —§) = (nde|wy — )
< ch”(ImAellizu +ImA(1 = £)elli—2a)-

Since n(1 — §) = 0, and since from the theory of pseudodifferential operators it is
known that nA(1 — £) is a pseudodifferential operator of order — co, we have the
estimate

(3.2.6)

Ind(1 = £)ellc—2a < cllelle.
Therefore, by (3.2.6) it follows that
(32.7) (delwy) < cn”([lell(1) +]lelle)-
The term involving the commutator can be handled as follows,
([4,0]el¥) = ([4,0]ne|¥) —(wA(1 = n)e|y)
< c(llellx-1(F) +ells).
Summing up (3.2.4), (3.2.5), (3.2.7), and (3.2.8), we get the desired assertion,
16 (i = a,) [l < e(A7llell (L) +llell-a(L,) +llells). O

(3.2.8)
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For the last term in (3.2.1) we prove

LeMMA 3.4. Assume that u € H*(I)) N H*, where x < s < d + 1. Then we have
(32.9) Mm—amxde*Mmuo+wwmuoL
where T = min(l,d + 1 — x).

Proof. We first assume that x < s < d. By Lemma 2.5,
(3.2.10) 1Ga, — ]|, < ch* = uy |, (15)-

With the smooth functions 5 and ¢ defined earlier in this section we have n = né
and thus

(3:2.11) luullo(2) < ellmunll, < e(lln(us = @) I +llnell),
where

(32.12) Imell, < c(ll&u = @lls +[1£ull;)

for every ¢ € S By (2.3.1) we can choose the function ¢ such that
(3.2.13) 16u — @ll; < clléulls < cllulls (1)

and

(3.2.14) I6u — @l < ch*~*|gulls < ch*~|ulls(1).

By (3.2.12) and (3.2.13) there follows

(3:2.15) el < ellull,(1,).

Furthermore, Lemma 2.4 gives, since n € C5°(1]"),

(s = @) [, < ch*~*llu, — @l (1)
(3.2.16) < ch*(lu = u, | (1) +lu — o](1"))
ch* (1w = w, I, (17") + 16w = @l.),

where we have used the fact that § € C°(1y), §|;, = 1. Combining (3.2.10), (3.2.11),
(3.2.14), (3.2.15), and (3.2.16), we have

(3217) 1Gaty — iy, < e(h**~ulls(1,) + Allell (1))

Assume now that x < d < s < d + 1. Then we have u € H%(I,), and the previous
result (3.2.17) yields

1Ga, =yl < e(B*ulla(1) + hlle|<(1,))
<e(mulls (1) + hllell«(1,)).
Finally,if d < x < s<d+ 1, x <d+ %, we have by Lemma 2.5
1Gat, — @]l < ch***luy [l (15)
< ch ¥ (lulla(15) +llu = u,ll,(15))
<e(rulla(n) + h7lell(1)).

Thus the lemma is proven. O

N
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Summing up the estimates of the previous lemmas, we arrive at

THEOREM 3.5. Assume that u € H°(I;)) " H* withx < s <d+ 1. Forany B < x
there holds

(3218) lell«(15) < e[~ ulls (L) + Aol el (1) +lell-1(L) +[le]le],
where 1, = min(l,d+1—x,d’ +1+ x — 2a).

4. Local Convergence of the Petrov-Galerkin Method.
4.1. General Result. To utilize Theorem 3.5, we estimate the lower-order local
norms || - ||, for ¢t < x. For we € H' there exists w € H ™' such that

(4.1.1) (welw) =wells =[lwl|.
Taking y = (A4*) 'w we have y € H™'*** and

(4.12) Iyl-t+20 < cllwll -2 = cllwel.
We first prove

LEMMA 4.1. Let 2a — (d’ + 1) < t < x and let B < a be fixed. Then
(4.1.3) lell:(16) < c(A*~"llellx (1) +llelle-1(£) +]lells).

Proof. We proceed similarly as in the proof of Lemma 3.2. We have
2
(41.4)  |lwell: = (we|4*y) = (Awe|y) = (ode|y) +([4, w]e|y).
According to Lemma 2.5, we can estimate by using an element { € T%, supp{ C I,
(wde|y) = (ndejwy — ) |
(4'15) < c(||11A£e ||x—2a + "T’A(l - g)e”x—Za)hx—t”y”Za—t
<ch* " (lell(1)) +ells) - |well,
if 2a — 1 < d’ + 1. The term involving the commutator in (4.1.4) has the estimate
(4.1.6) ([4,0]ely) < c(lleli-1(L) +llels) -llwell.
By using (4.1.4)—(4.1.6) we have the assertion. O

THEOREM 4.2. Assume that u € H°(I;) N H', where x < s, r < d + 1. Then we
have

(4.1.7) lell<(Zo) < e(h*ulls (1) + A1+ 772u],).
Proof. Given the intervals I, C C I;,, we choose a sequence of intervals J,,
0 < k < m, such that
I,=J,ccJicc-.---ccJ,,cclJ, =1.

By Theorem 3.5 we have
(4.1.8) Nlellx(Jo) < (A ulls(J1) + Bl ellx () +llells-1(J1) +llels),
and Lemma 4.1 yields
(4.1.9) lelle-1(J1) < e(h™llell-1(Jy) +llellx-2(J) +lells)-
By (4.1.8) and (4.1.9) we obtain

lell=(Jo) < e(h**lulls(K) + Al ellx () +llells-a( ) +llells).-



496 JUKKA SARANEN

Continuing this process, we finally achieve

lell=(Jo) < e(h*~uls (L) + hllellx(J,) +lelx-m(J,) +llells).
Taking m so large that x — m < 8, we have
(4.1.10) lell=(Zo) < (B ulls(1,) + hollell(1,) +lels).

A further application of (4.1.10) to sufficiently many subintervals eliminates the
term h™||e|| . (I;) and yields

(4.1.11) lelle(To) < e(B~Nuls(1,) +llells).
Choosing 8 = 2a — (d’ + 1), we have by Theorem 3.1

lells < ch®***r=2eul,,
which together with (4.1.11) proves the assertion. O

We are now ready to state the main result of this section. First, we observe that
repeated use of the inequality (4.1.3) gives the estimate

(4.1.12) lell:(Io) < c(h*~"llell«(1,) +llell2a-a-1)
for2a — d’ — 1 <t < x. We now have

THEOREM 4.3. Assume that u € H*(1,) N H', where x < s, r < d + 1. Then for
2a — d’ — 1 < t < x there holds

(4.1.13) lell: (1) < e(A*~ulls (1) + A4+ =2 u],).
Forx <t <d+ % wehave
(4.1.14) lell: (1) < e(h*~lulls(1,) + A4 +1¥rex=2a=y ).

Proof. The first estimate (4.1.13) follows by combining (4.1.12) and (4.1.11) with
the global estimate (3.1.11). Assume that x < ¢ < d + . We continue using the
notation in the proof of Lemma 3.4 with the smooth functions n and £ and with
@ € S satisfying (3.2.13), (3.2.14).

Thus, we have by Lemma 2.4,

lelle(I) < c(lgu = @l + [ m(u, — ®) )
< c(léu = ol + u, — ol (1))
<c(lgu— ol + m*(lu = . (17) +11gu - 9l.))
< c(mull(1) + el (1))

Estimates (4.1.13) and (4.1.15) yield the assertion (4.1.14). O

4.2. Galerkin Method. Let us consider the special case of the Galerkin method
where x =a and d=d’, a <d+ 1. Then for a <t <d+ } it suffices to take
r = a. We have

(4.1.15)

THEOREM 4.4. For the Galerkin method with u € H*(I,) NH", a <s, r<d+1,
there holds :

(4.2.1) lella(Zo) < ch*=*(llulls (1) +llulla)
andfor2a —d—-1<t<aq,
(422) lell:(Zo) < e(h*=Nulls(1) + A4+ =22 u]|,).
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Fora <t<d+ 3, t<s, wehave
(4.2.3) lelle(Zo) < ch*=“(llulls (1) +lulla)-

As a conclusion from Theorem 4.4 we observe that for the Sobolev norms
| - |I,(I,) with ¢ > a, local convergence is not affected by the lack of smoothness
outside I, I, C C I,, if the minimal requirement u € H* is satisfied. On the other
hand, for the lower-order norms with ¢ < a we need additional global regularity to
obtain the optimal-order local convergence, even if the solution is smooth in a
neighborhood of I,

As a concrete example we choose the Galerkin method for the second-order
differential operator, taking a = 1. We assume that piecewise cubic splines are used
in the approximation. Then we have for the local energy norm the optimal-order
convergence,

leli(Zo) < ch**(lulls (1) +llull),  1<s<

4
For the local L,-norm we have by (4.2.2), for the values 1 < r < s < 4,

lello(Zo) < e(rlulls (1) + B>+ lull,).
Thus the global regularity u € H? is needed to obtain the optimal order O(4*) for
locally smooth solutions. Behavior of the above kind was derived already in [12].

4.3. Effect of Different Trial and Test Functions. In order to illustrate the effect of
using different-order splines as trial and test functions, we consider the following
family of Petrov-Galerkin methods. We assume that the mesh A is the same for the
trial and for the test splines, but the order of the test functions is higher than the
order of the trial functions. Let S¢ = S%(A) be the trial subspace and S¢ = S9(A)
be the test subspace such that d’ =d + 2/, /€N, [ > 1.

The method: Find u, € S such that

(4.3.1) (Au,|y) = (Auly), &89,

is equivalent to a Galerkin method. Let, indeed, M: H® — H*"? be the operator
Mu = (J — D?)u. Then M' defines a bijective mapping S¢ — S% Writing v, =
M~'u, € S¥and v = M~'u, Eq. (4.3.1) is equivalent to the problem: Find v, € §¢
such that

(4.3.2) (AMY,|¢) = (AMY|y), ¢ €57

The operator AM! decomposes as AM' = AJ — AD?*, where AD?' is a strongly
elliptic pseudodifferential operator of order 2(a + /) and where 4J: H® — H*~2*)
is compact. We assume that a« — / < d + 3. Since we have

il MY oot <MW llass < o MY [la-s,
one deduces from the stability (3.1.4),

infsup|(AM@|¥)[>¢c>0, |@lasi=1,[¥las:i=1, @, ¥ € 8%,

that the requirement (3.1.8) is valid. There, x = a — I, 2a — x = a + [. Inequality
(3.1.9) also holds.
By Theorem 3.1 we have the global estimate

(4.3.3) llu = w,l, < ch*~[[ul,s
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with 2a —d—-2/-1<t<s<d+1, t<d+ 3%, a—1<s. Thus, the effect of
using the higher-order test functions, in contrast to the Galerkin method, is to gain
convergence for a larger range of the index ¢.

For local convergence with the values 2a — d — 2/ — 1 < t < a — [ there holds

lu = wyll (L) < (B~ Julls(1,) + 4212 u]),)

by (4.1.13). For the values a — / < ¢ < d + 3, the first term on the right-hand side
of (4.1.14) is dominating, and we have

(4.34) lu =, l(Zo) < k>~ (lulls (1) +lufla-s),

t<s<d+1, a—-I1<t<d+ 3% Thus, if we increase the degree of the test
functions, the range of locality increases, as we see from (4.3.4). In particular, the
convergence can be made completely local with respect to any fixed norm || - ||, by
choosing sufficiently smooth test splines. By this we mean that

lu = wyl, < e~ (lulle(£y) +lulc)

if d’ = d + 21 is large enough.

For example, in the previous example of second-order differential operators, it
suffices for d = 3 to choose d’ = 5 in order to have a local estimate with respect to
the L,-norm. With this choice, we have

lu = uyll, (Zo) < eh*=*(lulls (1) +lullo)

for0<t<s<4,1t<7/2

Finally, we point out that the use of lower-order splines as test functions decreases
the range of convergence and reduces locality.

We have taken as an example differential operators. Let us briefly mention some
other applications which are covered by our analysis, with different choices of a.
The case a = 0, with 4 = I, covers L,-orthogonal projections and with 4 = I + K,
K compact, second-kind Fredholm integral equations. Also Cauchy type singular
integral equations belong to this case. With a« = — } we have results for first-kind
integral equations with logarithmic kernel.

5. Local Convergence of Some Collocation Methods.

5.1. Collocation Equations. Our key point in deriving the local results for the
collocation method is to employ the approaches in [1] and [14]. The collocation
equations for the odd-order splines as trial functions were analyzed by means of a
modified Galerkin method in [1]. Correspondingly, for the even-order splines a
modified Petrov-Galerkin method was used to describe the collocation equations. In
the case of the odd-order splines, the collocation equations for the problem (2.1.1)
are given by

(51.1) (Auy)(xi) = (Au)(x,),

where x, are the break points of the mesh A and where u, € S¢ is the sought
collocation solution. In [1] it was utilized that the equations (5.1.1) are equivalent to
the following Galerkin type problem: Find u, € S such that

(5.1.2) (Apup|@) ;= (Apu|@); forall g € S,
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where d =25 — 1, Ay = (I —J + J,)A4, and where J, is given by the trapezoidal
approximation of J,
N

1
Jau = Z E(xk+l - xk—l)u(xk)'
k=1

In the case where the collocation solution u, is sought among even-order splines
uy, € 8¢ d=2j—2, j> 1, weuse as the collocation points the midpoints
te=x, + 3(xe — xp)
of the mesh A. The collocation equations

(513) (Aup)(1,) = (Au)(2,)
were analyzed in [14] by using the equivalent Petrov-Galerkin type formulation

(5.1.4) (Agual®) ;= (Asul®);, ¢ €S8R,

where A is the mesh A = {¢,}, and where in the formula A, = (I —J + J,)4 the
trapezoidal approximation J, of J uses the points ¢, instead of x,. The analysis in
[14] is based on Fourier analysis and assumes that the mesh is uniform and the
principal symbol of A has constant coefficients.

Let us for convenience recall the convergence results proven in [1], [14]. Under the
assumption

(5.1.5) d>2a,
the optimal-order convergence result
”u — Uy ”t < Chx_lllu"s’
with 2a <t<s<d+1, t<d+ 3% 3(d+ 1)+ a<s, was proved in [1], [14].
Further, the methods (5.1.1) and (5.1.3) are stable with respect to the norm

I- ”% d+1)+a

5.2(. Oc)id-Order Splines. We consider the collocation method (5.1.1) with odd-order
splines as trial functions. Let P: H/** — §¢ be the collocation projection defined
by Pu = u,. In order to use the previous considerations for the Galerkin methods,
we introduce the projection Q: H/** — S by means of Qu = u,,,

(52.1) (duyl9); = (Aul9);, €89
Using integration by parts, we find that the equation (5.2.1) is equivalent to

([(-=1)'D¥ + 1] Au, | 9) = ([(-1)'D% + 1] 4u| p)

for all ¢ € S¢ Thus, Q is the Galerkin projection corresponding to the pseudodif-
ferential operator

(522) B=[(-1)’D¥ + 1] 4,

which is of order 2(a + j). Moreover, the assumption (5.1.5) used for the collocation
method implies that the assumption a + j < d + %, which is needed for the Galer-
kin method, is also valid. Further, since A is an isomorphism, B is an isomorphism,
too. Thus the projection Q satisfies the global results of Theorem 3.1 and the local
result of Theorem 4.3 when « is replaced by a + j.
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We shall obtain the local convergence results for the collocation projection P by
showing that the difference P — Q, even globally, is small enough with respect to
any norm to be considered.

First we prove

LEMMA 5.1. For sufficiently small 0 < h < h, there holds
(523) ey = wljsa < b= uy = uljra < k"2 ul,
forue H, j+a<r<d+ 1

Proof. Equations (5.1.2) and (5.2.1) imply
(5.2.4) (A(“A‘“h)|q3)j= (J =) A(uy — u) - Jop

for all ¢ € S¢. Choosing ¢ = T(u, — u,), where T: S¢ — S is the mapping used
in Subsection 3.1, satisfying the estimate (3.1.5), we obtain

2 P
lus = e < (17D + 1) Auy = ) |1 T(uy = u,))|
(5'2’5) = c|(A(“A - “h) |T(“A - uh))j|
=c|(J = ) A(upy — u) - IT(uy — uy)|.
Define § = min(j — a,2). From the error term of the trapezoidal rule we have
(5-2-6) |(J - JA)A(“A - uh)| < ChSHA(“A - “h) "j—a < Chs““A — Uy ||/+a-
Since by (3.1.5),
(52.7) Ty — )| < ellug = 1y s
we obtain from (5.2.5)-(5.2.7)
lus = wylla < c(RPluy = wyllva +1(J = Ja) A(u, = )1),
which for small 0 < & < h, yields
(52.8) g = wplljsa < (I = J) A(uy — ) |.

Since j — a > 1, we can choose a number & such that 3 < & < min(j — @,2). By
(5.2.8) it then follows that

(5.2.9) llua — uy, ||j+a < ch| A(u;, — u) ”e < chffluy — ull,s 0
By (3.1.12) we have
(5.2.10) len = ulles20 < b=y — ulljsan

since 2a < € + 2a <j + a. Now (5.2.9) and (5.2.10), together with Theorem 3.1,
imply the assertion. 0O

Finally, for the collocation method (5.1.1) we have local error estimates with a full
range of the indices.

THEOREM 5.2. Assume that u € H*(I;) N H', where j + a < s, r < d + 1. Then
for 2a < t < j + a there holds

(5.2.11) lu = unl (Lo) < c{h*~Nulls (1) + B> ul) }.
Forj+a<t<d+ 3, t<s, weobtain

(5.2.12) lu = uyl.(Zo) < ek~ (llulle(1,) +llull+e).



LOCAL ERROR ESTIMATES FOR SOME PETROV-GALERKIN METHODS 501

Proof. If 2a < t < j + a we have, combining estimate (4.2.2) with Lemma 5.1,
lu = uall (Lo) <llu = w,ll,(Lo) +lluy — ual,+a
< c(hule(1) +h 2D ul,) + ek ull,
= (B Null (1) + h=2ul,).

For the higher-order norms with j + a <t < d + 4, an inverse estimate yields, by
4.2.3),

lw = unll,(Io) <llu = u, || ,(Lo) +lluy — usll,
<llu = u, ||,(1g) + ch/"*|uy, — upl,+a
< b (llulls (1) +luly+a) + ch® " ull+a
< b (lulls (1) +llull+a),

which proves (5.2.12). O

5.3. Even-Order Splines. We briefly mention the collocation method (5.1.3) using
even-order splines as trial functions and collocating at midpoints of the original
mesh. The equivalent formulation (5.1.4) can be viewed as a perturbation of the
Petrov-Galerkin method: Find u, € S such that

(5.3.1) (Bu,|9) = (Bu|p), ¢ecT%=S5"4),

where B is the operator given in (5.2.2). Here we apply the results in Section 4,
replacing a by a + j. We now have d’ = d + 1, and the norm preserving stability is
obtained with x =; + a — %, [14]. The condition (3.1.7) is equivalent to the
assumption d > 2« used for the collocation method. By Theorem 4.3 we have for
the Petrov-Galerkin method (5.3.1), with u € H*(I;) N H’,

(532) lu = wpll (L) < e(h*~Nulls (1) + b7 > ul,),

when j+a—3<s,r<d+1,2a<t<j+a—3 and

(5.3.3) lu = w0, (1) < ek~ “(lulls (1) + Nl a-1,2)

for j+ a — 5 <t <d+ 5. Proceeding exactly as in the case of the odd-order

splines, we finally obtain

THEOREM 5.3. Let u, € SUA) be the collocation solution of (5.1.3). Then the local
error estimates (5.3.2) and (5.3.3), where u,, is replaced by u,, are valid.

Acknowledgment. This work was initiated while the author was visiting the
University of Maryland in College Park during 1984. It was supported by the Jenni
and Antti Wihuri Foundation, Finnish Academy of Science, and by the University
of Maryland. The author is indebted to Professor D. Arnold for valuable discus-
sions.

Department of Mathematics
Faculty of Technology
University of Oulu

Linnanmaa
SF-90570 Oulu, Finland



502 JUKKA SARANEN

1. D. N. ArRNOLD & W. L. WENDLAND, “On the asymptotic convergence of collocation methods,”
Math. Comp., v. 41,1983, pp. 349-381.

2. D. N. ARNOLD & W. L. WENDLAND, “The convergence of spline collocation for strongly elliptic
equations on curves,” Numer. Math.,v. 47, No. 3, 1985, pp. 317-343.

3. I. BABUSKA & A. K. Aziz, “Survey lectures on the mathematical foundations of the finite element
method,” in The Mathematical Foundation of the Finite Element, with Applications to Partial Differential
Equations (A. K. Aziz, ed.), Academic Press, New York, 1972, pp. 3-359.

4. G. BIRKHOFF, “Local spline approximation by moments,” J. Math. Mech., v. 16, 1967, pp.
987-990.

5. C. DE BOOR, “On local spline approximation by moments,” J. Math. Mech., v. 17, 1968, pp.
729-1735.

6. J. DESCLOUX, “Interior regularity and local convergence of Galerkin finite element approximations
for elliptic equations,” in Topics in Numerical Analysis IT (J. J. H. Miller, ed.), Academic Press, New
York, 1975, pp. 27-41.

7. J. DoucGLas, JR,, T. DupoNT & L. WAHLBIN, “Optimal L, error estimates for Galerkin
approximations to solutions of two-point boundary value problems,” Math. Comp., v. 29, 1975, pp.
475-483.

8. J. ELSCHNER & G. SCHMIDT, On Spline Interpolation in Periodic Sobolev Spaces, Preprint 01 /83,
Dept. Math. Akademie der Wissenschaften der DDR.

9. G. C. Hs1a0 & W. L. WENDLAND, “The Aubin-Nitsche lemma for integral equations,” J. Integral
Egquations, v. 3, 1981, pp. 299-315.

10. J. L. LioNs & E. MAGENES, Non-Homogeneous Boundary Value Problems and Applications I,
Springer-Verlag, Berlin and New York, 1972.

11. J. A. NITSCHE & A. H. SCHATZ, “On local approximation properties of L, projections on spline
subspaces,” Applicable Anal.,v. 2,1972, pp. 161-168.

12. J. A. NITSCHE & A. H. SCHATZ, “Interior estimates for Ritz-Galerkin methods,” Math. Comp., v.
28,1974, pp. 937-958.

13. R. RANNACHER & W. L. WENDLAND, On the Order of Pointwise Convergence of Some Boundary
Element Methods, Part 1, Preprint Nr. 760, Technische Hochschule Darmstadt, Germany, 1983.

14. J. SARANEN & W. L. WENDLAND, “On the asymptotic convergence of collocation methods with
spline functions of even degree,” Math. Comp., v. 45, 1985, pp. 91-108.

15. R. SEELEY, “Topics in pseudo-differential operators,” in Pseudo-Differential Operators (L. Niren-
berg, ed.), CIME, Cremonese, Roma, 1969, pp. 169-305.

16. F. TREVES, Introduction to Pseudodifferential and Fourier Integral Operators I, Plenum Press, New
York, 1980.



