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APPENDIX 1. SINGULAR SYSTEMS

Some of the proofs in Appendix 2 are based on the use of a singular system

(°j'uj’vj) for the compact operator T (cf. [8], [12]). We now give a brief

summary of the most important preliminaries used in Appendix 2.
From spectral theory we know that the nonzero eigenvalues of T*T can be

enumerated as a sequence 012 2 022 2 ... which (if infinite) converges to zero.

If we denote by UpsUps... an associated sequence of orthonormal eigenvectors and
* :

set vy = T“j/"j’ then T v‘j 9 uj. Moreover, {u,} is a complete orthonormal set

for R(T*) = N(T)* and (v.} is a complete orthonormal set for R(T) = N(T*)L. In order
n

that y € D(T*), it is recessary and sufficient that ¢ o‘jz<y,vj>2 < =, Then
J
™y -z a31<y,v.>u.. Further, Ty € R((T*T)Y) if and only if = o'(2+4")<y,v.>2 < -,
3 379 i J
For any a,r» > 0 we have for each z € Y
(al+TTH) 2 = ¢ (a+o.2)')‘<z,v >v. + o M1-0)z,
j J 37

where Q denotes the orthogonal projector onto ITT) Hence

|ul)‘(ulI+TT")"‘z|]2 = }j: 02)‘(0+oj2)~2)‘<2,vj>2 + |(I-Q)z|2 H :j: <z.vj>2+ |(I-Q)z|2 = |z|2.

and this implies |a™(al+TT")™} s 1.

Analogously, we have for each x € X

(al+T*T) A = ? (um:vjz)')‘«,uj>u‘1 + a'}‘(I-P)x.

©1987 American Mathematical Society
0025-5718 /87 $1.00 + $.25 per page

S5



0
r
. u I ¢ - _ u
(A0)"4 2-2U2 = <A >VA~+:NV|AN o+cvﬂ-:Nu 3 uz = (0),0
pue 3|qeLluaudsyLp A|snonuLjuod st Ys qeyy sjusunbae
¢ Iy [y v =P u 0-°
pJepue3s AQq ule3qo amM ‘uayjunyg .N_?; = NA.>.>,VN..D I = (o) owy ‘0= (0)owy

pue snonutjuod ‘butseausut A|3o143s St Yo 3ey3l ‘anoqe se A|snobojeue “SMO||{0j 3]

_.. u
m .NA.>.>,V 2= (v) o
o]
= .
A pue = :x.»ﬁ. uLe31qo 3M ‘3JUdY
[
[
2 0
c r C :
..:A.>.>v-.oA:-AN o+3:u-: I =
£ 1=y =)
[N S - _ D
n< ACA> oV_-AN PB:L.u ked m = ».I.C.L:u:.xu m = X
Jeys (£°1) wody A|3jelpauml SMO||04 3]
w+D
Il = (z0)" wiy <snu
[y ¢ 1
R A i :T:NTAN PEVTEN?: *
r £

025 Lug) (o) e D) T = (220,120 5 0

3Aey aM ‘bulseaudap St AN.HE 3ouanbas ayy adulg

S6

‘buLseauoul A130L43s S ?.cvcn_ 3By} uLe3qo aM

r

‘0 # NA.n>.~vm = N_Nc__ pue [ yoea 40y bulseausut A[30L43s St :ENTANHEchcwu
OA.U

2outs *0 = (z¢0)Y) wil pue snonurjuod st (z¢0)Yy 1°y ewws Aq ‘uayy

-

o Fae
2N (g

o 3= (20)"

uLe3qo amM‘waysAs deynbuis e s3I3oUIP A_u>..n=..n3 31 "T°2 ewwd] JO J0OUd

'S4004d "¢ XION3ddY

*paj3lwo SL pue paemuosiybreas st jooad 3yl

=r____
ns.o_auco.—uucém=o=:5=oum&be;o.¢§mo?wz_ou N_...a.nm mmwm._ommf

o

Usy] *f ydes 403 Q = nov_...m 331 €Jay3Jni ‘o pue [ UL papunog Alwaojiun ‘(=‘Q] U0
| £ S
I 397 Ty ewwd)

SU0I3oUN; SNONUL3UOD jo @ouanbas e aq :uv.nmv pue = > N.na

©13nbas 3y3 uL |N4asn 3Q | |LM YOLYM euwd| © 3B |NWIO4 MOU 3

Rl

N
Z

.ﬁ:An>.m>vHo~-A

o0) 2= U1 (1 1010) = ¥ X

se U333LJaM 3q Aew (g°T) Aq

uaALb suotjewrxouadde uno €3dusy .A-Zx 03U0 J40323fodd |eU0bOYIU0 3Y] SL 4 343YM




r f

. A_”.>.»v ﬁo 040)D I =

4 2- aAN

S7

o) (2v)

auLyap pue | 404 wa3lsAs Jeinbuis e ag { n wnov 337 T0['Z WaJ403Y] JO }00Jqd

0
“((9)%)"% = Amvcn\wo uz 2 AQVEQ\N@ wz = ((9)"9)" <asuay

‘U > W J0y Uju Gv:n s gen uLe3qo am ‘buLseausut st Evss ¢ uolL3ouny ay3 aduLsg

w/u(9) s (u/u(s) '9)" 5 u/u(s) s((9)"9)% = (9)"s((2)"9)" = ,ouz
SMO| {04 343y} *(8°2) Y3l Jayzabol

£ £
“(ow)% = NA_.>.»VNMOEV_.m s NA_”.>£VNmo A..;_qm 7 = (ou)’s

3oyl (T°y) woay SMO|104 3L SAYL “u > w

404 ?..V.nm s ?v.nm 35u3y pue buLseaudssp st fs ‘snyy ‘0 s ?me uLe3qo aM ‘g < x

Ll® 403 0 5 Xu| + X-T pue _ﬁﬁwﬂo+u>v\a>vcﬁ + Awﬁo+a>v\~nb_>wﬁAwno+u>v\u>_w = (0%

SUPPLEMENT

sous 10 < & w0y o [(Farmn)mn) = 1(0)f6 301

f

Gomlpa= (% (1w

ug-

N 3> u ||e 40y aAey 3M °| Juoy A.n> M_.: ywaysAs Jeynbuts e bursp
‘0< D ||epue u>uw

404 ?5&9 5 ?5..9 Jey3 Moys || tM am 3ued puodas 3y3 aroud ol (6°2)

pue (o1°2) wouy A|d3eLpawwt SMO||04 3Jed 3SdLy Y] 62 WAI03YL 40 J0OIJ

0

*(£72) 404 J3Ziwiulw @ SL © SNY] ‘D > O > Q 40y

0> (0)6 %5 pue © < © 4oy 0 < 0/uz((AD)"4+, A=) = (0)6 °E aney am (£°)% jo

£31oLuojouow 3y3 Buisp "0 < © BwWOS 40y 94 = A».mvcw 3ey3 asoddns moN

2
0= 2/uz((AD)" + ,9h) 03 JudLEALNbY St siu3

€1+2 ewwd? buisp ‘0 = (®)6 ww. UOLILPUOD AURSSIIAU UBPUO-3SUL) Y} Aysiies 03 sey

. 0 © J3ZiwWLuULW Y .?vcs + 0/_ghuz = :(o)b dj30uaq “/°7 euwa] JO 0OJd
L°2) 40 ® 2

0
“((2)"0 + o/ 9huz) (1*hyutu/z 3

()0 + 5/000) 25 0, (o/)e + £px]) 5 (9) M

SMO| |04 J3Y]

. 0 9D,
2P+ 18 Ll s 1617 x]
1oy}
=)
[2°€°2 ouwd] “2T) WO4y ULRIQO BM ‘0 2 3 ‘0 < ® ||B 403 PlOY P/US _x.ﬁu+av~-xe 3|
u
=)
pue 15 |, (3+0)o-1] = [, (3+0) 0 2 3] 2duls “97Z BwLAT 30 J0OUd
u

0
*K|33eLpaUmL SMO||0j UOLILISSEe UNO .N_iﬁ“o_ = ?..Gvcv:» aouLg

° 9)o 9)o
99,02 104-6) (%0 - 124 (9)%0) 2 141902
pue
90 o (9)0 9 (9)p (¢)o
949,05 JCA-R) o) + A7 o] s 1477 0]
uLe3qo am

o

0 . -
T Uy (1rug) -G g (1aug)®l 5 W1 22958 0y (1) L1412 (i) = Fu

J403e42d0 JRBUL| BY} BULIIP M () < D JO4 -G g BUNd] JO JOOId



12 (1110

~(Laa1) g1 (iaere) + ezt e e (M)

‘D

oo ow  wuw oW wuw w D
(2-0? ._TA fT?vuJ-.ﬂN n_TA 1,1+10)0- (2= 2 (£¥)

1< [ yoea uoy arey am < 1Y = Y|

pue ‘ajnuwod En_ pue TA.__&T_E S403e43d0 3y} IdULS “pH°E PUMWRT JO 40044

{1
‘0 < D 3ey3 “30By 9Y3 WOUy ‘0 = 9 4L ©*dSI4 ‘WaI09Y] IN|BA 3ELPAWIIIU]
@D

2y3 wouy smo| (o4 uopuasse aut “snyL 1AL = (PAeo)y (o7, a(1-uzha-1) it

DeD
‘0= }.5% ?\Nsa:-&:-z L] pue © < © 4oy Buiseauour A13o143s

snonutjuod st ( éguw ?\Nsn_:-._uv_-: 92Uy .NEn_:-,_N: = iD < D Joy AL3Lsod

w0
pue bujseasout “snonuiquod st (o/,"a(1-uz)i-1) “wayaang -, 1°%0 ] = (*Ato)yy it

SUPPLEMENT

Ou.U
‘0= Ao».uvp__» wt| pue ‘Buiseauasut A]39L43s “snonutjuod st A&?B“w

ua....» SMOYS duo ‘1-2 ewwd 40 jooud 3y3 03 A|snoboleuy “Z°¢ euwd] 4O 004

0
2/1 > & Jdoy

(raaz)sap®)0 = ((2)9)4 = (9)9/,9 pue 2/1 2 o oy (9)0 = ((9)9)4 = (9)9/,9 3043

‘g2 wau0dyl 40 jooud 3y} o3 A|snobojeue ‘Moys ued auo ‘(9-'y) pue (G'y) buisp

.GK\%: + ((9)e)dy s

{0 < :o/,9p1+(0)Ap)gut 5 (0 < © :(*AD)3)utw = (%A*(s)0)3 5 N_»t-o;:ux_

(vv) wosy urerqo am <(YAv)3 saziwiuww (9)o 22uLs

S8

*(9)9 = ¢ uoLynjos anbrun e sey

m\wo = (9)¢

uoLjenbd ay3l o < 9 yoea 4oy IeY} UMOYS 3q A|LSed ued 3

Iy

<TACR>
4

2/1 >« Jdoy ?Nuvo =

A.a>.>.v

o

c
(0p+2)- “(02-1)-'2

€2/1 2 & 404 (0)0 = 2

uLe3qo M ‘o > NA.>£v

N [y
2 o) (g-)-(z )

<

.n
ag-p® T o (@8 (9°v)

‘1'v euwwdq Aq pue

Coo
TAh> oo 2 s (0)h (s°v)

¢
r
(ap#2)-" %

3L Ajuo pue 4i sploy stuy dduts “(,(1,1))¥ 3 A 1 3ey3 asoddns moy

o/ 901 + (P)hy s

KO RS

ooy + ((0)lovn/,92)2 5 (Ph0)3 5 ,14,1-°

‘o

x| (v°v)

92 euway pue (y1°2) Aq uLelqo am N\:ai?uue S ?;N\Tz 40 3sneddg

.?&ea o
o4D)p 3 DS Facks. (Foroy M
1- 2 -2
<aay3ang (o) s (o) 1o aney am < <Facks

2

2-

= 140, (11410} (£7v)

y T 1
N-AN o+dwwo 3 = (0)'o adulg



S9

1=f
MACaDI0/) + I Qo) = 3 1 s
6 CaD 1Ky Grtiso) o 3 5 gz

1=f
<4, 1("1-0) "0 R0 (1 1410) nu 25|z

"

"

1=f
|<A 1"1-R"0 Ry (1 1e1) g0 3502

1= f

<A 1K1 R1e (M1sto) g0 1502 - <k, 1-K1% oo | 2
3
mu uteiqo am'p"y = “p pue ﬁ_. = .._o.uh aduLs
9
W 2 &.Tx_,_“: +
=)
173

AL = 1 ()

-EQU
A&T&h.&.—VN - A»l-»_“_h A U

S$3ALb uolje|ndled ajdwis ¥ °/°f ewwd] 40 J0OJd

D w w
‘pg ewwd] pue (9°y) (') wouy MOL|04 SUOLIUASSE Y A S q BdULS
.AN._;: s N_m:.._ﬂ_-:_ sat|dut(gy) pue (Z°v) yim 4ay3abol ‘siyl

R0 (i1 1% s 1R (o) [P s 1R (uste) e 1 (Ma-D] = [z(Me-D) |

‘N 3> [ yoes

404 ‘ulejqo oM ¢ U sp pue T S _TAL.T??_ ULS  "G°E ewwd] JO J004d

2

=]
-
c W
-
"

T52("a-1) 2/ 1) (15-0)

1=f we

1=t 1 1=f o
[rz("a-1) 12/ 5, "as1) 775 gzl s s 1

o, w'o
3 u = Py X 40 asnedag

D, E.U
*(p2
:

sat|dut sy3

1=t “p
_Nien_-:_a\w\?u___f: s _MN.___ z|  (or'y)

N 3 [ yoes uoy “(6°y) Aq uteiqo am

0, /W w D_. MWW w ww W
120401/, 2 a1 s | 2001 1410)-(L,0410) a1 (L 1410) | _a N_ aduLs

uE.

Pl N I CZNE I M [ Pl T W W L)

U___.U UEU

[p2(a-D) (il + | g2 02l s 102202 (6w

1< [ yoea 40y “(g'y)
vi® (L) WOU) ULEIG0 M ‘2/, DS (W1 (o) pue 1 s I, (“La1+1o)0] 2duss
“(“4-D) (10-1"%1)

(a-1)e-140) = “igrier-ta)e = () -(L ) (87y)

336 am ‘uayzuny



SUPPLEMENT

S10

0
'9°2 eumd)

30 jooud 3yl up se sjuawnbue awes ayj buLsn pajepi|eA 3G MOU ued UOLIUISSR UNQ
- o/uz [eu-(A0)ly (07 q(1-uz)%-1)]
2 2 w 2

Aq uaALb SL uoL3ouNy 3AL3D3[Q0 3Y3 4O BALIRALUBP 3Y)

Jey) SplaLh uoLje|ndled snoLpaj 3Laqle €3ULINOJ Y O 'f BUWWA] 40 40044

0

‘u0L3U3SSe 3Y} 4O AJLpLleA 3y} G'¢ ewwd] 40 joodd 3yj ui se Aem

.
U s ()% Fo g csnyy

BWeS 3Yj Ul MOYS MOU UBD BUO pue .N_&TF.E:&_N?\NEINV 2

2
._aTrt:s:?\NEIs = _éﬁ-ft:u: + _STFE:S_ ?\NEI: s
ML (i to) |+ 1A (i) (G- 1) o (1)) (G ieto) | -
R0, (1rto) |+ 1Ry _(uusto)-A'_(Guiisre) | s 18% _(Guis1o)]

uteaqo am < = | ("Dl = [51"1- 0] pue 0" = b @ouss

A% G s K% o)y oy (1 11o) 5 gyol = (90 Fo

uLe3qo aM ‘1 s cN\:-c-G__;:sw\:-ci 3JULS 'L euwd] JO 40044

0
*A3Lienbaut ay3 jo jued puodas ayy spiaLhk (p1°y) Pue (£1°y) Y3t JBy3abol ‘siy3 pue

ms._.-E.ux_

< . wéo IE-U - - -
I<&,1 x_w._.. w1z xR xS 1AL &._._ + <AL &._..\ﬂ_._.vw ALy

satidut (17°y) ‘4ayjanyg

¢ 1=
AL IorD + (% For T gy +
A F
1-uz
. ; o w'o .
AR+ <A ARz - I s IR I (o)
satidut sty “(TT°y) udtm aay3aboy
DI + oo T By s e ] 2 (e
AN FLlle T Al AR
SPLaLA (21°Y) Y3tm 43y3abo3 ‘siyy
‘r .Hu.n, wow .Hn_.,
(o)rer a s /%, (G1M1em) o 2
[-uzg 2 fw -0 !

uLe3qo oM ‘g 2 N_EON\ATD.&._.E._.:&_T_.u = (o) £s souig

: T+u=f oo 1=0 1=f
. ¢ '
() Felez) © 3 e ) ors =i (o) o)

Jey3 uot3onpur AQ 3Aoud A|LsSea ued aug



S11

SUPPLEMENT

L
i

3L Aluo pue 4t X m = xsn_ Jeyy Ijou .xﬁen_-: uot3dafoud 3y3 93ndwod o
w

(o u(Men o 1("a15) = M (e1w)

XLd3ew W X W 3y3 30 3n|eAusbis 3sabue|

ayy st En udy| .AE.—Z Wip = W 3U3YM .Aetm 30 Amc?...:& SLSeq |ew.Aouoyluo

4
ue asooyo ued auo g 4o uoLje3NdWOd BYj 04 340443 |BUOLIRINWOD AUB JNOYILM

Q¢ w
weet(e) ”x os|e sp|aLh A@vso 30 uotjeutwdaladp ‘snyl *(/1°y) Aq uaaLb st UM 49um

1

1=t
o 2 =zt
w

=1 =
bz(tn-t) 2 (o (M) -y (M110) )T -
u T Crere) o gy CLL®) o)

= = =[ 1=t
.J.:mu_ 1=f 1=f weon, tatag
w

=L

1=t
utesqo am <!2 Pz = OAM ety c(sT0y) Aq uaaLh st o 5 1yl

EW

.NES_:-:NV = ?vEc AQ uaaLb A|duts st ud3aweded uorjezide(nbad ay3 o = ¢
404 3BY3} 930N ‘OL3edpenb A||ed0| pue |eqo|b SL 99uabuaaauod ayp “(y°g) butajos

404 (p°2°p°S WYILI0BLY [22) "32) POYIGW UOIMIN PaLyLpOW e Aldde Jublw am ‘snyL

B T
st pue 4L ¢

W 3| (+uz) 7yt
w

VW

w
.__&f?a__&r,?:-%m = 'R &Eu:-%m =00 2 (1eu)-

=}
I =
w

JARY BM UBYFUN4

custeeerg = 0 m_..x Wo = ~+nzhEm+Ezuv

m=om o (8T7Y)

1=t 1=t

Lt -
et ey e stz (1)

u f ! [~
Aq pauLgap st ﬁk 3U3YM

)
.T:z m.—A:zv =
Oty o o (Seny :

. AR PP = CANg (9ry)
AERTETT]

g (s1w)

SIALOS M 3 T 4L Auo
@>Eo 3ey3 330U .Esu J4938uweded uoljeziue|nbau ay3 aindwod o

(<Phetzp>) = Y% ao30en

[ ww wow -
P 2 R et LT i D) A 4] L u - u u
3y3 pue (<¥z¢7z>) = | pue (<*Z]°7z[>) = g SdLJjew w X w 3y} s3Indwod A 30
1=t ITERN wee(9)"o
Lt w w w w . . .

N_.N.q___uh :.::-A ri?v r::Nu:ENv = {"z z} s|seq e s3sooyd auo *(21°1) Aq uaaLb o Bul3ndwod Jo4

9 Al (9 wow wow _ (Ofcp)l, PP

8% >E£N+=NY€ 1H10) 11> po(Trug) = (CAt0) g = "S103dSY 1YNOILYINWOD “€ XIGN3ddY



SUPPLEMENT

S12

.Esu J3j3weded uorjezidae|nbaus
ayy pue “q Bututwiazap ueyy awly adow 3505 g xtu3ewayy yo uoryeinduoo
¢A1e3U3pLoU] *$32144NS UOLFLSOdWOI3p AYS3|0Y) U0 €-3°L ‘uojeuado swes ay3

saaloaul sAem|e (8T°'Y) UOLILJIL 3Y3 3dULS ‘UOLIRZLUR|NBAL AOUOYNL] AURULPUO URY3

33ndwod 03 3ALSU3AX3 340W YONW JOU SL UOLIRZLJUR|NBAL AOUOYYL] P3eudlL ey} 33S aM

*S|3U43Y 43Y}0 404 pasn 3q os|e

Aew uey 0S PaqgLUdS3Ip poY3aw 3Yj “USASMOH G 33463p |ewixew yjLm |erwouk|od e st
,n>rL uoL3ouny 3yl fu/L ‘wAT-1)] |BPAUIIUL YOR3 UO IDULS ‘Se|NWU0y UoL}eubajul
43y3zo buisn Aq A|3oexa En_ sa3qunu 3y3 33ndwod pnod suo 3a|dwexa 4no 404

*3|na s, uosduts Aq pajewtxoudde os|e aue .Eu 30 sjuswa|3 3yl

*dsau ¢(0z°'y) 30 3pis puey-3ybia 8y3 buLyndwod 40y papadu s3onpoud Je|eIS YL

*11°0] uo sjurod (T+wz) 40 pLab ® uo p3jen|era A|3jewixoudde uayj Su3am .:UL.

suoL3ouny ayy ‘a|na s, uosduts bursp .AE_.Z 30 A_ac.....:: sLseq |[euoboyjuo ue Joy

Ty ol
uotjewtxoadde ue se { b a b

bt eN\Tn: 39S SLY} pasn am sa|dwexd uno uf

ot L . .
1= (k. 0a( bw:.e dsau [ # L Joy

H’ M
0= (°by/ 00, (*b, 0 Q) pue (W)y oy stseq e suwioy (M, 0T @)

.HE
N.....aw 540393A (

383 yons ¢ (A)jues = Tw yaim d ut 3onpoud

T+up
J43uul 3y3 03 3o03dsaJ yjim) |euoboyizuo Ty uLe}qo aM ‘sased yjoq uy - ([/L1-297°dd

€] 93s) Hn_ Xtdjew 3y3 40 uor}Lsodwodsp 3njea Jeinbuts e AqQ 4o ‘butjoard

A

YL uotjeziaoloey ybh © Aq Aem 3|qe3s A||edLJ3wnu e ul paA|oS 3Q Aew yoLym

._@-;vm\ﬁa_:.—e wa|goad sadenbs 3sea| ay3 03 Ju3|eALnba St (GI°Y) 1By} 330N
((1+wp)/8)° = F4 Aq uanib
st TEcx 3 A pue “3|nu s,3u|LW 40 SIY6LamM ay3 Burjuasaudad sjuswa |3 |euobelp

atm xpagew [euobetp (T+up) x (T+up) e st g “((1+up)/0) zs = *Fp sqususis yam

XLajew w x (T+up) ayy st A adaym K a A = YA ‘A A =Yg <adusn ([zz] 49) alnd

-l 1

S,3u| L Aq pajewixoudde 3uam g pue Em 40 sjuawa |3 ay3 buryndwod 40y papaau

s3onpoad Je|eds 3yy ‘A{|eutd "[1°0] ut sjutod [+Wpy O pL4B WJAO4LUN B UO P3jen|erd
UM .—N_. suoLjouny 3yl "A[3LoL1dxa payndwod 3Iu3M Ez Xtdjew |[euobelplul 3y} jo
SJUBW3|3 3Y| ‘S3POU J3Y3o ||® 3B S3ysiuea ‘2 pue 1 = E\:-.F:_N 3ey3 Ajuadoud
3y3 buraey S TREREY %003 3M suotjouny siseq sy “[1°p] ul sjutod ([+w)

40 pLub waogLun © uo saut|ds deaul| o adeds e se "\ asoy> am ‘a3 dwexa ano up

() =M (oz'y)



