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TVB Boundary Treatment for Numerical Solutions 
of Conservation Laws 

By Chi-Wang Shu 

Abstract. In the computation of hyperbolic conservation laws u, + f(u), = 0, TVD (total- 
variation-diminishing) and TVB (total-variation-bounded) schemes have been very successful 
for initial value problems. But most of the existing boundary treatments are only proved to be 
linearly stable, hence the combined initial-boundary scheme may not be TVB. In this paper 
we describe a procedure of boundary treatment which uses the original high-order scheme up 
to the boundary, plus extrapolation and upwind treatment at the boundary. The resulting 
scheme is proved to be TVB for the scalar nonlinear case and for linear systems. 

1. Introduction. In this paper we consider the numerical solutions to the hyper- 
bolic conservation law 

(1.la) Ut + f(u)x=O, 
(1.lb) u(x,0) = u0(x). 

Here u = (ul,..., usjF, and the Jacobian matrix A(u) = af/au has s real eigen- 
values 

Xl(U) < X2(U) < *--< 5X(U) 

and a complete set of eigenvectors. 
On a computational grid x1 = j/X, t, = n/t, we use n to denote the computed 

approximation to the exact solution U(X1, tn) of (1.1). 
For pure initial value problems, i.e., problems with u0(x) in (1.lb) to be either 

periodic or to have a compact support, the recently introduced TVD (total- 
variation-diminishing) and TVB (total-variation-bounded) schemes have been very 
successful. See, e.g., [1], [2], [3], [4], [7], and the references listed there. The total 
variation of a discrete scalar solution is defined by 

(1.2) TV(u) = EJl1u - UJ|, 

and if 

(1.3) TV(u'+') < TV(u'") 

we say the scheme is TVD; while if 

(1.4) TV(un) < B 
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for some fixed B > 0 depending only on uo and TV(u0) and all possible n and At 
such that n At < T, we say that the scheme is TVB in 0 < t < T. Clearly TVD 
implies TVB. 

One major advantage of TVB schemes is that there is a convergent (in Lc?al) 
subsequence as A\x 0 to a weak solution of (1.1). If an additional entropy 
condition, which implies uniqueness of weak solution to (1.1), is satisfied, then the 
scheme is convergent. See, e.g., [2]. 

For initial-boundary value problems we hope the boundary treatment can still 
retain the TVB property of the scheme. The usual method is to use a lower-order 
scheme near the boundary. This not only reduces the order of the scheme near the 
boundary, but also makes any theoretical results about TVB of the initial-boundary 
scheme very hard to prove. In this paper we present an approach to the treatment of 
boundaries which uses the same high-order scheme up to the boundary, plus 
extrapolation and an upwind treatment at the boundary. The resulting scheme is 
proved to be TVB for the scalar nonlinear case (Section 2) and for linear systems 
(Section 3). 

Our boundary treatment is based on the globally high-order TVB schemes 
discussed in [4], [6], [7], and [8]. These schemes have natural upwind-downwind 
decompositions which help us to implement and prove the TVB boundary treat- 
ments. 

We include several numerical results in the appendix to demonstrate the useful- 
ness of the TVB boundary treatment in Sections 2 and 3. 

2. Scalar Case. In this paper we use the following three equivalent forms of an r th 
order (in space and time) TVB scheme (see [4], [6], [7], and [8] for details): 

m 

(2.lal) u71 - E [akUjnk + IfikI (CI42)Au - D(n-k)jA Un-k)] + corn, 
k=O 

where 

(2.1a2) CJ+1/2 > 0, Dj+1/2 > 0, 1 - c + Dj+1/2> 0, 

(2.1a3) corn| BA X2. 

Or, 
m 

) 
n+ n- 

[?k + |jk|A(, J(+n l k2)A +U n-k -D n-k)A\ U n-k)] (2.1bl) u7 = 
1 akuik +IfkIX(CI+1/2A?U - bfjj)1/2 _ )] 

k=O 

where 

(2.1b2) j(n-k)A un-k = C(nk)L\ U k + cor j?1/2-+ I j?+1/2 

(2.1b3) =D(nk)A uin k + cor2 1 j _ j-1/2 -j 

with 

(2.1b4) corlk |nk BA x2, |cor2yn-kJ < B X2, corn-k + cor2n-k corn-k. 

Or 
m 

(2.1cl) u =E tan- |) -(Df) 
k =O 
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with 

(2.1c2) DfjXCJ +1/2 \+ U, Dfj+J XbDj-1/2A1\Uj 

In (2.1), ak and 1k are such that 

(2.2) ak >, k= O 1, .. .,m, 

(2.3) Eak 1, 
k=0 

m 

(2.4) -lo E (kak - /k) =1, 
k=1 

(2.5) (-1)' E k'1(kak - l1/k) = 1, 1 = 2,3, .. ., r. 
k=1 

The CFL condition is 

(2.6) X 
a 

mn (|Ik ) 

where X0 satisfies (2.1a2). 
We now consider the equation (1.1) defined on 

(2.7) 0 < x < +oo, t > O. 

and still assume that uo(x) in (1.lb) is zero in x > L. 
Notice that (2.1) has a more than three-point stencil in x only because of the C's 

and the D's. Near the boundary x = 0 we may not have the necessary u1, u-2, .. . 
etc., to define C and D. In this paper we always use extrapolation with order r to get 
the necessary u-j. For example, if r = 2, we may use u-1 = 3uo - 3u1 + u2, etc. It 
is well known that extrapolation may cause instability, but due to the upwind-biased 
property of our scheme (2.1), we shall prove that the resulting initial-boundary 
scheme is still TVB. With the help of extrapolation, the boundary problem 
simplifies to that of determining uo only. From the well-known properties of the 
hyperbolic equation (1.1), we know that we should prescribe u(O, t) = g(t) on the 
boundary x = 0 if f'(u(O, t)) > 0 (corresponding to case (a) of Theorem 2.1 below), 
and should prescribe nothing at x = 0 if f'(u(O, t)) < 0 (corresponding to case (b) 
of the theorem). 

THEOREM 2.1. In the region defined by (2.7): 
(a) The scheme (2.1) for un, j > 1, with the above-mentioned extrapolations for 

computing the C's and D's, and initial condition u? = u(x1, 0) and boundary condition 

(2.8) un = g(tn) 

where g(t) is a function of bounded variation in 0 < t < T, is TVB in 0 < t < T. 

(b) Define 

(2.9) Dfo+ = min Dfo+ ,|Df- + KA t ) sign( Dfo+) 

in (2.1c), where K > 0 is a constant. Then the scheme (2.1), as in part (a) where un+1 

is computed by (2.1c) with Dfo+ replaced by Dfo+, is TVB in 0 < t < T. 
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Proof. (a) We use form (2.1a): 

A\ + Uj =O (ak(1 a I (CJ1/2f12 + 

+ B -kC.(X) ( /A+ Ujn+-k ) + ,X AD,(n-k/) ( \+ U~n_ k)) cr~n l-coryn +IIkX +/(?Il +fkXJco ijco1 

forj = 1,2,... 

and 

A\ +Un+1 Uln+1 - 
g(tn+l) 

= E [akuin + IkX(C3/2A +Ulnk - D(jk)/ )u nk)] + cor n g(tn+l) 

k =O 

m 

[ Li ( n( k _ u0k) + IIk I(C3/2 L 1U - D1/2kulk)] 
k =O 

m 

+cor1n - a al(g(tn+l) - g(tn-k)) 

k=O 

Hence, by (2.1a2) and the CFL condition (2.6), we have 

00 

TV(Un+l) = I I?Un+lI 

j=0 

00 
E (ak [l - IA ( C(+nC-k) + D(n-k)')] |AUn-kl 

iFlkaO L a j+1/2 j+1/2jjU 

+ X |, A(n -k) I A +Un+-k | X|D,~n-/k2)| A+Un_1k + IIkIXC3/2L\?U,1 + IIkIXD1/2 j+U1 

+ Icorn+ I+corn 

+ L [ak ( II-AD (2n-k)\ IA+Un-kl kC(n-k)|A+Un k [, k ak IL1/2 ) 0+" + IfkIC/2 1+U~ 

m 

+ F ajklg(tn+l) - g(tn-k) 
k=O 

00 m m 

K E a A\ +un-k |+ 2BNA x2 + E ajkg(tn-1l) -g(tnk) 
j=O k=O k=O 

m m 

I akTV(un k) + i~BAt + (m + 1) E g(tnk~l) - g(tn-k), 
k=O k=O 

where N = L/Ax, B = 2BL/X. 
Hence clearly 

TV(un) max TV(k) + BT + (m + 1)2TV(g) 
f < k < m 

for all n At < T. 
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(b) Similarly to part (a), we have 
00 m m 

TV(a Un1Un~l) < kD f ~ X 
j=O k0 k E c uJ + E o -j Df0 ) + 2BNIx2 
j=O k=O k=O 

m 

K, E axkTV(unk +B +K)lAt 
k=O 

(see (2.9)). 
Hence clearly 

TV(un) max TV(uk) +(B +K)T 
O<kim 

for all n At < T. E 
Remark 2.1. From Definition (2.9) we see that 

(2.10) Df = DfJ+ 

if and only if 

(2.11) DJo+ < IDf&oI?+ KAt. 

Since scheme (2.1) is upwind-biased, we should expect the "downwind" part IDfo+I 
to be less than the "upwind" part IDf&I- if f'(u(0, t)) < 0. With the help of K/Xt, we 
may be very safe to expect (2.11), hence (2.10), to be almost always valid. Hence, 
since we used extrapolation of sufficient accuracy to approximate u1J, the accuracy 
remains r th order up to the boundary. This is superior to the usual way of using a 
lower-order scheme with narrower stencil near the boundary. 

3. Linear Systems. The techniques discussed in Section 2 can be generalized, via 
Godunov's, Osher's or Roe's field-by-field decompositions, to nonlinear systems 
(1.1). See, e.g., [4], [5]. Even for pure initial value problems, at present there is no 
theory about total variation boundedness for general nonlinear systems. For a linear 
system 

(3.1) ut + AuX = 0, 

where, for simplicity, A is assumed a constant matrix (we may generalize the theory 
to the case A = A(x)), we have a similar theory as in Theorem 2.1. 

Assume A has s nonzero real eigenvalues 

(3.2) I < .2 < '-- < X s < 0 < Xs+ I < * < Xs 

with a complete set of right eigenvectors r1, r2,.. ., rs. Then we can write 

(3.3a) u(x, t) = E 3(P)(x, t)rp, 
p=1 

S 

(3.3b) Au(x, t) = E XPS(P)(x, t)rp, 
p=1 

where the scalar functions 8(P) satisfy the scalar conservation laws 

(3.4) 3 (P) + A/X PP) = 0. 
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Hence a generalization of the scalar TVB scheme (2.1) is just using (2.1) on (3.4) 
for each p: 

s m 

u(n+3 T (u (p))n 
- k 

p=1 k=O 

(3.5)~ ~ ~~~~~~ A (( (DS (P) )-), _n(k DS (P) ) + )n- k)]) 

For pure initial value problems, the scheme (3.5) decouples to s scalar schemes, 
hence TVB of (3.5), with TV defined by 

(3.6) TV(u) = L IJ(+P I Aj( 

is an immediate consequence of TVB of each of the decoupled scalar schemes. 
Now we consider the initial-boundary value problem defined on (2.7). 
By (3.2), on the differential equation level, it is well known that a boundary 

condition 

8(S1+1)(0, t)) S 3(1)(, t) 
(3.7) . =S(t) . + g(t) 

8(s)(O t) 8(S1)(O t) 

is well posed. 
We obtain the discrete form of (3.7) via the following procedure: 

(i) Use extrapolation of order r to find the necessary 8(p) in order to compute 
C's and D's near j = 0; 

(ii) Let 

(3.8) DS(P)+ - min( P)+ ,(1- (I- D) DP) + KpAt) - sign(D3gP)+), 

where K1 > O 0 < E << 1 are constants and p 2,..., =1 

Notice that (i) and (ii) are similar to the scalar case treatment. By Remark 2.1 we 
should expect that most of the time DS(P)+ = DS(P)+. 

(iii) Define 

S 5 ) n () n 

(3.9) . =S(tn) . + g (tn), 
8 (S) O 8 (S1 O 

where S(t) = (Si1(t)) is a (s - s1) X s1 matrix function with each of its elements 
being Lipschitz continuous in 0 < t < T: 

(3.10) |Sij(t) - Sij (t2) < LIt - t21 forO < t1, t2 < T 

and g(t) is a (s - s1) x 1 vector function of bounded variation in 0 < t < T. 
(3.9) is just the discretization of (3.7). 
Notice that the scheme (3.5) is coupled by the boundary condition (3.9). 

THEOREM 3.1. The scheme (3.5) with boundary treatment (i)-(iii) is TVB in 
0 < t < T. 



TVB BOUNDARY TREATMENT FOR SOLUTIONS OF CONSERVATION LAWS 129 

Proof. Let 

2 
max akS) maxk1,- max max E S1S(t) ? 

= max 
E 0<k,<m ak \ 8 O<krm ak Ot<T S= 

I 

1<p<S1 

and define 

(3.11) TV(u)= Q ? + s 8(P)) - 8(P)I. 
J p=l P=Sj + 

Clearly, 

(3.12) TV(u) < TV(u) < Q TV(u). 

Since 
SI 

(8sp )O = E Snpn(i))on + gp(tn), 
i=l 

we have 

iN (SI(5 +p ) 
)On 

- ((Wsi+P)) n+l (3(s1+p))?n+1 

= , [ ak(S(sl +p)) n-k + |fik Ix((C(S' P)3/2 A+(8s)1 
k=O 

- ( D (s ?P)flk 1/ / (38(5' ?P) )fk)j 

| XC5+p)) n-kA ( -s+P)nkl 

- [ L ak(=O t (8('))? - s-k(6(i))g k) 

m 

+ E a+(gp(tnl)kO gp(tntk))]. 

- s;? ((3()gPl(()$k + (3c )gkr?, 

,=I~~~~~~~k= 

spl+(^(t)O+1_ n-&I z) n-k - 

a Z ( D 5) (S + ))ok)A+ (8 (I p) ) n-k(St 

and, since u ( x) is zero for large x and the numerical solution has a finite speed of 
propagation, we have (3(n))n - 0 for large enough J, so 

SI M~~~~~~~~~~~~~ 

- +1(3(i))nl (1 SZlkD? (()) 

i= .=1 i=1 j=O 

(Thsithmaiu pince f TVBceme Remark3.1 belo.) 

(Tisisth axmu pinilefo TB cems.Se Rmrk3.kblo. 
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So, following the lines of the proof of Theorem 2.1, we have 
SI + 

TV(Un+1) J [ Q ?0 + ( ) +K t-X(n+1( 
j > p=l P=sl~l 

+i M 

+ Aa+ (3(1))fnlk sC1p1 -k +8()nk 

< Q ? 5 ? ( ? ak|A )i |? + KjAt - Xe(t )1'/2 - g (0tnk) O Nx 
p=l1ja0 k=O 

5-Slt /m 

? t ? akTA+(8(S+p))nk 
p=l j>,0 k=O 

i=i k =O 
PI E ~ ~ ~~~~~~ (('))1/2| 1A+(8(i))o 1) 

m~~~~~~ 
4~~~~~~~~~ Z ak( + (Lz" ?tj|sVn+ unk)k 

k= k 

?(m~~~~~~ ? ?) akg~ g)tkl -g~ g)tk ?) H 2N~t. 

<~~~~~~~~~~ n -kVU k)k 

k=Ok= 

? (1 O~k[(Q? 2 OX ? |STP (D(1))1/2 ? +t0ma)(k 

m~k~m 

n-i~~~~~~8,)nkln~lSik 

+ (m + l)L~~+ ? aklV(0 k) 
k=O ~ k= 

+ (m + E1)?L~ ? ?k= ?(t + - gt(tlk + + 2NBA+ 

p~~~lk=Ok= 

m 

kT(l + TV(u-)B 

k=O 

5-S m -S 

+( + ) Ea Q tnk-l 2 n+1 X(Ct )nkA((n-k)+ t 
pl=lk=O 

TV(mn<( + 1LAtn m ax T-(unk) 

O~~~kOkm 

orme+ ?1 E E |(mk+ 1) ? ? (t 

i=k lplk= 

-< EL amax( TV~u)+eT( )T~)+H] 

TV(~~~V~n (I B maxt~ maxuk +V B 
0 < k < m~ 

for ~ n- some B.B>O 
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Remark 3.1. With the help of the conservation form, we do not need to require 
that uo(x) have compact support to prove the maximum principle for a TVB scheme 
in the half-plane (2.7). Taking a scalar conservation TVB scheme 

ujn+ = un - (h n _ h n_) 

as an example (the same idea certainly works for the general TVB scheme (3.5)), we 
have 

(3.13) max - min(u;) < TV((uu) B TV(u?). 

Let 
N-1 

SN N ?UJ; 
j=O 

then 
N-1 

S = E [U n-1 _(h n-1 ,h2-hj1, 
H o 

- | ? ( u~n-1 ) + h n- h n-12 

N-1 n-1 

= .. = j+?(-1/2 hN- 1/2) IdUI k=O 

Since h is Lipschitz continuous in its arguments and we may assume (inductively) 
that Uk is bounded for k < n, the sum 

n-1 

? h1/2 hN-1/2) 
k=O 

is bounded independent of N. Hence 

- 
N-1 

lim ISNI = lim - ? 0 A<lU0II- N U ~~OI~ 
N- oo N- oo J=O 

Clearly, 

min ( Un) < SN s< max (UJ). 
J J 

So 

max(u;) < B - TV(u?) + min(ujn) < B TV(u?) + SN < B - TV(u?) + Ju0oJ. 
J J 

Similarly, 

min(u) > max(u)-B TV(u?) > SN-B - TV(u?) 
J I 

-B * TV(u?) + || u?lo]. 

Hence 

max ujn| < B * TV(u?) +||uo?| 
I 
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Appendix: Numerical Results. The numbers in this appendix are often written in 
exponential forms, e.g., 4.2 (-3) means 4.2 x 10 -. 

All the tables are collected at the end. 
Example 1. We use the boundary treatment (2.8)-(2.9) and 3-3 (third order in 

space and time) TVD and TVB schemes discussed in [4], [6], [7], and [8] to solve the 
following scalar initial-boundary value problem: 

ut +UX = O. -1 < X < 10 

u(-1, t) = sinwt, u(x,0) = sinrx. 

The boundary condition given is well posed. 
The 3-3 TVD and TVB schemes we use are (2.1c) with 

16 0 11 16 0 44 
(A.2) m = 3; ai= 27- i /3i= 9 A ?' ?' 27' 

(A.3a) Dfj- = -X[dftj2 + ? jdf,+1/2) + 6A-(dt /2) 

(A.3b) Dfjt = -- dfj 
- 

) + 
I 

A 

where 

(A.4) dfj+1/2 = f(uj+1) - hj+1/2; dfj+1/2 = h172 -f(u1), 

with 

(A.5) hj+1/2h = 2 [f(uj+?) +f(uj) -a+uj] 

a = max If'(U) 1, 
minj u < u-maxj uj 

being the first-order monotone Lax-Friedrichs flux (we may also use any other 
smooth monotone flux here), and the limited quantities defined by 

(A.6) yJj+ 1)72 =m (Yj+12, byj+3/2); YJ(+ )/2 = m ( Yj+ 1/2, byj- 1/2) 

Here b = 4, and the function "m " is defined by 

(A.7a) m (a, 13) = minmod(a, /3) (sign a) max(0, min(I a |, I) sign a)) 

in the TVD case, and 

(A.7b) m(a,/3) = minmod(a,1, + MAx2 signa) 

in the TVB case. (We choose M = 50.) 
We use (2.8) at the left boundary x = -1 and (2.9) at the right boundary x = 1. 

The necessary extrapolations are done to third order. We use K = 1.0 in (2.9). 
The numerical results are listed in Table 1. 
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By comparing Table 1 with the results in [7] (same scheme for pure initial value 
problem), we see that the boundary treatments (2.8) and (2.9) work quite well: We 
get almost the same accuracy as in the pure initial value calculations. 

Example 2. The same 3-3-TVB scheme as in Example 1 with the TVB boundary 
treatment (3.8)-(3.9) is applied to the problem 

( v -(O1 )( U ) 

u(x,0) = v (x,0) = sin 2 7x, 

u(O,t) =-v(O,t), v(1,t) = -u(1,t). 

We apply (3.8)-(3.9) to both boundaries. - and K1 in (3.8) are taken to be 1.(-2) 
and 1, respectively. The exact solutions of (A.8) are 

u(x, t) = sin27(x - t); v(x, t) = sin 27r(x + t). 

We list the numerical errors at t = 2 in Table 2. 
Table 2 shows that the boundary treatment (3.8)-(3.9) works very well for smooth 

problems. 
Example 3. The same scheme and the same boundary treatment are applied to the 

same equation as in Example 2 with a discontinuous initial-boundary condition: 

(A.9) u~x0) = (1,if 3 < X < 2, VX0 ox>0 
O. otherwise, v(xO) O forx>O; 

u(0, t) = v(0, t). 

We use the 3-3-TVD scheme (in order to see how the boundary treatment itself 
affects the total variation) and the 3-3-TVB scheme with M = 200 in (A.7b). For 
Ax = 1/20 the solutions at t = 0.5 and t = 1 are printed (the exact solutions have 
values 0 and 1 at two sides of the star*): 

(i) 3-3-TVD: 
t = 0.5, u: .98, .97, .87, .57*, .25, 4.3(-2), 0. 0,... 
t = 0.5, v: .98, .98, .85, .59*, .29, 7.1(-2), 8.3(-3), 8.8(-4), 0. 0,... 
t = 1.0, u: -6.4(-4), 1.1(-3), 1.6(-3), 3.4(-3), 1.4(-2), 9.6(-2), .32, *.60, .84, .95, 

.96, .94, .81, .57*, .30, 9.7(-2), 7.2(-3), 0. 0, ... 
(ii) 3-3-TVB with M = 200: 
t = 0.5, u: 1.06, 1.08, 0.85, 0.53*, 0.23, 5.2(-2), -1.8(-2), -2.3(-2), -1.0(-2), 

-1.1(-3), 1.4(-3), 9.0(-4),... 
t = 0.5, v: 1.09, 1.01, 0.84, 0.60*, 0.33, 8.3(-2), -4.9(-2), -5.8(-2), -1.4(-2), 

1.2(-2), 7.8(-3), ... 

t = 1.0, u: 4.2(-3), -7.9(-3), -5.1(-2), -7.1(-2), -2.1(-2), .12, .33, *.59, .84, 1.03, 
1.11, 1.02, .81, .54*, .28, 9.7(-2), -9.0(-4), -3.1(-2), -2.6(-2), -1.2(-2) 

We can see that 3-3-TVD has essentially no overshoots or undershoots. This 
implies that the boundary treatment itself does not increase the total variation in this 
case. For an M as big as 200 and a A\x which is not too small, we still get reasonable 
results for the 3-3-TVB scheme. 
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TABLE 1 (Example 1) 

r: numerical order 

LOO-error LI-error 
A x TVD r TVB r TVD r TVB r 

1/10 6.5(-2) 9.4(-3) 1.7(-2) 3.5(-3) 
1/20 2.2(-2) 1.59 1.3(-3) 2.80 3.5(-3) 2.30 5.1(-4) 2.77 
1/40 7.1(-3) 1.61 2.0(-4) 2.75 6.9(-4) 2.34 8.2(-5) 2.65 

TABLE 2 (Example 2) 

Loo: LOO-error; L1: LI-error; r: numerical order 

U V 

Ax Lx r LI r Lx r LI r 

1/10 6.5(-2) 3.6(-2) 6.5(-2) 3.8(-2) 
1/20 1.1(-2) 2.53 7.1(-3) 2.35 1.1(-2) 2.53 7.0(-3) 2.42 
1/40 1.7(-3) 2.72 1.1(-3) 2.70 1.7(-3) 2.72 1.1(-3) 2.69 
1/80 2.4(-4) 2.83 1.5(-4) 2.84 2.4(-4) 2.83 1.5(-4) 2.84 
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