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A Third-Order Boundary Condition for
the Exterior Stokes Problem
in Three Dimensions

By Georges H. Guirguis

Abstract. We approximate the Stokes operator on an exterior domain in three dimensions by a
truncated problem on a finite subdomain. A third-order artificial boundary condition is
introduced. We discuss the approximating behavior of the truncated problem and its discreti-
zation in a finite element space. Combined errors arising from truncation and discretization
are considered.

1. Introduction. We study the numerical approximation to incompressible viscous
flows in a domain exterior to a bounded star-shaped set in R, In [10], [11] essential
and natural boundary operators have been considered on finite subdomains of the
exterior domain. It is our task in this paper to derive a higher-order, precisely a
third-order, boundary condition. We extend the methods in [3], [10], [11], [12] to deal
with the complexity of the governing vector equations in spherical polar coordinates.
Let 2 be a bounded star-shaped set in R3. Let @ be the complement of its closure in
R3. Let x = (x;, X,,x3) = (r,0,9) denote a generic point in R* and |x| the
distance from the origin, given by

r=|x|= (xl2 + x2+ x32)1/2.

Let A = (A}, A,, A;) denote a multi-index and let |A| = A; + A, + A,. Let
0

Di = a_x,
denote the distributional partial derivative with respect to the ith coordinate and let
D* = DMND}:D}s.
Definition 1.1. For m a nonnegative integer and « € R we define the weighted
Sobolev space [13]
wme(Q) = {u e D'(Q): f 1+ rz)a—m+|>‘l|D"u|2dx < o0, |A|< m},
Q

where D’(Q2) denotes the space of distributions over Q. O
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We refer the reader to [9], [10], [11], [13] for the properties of these spaces.
w™-(Q) is a Hilbert space equipped with the inner product

(4, ) mase = L {f 1+ rz)a—mHMD)‘quvdx}
Al<m 78

and norm

”u”m,a;ﬂ = [(u’ u)m,a;ﬂ] l/2~
We let W”=/=1/2(§Q), j=1,...,m — 1, denote the trace spaces on the boundary
8Q, and we use the notation W"*(Q2) to denote the completion of C3°({2) in the
Il - Il m.aco- We also use the notation of W~"7"%2) to denote the dual spaces of
W™ 2(Q) with duality pairing denoted by
<u’ v)m,a;ﬂ’
equipped with the norm
(u,0), .
”u”—m,—a;ﬂ = %up —”n'
ve Wmea(Q) ”U”m,a,ﬂ

The Stokes problem will be denoted in the sequel by the continuous problem as
given by

(1.1) —Mu+vp=f inQ,
(1.2) divu=0 inQ,
(1.3) ulse = 0,

(1.9 lim u(x) = 0,

with the support of f compact in Q. In [9], [11], problem (1.1)-(1.4) has been posed
variationally on the weighted Sobolev spaces defined above. For the details of the
proof we refer the reader to these references. Thus, we state the existence theorem.

THEOREM 1.2. The weak formulation of (1.1)-(1.4) is given by: Seek (u,p) €
[WO(Q)]? X L) such that

(1.5) a(u,v) +b(p,v) = f(v) Vve [WOQ)],
(1.6) b(q,u) =0 Vqge L*(Q),
where

a(u,v) = fQ gradu: gradvdx,

b(p,v) = —f pdivvdx,
Q

has a unique solution pair (u, p) for £ € [W1(Q))%, and there exists a constant
C > 0 such that

lull; 0;0 + 1P lloo:e < CIEll-10:0-
Furthermore, if @ is a C™ domain [1] and f € [W™~1™(Q)]3, then

(u, p) € [W™+2m(Q) N WHO(Q)]° x wmm(Q)
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and
||u||m+1,m;ﬂ + “p“m,m;ﬂ < C'“f ”m—l.m;Q' a

It is essential, for computational purposes, to approximate the continuous prob-
lem by another problem, to be known in the sequel as the truncated problem,
defined on a finite subdomain 2, of the original domain €. Define the truncated
domain to be

Q=2 N B(0; R),

where B(0; R) denotes the sphere of radius R centered at the origin. Let §Q, denote
the large artificial boundary introduced to construct the truncated domain. Then the
truncated problem is given by

(1.7) —Augp + Vpr =1z inQg,
(1.8) divuy =0 in Qg,
(1.9) up,=0 ondQ,
(1.10) B(ug, pr) =0 ondQg,

where B(-, -) denotes an artificial boundary operator needed at the large boundary
0Q. It is important to point out at this stage that the use of higher-order boundary
operators can only be associated to smoother solutions at the artificial boundary
0%, so that the artificial boundary condition at 8{; could be interpreted in the
sense of trace spaces of Lions [15]. This is the case if f has a compact support in Q,
or f is smooth enough for R > R|,. This is provided in Section 2.

In order to derive the approximating properties of the truncated problem, we will
need the following estimates.

PROPOSITION 1.3. Let u € C*(Q) N WO(Q) be such that u = O(r~*) fora > 1,2
and r > R. Let Q. = Q\ Q denote the open domain exterior to Q. Then we have
the following:

(1.11) lull; s-1:0, = O(R™12), s> 0,
(1.12) lull s 51150, = O(RT=*12), 5> 0,
(1.13) lull—1/2,5-1;50, = O(R™**17%), s>1/2,
(1.14) ”“"—:+1/2,—:+1;59R = O(R—‘Hl/z)’ s>1/2. O

Remark. As pointed out in [10], the result (1.11) can be shown for s integer, then
proceed by interpolation for any s > 0. Then, using a similar argument for the trace
spaces, (1.13) can be shown. Finally, (1.12) and (1.14) can be shown by duality
arguments. In the following sections we will derive the third-order boundary
operator in spherical coordinates, obtain the variational formulation of “the trun-
cated problem” and obtain error estimates relating the solutions of the truncated
problem and the solution of the continuous problem on the domain . Finite
element approximations of the truncated problem are discussed in detail in [10] and
[11]; so we conclude the work with combined error estimates.
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2. The Truncated Problem.
2.1. Derivation of the Boundary Operator. Consider the Stokes operator in spheri-
cal coordinates in R>. Let

u=(u,uyu,).

The momentum equations are given by

2u 2 (ugsing) 2 ap
2.1 — Au, — 9P _,
@1 T T gng a6 r?sinf 34’ o
(222) _Auo_‘_i%__LMa_u_’_lap 0,

r2 80 r25in?@ r2sin?g d¢ 1 36

2 du, 2cosf du, U, + 1 dp _ _ 0,
r2sing 09  r2sin’g 0@  risin?g  rsinf dg
and the continuity equation is given by
1 3(r2u,) . 1 9(sinfuy,) N 1 Ou,
r2  or rsinf a6 rsinf 8(p
Using (2.4) and (2.1), we eliminate the presence of uy and u,, to get

0 2 ou, 2

(2.5) PR U »

At this stage, it is essential to point out that Eq. (2.5) uncouples the velocity in the
radial r direction from the velocities in the tangential § and ¢ directions. It will be
seen later that Eq. (2.5) will simplify the variational formulation of the problem.

(23) - Au, +

(2.4)

PROPOSITION 2.1. Let (u, p) denote the solution of the Stokes problem with support
of f compact in R*® and supp(f) c € B(0; R,). For R > R, define

du, rldp 3%u, du, 2

(26) Bl r or +—_|:—8_r_ azr -2 ar 7“:"

du 1
(2.7) Balug) = =1+ ~uy,

du 1
(2.8) :33(“.;9) = —Brl + S lg

Bl(uﬂ P)
(2.9) B(u,p)=| Bi(uy)

BB(ucp)

Then,

B(u,p)|= O(R™?). O

Remark. The proof is a direct consequence of the asymptotic expansion of both
the velocity and pressure fields [14]. Since conditions (2.7) and (2.8) are similar to
the scalar case [12], we proceed also to give a brief explanation of the way the
boundary operator (2.6) is generated. It is known [14] that the solution pair of the
continuous Stokes problem in R? satisfies

(u,p) = O(R™, R7?),
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hence

du, s
pP- or - O(R )9

and therefore

du, r|dp 3w, _ 3
‘D_W-‘-E[W_ 82"]—O(R )

Finally, the terms

ou, 2 _3

Py + ';u, = O(R )
have been added for the sole purpose of eliminating the normal derivative of the
radial velocity contribution at the large boundary §Q; in the variational formula-
tion. O

We simplify (2.6), using (2.5), to obtain

2

r

_au’—_L a_p_azu’ +2%+_2_
P=%r T T2 % or? ar Y
20u, 2 ] rd%u du, 2

r r r =
—E[Aur+7ar+"3u +Ear2+28r+ru,

I S ¥ 0(6_“_) __ 1 w1
= " 2rsind 36 |77\ 30 2rsin’f g2 rT

Hence, the final form of the boundary operator in the radial direction is given by

ou,
Bi(u,,p)=p -

S ) ,aau,) L1 %u, 1
2rsinf 96 s (80 2rsin20 aq)z rur'

2.2. Variational Formulation of the Problem. Let (ug, pr) denote, respectively, the
velocity and pressure solutions of the truncated problem. The velocity in spherical
coordinates is given by

up = (u,R,u,ff, ug).
Let [WR(Q )] denote the subspace of [W1%(2,)]* given by
[WR(@) =]’ = {(,,u9,u,) € [W1(2)]", u = 00082, u, € W'9(82,)},

equipped with the inner product

1
u,v) = radu: gradvdx + ——u - vdx
(u,v) fQRg & 2, (1+7r2)
1 1,2
+ —————u-vdS + 1+r2 ad,u, grad,v,dS
L, T [, @) grad,u, grad,

= (“’ V)LO:QR + (“o, Uo)o.— 1/2;8Q4 +(“¢, Uq,)o,_ 1/2:89 +(u,, Ur)1,1/2:89R9
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with grad, denoting a tangential derivative along the surface 8Q;. The norm
generated by this inner product is given by

lullg;e, = [(u,w)]',

ie.,

2 2 2 2 2
““”R;nk = ““||1,o~,szR + “uano;—l/z;sszR + || U, “0;—1/2;89R + Ilur||1,1/2;89R~

Remark. Note that [WR(2z)]? is not smooth enough to build [W3/21/2(Qz)]*. In
fact, we observe that

[W3/2’1/2(9R)]3 c [WR(QR)]3 c [WI’O(QR)]B‘

We only require the smoothness of u, on the boundary 82, in the sense of
WL/2(8QL). Some of the properties of [WR(Qz)]® are listed in the following
lemmas.

LeMMA 2.2. [WR(QR))? is a Hilbert space. O

Let x, denote the characteristic function of the domain Q4. Define the set K to
be

K= {ulu=xg,ve ()}
LEMMA 2.3. K is dense in [WR(Qp)]%. O

The variational form of the momentum equation (1.7) can be obtained in the usual
manner by multiplying by a smooth vector test function v and then integrating by
parts to produce a form which, through continuity arguments, can be extended to
build the weak formulation. This yields

f graduR:gradvdx+f prdivvdx
g g

+f (pRn—n-graduR)~vds=f f-vdx.
80 Q
R R

For 6Q, the surface of a sphere, we have n = e,. By using the expression for
n - gradu in spherical coordinates we can further simplify the integration on the
boundary 6§ to

duR dul dul
j;QR (pRn - n- gradllR) -vdS —j;‘QR (pRl), - l),—g;— - Uaja“r— - l)q,—é—r— as.
Now, using the artificial boundary operator B(uz, pr), we get

/ (pgn — n - graduy) - vdS
80k

of 9. duR v, 0%uR
=/ - S v s1n0 ——'——.‘—2— >
89 2rsin“f d¢

R R R
u, v, + Uugy + u_u .
i *2r2sinfdody.

r
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Integrating by parts in the 8 and the ¢ variables over the surface of the sphere 8,
we obtain

1

1 [9uf 3y, 1 duf oy,
Qr 2r

30 90 T 5t 09 O¢

/ (pgn — n - graduy) - vdS =}/
80, 8

R R R
u,v, + ugvg + u v .
- ¥ 2r25in0dlde.

r

Remark. Any distance r on the boundary 82 in the last expression can be
replaced by R, since we are dealing with a sphere of radius R.
Define the bilinear form

A(ug,v) =j;2 gradug: gradvdx
R

30 30 " n’g 99 o9

1 [au:* o, 1 ouf au,] ufv, + uffo, + ug,

N 8Q5 2r
R R 1 R
=f graduR:gradvdx+~—/ grad, u, grad,vdS+—f u” - vds.
Q0 2 Jsq, R Jsq,
Also define the bilinear form

b(q,v) = _j;z gdivvdx.

Note that the forms A(-, -) and b(-, -) are continuous bilinear forms on [W R(Qz)]*
X [WR(Q)Pand L2(Qz) X [WR(QR)]?, respectively. We are now ready to state the
weak formulation of the problem (1.7)-(1.10):

Seek (ug, pr) € [WR(QR)]® X L?(Rg) such that
(2.10) A(ug,v) +b(pg.v) = (£,v) Vv e [WR(Qp)],
(2.11) b(gq,ug) =0 Vg e L2(Q).
The variational formulation is of the Brezzi type [3]. We need to verify the
conditions for which a solution exists, namely the coercivity condition on A(-, -)

and the stability condition on b(-, -). The coercivity of A(-, -) is considered in the
following lemma.

LEMMA 2.4. For u € [W'9(Qz)]® we have

2

u® u [au]z
—2 _ix<cC —2 —as+ [ || dx|.
by e <€\, 1+ 7)) S Lar] &

Proof. See [10]. O

COROLLARY 2.5. The symmetric bilinear form A(-,-) defined on [WR(Qg)]? X
[WR(QR))? is strongly coercive, i.e., there exists a constant C independent of R such
that

2
Aug,ug) > Cluglre, Yuze [WR(QR)]. O
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LEMMA 2.6. We have

sup b(p,v)

”U” > Cllp”O,O;QR Vp € LZ(QR)’
ve[wR@Qp)P Ri%g

Proof. We use the stability condition for the truncated problem with zero velocity
boundary condition at the artificial interface 2 [10]:

wp b0 o)

”U” ”U” >C‘"P"(),O,QR VPGLZ(QR) o
ve[WRQy)P Rl peW0Qp)p R; g

We are now ready to state the following existence theorem concerning the varia-
tional formulation of the truncated problem.

THEOREM 2.7. Given fr € [W19(2)]°, with 2 C C Q, there exists a unique solu-
tion of problem (2.10)—(2.11). Furthermore, there exists a constant C independent of R
such that

(2.12) luglzca, + 1 2rloo, < CIET 4 gq - O

Now we are ready to consider the approximating behavior of the truncated
problem.

2.3. Approximation Results. As mentioned earlier, an approximation that makes
use of a higher-order artificial boundary operator will need a smoother solution of
the continuous problem at the artificial boundary §Q . For the third-order boundary
operator, we need the solution of the continuous problem to have the property

u, € WH/2(8Q,).

Leteg = u — ug and pg = p — py denote the error in the velocity and the pressure,
respectively. Then the pair (e, 1 ;) satisfies

(2.13) —Aeg+ Vg =0 inQp,
(2.14) divep, = 0 in Q,
(2.15) e =0 ondQ,

(2.16) B(eg, ur) = By(u, p) on 8Q.

The problem of estimating the pair (ez, pgz) can be formulated variationally as
follows:

Seek (eg, 1 z) € [WR(Q2R)]? X L*(Qy) such that

(2.17) A(eR’V) + b(I‘R,V) = <.B(“,P) ‘V>1/2,0;8QR Vve [WR(QR)]3’
(218) b(q’eR) =0 Vq = LZ(QR)’

where the expression in the right-hand side can be written as
1
<,3(ll, p)- V>1/2,o;sQR = - <P —n - grad “»V>1/2,0;89R + E(ur’ Ur)l,l/Z;BQR

1
+ E(un vr)l,l/2;89R + (“o, Ug )O,i 1/2;89,;(%» Up )o,_1/2;mR'

Thus we see that the quantity B(u, p) is in [W~1/29(8Q,)]® in the sense of Lions
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[15]. Now, similar to Theorem 2.7, we have

THEOREM 2.8. (i) The variational form (2.17)-(2.18) has a unique solution pair
(eg, L), and there exists a constant C independent of R such that

(2.19) ler llz;aq +Imrllooia, < CllB(w, p) || -1/20:89,-

(ii) For supp(f) compact in @ we have
C

legllz;o, + g lloo;0, < R2S
where again the constant is independent of R.
Proof. To prove (i), we use Theorem 2.7 with right-hand side given by
<B(U, p) U>1/2,0;89R-
As for (ii), this follows from (i) and Proposition 1.3. O

3. Discretization of the Truncated Problem.
3.1. The Discrete Problem. We use notation similar to [7]. Let
QR = U K,

Kem,

where K denotes a simplex in R>. Let (K ) be defined to be the maximum length of
an edge belonging to the simplex K and let h be defined to be

h = max h(K).

Ken,

In [10], [11] it has been shown that the finite element approximation in the weighted
spaces has qualitative properties similar to the results obtained for the Stokes
problem in bounded domains. We refer the reader to the references [2], [5], [6], [7]
for proper choices of stable pairs of finite element spaces for the velocity and
pressure, respectively. Let ¥, and S, denote finite-dimensional subspaces [W ®(Q)]*
and L*(Qy), respectively. Let T}, denote the trace space of ¥, on 6Qp. Define Z, to
be the null space associated with the form b(-, -), given by

Z, = {V, € V| b(q¥s) =0V g, €S,}.

The variational form of the discrete problem is now given by:
Seek (u,,, p,s) € V, X S, such that

(3.1) A, v,) + b( s Vi) = £4(vs) YV, €V,
(3:2) b(q,4,u,,) =0 Vg, €S,
The following assumptions can be verified for a variety of finite element spaces for
the pressure and velocity:
(A1) There exists a map, denoted by

rh E‘S,P([Wz'l(QR)]3 nv; Z,,),

and a positive integer » such that
b(qra, divryy —v) =0 Vg, €S,

with

Iv = rivllioie, < Ch™[[0]lm+1.m:0
and1l < m < ».
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(A2) There exists an orthogonal projection operator
s, € L([W2(89,)]; T,)
and a positive integer » such that
o= sw “1‘1/2;39,? < Chm”U“m+l,m+l/2;89R Vv e W’"H’MH/Z(sQR)’
withl < m < ».
(A3) The orthogonal projection denoted by
oy €L (W™ (Qz) N S5 S,)
satisfies
lg = puallooia, < Ch™[0llm ma, Y4 € W™™(Qg) N S.
(A4) For every gz, € S, there exists a wy, € V), such that
(qrn — divyWry,54,) =0 Vs, €S,
with
Wrnlli0:2, < Cllgralloo: gy

Remark. The assumptions (Al, A3, A4) were needed for lower-order artificial
boundary operators and have been discussed in [10], [11]. Also, Assumption (A2)
can be easily verified using the methods in [10], [11] and then the isomorphism
between W™ 14(8Q,) and W™ 1A(8Q,) [13]. We can now state the following
theorem.

THEOREM 3.1. Under the hypotheses (A1), (A2), (A3) and (A4), problem (3.1)-(3.2)
has exactly one solution pair (Ug,, pry) € V), X Sy, and

}E‘}){”“Rh = uglioe, +1l Pra — Pr “0,0;QR} =0.
Moreover, if the pair
(ug, pr) € {W”l’S(QR) N [WR(QR)]3} X{W ()},
we have the usual bound
{"“Rh — UpR ||1.0;9R +1 pra — Pr "O,O;QR} < Chm{”uR“m+1,m;QR +l pr “m,m;QR}
for 1 < m < s and C independent of h and R. O

3.2. Combined Error Estimates. As in [10], [11], we now combine the error
estimates due to truncation and discretization.

THEOREM 3.2. There exists a constant C independent of h and R such that
(33) {llags = ullioa, + 1l Prs = Pllooia, } < C{A™ + R7>%},

with m depending on the choice of the finite element spaces used in the discretization of
the truncated problem. O

Finally, it is essential to point out for two-parameter approximations that the
balance between the truncation error and the discretization error should be main-
tained for the optimality of the approximation [8]. As a consequence, larger
simplices can be used in the far field, instead of using a quasiuniform mesh, and thus
achieving the same accuracy with a lower number of degrees of freedom.



THE EXTERIOR STOKES PROBLEM IN THREE DIMENSIONS 389

Department of Mathematics
North Carolina State University
Raleigh, North Carolina 27695-8205

1. R. A. ApAMs, Sobolev Spaces, Academic Press, New York, 1975.
2. J. BOLAND, Finite Element and the Divergence Constraint for Viscous Flow, Ph.D. thesis, Carnegie-
Mellon University, 1983.
3. F. BrRezz1, “On the existence, uniqueness and approximation of saddle-point problems arising from
Lagrangian multipliers,” RAIRO Anal. Numér. Sér. Rouge, v. 8, 1974, pp. 129-151.
4. M. CANTOR, “Numerical treatment of potential type equations on R": Theoretical considerations,”
SIAM J. Numer. Anal.,v. 20, 1983, pp. 72-85.
5. P. C1ARLET, The Finite Element Method for Elliptic Problems, North-Holland, Amsterdam, 1978.
6. M. CROUZEIX & P. RAVIART, “ Conforming and non-conforming finite element methods for solving
the stationary Stokes equation,” RATRO Anal. Numér. Sér. Rouge, v. 71,1973, pp. 33-75.
7. V. GIRAULT & P. RAVIART, Finite Element Approximation of the Navier-Stokes Equations, Lecture
Notes in Math., vol. 749, Springer-Verlag, Berlin and New York, 1979.
8. C. GOLDSTEIN, “The finite element method with non-uniform mesh sizes for unbounded domains,”
Math. Comp., v. 36,1981, pp. 387-404.
9. G. H. GuIRrGUIs, “On the existence, uniqueness and regularity of the exterior Stokes problem in
R3.” Comm. Partial Differential Equations, v. 11, 1986, pp. 567-594.
10. G. H. GuIrGUIS & M. D. GUNZBURGER, “On the approximation of the exterior Stokes problem in
three dimensions,” RAIRO Anal. Numeér. (To appear.)
11. G. H. GUIRGUIS, On the Existence, Uniqueness, Regularity and Approximation of the Exterior
Stokes Problem in R*, Ph.D. Thesis, University of Tennessee, Knoxville, 1983
12. ALVIN Baywiss, Max GUNzBURGER & ELI TURKEL, “Boundary conditions for the numerical
solution of elliptic equations in exterior regions,” SIAM J. Appl. Math., v. 42,1982, pp. 430-451.
13. B. HANOUZET, “Espaces de Sobolev avec poids. Application a un probléme de Dirichlet dans un
demi-espace,” Rend. Sem. Mat. Univ. Padova, v. 46,1971, pp. 227-272.
14. O. LADYZHENSKAYA, The Mathematical Theory of Viscous Incompressible Flow, Gordon and Breach,
New York, 1969.
15. J. L. LioNs & E. MAGENES, Non-Homogeneous Boundary Value Problems and Applications,
Springer-Verlag, New York, 1972.



