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APPENDIX 1. SINGULAR SYSTEMS 

Some of the proofsin Appendix 2 are based on the use of a singular system 

{ajujgvj } for the compact operator T (cf. [81, [12]). We now give a brief 

summary of the most important preliminaries used in Appendix 2. 

From spectral theory we know that the nonzero eigenvalues of T*T can be 

enumerated as a sequence ,2 22 a2 ... which (if infinite) converges to zero. 

If we denote by u1,u2,... an associated sequence of orthonormal eigenvectors and 

set vi = Tu./ai, then T*vj = a. u.. Moreover, fun) is a complete orthonormal set 

for R(T*) = N(T) and {(v} is a complete orthonormal set for R(T) = N(T*)I. In order n 
t ~~~ ~~~~~~~-2 2 

that y E D(T ), it is necessary and sufficient that E a. <y,v.> < A. Then 

Tty = E o~ <ybvj>uj. Further, Tty E R((T T)v) if and only if - 0:(2+4v)<Y v >2 < 

For any as > 0 we have for each z E Y 

(aI+TT*) %z = L (a+aj2) <z,v.>v. + a (I-Q)z, 

where Q denotes the orthogonal projector onto R(T). Hence 

Ia(aI+TT*)-"z12 = a2x(a+aj2)-2X<Z,V.>2 + "(I-Q)zl2 5 E <Zv >24 (I-Q)Z2 = lZl 2 

and this implies la (aI+TT*) x s 1. 

Analogously, we have for each x E X 

(aI+T*T) xx = E (a+a 2) X<xfu>uj + a (I-P)X, 
j j ~ i 
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