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On the Convergence of an Interpolatory Product Rule
for Evaluating Cauchy Principal Value Integrals*
By Giuliana Criscuolo and Giuseppe Mastroianni
Abstract. The authors give convergence theorems for interpolatory product rules for evaluat-

ing Cauchy singular integrals and obtain asymptotic estimates of the remainder. Some results,
previously established by other authors, are generalized and improved.

1. Introduction. Let @ (wf; ) be the integral in the Cauchy principal value sense of
the function f, defined by

O(wf;t) = fll ){(—f)tw(x) dx
(1.1) )

= lim 1) (xyde,  redc(-10),
e=0" x—pjze X — 1
where we assume that w is a nonnegative weight function on I = [-1, 1] such that
0 < [} w(x)dx < co.
Let C(I) be the set of continuous functions on I and w(g; §) the modulus of
continuity of the function g € C(I), defined by

«(g:8) = max [g(x)—g(y)l. x,y€L8>0.
If g is continuous on I and the modulus of continuity w of g satisfies
j‘ 8% (g; 8) ds < oo,
0

we say that the function g is of “Dini type” (g € DT(I)). It is well known that a
sufficient condition for the existence and the continuity of ®(wf;t) is that w,
f € DT(I). The requirement that w € DT(I) can be relaxed; indeed, w may have
some singularities. Moreover, if g € DT(I) then the relation

w(®g;8) = 0(w(g;8)), -0,
holds on any closed subset of 4 (see, e.g., [1]).

Let { p,(w)} be the sequence of the orthonormal polynomials on I associated
with the weight function w. We denote the zeros of

P2.(x) =p,(w; x) = a,x" + lower degree terms,  a, > 0,
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by x,,=x,,(w),i=12,...,n, ordered increasingly,
-1 <xn,l <xn,2< <xn,n< 1.

Let L, (v; f; x) be the interpolating polynomial of f on the knots x,, , = x, ,(v),
k =1,2,..., m, where v may or may not be equal to w. The polynomial L, (v; f; x)
is defined by

Lm(v’f’ X) = kgllm,k(v; x)f(xm,k)»

where
Pn(v;x)
X = xm,k)pr/n(v; xm,k)

If we consider L, (v; f; x) instead of f in (1.1), we obtain the following interpola-
tory product rule for the numerical evaluation of ®(wf; ¢):

(12) B500f:0) = L (050 ().

lm’k(v;x)=( k=1,2,...,m.

where
4» (U't) '1 lm k(v;x) ( ) l
m,k ’ 1 x t w{x X.

Various expressions for the coefficients A4, ,(v; t) appear in [9], [12].

We note that the quadrature rule ®7(wf; t) has degree of exactness m — 1. (For
some special values of ¢, the degree of exactness may be greater than m — 1.)

We denote the remainder term by E.,(wf; 1),

E,(wf) = @(wf) — @ (wf).

In this paper we prove convergence theorems for the quadrature rule ®.(wf; ). In
Section 2 we study the convergence of the quadrature rule ®2(wf; ¢). Some results
previously established by other authors [2]-[5], [7], [9], [12], [13] are generalized and
improved upon. In addition, better estimates are given for the remainder. In Section
3 we give the proofs of the theorems stated in Section 2.

2. Convergence Theorems and Estimates of the Remainder. We start with some
notations. The symbol “const” stands for a positive constant taking on different
values on different occurrences. If 4 and B are two expressions depending on some
variables, then we write: 4 ~ B if and only if |4B~!| < const and |47'B| < const,
uniformly for the variables under consideration.

In addition to the set DT(I), defined in Section 1, we consider the following
classes of functions:

LD(N) = {fe C(I)|w(f;8)log8~! =0(1),86 = 0*,A >0},
LipyA = {fe C(I)|w(f;8) < M8*,8 >0,M >0, €(0,1]},
cO(I)y={fec)|fPec)k=>1}.
It is well known that
LD(1)> DT > LD(1 + A) D Lip,,n,  #, A> 0.
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Throughout this paper, all functions are Riemann-integrable (possibly in the im-
proper sense). Moreover, we set

Ils= max [£GOL £I=17 1

First, we assume that w(x) = v(x), where

@) o(x) =901 = 0" [Tl = 11 + )%,

with -1 <t <1, < -+ <1, <1 B, v>-1,i=12,...,p; p=20;,0<y €
DT(I). We say that v(x)is a “generalized smooth Jacobi” weight (v € GSJ).
In what follows, A is a closed set such that A € D:= [-1,1] - {£1,¢,..., t,}
Concerning the convergence of (1.2), we will prove the following theorems.

THEOREM 2.1. Let f € LD(1) and w € GSJ be such that the integral ®(wf; t) exists
for all values of t € D. Then the sequence {®n(Wf;1)},,en converges to ®(wf;t) for
allt € D.

THEOREM 2.2. If w € GSJ, then for any function f€ DT(I) the sequence
(D (Wf; 1)}, e n cOnverges uniformly to ®(wf; t) on A.

THEOREM 2.3. If w € GSJ, the following relations hold,
(2.2) | EX(wf)|ls < o(log™*m), feLD(1+)),A>0,
23)  |E2wf) ], < const‘%", feLipyA,0 <A<,

(k3. -1
(2.4)  JEX(w)]la < constﬂ——’;r-n—-)- logm, fe C®(I).
m
Remark 1. The results presented above hold in the special case in whichw = v =
(1 — x)*(1 + x)#is a Jacobi weight. This case is of practical interest and is studied
in [4], [5], [9], [12].

The relation
(25) IE2) e <S5, v <3S Lipy,
has been stated in [4], [5]; it is extended in [9] to read
26) IEX) s < B, v <3, /P Lipyd.
Further, for any function f € Lip,, A, the relations
(2.7) 1E20u7) s < const—B2y = max(a, ) > -3,
(2.8) IE2(wf) s < const1°f:{”, y = max(a, B) < -1,
@9 BNl <constBE, a=p=-i,

are proved in [12]. The results of Theorem 2.3 thus generalize (2.9) and improve
upon (2.5), (2.6), (2.7), (2.8). Moreover, the convergence Theorems 2.1 and 2.2 hold
for spaces of functions which include Lip,, A.
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We now consider the case in which the weight function w is not identical to v. We
assume that v € GSJ is defined by (2.1) and w € DT(A) for all closed sets A such
that A c D.

Under these assumptions we have

THEOREM 2.4. Assume thatv € GSJand 0 < w € DT(A). If

(2.10) wlog* w is integrable on I,
(2.11) s

Vovl — x?

then the results of Theorems 2.1, 2.2, 2.3 hold for the quadrature rule ®2(wf; t) and for
the corresponding remainder E}(wf).

is integrable on 1,

Remark 2. Particular cases of Theorem 2.4 are contained in [3], [12], [13]. Sheshko
assumed

w=(1-x)0+x)", aB>-1; v=(1-x2)"%  feLipy,A,
and

1+ x
1-x’

v=00-x)""  felLipyA,

w=(1—x)“(1+x)ﬂlog a, B> -1;

in [12] and in [13], respectively. In [3], Dagnino and Palamara Orsi studied the
special case in which w is L?-integrable on I, for some p > 1, and w € Lip,, A on
an interval [¢, 1] C (-1,1) such that ¢ € [£,9], and v = (1 — x2)"1/2, fO € Lip,, A
for k = 0.

Relations of the same kind as (2.8) and (2.6) are proved in [12], [13] and in [3],
respectively. Moreover, in [2], the authors have established the following result:

Ifw € DT(I), for any matrix of knots M = {x,, ;},=1 . ., m € N, the relation

log m

(212) "Em(wf) IIA < COIlSt(]. + Am(M)) mk+)\ ’

holds, where E, (wf) is the remainder term of the quadrature rule and A, (M) is the
mth Lebesgue constant with respect to the matrix M.

We observe that relation (2.12) gives results which may be improved under the
assumptions of the present work.

Remark 3. Regarding the hypotheses (2.10) and (2.11) of Theorem 2.4, we note
that (2.11) follows from (2.10) when -1 < max;{a, B,v;} < - 3. In the special case
in which we assume that

fl {w(x)(l _ x)-max[(2a+1)/4,0]
1

(2.13) » » q
x l—I |x _ til—maxtv./ | ](1 + x)—max[(2B+1)/4,0]} dx < oo

i=1
holds for some g > 1, the hypotheses (2.10) and (2.11) are satisfied. In [14], [15],
Sloan and Smith considered a condition of the same kind as (2.13).
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Finally, the following corollary may be of practical interest.

COROLLARY 2.5. Suppose that w = w*f = (1 - x)*1 + x)? and v=0v"°=
1 —x)A + x)% a,B,y, 8 > -1, are Jacobi weight functions. If

y<€2a+3, §<28+3,

then the results of Theorems 2.1, 2.2, 2.3 hold for the quadrature rule O (wePf; 1),
and for the corresponding remainder EX'(w®#f).

3. Proofs of the Main Results. For the convenience of the reader, we collect some
properties of generalized Jacobi polynomials p,.(w; x), w € GSJ (cf. [10], [11]),
which will be used in the proofs of some preliminary lemmas.

The Christoffel function A,,(x) is defined by
-1

Ap(x) = A (195 %) = ['Zgopz(w; x>}

The zeros of p,,(w; x) are denoted by x,, , = x,, ,(w) and they are ordered so that

xm,l < xm,2 < - < xm,m‘
The numbers

>\m,k = Am,k(w) = Am(w; xm,k)’

are the Christoffel constants. Set x,, ,(w) = cosf, , for 0 < k <m + 1, where
Xpmo = -1, x =1and0< ¥, , < 7. Then,

m,m+1 m

(3.1) )

-1
m,k_e,k+1 m-,

m

uniformly for0 < k < m, m € N.
Define w,, by

w,(x)=(/T=x +m?1)***! II_)[ (|2, = x|+ m™)"
i=1

x(WT+x+mH)? 1<x<l.

Then,

(32) A, (x)~mtw,(x), uniformly for -1 < x < 1,
m e N;

(33) A~ mw,(x,.), m € N;

(B4)  pu_i(x,i)~ \/(1 - x,ﬁ’k)/wm(xm’k) , k=1,2,....,m, me€N;

(3.5)  |p.(x)]< const{(w(x)\/l - xz)_l/2 + 1}, uniformly for -1 < x < 1,
m € N.

Now let x,,,, = x, . be the knot closest to 7, defined by x,, , << X, 4415
[t = x,, | = min{(¢ = x,, ), (X, ,+1 — t)}, k> 1. Then it is known that for any
tel,

(3.6) [ o(ws2) |~ 1
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(see [10, proof of Theorem 33, p. 171]). Define

A m Am:
0= & == ()= §
i= ll mx | i=1
i#c i#c
a0 =000 =0 (0 = B, el
] xm,i -t
i#c

We first prove

LemMMA 3.1. For any weight function w € GSJ, and for m sufficiently large, we have

(3.7) o*(¢) < const[w(¢)(1 + logm) + I'(¢)], t€ D,
(3.8) p,",‘,(t)<const[1 +w(t)log} :_§+I“(t)], t€ D,

(3.9) 8}(1) < consty/o (1) logm , t€D,
where T'(1) = (1, [w(x) — w(8)||x — ¢] ' dx.

Proof. Without loss of generality we assume that x,, . = x,, , <t < x,, ;.. Then

-1
(3.10) = Xpgoy ~ Xppsr — L~ mh

Further, for any ¢ € D, there exists a closed set A such that A € D and ¢ is an
interior point of A. Moreover, X, ,_1, X,, x» X, x4+ also are interior points of A for
sufficiently large m. Then, by the generalized Markov-Stieltjes inequalities (see [6,
Lemmas 3.2, 3.3]), we obtain

mk -1 w(x) )\m.k—l Ym k-1 w('x)
-/_1 t—x \Zt—x <t—xm‘,‘_1+f_1 t—xdx’
1 W(X) dx < i Am.i < Am.l<-+-1 + 1 W(.X) dx
Xm k+1 x—1 i=k+1 Xmi ™~ t Xmk+1 ™ t Ymok+1 -t
From these inequalities, and by (3.10) and (3.3), we get
a¥(1) < const+f i wlx) dx+ : w(x) dx,
t— . X —1

Yo k+1

X k-1 w(x) 1 w(x)
*k —_—
p,,,(t)gconst-i-[1 x—tdx+ . x—tdx'

Xmok+1

By an easy calculation (3.7) and (3.8) follow.
To prove (3.9), apply (3.3) and (3.4) to obtain

1 — xr%zi
(311) }‘m.il pm—l(xm.i)"' VAm.i V T *

Therefore,
m 1 1/2
Sx(2) ~ Z ox(t)| X ———|
I:=1 nllxm.i - tl
1‘-#( i#c

from which (3.9) follows. 0O
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Before proceeding further, we observe that, by (3.8),

(3.12) |4%(2)| < const[ 1+ w(t)logl . Ly F(t)]
Moreover,

(3.13) oX]ls < const(logm + 1),

(3.14) 8] < const(logm + 1),

(3.15) lle%|la < const,

(3.16) | 4% s < const,

where A is a closed set such that A € D.
The Lebesgue function L, (w; x) is defined by

L, (w;x) = X |l (wi x)|.
i=1

It can be estimated by
LemMA 3.2. If w € GSJ, then the inequality
(3.17) L. (w) ]l < const(logm +1)
holds for sufficiently large m, where A is a closed set such that A C D.
Proof. From [6, 111, (6.3)],
Q1 Pm—a(x Xm, ,)

(i x) = S2=ty | Potlmid ) () g, /a, < 1
Applying (3.5) we see that
|1, (w; x)| < constAmiL&""—l(M, i#c,
' ' |X - xm,il

uniformly for x € A. Hence we can write

L, (w;x)= ): [ i (w5 X)l+|1mc(w x)|

i=1
i#c

<constd¥(x) +11, (w;x)|, x€A,

so that by (3.6) and (3.14) the lemma follows. 0O
Now let

(3.18) ¥, (wit) = 3 |45 (0;1)],
k=1
where A4}, , are the coefficients in (1.2). The results presented so far are sufficient to

prove the following

LemMMA 3.3, If w € GSIJ, the relation
(3.19) ¥” (w; 1) < const(logm + 1), te D,
holds for m sufficiently large.
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Proof. For any t € D, there exists a closed set A such that A € D and ¢ is an
interior point of A. Moreover, x,, . also is an interior point of A for m sufficiently
large. Since

A1 pm—l(xm,k)

(w3 x) = a, Ak X = Xpp g

pm(x)’ am—l/amsl’

and applying the Gaussian quadrature rule

lm,k(W; xm,j) - lm,k(w; t)

X =1

1 1, . (w;x) e
]{ B w(x)dx = ,§1}\m'j

m,j

+®(w; 1)1, (w;1)
or its limiting case, we see that

() if ¢ # x,, ., then
A L, (wst)
. — A* . m,k _ ‘mk >
Am,k(w’ t) Am(t)lm,k(w’ t) + xm,k — ¢ xm,c —t }\m,c
A a, P1(x,, 1)
— A% . m,k m—1 m—=1\"m k ’
Am(t)lm,k(w’ t) + xm,k —¢ + a, }‘m,k - xm,k Pm('rc)xm,w

for k #+ ¢;
A, (wit) =A%), (wst) + X, dh (w; 7)) fork =c;
where 7, 7/ € (1, x,,.) C 4;
(ifr = x,,
>\m,k + Q1 Am kpm—l(xm,k)

xm,k - xm,c a, ’ xm,c - xm,k

Am,k(W;xm,c) = Pr/n(xm,c)xm,c

for k # ¢;
Am,c(W; xm,c) = A::(xm,c) + lr’n,c(W; xm,c)xm,c for k =c.

We then obtain from (3.3), (3.5), (3.6), and applying Bernstein’s inequality for the
derivative of a polynomial (see [8, p. 92]),

A cPm(7.) | < const] p,lla < const,

Ixm,clrln,c(W; TL‘/) < conStnlm,c(W) ||[tyxm,c] < const.
In the same way, we obtain
X e Pru(Xm.c)| < const, |, 10 (w;x,, )| < const.

Thus, in both cases (i) and (ii), we deduce from (3.6) and (3.16) that

A,, (w;t) < const,

A
A, (wit) < —=%— + const [lm‘,c(w;t)|+)\m,k-|—13'—"—“—1—(—x—"‘i‘)—I , k#ec.
Ixm,k_tl |t_xm,k|

We can thus write
¥y (w;t) < const(l + L, (w;t) + a2(z) + 8%(1))
< const(”Lm(w) s +”°,: "A +”8,: ”A)’
so that by (3.13), (3.14), (3.17) the lemma follows. O
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We now set
(3.20) 1 =f = Gm_1,
where g¢,,_, is the best approximation polynomial of degree m — 1 for the function
f. It is well known that
1711l < const e (f; m™?), fe (1),
I17,-1ll < constm ¥ (f®;m™), fe Cc®(I), k>1
(see, for example, [14, p. 6]). With these notations, we have

LEMMA 3.4. Let w > 0 be integrable on I, and let w € DT(A), where A is a closed
set such that A C A C (-1,1). If the integral ®(wf;t) exists fort € A C (-1,1), then
for any function f € LD(1), we have

R, (f31)i= |@(w[ror = rua(D)]51)|
< constw( f; m™){w(t)(logm + 1) + T'(¢)} + 0,(1)

where the subscript t in the notation o, indicates that the “0” condition need only hold
pointwise in t and not necessarily uniformly. Moreover, under the same hypotheses for
w, if f € DT(I), then

IR,.f |l < constw(f; m)(logm + 1) + 0(1), fe DT(I),
IR,.f < o(log™m), fELD(1+y),v>0,
|R,,.f |l < const|r,_,|logm, feLlipyA\,0<Axg1.

The proof of this lemma follows immediately from a property proved in [2,
Proposizione 2.1, p. 11].

Proofs of Theorems 2.1, 2.2, 2.3. Since rule (1.2) has degree of exactness m — 1, we
have

En(wfst) = Ep(w(r,y = 1 a(2))3 1)
= @(w(roy = 1m-1(2)); 1) = Op(W( 7oy = 1moa(2))52).
Hence,
(3.21) |En(wfs )| < 2ll7 1 [ ¥ (w5 ) + R, (f52).
Thus Theorems 2.1, 2.2, 2.3 follow from Lemmas 3.3 and 3.4.
In order to prove Theorem 2.4, we need some more preliminary results.

LEMMA 3.5. Letv € GSJand let u > 0 on I, u € DT(A) where A C D is a closed
set. If

ulog® u is integrable on I,
u(oV1 = x2)"? s integrable on 1,
then

(3.22) /:11 L, (v; x)u(x) dx < const.
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The proof of this lemma follows immediately from an important result of Nevai
(see [11, Theorem 1, p. 680]).
We are now in a position to prove the following

LEMMA 3.6. Let v € GSJ, and let w>0 on I, w € DT(A), where AC D is a
closed set. If the functions wlog* w and w(v™'/?(1 — x*)"'/%) are integrable on I,
then

(3.23) Yr(v;t) < C{¥o(v;t) +1logm + 1}

holds for m sufficiently large, where C is a constant dependent on t, when t € D, while
C is independent on t when t € A.

Proof. Let ¢t be a fixed point belonging to D = UZ_(¢,,¢;,,), where 1, = -1,
t,.1 = 1. There is then an index j € {0,1,..., p} such that #; <t <1,,,. Define

d(t) = jmin{t — t,,¢,,, — t}. Clearly, d(t)> 0 for any ¢t € D. Smce
A54(031) = Wf’;Av (i) =2 1 (o M
N VREBCELG
we get
w W(t) V(4. W(t) _ —lw v: _ I
L) < gy W0 + S L) [ = e Ce(oilx — o)) d
+L,(v; T)/I; t|<d(t)|x_t| w(w;|x —t|)dx
_L | »() v; X))V
kol RRCEICE
+ Lm(v;x)w(x)dx]
|x—t|>d(t)

where 7, 7/ € [t — d(¢),t + d(1)] =T,
We then obtain

¥ (01) < W((’)) qfv(v;t)+z||Lm(u)||T,/0““’s-lw(v;s)ds]

d(t)
+2"Lm(v)"7',/(; ! 87 w(w; 8)dé

i AL e e [ ) ]

Since v, w € DT(A), the first two integrals on the right are bounded. Applying
Lemma 3.5 for u = v, u = w, we deduce that the other integrals are also bounded.
By Lemma 3.2, the first part of the lemma follows.
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Now assume that 1 € A = UZ_[a;, b;], where [a;,b;] C (t,,¢,41), i =0,1,..., p.
Let

I"=%miin{ai—ti’ti+1—bi} > 0.

Obviously, the number p is independent of ¢ and [t — u, ¢ + p] C D for all ¢t € D.
Then, we can repeat the previous proof with p instead of d(¢). Finally, since w and
v are bounded on A, the proof of the lemma is completed. O

Proof of Theorem 2.4. Proceeding as in the proof of the previous theorems, we
obtain

|En(wfst)| < 207, [ ¥ (05 1) + R, (f31).
Thus, by Lemmas 3.6, 3.5, 3.3, the theorem follows.
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