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A Table of Elliptic Integrals
of the Second Kind*

By B. C. Carlson

Abstract. By evaluating elliptic integrals in terms of standard R-functions instead of Legendre’s
integrals, many (in one case 144) formulas in previous tables are unified. The present table
includes only integrals of the first and second kinds having integrands with real singular
points. The 216 integrals of this type listed in Gradshteyn and Ryzhik’s table constitute a
small fraction of the special cases of 13 integrals evaluated here. The interval of integration'is
not required, as it is in previous tables, to begin or end at a singular point of the integrand.
Fortran codes for the standard R-functions are included in a Supplement.

1. Introduction. Let

(11)  [pl=[p1Po--s Pl =/ (ay + byt)"* - (a, + b,1)""* d,
v

where p,,..., p, are nonzero integers, the integrand is real, and the integral is
assumed to be well defined. Many integrals like

[ (1= k3sing)dg and [ (a+b22)"(c+ dz?)" de

can be put in the form (1.1) by letting ¢ = sin’¢ or ¢ = z2.

For purposes of classification we assume the b’s are nonzero and no two of the
quantities a, + b;¢ are proportional. If at most two p’s are odd, the integral (1.1) is
elementary. If exactly three p’s are odd (the “cubic case™), the integral is elliptic of
the first or second kind if all the even p’s are positive, and otherwise it is third kind.
The only such integral of the first kind is [-1, -1, —1]. If exactly four p’s are odd (the
“quartic case”), the integral is elliptic of the first or second kind if all the even p’s
are positive and p, + --- +p, < —4; otherwise it is third kind. The only such
integral of the first kind is [-1,-1,-1,-1]. If more than four p’s are odd, the
integral is hyperelliptic.

Integrals of the first kind are traditionally expressed in terms of Legendre’s
F(¢,k) with 0 < k<1 and 0 < ¢ < 7/2. Integrals of the second kind require

Received October 6, 1986.

1980 Mathematics Subject Classification (1985 Revision). Primary 33A25; Secondary 33A30.

*Part of this work was done at the University of Maryland, where the author was a visitor at the
Institute for Physical Science and Technology, with the support of AROD contract DAAG 29-80-C-0032.
The rest was done in the Ames Laboratory, which is operated for the U. S. Department of Energy by
Iowa State University under contract no. W-7405-ENG-82. The work was supported by the Director of
Energy Research, Office of Basic Energy Sciences.

©1987 American Mathematical Society
0025-5718 /87 $1.00 + $.25 per page

595



596 B. C. CARLSON

E(¢, k) and usually F also. We shall replace F by the symmetric integral

(12) Re(xy.2) =5 [ [(t+ x)(e+ )+ 2]
and E by
(1.3) Rp(x,y,2) = %f: (t+ %)+ y) V(e + 2) ar

These R-functions are homogeneous:

(1.4) Re(Ax,Ay,Az) =X"2R.(x, y,z2),
Rp(Ax, Ay Az) = X/ Ry(x, 3, 2),

and they are normalized so that

(1.5) Rp(x,x,x)=x712  Rp(x,x,x)=x"32

Fortran codes [6] for computing R and R, when x, y, z are real and nonnegative
are listed in the Supplements section of this issue and can be found also in most of
the major software libraries.

Customary integral tables [1], [7], [9] assume that the interval of integration begins
or ends at a branch point of the integrand, and many special cases are listed
according to the positions of the other branch points relative to the interval of
integration and to one another. If the integral at hand does not have either limit of
integration at a branch point, it must be split into two parts that do. In the present
paper these two parts are recombined by the addition theorem, and the need to
specify the relative positions of the branch points then disappears. The use of
R-functions greatly facilitates the application of the addition theorem and leads to a
further unification that cannot be achieved with Legendre’s integrals, because the
expressions for Rp(x, y,z) and R,(x, y,z) in terms of Legendre’s integrals with
0 < k < 1and0 < ¢ < m/2 depend on the relative sizes of x, y, and z (see [5, (4.1),
(4.2)], (5.25), and (5.32)).

Integrals of the third kind and integrands with conjugate complex branch points,
resulting from an irreducible quadratic factor a, + b;t + c;t?, will be deferred to
later papers. (Integrals of the first kind with quadratic factors are treated in [3].) The
main table in Section 2 consists of quartic cases, since cubic cases can be obtained
from these by putting a, = 1 and b; = 0 for various choices of i. To select integrals
that are relatively simple and occur most commonly in practice, we arbitrarily
require Y| p,| < 8. Apart from permutation of subscripts in (1.1), there are just nine
quartic cases of the first or second kind satisfying this criterion: [-1, -1, -1, -1],
,-1,-1,-3), [-1,-1,-1,-3,2], [-1,-1,-3,-3], [1,-1,-3,-3], [1,1,-3,-3],
[-1,-1,-1,-5]), [1,-1,-1,-5], and [1,1, -1, -5]. The integral [-1,-1,-1,-3] is a
special case of [-1, -1, -1, -3,2] with a5 = 1 and b5 = 0.

Section 3 presents four cubic cases not contained in the nine quartic cases:
[3.-1,-3],[3,-1,-1],[-3,-3,-3],and [1, 1, 1].

The method of evaluating the integrals is discussed in Sections 4 and 5. The
fundamental integrals are [-1,-1,-1,-1] and [1,-1, -1, -3], and the rest are ob-
tained from these by recurrence relations. The single formula (2.7) for [1, -1, -1, -3]
replaces 72 cases occupying the nine pages of §3.168 in Gradshteyn and Ryzhik’s
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table [7], as well as 72 cubic cases: 18 cases of [-1, -1, ~3] in §3.133, 18 cases of
[1,-1,-1]in §3.141, and 36 cases of [1, -1, -3] in §3.142.

By using [5, (4.1), (4.2)], (2.6) was checked against formulas 1, 3, 5,7 of [7, §3.147],
and (2.7) was checked against formulas 1, 5,42, 70 of [7, §3.168]. The nine integrals
in Section 2 and the four in Section 3 were checked numerically to 6S for y = 0.5,
x =20, a;=05+1i, b,=25 —i by the SLATEC numerical quadrature routine
QNG and the routines for R and R, in the Supplements section of this issue.

2. Table of Quartic Cases. We assume x > y and a; + b;t > 0, y <t < x, for all
i, and we define

. =a;b.— ab,,

(2.1) d,j ,bj jb

(2-2) X, = (ai + bix)l/z’ Y, = (ai + bi)’)l/z’
(2.3) U, = (XXYY, + YY X X,)/(x ~ ),

where i, j, k, m is any permutation of 1, 2, 3, 4. These definitions imply

(2.4) U2-U=4d, d

im = ijQkm>

and consequently the arguments of the R-functions appearing in the table differ by
quantities independent of x and y. If one limit of integration is infinite, (2.3)
simplifies to

1/2 172
(bibj) 1Y, + Yin(bkbm) 2, x = +oo,

(2.5)

U,
Uvij *Xi‘Xj(bkbm)l/z+(bibj)1/2Xka’ y = -0,
all square roots being nonnegative.

If one limit of integration is a branch point of the integrand, then X; or Y; will be
0 for some value of i (with p;, > -1 since we assume that the integral exists), and one
of the two terms in every U;; will vanish. If both limits of integration are branch
points, the elliptic integral is called complete, and one of the U,; will be 0. It is not
assumed that b; # 0 nor that d,; # 0 unless one of these quantities occurs in a
denominator. The relation d,; = 0 is equivalent to proportionality of a; + b;# and
a; + b;t. The nine quartic cases listed in Section 1 follow. Only the first two are
treated by Gradshteyn and Ryzhik [7, §3.147, §3.168].

f'-’([(al + blt)(a2 + bzt)(a3 + b3t)(a4 + b4t)]_l/2dt

(2.6)
= 2RF(U122’ Uy, U1i)~

f'. (a, + b1,)1/2[(a2 + byt)(ay + b3t)]’1/2(a4 n b4t)—3/2dt
(2.7)
2X,Y,
dy,d R (U, U3, UL) + .
2R (U, U, Ui) X,Y,Uy,

W]
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The next equation remains valid even if a5 + bst changes sign in the interval of
integration.

/ [(ay + byt)(ay + byt)(ay + byt)] " *(ay + byt) (a5 + bst) dt
y

2d,,dd
(2.8) = 4. Ro(UaURLUR)
2ds, XY,
15 2 2 2 544171
Rp\Up,Us,Uy) + —+—-
d14 F( 122 14) d14X4Y4U14

[ [y + bit)ay + b)) [(as + byt)(ag + b)) e

2

29
(29) i

——(b3dy4dyy + bldy3dy) R, (US, UR, UL)

_4byb,
d34

2
d3,Un

Rp(U3, UG, UG +

biXaYy | biXsYs
XY, XY, |

/x (a, + bll)l/z(az + bzt)_l/z[(aa + byt)(a, + b4t)]_3/2 dr
»

2d,d
- 132 Y (byd,, + b4d23)RD(U123, U2, U122)
3d3,
(2.10)

2
—(bydyy + byd3) R (U, U3, US)

34
L 2sdu XY, | 26,41 XY
d34U12X3Y3 d 4U12X4Y4

f.x[(al + byt)(ay + byt)]*[(as + bst)(ay + byr)] 2 ar

4d,ydyyd
(2.11) = SRy (US USLUR)

2d
+ 2R (UG, UG, U
34

42 (d24X1Y1_d13X2Y2)
dy Ui\ XoY, XY, )

fx [(a, + byt)(ay + byt)(as + b3t)]_1/2(a4 + [741‘)_5/2 dt
it

—4b4( by | b, b ) { R 3X,Y, }
= ——+ =+ |\ dpdRH(US, U3, US) +
9d14 d24 d34 12%13 D( 12 13 14) X4Y4U14

2_bi2 b,b, 4 b.b, _ b,b,
disdyy  diadyy  dydy

(2.12)
2
3

Ry (UR, U3, UR)

252

e (X, XX, X2 - Y LYY, ).
3d14d24d34( 14243434 1424344 )
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/\' (ay + by1)'*[(ay + byt)(as + bst)] " *(ay + byt) ™ dt

v

2 , bl 2b‘> 2[)3 ( 3X1Y1 }
=5l 5= 57— 57 |{402duRp (U USUR) + w7
(2.13) 9((114 dy dyy \ 12413 D( 12- Y13 14) XU,
. 2b d12d13 > .2 ,
3d14d74d34R (Ulz'U”'UM)
2b
- 3d,4:134(X1X2X3X4_3 - V\,Y,Y, ).
/. [(al + blt)(az+ bzt)]l/Z(a3 + b3l)_1/2(a4+ b4t)_5/2dt
{ 2 2 3X1Yl }
dyd,y + d,d did R (UL UL U2) + ,
9d14d o7 (di3das 23 14\ 12413 ( 12+ Yi3» 14) X.Y,U.,
(2.14)
2d,,d
3dijd:jR (U122~U123~U131)
2 -3
3d34(X1X2X3X4 Y,V,Y,Y, %),

3. Cubic Cases. By putting a, = 1 and b, = 0 for various choices of i, 13 cubic
cases can be evaluated from the quartic cases in Section 2 and do not need to be
listed separately. Eight of these are given by Gradshteyn and Ryzhik [7.
§§3.131-3.135, 3.141, 3.142]: [-1,-1,-1], [-1.-1.-1.2], [-1.-1.-3]. [-1,-1,-5],
[-1.-3,-3], [1.-1,-1], [1,1,-1], and [1,-1,-3]. They do not give the other five:
[1.1,-3].[1,1,-5]. [1, -1, -5), [1, -3, -3], and [-1, -1, -3, 2].

In this section we list four cubic cases not contained in the quartic cases of Section
2: [3,-1,-3], [3.-1,-1], [-3.-3,-3], and [1.1.1]. Only [-3,-3,-3] is given by
Gradshteyn and Ryzhik [7, §3.136], and only two cases of this are listed. each with
an infinite limit of integration, because the integral diverges if it begins or ends at a
finite branch point with p, = -3. If the closed interval of integration lies in the open
interval between two finite branch points with p, = -3, there is no way to evaluate
the integral by using previous tables.

In place of (2.3) we define

(3.1) U:=(XinYk+ Y.XJXA-)/(X_)’)’

where i, J, k is any permutation of 1, 2, 3. Since this implies
2 2

(3’2) lj, - (J/ _bkdlj’

the arguments of the R-functions in the table differ by quantities independent of x
and y. If one limit of integration is infinite, (3.1) simplifies to

(3.3) U= 1(bb)"?Y, ifx=+%. U-=(bb)" X ify=-.

[ 1
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the square roots being nonnegative. The remarks in the paragraph preceding (2.6)
apply, after replacement of U;; by U, also to the following integrals.

fx (ay + byt)*(ay + byt) "V *(a; + byt) > at

y

2d
b dls { dyy(bidy; + bydys) R, (U, UZ, U?)

dy XY\ | 26, XY,
XhU by -

(3.4)

‘dIZRF( Ulz’ U22’ U32) +

[ (ay + b.0)(a + byt)(as + byr)]
y

4 X, Y,
(3.5) = o5, (baths + b3} o R (U7, U7, UF) + 75|
2d,d 2b
SR (UR UR, U) + 5= (X X0 X = YTLY).

3b,b, 3b,b,

[ [ay + byt)(ay + byt)(ay + byt)] s

4b,b, ( bib, byb, byb, )
= + + R, (U2, U U
3d12 d12 d23 d31 D( ! 2 ’ )

L 2bibs( by by ) 2 2 202
+ =2 | R (U2, UF, UR) +
d122 ( d13 d23 F( ! g ’ ) d13d23X3Y3U3

2 (bixzy2 N b X,Y, )

(3.6)

- diU, \ dis XY, dypXyY)
267 (1 2 172 772 1
Tt | 310:Rol U U ) + 7

where ¥ denotes summation over cyclic permutations of the subscripts 1,2, 3. The
same notation is used in the next formula.

/\ [(a, + byt)(ay + byt)(ay + bst)]l/zdt

-2(xzbid3) (1 { X,Y,
= ——= ! _d .d U2,U2,U2 +___3__§_}
15b,b,b2 | 3 13d3R ( 1-Y2 3) U,
2d,;d
(3.7) *Eb—ul;—%(bldﬂ + bydy3) R (U2, U2, UY)
10203
2 X2 X} Xx? 2 ¥ Y22 Y?
15)”(2)((1;1+ b, T b, | TN Tt
d XY
= —Z 12 d13d23 (sz’Uzz’Uzz) + 2
3 72

+ bfl( XPX,X; — Y13Y2Y3)} .
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4, The Two Fundamental Integrals. In this section we shall prove (2.6) and (2.7) for
(-1,-1,-1,-1] and [1,-1,-1,-3], from which the remaining integrals can be ob-
tained by the recurrence relations of Section 5. In order that the first part of the
proof shall apply for future purposes to [1, -1, -1, -1, -2], which is an integral of the
third kind, we do not restrict the number n of factors in (1.1) to be 4. It will be
important that these three integrals have p, > -2 and X p, = -4.

In (1.1) we assume x > y and a; + b;t > 0, y <t < x, for all i. In the notation of
Section 2 this implies X? > 0 and Y,> > 0 for all i. Temporarily we assume further
that -a,/b, > x and that a; + bt > 0, y <t < -a,/by, for i > 1. This assumption,
which will later be removed by analytic continuation, means that —a, /b, is the first
singularity encountered to the right of the interval of integration. The first part of
the assumption implies (a, + b,x)/b, < 0, whence X2 > 0, b, <0, and Y? > 0,
since Y;> = X2 — b,(x — y). The second part of the assumption implies a; +
b;(-a;/b;) > 0, whence d;; > 0, i > 1.

We can now split (1.1) into two parts, both well defined if p, > -2:

[p]= " [T+ bt)""? dr
y 1=

(4.1) . n
- [ IT(a,+ b)) dt =1, - I,

It suffices to consider /, because I, is the same with y replaced by x. The interval of

integration is mapped onto the positive real line by a change of integration variable:

t—y . y+ a,Yu

u = _—-—___‘_—’ = _—’

(42) le(a1 + byt) 1- blleu
4.2 4 2 2
u+Y
dt Y] a,+ bt = Yidyu+Y,

b

du B (1 _ blYIZu)z’ 1 - blylzu

where d;; = 0. If L p, = -4 the powers of 1 — b,Y?u cancel, and we find

1, = Yf+p‘f°° TT(Y7d,u+ Yiz)p'/zd“
’ 0 =2
(4.3) " ey /2
= I—Iz(dlj)p/ _/(; 1—[2(“ + Yiz/ledu)p' du.
o =

The integral I, is the same with Y,2/Y?2d,, replaced by X?/X2d,, and the
difference,
Xiz/Xlzdli - YiZ/ledu =(x- ,V)/X12Y12o
is positive and independent of i. Using the notation
(4.4) A= (x—y)/XY}, z,=Y?/Yd,, z+\= X2/ X{d,,,
we find from (4.1), (4.3), (1.2), and (1.3) that
[-1.-1,-1,-1] = 2(dppdysdya) ™

4.5
(4.5) '[RF(22,23,24)—RF(22+)\,z3+>\,z4+)\)],
2 _ -
( 6) [1,—1,—1,—3] = §(d12d13) 1/2(‘114) 2
4.
[Rp(zy,25,24) = Rp(z, + A 23+ X,z + A)].
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The addition theorem [4. (9), (13)] for R is
Rp(zy.25.2,) = Rp(z, + A z3+ Az, + )
(4.7) FRp(zy + pozy+ pozy+p).
. 1/2 1,22
o Hp=A “\[(z, + }\)zjz,\] 7?4 [z,(zj + M)z, + )\)] } .
where i. J, k'is any permutation of 2, 3,4. Thus (4.5) becomes
(4.8)  [-1.-1.-1.-1] = Adypdyzdys) "Rp(zy + pozy + pozy + ).
(X, XYY, + VWYX X) U
dyd,d(x— ¥)? dydy3dyy

(4.9) L tp=

By the homogeneity property (1.4) we find
(4.10) [-1.-1.-1,-1] = 2R (U3, U3. U3),

which is the same as (2.6).

This removal of the d’s from the arguments of R is the critical step. As shown
by (1.2), an argument of R, must not be negative, and so the functions on the
right-hand side of (4.5) require the branch points to be ordered so that d,,, d,;. and
d,, are positive. To show that (4.10) holds without the assumption that —a, /b, is the
first singularity to the right of the interval of integration, we use analytic continua-
tion in b, or more conveniently in w, where

w— Y2
w=X=a, + bx. b, = -,
) T
411
{ xY?:—yw -a, w(x —y)
ay=——— oy .
X =y b, Y2 —w

We fix x. v. ¥ >0, 1<i<n, and X,>0, 2<i<n Then a, and b, are
functions of w. and we can make —a,/b, be the first singularity to the right of the
interval of integration by choosing w positive and sufficiently small. For such values
of w we have proved that (4.10) is true. We shall show that both sides of (4.10) are
analytic in w on the complex plane cut along the nonpositive real axis. It follows by
the permanence of functional relations that (4.10) holds in the cut plane and in
particular for all positive values of w. Therefore it holds for any real value of —a, /b,
outside the closed interval of integration. The last statement is immediately evident
from the graph of a, + b,z as a function of 1. since a, + b,y has been fixed and
w=a + bx.

To prove analyticity, we recall that an R-function is analytic when each of its
arguments lies in the plane cut along the nonpositive real axis [2, (6.8-6), Theorem
(6.8-1)]. Since (2.3) shows that U,, = «, w'/? + B, . where a,, and B,, are positive.
U,f lies in the cut plane when w does, and so the right-hand side of (4.10) is analytic
in the cut w-plane. The left side is defined by (1.1), which can be rewritten, when
Yp =-4.as

412)  [p]=(x —.v>(ﬁll Y,P')R-l




A TABLE OF ELLIPTIC INTEGRALS OF THE SECOND KIND 603

by taking s = (x —¢)/(t —y) as a new variable of integration and using [2,
(6.8—6)]. Since Y7 is positive and X7 = w, the right side of (4.12) and the left side of
(4.10) are analytic in the cut w-plane, and the proof of (2.6) is complete.

A different proof of (2.6) was given in [3], but the present proof is adaptable to
(2.7) with only minor changes. The addition theorem for R, obtained by putting
p =z in[11, (8.11)], is

Rp(zy,25,24) = Rp(zy + N, z3+ X,z + N)
(4.13) +Rp(zy + gz + gz + 1)
+3[z4(z4 + N)(z4 + ﬂ)]_lﬂ’

where u is the same as in (4.7). Thus (4.6) becomes
2 - -
[1,-1,-1,-3] = ‘§(d12d13) 1/2(‘114) 2

(4.14) '{RD(22+H,23+IL,24+H)

+3[Z4(Z4 +A)(z4 + I-‘)]_l/z}'

Substituting (4.4) and (4.9) and using the homogeneity property (1.4), we find (2.7).
The temporary assumption about —a,/b; can again be removed by the permanence
of functional relations. In the first term on the right-hand side of (2.7), d;, and d;
are linear functions of w = X? by (2.1) and (4.11), and R, is analytic in the cut
w-plane by the same reasoning that applied earlier to R . The second term also is
analytic because X,/U,, = w'/?/(a;,w'/* + B14), where a;, and B, are positive.
Since the left side of (2.7) is a special case of (4.12), the proof is complete.

5. Recurrence Relations. Let e; denote an n-tuple with 1 in the ith place and 0’s
elsewhere (for example, [p + 2e,]=[p, + 2, p5,..., p,]). We shall first list some
relations between different integrals, then give their proofs, and finally show how
they can be used to obtain all the integrals in the table from the two fundamental
integrals (2.6) and (2.7). The most useful relation is

(5.1) dij[P]=bj[p+2ei]—bi[p+2’ej]‘

Two others, involving the quantity

(5.2) A(p) = lﬁl Xpi — lﬁl Y7,
are
(53) ¥ piblp - 26) = 24(p)
and

(54)  (py+ - +p,+2)b[pl= X pd;[p—2e] +24(p + 2e,).
j=1

The latter, which can be used to raise the value of ¥ p;, contains n integrals since
d;=0.
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Recurrence relations for a single p, depend on the value of n. For n = 3 and
i, j, k any permutation of 1,2, 3, we have

(py+py+ pst 4)bjbk[p + 2¢,]
(5.5) +{(p,+pj+2)bjdk,+(Pi+Pk+2)bkdﬂ}[p]
+pd,d,[p—2e]=2bA(p+ 2e + 2e,).

The analogous relation for n = 4 and i, j, k, m a permutation of 1,2, 3,4 is
(p1+ps+ps+ps+ 6)b,b,b,[p + 4e,]

+2(p+p +pi+4)bbd,[p+2e]

+2(p; +p, + 2)bdyd,, [ Pl + pid,did, L p — 2¢)]

=2b7A(p + 2¢; + 2¢, + 2e,,),

where 2 denotes summation over cyclic permutations of j, k, m. This relation is
especially useful if ¥ p, = -6, because the first term vanishes.
Equation (5.1) follows at once from the definition of [ p] and the identity

(5.7) d,=b(a,+bt)—b(a,+ b).
To prove (5.3) we integrate both sides of

n n n
(5.8) 2% [T(a,+ bt)""? =% pb(a, + be)" l‘[l(a/ +b1)""”
1= i=1 J=

(5.6)

with respect to ¢ over the interval [ y, x].
If p is replaced by p + 2e,, (5.3) becomes

(5.9) (P +2b[pl+ X pb[p+2e,—2¢] =24(p + 2e,),
o
and if p is replaced by p — 2e , (5.1) becomes
(5.10) blp+2e,—2e]=blpl—d,[p—2e)].
Substitution of (5.10) in (5.9) yields (5.4). To prove (5.5) we use (5.7) twice to
write b?(a ;+ bit)a, + byt) as a quadratic polynomial in a; + bz, multiply by
[1(a, + b,t)?-/?, and integrate to get
B[ p + 2¢,+ 2¢,] = bb [ p + de,] +(bd,, + b,d,) p + 2¢,]
+dj1dki[p]'
Next we replace p by p + 2e, + 2¢, in (5.3) with n = 3 and find
p,-b,[p —2e,+ 2e; + 2ek] +(pj + 2)bj[p + 2e,]

(5.11)

(5.12)
+(p, + 2)bk[p + 2ej] =24(p + 2¢; + 2¢,).
In the first term we substitute (5.11) with p replaced by p — 2e,; in the second and
third terms we use (5.1) with or without replacement of j by k. The result is (5.5),
and (5.6) has a similar proof starting from bf(aj + bit)a, + byt)a, + b,t) as a
cubic polynomial in a, + b,t.

The following special cases of (5.1) show how to obtain (2.8), (2.9), (2.10), and
(2.11) from (2.6) and (2.7): '

(513)  dyl-1,-1,-1,-3] = b,[1,-1,-1,-3] — b,[-1, -1, -1, 1],
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(5.14)  by[-1,-1,-1,-3,2] = dg,[-1,-1,-1,-3] + bs[-1,-1,-1,-1],
(5.15) dy[-1,-1,-3,-3] = b,[-1,-1,-1,-3] — by[-1,-1,-3,-1],
(5.16) by[1,-1,-3,-3] = dy5[-1,-1,-3,-3] + b,[-1,-1,-1,-3],
(5.17) by[1,1,-3,-3] = d[1,-1,-3,-3] + b,[1,-1,-1,-3].

We have omitted ps; = 0 in the two integrals on the right-hand side of (5.14). In
(5.15), [-1,-1, -3, -1] is found by interchanging the subscripts 3 and 4 in formula
(2.8) specialized to [-1,-1, -1, -3]. Letting [ p] = [-1, -1, -1, -3] and i = 4 in (5.6),
we get [-1, -1, -1, -5] from [-1, -1, -1,-3] and [-1, -1, -1, —1], since the first term
of (5.6) is 0. Equations (2.12) and (2.13) then follow from two more special cases of
(5.1):

(5.18) b,[1,-1,-1,-5] = d,,[-1,-1,-1,-5] + b,[-1,-1,-1,-3],
(5.19) by[1,1,-1,-5] = d,,[1,-1,-1,-5] + b,[1,-1,-1,-3].

The formulas resulting from this procedure can sometimes be simplified with the

help of various identities:

(5.20) b X! —bX =bY>-bY>=d,
(5.21) XY= Y2X = (x—y)d,,
(5.22) Yad,=Y bd,=3d,d,=0,
(5.23) 2 X, =) Y, =0,
(5.24) Y d, U, XY, =0,

where ¥ denotes summation over cyclic permutations of i, j, k. These identities are
obtained from definitions (2.1) to (2.3). Equation (5.22) is used to prove (5.23) and
(5.23) to prove (5.24). Since R, unlike R, is symmetric in only its first two
arguments, another useful relation is
dljdszD(Uﬁ’ U12p U12k) = dlkd:jRD(Ulzl’ Ulzk’ Ulzj)

(5.25) 3y,
Ul 7 Ulk ’
where i, j, k is any permutation of 2, 3,4. This can be proved by using [5, (4.14)] to
express both sides in terms of the symmetric functions R and R and simplifying
with the help of (2.4). »

The four cubic cases in Section 3 can be obtained from (5.1) and (5.4) as follows:

+3RF(U122’ U123’ Ul%t) -

(5.26) by[3,-1,-3] = dy5[1, -1, -3] + b,[1, -1, -1],
(5.27) b,[3,-1,-1] = dy,[1,-1,-1] + b,[1,1, 1],
(5.28) dy,[-3,-3,-3] = b,[-1,-3,-3] — b,[-3, -1, -3],
(5.29) 5b,[1,1,1] = dyy[1, -1,1] + dqy[1,1, 1] + 24(3,1,1).

Aside from permutation of indices, each integral on the right-hand side of these
equations is among the 13 cubic cases listed in the first paragraph of Section 3.
Equation (5.24) is replaced by two identities,

(5.30) Y d, U XY, =0,
(5.31) bUXY,— bUXY, = d,U,,
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and (5.25) is replaced by
bdRp(U2 U, U2) = b,d, Rp(U2, U2 U?)
(5.32) 30,

+3R, (U2 UL UP) - UU',('
J

In these three equations i, j, k is any permutation of 1,2,3, and X denotes
summation over cyclic permutations of i, j, k. Equation (5.23) is used to prove
(5.30), and (5.20) to prove (5.31). Equation (5.32) is proved in the same way as (5.25)
except that (3.2) is used in place of (2.4).
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