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Cardinal Interpolation by Multivariate Splines
By C. K. Chui,* K. Jetter, and J. D. Ward

Abstract. The purpose of this paper is to investigate cardinal interpolation using locally
supported piecewise polynomials. In particular, the notion of a commutator is introduced and
its connection with the Marsden identity is observed. The order of a commutator is shown to
be equivalent to the Strang and Fix conditions that arise in the study of the local approxima-
tion orders using quasi-interpolants. We also prove that scaled cardinal interpolants give these
local approximation orders.

Introduction. Cardinal interpolation by bivariate box splines was first studied by
de Boor, Hollig, and Riemenschneider [3]. The purpose of our paper is to investigate
the cardinal interpolation problem from a different point of view. In particular, the
notion of a commutator is introduced. It will be shown that this notion generalizes
the Marsden identity for univariate splines to the multivariate setting. The order of a
commutator will be shown to be equivalent to the Strang and Fix conditions used in
the study of the order of controlled approximation by Dahmen and Micchelli [8] or
local approximation by de Boor and Jia [4]. An application to obtain approximation
orders through the constructive method of scaled cardinal interpolation will also be
studied in this paper.

1. Preliminaries. This section consists of preliminary material for multivariate
cardinal interpolation. Our approach is motivated by the work in [5] and [13] where
cardinal interpolation in /, was connected with certain convolution operators L,,.

Let Z denote the set of integers and Z, the nonnegative ones. For any given
complex sequence ¢ = (¢;), < z» € [;(Z") we denote the discrete Fourier transform
of ¢ by

$(¢):= X ¢t teRV,

jezV
and extend ¢(£), at least formally, to all of CV by defining
a¢(z) = Z ¢jzj,

jez¥
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where the usual multivariate notation z/=z{t --- z§, j= (Ji,..-»,Jjy), 2=
(zy,..-,2y), is used. Since the series that defines ¢ is absolutely and uniformly

convergent, ¢ is a continuous function and 2w-periodic with respect to each
variable. Moreover, any ¢ = {¢;},c ;v € [;{(Z M) also defines a convolution operator
on/, 1<p<oo,givenbyov = Ly(p)wherep = {p }, v={v}, and

U_] = Z qu—k“lw .] € ZN'
kezN

More generally, for a given continuous ¢ on R" having compact support,

L(wx)= L o(x- k)
kezV
defines a continuous function on R" whose restriction to ZV gives rise to a map
from /,(Z V) into itself. Hereafter, L,(u) will denote either a function on R" or a
map on /, depending on context. In the case Ly(-) is a map on lp(ZN), L,(-)isa
bounded linear transformation and

1L ()], <lellel,,  1<p<oo.

In the following we shall deal with sequences with finite support, ¢|,~, where ¢:
RY — R is a piecewise polynomial function with compact support. For short, we call
such ¢ a locally supported spline, or Is-spline. Under these assumptions, ¢, as
defined above, is a trigonometric polynomial.

Consider the following problem of cardinal interpolation with translates of ¢:
Given the data v € [ (Z V), determine the existence and uniqueness of a sequence
p € 1,(ZN) such that L,(u)(x) interpolates the data v, i.e., Ly(p)| v = v. If the
answer is affirmative, we will say that the problem is / -solvable (for p = oo, de Boor
et al. [3] use the notion “correct”). It turns out that the problem of cardinal
interpolation with translates of ¢ is /,-solvable if and only if the corresponding
convolution operator L,: [, = [, is invertible. Indeed, the requirement that any /,
sequence can be interpolated uniquely requires L, to be one-to-one and onto. Since
L, is continuous, an application of the Banach inverse theorem shows that L, Lis
bounded. The following lemma, which is related to [S, Theorem 7] will be needed in
Sections 2 and 3.

LeMMA 1.1. For any ¢ € [,(Z") the following statements are equivalent:
() Ly: I, = I, has a continuous inverse.
(i) Ly: 1, > 1, has a continuous inverse for allp,1 < p < 0.
(iii) The symbol o, of ¢ does not vanish on TV:= {(z,,...,zy) € CV: |z =1,
i=1,...,N}.

The proof of the above lemma involves standard arguments using Fourier trans-
form techniques.

Remark. 1t is not hard to verify that L,: /, — I, is a symmetric operator if and
only if ¢ is Hermitian (i.e, ¢_, = éj, j € ZV). In this case, ¢ is a real function,
continuous and 2#-periodic with respect to each variable, and condition (iii) of
Lemma 1.1 may be written as

sgng(0) - ¢(¢) > C, >0 forallé e [—m,7]".
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Using Lemma 1.1 and the characterization of /_-solvability which appeared in [3]
and [7], the following can be established.

PROPOSITION 1.1. Let ¢: RN — R be a piecewise polynomial function with compact
support. Then the following statements are equivalent:
(i) The problem of cardinal interpolation with translates of ¢ is l,-solvable.
(ii) The problem of cardinal interpolation with translates of ¢ is | -solvable for all p,
1<p<oo
(iii) The symbol o, corresponding to L, does not vanish on [—m, ™.
(iv) The problem of cardinal interpolation with translates of ¢ is I -solvable.

2. The Fundamental Functions. This section is devoted to extending Schoenberg’s
univariate results [11] on characterizing the cardinal spline interpolant of L = (§,,),
where 6, ; denotes the Kronecker symbol. In particular, the exponential decay of the
“spline” solution is obtained for the multivariate case.

Hereafter, assume that the symbol o, does not vanish on TV, so that |$(&)| > G,
> 0 on R". This follows since $(£) = ¥ ;¢,e”/ ¢ = 6,(z)|,~. By Lemma 1.1, there is
one and only one sequence A € /;(Z") satisfying

8= 2 A, i€ZV
J
In addition, for the sequence §:= (8;,),c v, we have 1 = 8 = ¢\ and, hence,

1 et
) = d¢.
! (zﬂ)Nf[—w,ﬂN ¢(£) :

Now let ¢;:= ¢( ) satisfy the above with ¢ a piecewise polynomial function of
compact support. With A € /;,(Z") as defined above, set

L(x) = Tho(x - ).

We call L the fundamental function associated with ¢ since
L(j)=80,j’ ]EZN
The following proposition was observed in [3].

PROPOSITION 2.1. L decays exponentially. More precisely, there exists a constant
A > 0, depending on ¢, so that

IL(x)|< Aexp(—|x|/4), xe€R".
Using Lemma 1.1 and the above proposition, the following multivariate generali-
zation of a well-known univariate result (cf. [12], [13]) can be easily established.

PROPOSITION 2.2. Letd € [,(ZV),1 < p < oo, and

S(x)= X c¢¢(x—j) withcel,(ZV)

jez¥
be the function interpolating the data d; that is,

S(j)=d, je zZV.
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Then
S(x)= X d;L(x~}),
jezV
where the series is uniformly convergent on compact subsets of C".

3. The Commutator of ¢. Motivated by the work of Frederickson [9], we introduce
in this section the notion of the “commutator” of an Is-spline with a polynomial. For
univariate B-splines with equally-spaced knots, it is equivalent to Marsden’s identity
[14, p. 125]. Proposition 3.1 will show that the commutator is also related to the
order of approximation, in view of results of Strang and Fix [15] or Dahmen and
Micchelli [8].

Throughout this section, ¢: RY — R will denote a piecewise polynomial function
with compact support, or Is-spline, and P, the space of polynomials in N variables
with total degree n. In order to avoid irregular cases, we shall also assume from now
on that X, . ,~»¢(- — k) = 1, in which case we call ¢ normalized. The properties of
the map f — L,(f), i.e., the properties of translates of ¢, have been considered in a
bulk of papers (cf. [15], as an early reference, or [7] and the references therein). Here,
we go one step further and consider the commutator of ¢ and a continuous function
f, which we define by

(3.1) [¢1/1(x):

(L,(f)—L(¢))(x)
Yoo(x—k)f(k)— X f(x—=k)o(k),

kezV kezV

for x € RY. The notion of the commutator of ¢ appears to be new even in the case
of univariate B-splines ¢.

Definition 3.1. The commutator of ¢ is said to be of order m € N or degree m — 1
if
(3.2) [¢|f]1=0 forall feP,_,.

Note that if [¢ | f] = O for some polynomial f, we have a polynomial expressed as
a linear combination of Is-splines.

We first wish to characterize those Is-spline functions ¢ with commutator of order
m while maintaining the assumption that ¢ is normalized. In the following result,
the equivalence of conditions (iii) and (iv) have been derived by Strang and Fix [15,
Theorem I]; they have shown that, equivalently, the approximation order by
quasi-interpolation using translates of ¢ is equal to m. Condition (ii) is due to de
Boor (private communication) and its equivalence with (i) is essentially proved in [4].

We first remark that via the Poisson summation formula it is clear that ¢ is
normalized if and only if $(0) = 1 and &(j) = 0, j # 0.

PROPOSITION 3.1. Let ¢ be a normalized piecewise polynomial function with compact
support. Then the following statements are equivalent for any m € N.
(1) The commutator of ¢ has order m.
(i) Forallf € P,_,, L,(f) is a polynomial.
(ili) For any a € ZY with |a| <m and f(x)= x* the function f — L,(f) is a
polynomial of degree |a| — 1.
(iv) D°b(2wk) = O for all k where 0 # k € ZV and |a| < m and $(0) # 0.
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Proof. (iii) < (iv): As mentioned above, this equivalence was derived by Strang
and Fix [15, Theorem IJ.

(i) = (ii) is trivial, since if f isin P,_;, L;(¢) is a polynomial in P
term [X, c o~ ¢(k)]x* = x*

(i) = (i): Since [¢| f1(i) ="0 for all i € Z¥, it follows that (L,(f) — L, ()]
= 0, where both L,(f) and L/(¢) are polynomials since f is a polynomial. Hence,

Ly(f)=1L,(¢) or [¢]f]=0.

(1) = (iii): This implication is obvious since L,(¢) is a polynomial in P
leading term [X, o o~ ¢(k)]x* = x*

@iv) = (1): If Y(x) = x%(¢ — x), then, since

[(=ix) ¢ (1 = x)]'(¢) = Dglo(z = x)]'(£) = Di(e* 9 (- 4)),

we obtain

;w(x — k)= zk:i'“'Dg(e—'ﬁ'xab(—s))

with leading

le

with

lef

¢=27k
33
( ) — Z (_l-)|°‘|_|:B|(g)xﬁzeﬂkaDa—B&)(_zwk)‘
B<a k
So if (iv) holds, then (3.3) implies that
Tke(x—k)= T (=) 5| D= 5(0)x*
k B<a

for |a| < m. On the other hand,

So(k)(x = k)" = £ (=) g Do ke,

B<a

and Poisson’s formula for ¥(x) = ¢(x)x*"# yields

gqb(k)ka-ﬁ =Y (x*Po(x)) (27k)

k
= jlel=IB1Y" Da=By 27k ) = ilal-1BIDa=B3(0)
k

for |a — B| < m. Hence,

;k%(x - k)= %(b(k)(x —k)* for|al< m.

This completes the argument.

Remark. The same proof applies for the coordinate order m € Z" of ¢, which is
defined by [¢|f]=0 for all f(x)= x* with a; <m;, i =1,..., N. Here, state-
ments (ii) and (iii) hold for « € Z¥ witha, < m,, i =1,..., N.

Since (¢ * ¥) = ¢¥ where f * g denotes the convolution of f and g, the following
is obtained as a corollary of Proposition 3.1 which, in case of Frederickson’s
triangular splines [9], is an equivalent formulation of his Lemma 6.1.

COROLLARY 3.1. If ¢ and ¥ are normalized piecewise polynomials with compact
support and with commutator of order m and n respectively, then ¢ * ¥ is a normalized
piecewise polynomial with compact support and with commutator of order m + n.
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Proof. Indeed,
D((&)¥(§))le-2k = ¥ () D% (2mk) D=HE (2mk) = 0

B<a
for k # 0 and |a| < m + n, since |a| < m + n and |B| > m implies |a — B| = |a| —
|B| < n; also, ¢ * ¥ is normalized since

;(w ¥)(k) = ;&(%k)\if(zwk) =$(0)¥(0) = 1.

Example 3.1. Let I =[— %,3] and x, denotes, as usual, the characteristic

function of 4. With M,:= x,v, M, := M, _, *x,v, m > 1 we find that M, hasa
commutator of order m + 1. For N = 1 the recurrence relation above defines the
symmetric cardinal B-splines; in case N > 1 we have the corresponding tensor

product splines. Note that

R N ) §' c m+1
Mm(g‘l,...,g‘N)=l_[(sm5'/-j) .
i=1
Example 3.2. The (symmetric) box splines may be introduced by their Fourier
transform [2]. Given the fixed nonzero vectors £,..., £, € R, then ¢ = M, . is
the inverse Fourier transform of the product function

b9 = 1 [sn 22 /225

i=1

,,,,,

In case
£l = €1, €0y €y By By n=N(m+1),
NI = =
m+1 m+1 m+1
we evidently get ¢ = M, of the previous example; and according to Proposition 3.1,
we have that the box Aspline ¢ =M, . yields a commutator of order at least m if
M, _, is a divisor of ¢.
Example 3.3. An important special case of the previous example is the bivariate
box spline (the Courant hat function) ¢ = B, , ;, where
- _sinx/2 siny/2 sin(x+y)/2
Bl,l,l(x’ y)= x/2 v/2 (x +)/2

The commutator of B, ,, clearly has order 2. Thus Frederickson’s bivariate box

,,,,,

splines [9]
B, w1 =My*B, 1, 1,1, B,,n=B111*B,_1 101> n>1,

yield a commutator of order 2n — 1 and 2n, respectively.
We next observe how Marsden’s identity for the univariate cardinal B-splines can
be derived using the order of the commutator of the symmetric cardinal B-spline
¢(x) = M,,_,(x) = Ny ,(x + m/2)

with
m—1
NO,m(x)=m[0""’m]('_x)+ >
where [x,, ..., x,]f denotes, as usual, the divided difference of f with respect to the
knots x,, ..., x,. This motivates a Marsden’s identity for multivariate splines. Recall

from Example 3.1 above that M,,_, has a commutator of order m. Now,

m—1
xm—l= Z Mm—l(x-l-%_k) l—I (k_r)=:pm—1(x)’
kez r=1
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since py(x) =1, p,,_(x)=(m — 1)p,_,(x), and p,,_,(0) = 0 for m > 3. Setting
f(x) =TI"}(x — r) we obtain

(x=m/2)" " =Ly, (f)(x)= LM, ,)(x)
- §Mm_1<k)'f=f1:<x bk,

since M, _, is symmetric. With x replaced by y — x and f,(x):= [y —x-r),
we arrive at

(y - x)m_l = Lfy(Mm—l)(x - m/2) = LM,,,,I(fy)(x - m/2)

= Sy - DT -k=n),

which is Marsden’s identity.
In extending this idea to the multivariate setting, we associate with ¢ the
recursively defined polynomials: g,(x) = 1, and for |a| > 0,

gax) =x* = T 6(k) T (3)(~) gs(x),

kezV B<a
B+a

and obtain the following result.

THEOREM 3.1. For a normalized piecewise polynomial function ¢ with compact
support and m € N the following statements are equivalent:

(i) The commutator of ¢ is of order m.

(1) The polynomial reproducing formula

x®=2 8.(j)¢(x —j) holdsfor a| < m.

jezV

Remark. In the univariate case, where ¢(x) =M, _;(x + m/2) and a = m - 1,
it follows that

fu(0) = T (- 1),

since the representation of x™~! through translates of ¢ is unique in this case.

Proof of Theorem 3.1. There is nothing to prove in case m = 1, since we assumed
¢ to be normalized. Now assume that the proposition has been proved with m
replaced by m — 1. Since, for all « € Z7,

L o()(x =K"= T (k) T 3)(=k)*"x*

kezV kezV B<a

=x+ T o) ¥ ()0,

kezV B<a
B+ a
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we may proceed in the induction step as follows. Suppose (i) holds. Then for
|a| = m — 1, it follows that

Y J%(x—j)= X ¢(k)(x—-k)°

jezV kezV
=xt+ T (0 T ()= F L g(i)e(x—))
kezV B<a jezN
B*a
and

x= % {j,,_ L (k) 2(2)(—k>“‘”gﬁ(j>}¢(x—j>

jezV kezV B<a
B+a

= Y g (i)e(x—)),

jezV
so that (ii) also holds. On the other hand, in order to show (ii) = (i), observe that

Y ¢(k)(x—k)*

kezN

= T aelx =i+ T o) T (3)(=0"" L go(Ne(x )

jezV kezN B<a jezV
B+*a

- ¥ {a)+ Lok X (Z)(—k)“"’gm)}qb(x—j)

jezV kezV B<a
B+a
= X j%(x—J).
JGZN

This concludes the proof.

Remark. Theorem 3.1 again holds for the coordinate order, in which case (ii)
holds for «; < m;, i =1,..., N.

For the nontensor multidimensional box splines there are interesting examples of
this recurrence relation. For instance, for a C!' quadratic box spline M on the
four-direction mesh with directions {e,, e,,e; + e,,e; — e,}, where e; = (1,0) and
e, = (0,1), we get for k:= (ky, k,), x:= (x, x5),

YM(x—k)=1, YkM(x—k)=x;, Yk,M(x—k)=x,,
k k k

g(kf — 1/4)M(x — k) = x2, ;(k% — 1/4)M(x — k) = x3,

and
Y ki, M(x — k) = x;x,.
k
More generally, if we have the directions

{el,...,el,ez,”.,ez,e1 +e,,...,e1te,, e, —e,,...,e —ez},
—_

J k 1 m
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n=j+ k+ 1+ m,and M is the corresponding box spline on the above four-direc-
tional mesh, we have, fora + 8 <r,

«,B — —1\™ al B! a=v -0
xyf= ¥ )OGS VAL M Kk
(s kpye 72 | went1)/2 reoma (@B O
y<a;0<B
M((x —ky,y— k2))’
where
. ‘ v F[2
ay,2w_y= E E ‘Y2,p‘YZkv—2p Z (—1) Z 7210725( uy)(zvs)

t+2p=y utv=w utv=t vts=u

As a final connection along these lines we wish to relate the polynomials g,
derived in Theorem 3.1 and the quasi-interpolant operator used by Strang and Fix
[15] and others, in order to derive their approximation orders.

If ¢ is normalized and has commutator of order at least one, then by Poisson’s
summation formula, ¢(0) = 1, so that [$(£)]"! = Ypezy a,,gﬂ is analytic at £ = 0.
Define the quasi-interpolant for polynomials by

(@) (x) = X (Dyf)(k)o(x — k),
kezN
where

(D¢f) = Z aﬁ(%D)Bfa
ez

with D = (3/0xy,...,9/3xy) (cf. [6]).
THEOREM 3.2. If the commutator of ¢ is of order m, then
D,(x*) = g(x) forlal<m.

Proof. We show that both g, and D,(x®) satisfy the same recurrence formulas for
|la| < m. For a = 0, it follows that

1
D,(l)=ay=—<=1=g,.
For |a| > 0 we have to show that for the case |a| < m,

xt= T 9(k) T (3)(=0)""D,(x").

kezV B<a

The right-hand side is given by

L (00, £ ()02 = 2, £ atk)x =47

kezV B<a kezN
_ D¢( Y ko(x - k)),
kezVN

where the last equality holds using the order of the commutator. Now by Poisson’s
summation formula and Proposition 3.1,

¥ kp(x=k) = ¥ (-1 3) 0 A0+,

kezV B<a
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since D(27k) =0 for |aj <m and 0 # k € Z". Using the expansion 6_5(5) =
Ypezy bﬁgﬁ, we get

Dy T klx—R)] = X (=" ()05 (0D, ()

kezV B<a

= _pyer a,(—i)'——— : xB-v
_/E'a( ) B!“BZ ol )(.3 )/j

= Z (_i)a_ﬁil;l! o — BEaB v —l)B YB

B<a Y<B

=T (-)T% Z ba—pag—y = x%,
<a

s y<B<a

since

1 fa—-y=0
a b o alp = | )
v<2/i:<a SRy Bga:_y «r-hTR {0 otherwise,

which can be verified by equating coefficients in

1= 3OO - TheTa - T T bay)er
@ B J atB=y
The proof is complete.
This theorem yields an interesting result related to the work in [6]. In our case, the
quasi-interpolator is given explicitly.

COROLLARY 3.1. Under the same assumptions as above, Qf = f forallf € P,,_,.

Proof. For f(x) = x% la| < m, it follows that

of = Xk:(D«pf)(k)‘i’(' - k) = Xk:ga(k)tb(' - k) = x°

according to the polynomial reproducing algorithm.

4. Approximation Orders Using Scaled Cardinal Interpolation. Various authors
have dealt with approximation orders from translates of functions ¢ ([2], [4], [8], [9],
[15]) using various quasi-interpolation methods. In view of the results in [4] and [8],
this approximation order is the same for all L,norms, 1 < p < co. It is therefore
interesting to see that these orders can be obtained from the constructive method of
scaled cardinal interpolation. This has already been pointed out by Bramble and
Hilbert [5] in the tensor product case. We extend their results to the general case,
and it again turns out that the notion of the commutator is central to the arguments.

For the rest of this section, the following assumptions based on Proposition 1.1
will be needed: ¢: R — R is a piecewise polynomial function with compact
support which is

(i) nonnegative (¢(x) = 0 for every x),
(ii) normalized (X, c ;7 ¢(- — k) = 1),

(iii) Jo,(z)| > C, > 0, z € TV,

These assumptions will hereafter be referred to as Conditions A.
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Scaled cardinal interpolation refers to interpolation relative to the scaled multi-
integers Z)Y:= hZ", and the scaled function ¢, is given by ¢,(x) := ¢(x/h), h > 0.
By analogy with the unscaled case, we say that the problem of scaled cardinal
interpolation is /,-solvable, if for any v € IA,,(Z},V ) there is a unique u € [,(Z})
satisfying
(4.1) L¢,,(“)|z,',' = .

The scaled discrete Fourier transformation is given by

w(€)=h" 3 u(j)eVt,  £€RY,

jezy

and hence the scaled symbol of ¢ satisfies
(42) (&) =r" X ¢u(J)eVE=hY X ¢(k)e™ E = n"p(he),

jezy kezV
where ¢ is the discrete Fourier transform of ¢. Thus, Proposition 1.1 can be applied
and shows that, given

v =‘f|z,',’ € Ip(ZI]rv)’
there is a unique u € IP(Z,’,V ) satisfying (4.1) and, correspondingly,
Sy f = L¢,,(f )
gives rise to an operator of scaled cardinal interpolation. Moreover, if f € C(RV),
the subspace of C*(R") of functions with compact support, then

(@) Si(/) =3 and
(4.3) " .
(b) (Sh(f)_f)Aqu_;'[‘#hlf]A,

where

[¢hlf] = L¢,,(f) - L/(¢h)
-w T s =010 = T f(x =Kok}

kezl kezl
We see that (a) above follows directly from [5, Theorem 8]. To see (b), note that by
(a)

IV /S NS S S
(Sy(f)=1) ¢’i'f / ¢i’[¢hf féil,

while the equalities L,(¢) = fé and L,(f) = ¢/ again follow from [5, p. 122].
Finally note that since

(4] f1(hx) = BV [9] f(h -)](x),
the order of the commutator is invariant under scaling.

The following L,-estimate (Theorem 4.1) for order of approximation by scaled
interpolation is proved using ideas of [5], along with arguments that rely on the
commutator. First recall the following fundamental theorem in [5, Theorem 2}
where, for 1 < p < o0, R is a bounded domain in RV satisfying the strong cone
property, and p is the diameter of R. The seminorms are defined by

1
1Ulr= = ) dv. Ulpr= T [1DUlpr.
|la|=k
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and
k

”U”’;mp,R = Z P”|U|§,p,R-
=0

THEOREM BH. Let F be a linear functional on H;(R) which satisfies

(@) |F(w)| < Cllullg, .z for all u € HX(R) with C independent of p and u, and

@ii)) F(p)=0 forallp € P, _,.
Then |F(u)| < Cy0*|uly , g for any u € H}(R) with C, independent of p and u.

We are now ready for the main result of this section. It generalizes [5, Theorem 9]
which proved the result for tensor product splines.

THEOREM 4.1. Let ¢ satisfy Conditions (A). If ¢ has a commutator of order
m > N /2, then there exists a constant K > 0 so that

184(f) = fll < Kh™flnas € CR(RY),
with
flna= X 1Dla= X [ 1D%(x)[ dx
la|=m la|l=m

being the usual Sobolev seminorm of order m.

Proof. Using (4.2) and (4. 3) together with Parseval’s identity yields
2
|lS;.(f)—fl|z= () = 1) o< € 2h > [onl 711

In order to estimate the n’ght-hand side, we first consider
Fu(f; x)i=h"V[ou f1(x) = X (¢n(x = k)f(k) = f(x = k)$,(k)).
kezl
For fixed x, F,(f; x) only depends on f |, with
R . =x+ hK[—j,'Z‘]N
where K is chosen in such a way that

supp[o] € K[-14,3]".

We interpret F,(-; x) as a functional on the Sobolev space H,"(R,) and apply
Theorem BH.

Clearly, F,(p; x)=0 for polynomials p € P,,_,, because of the order of the
commutator, and

[R5 )l < s /)] T (loa(x = &) [ +on(k)]) =2 sup 1/(7)]
kezl YER

The last equality follows since ¢ is nonnegative and normalized, and the commuta-
tor of ¢ is of order at least one. Hence,

L lax=0l= T alx=i= T o557
= L o(3 k)= T elb)=1,

Now (4.3) together with Sobolev’s lemma [1, p. 32] implies that
|Fy(f; x)[ < Cllf Imar.,
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since m > N /2, where the constant C is independent of x and A. Since the diameter
R is given by p = hKyYN , Theorem BH yields the pointwise estimate

|F, (£ x)| < Ch™|flma,r,

with the constant C’ independent of x and #.
The proof is completed by writing | |2, R, as a convolution, namely,

2 2
[f 2R, = IDf(y)| dy

1
|a|§m ( hK\/JV) N '/‘Rx

1 af(y — 2
Ialgm(M‘W)kaolDf( DI

1 ar 1)) (x
W)Nlalgm(gko D7) (x),

with

fory e hKk[-1,1]" = R,,

gz,(¥) =1 (hK)"
0 otherwise.

Since [~ |gr (¥)|dy = 1, we finally obtain
_ 2 2 ml 12
WMt £l = [ 1E(f5 x) [ dx < ME* [ | o, dx
R R

< % [ (82, 1D 1) (x) d

- 2 - 2
< MR 3 | Def |y = MR*"| |2,

laj=m

where M and M are constants. This completes the proof of the theorem.
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