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A Hybrid Algorithm
for Solving Sparse Nonlinear Systems of Equations*

By J. E. Dennis, Jr. and Guangye Li**

Abstract. This paper presents a hybrid algorithm for solving sparse nonlinear systems
of equations. The algorithm is based on dividing the columns of the Jacobian into
two parts and using different algorithms on each part. The hybrid algorithm incorpo-
rates advantages of both component algorithms by exploiting the special structure of
the Jacobian- to obtain a good approximation to the Jacobian, using as little effort as
possible. A Kantorovich-type analysis and a locally g-superlinear convergence result for
this algorithm are given.

1. Introduction. Consider the nonlinear system of equations
(1.1) F(z) =0,

where F': R — R™ is continuously differentiable on an open convex set D C R",
and the Jacobian matrix F'(z) is sparse. To solve the system, we use the iteration

(1.2) i=1z—- B lF(z),

where z is the current iterate, T is the new iterate, and B is an approximation to
F'(z), which has the same sparsity as the Jacobian.

Suppose we have finished the current iteration. Then the information we have is
z,%,F(z), F(Z), B. The purpose of this paper is to find a matrix B which is a good
approximation to F’(z) and to economize on the number of function evaluations
required for this approximation.

In 1970 Schubert [11] gave a sparse modification of Broyden’s [1] update. Broy-
den (2] also gave this algorithm independently. In order to present Schubert’s
algorithm, we introduce the following notation concerning the sparsity pattern of
the Jacobian:

Definition 1.1. For j = 1,2,...,n define the subspace Z; C R™ determined by
the sparsity pattern of the jth row of the Jacobian:

Z;={v € R™: eTv =0 for all ¢ such that [F'(z)];; =0 for all z € R"},
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where e; is the sth column of the n x n identity matrix. Define the set of matrices
Z that preserve the sparsity pattern of the Jacobian:

Z={A€ L(R"): ATe; € Z; for j =1,2,...,n}.

Definition 1.2. For j = 1,2,...,n define the projection operator, D; € L(R"),
that maps R™ onto Z;:

Dj = diag(djl, djz, e ,djn),
where
1, ife € Zj,
dj; = .
0, otherwise.
For a scalar a € R, define the pseudoreciprocal

+ { a”l, ifa#0,
a’ =
0, ifa=0.

Now Schubert’s update is formulated as follows:

n
(1.3) B=B+Y ([s]][s];)"eje] (v — Bs)[s]],
j=1
where [s]; = Djs, s=1 —z and y = F(Z) — F(z).

The advantage of Schubert’s algorithm is that at each iteration only one func-
tion evaluation is required, and it is g-superlinearly convergent (see Marwil [8]).
However, it usually requires more iterations than finite difference algorithms (see
Li [7)).

Curtis, Powell, and Reid [4] proposed a finite difference algorithm, called the
CPR algorithm, which is based on a partition of the columns of the Jacobian.
Coleman and Moré [3] associate the partition problem with a graph coloring prob-
lem and gave some partitioning algorithms which can make the number of function
evaluations needed to approximate the Jacobian by the CPR algorithm optimal or
nearly optimal.

Following Coleman and Moré, we give some definitions concerning a partition of
the columns of the Jacobian.

Definition 1.3. A partition of the columns of a matrix B is a division of the
columns into groups cy,cg,...,cp such that each column belongs to one and only
one group.

Definition 1.4. A partition of the columns of a matrix B is consistent with the
direct determination of B if, whenever b;; is a nonzero element of B, then the group
containing column j has no other column with a nonzero element in row z.

The CPR algorithm can be formulated as follows: For a given consistent partition
of the columns of the Jacobian, which divides the set {1,...,n} into p subsets
€1,...,¢p (for convenience, ¢;, t = 1,2,...,p, denotes both the sets of the columns
and the sets of the indices of these columns), obtain vectors d;,ds, ..., dp, such that
B is determined uniquely by the equations

(1.4) Bd; = F(z + d;) — F(z) = yi, 1=1,2,...,p.

Notice that for the CPR algorithm the number of function evaluations at each
iteration is p + 1. Since the partition of the columns of the Jacobian plays an
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important role in the CPR algorithm, we call the CPR algorithm based on Coleman
and Moré’s algorithms the CPR-CM algorithm.

The advantage of the CPR algorithm is that it usually requires fewer iterations
than Schubert’s algorithm. However, it requires more function evaluations at each
iteration than Schubert’s algorithm (see Li [7]).

In [7] we proposed an algorithm called the secant/finite difference (SFD) algo-
rithm, which is also based on a consistent partition of the columns of the Jacobian.
However, it uses the information we already have at every iterative step more effi-
ciently than the CPR algorithm. Let

(1.5) d,' = E S5€5, 1= 1,2, ooy Dy
J€c;
1
(16) gi = Zdja Jdo = 0’
Jj=1
and
(17) y‘i=F(j_gi—l)_F(:i_gi)y i=1a2a°“,pa

where s; = Z; — z; denotes the ith component of s. The SFD algorithm can be
formulated as follows: If s; # 0 for some j € c;, then the jth column of B is
determined uniquely by the equations
Bd; = y;.

If s; =0, then the jth column of B is equal to the jth column of B.

Since
n=FZ-go)—-F(Z-¢g1)=F(Z)-F(Z—q),
Yp=F(Z—gp—1) — F(ZT — gp) = F(Z — gp—1) — F(2),
the number of function evaluations required by the SFD algorithm at each iteration

is one less than that required by the CPR-CM algorithm.
As an example, consider

(1.8)

x 0 0 0 0 0 0 Of

0 x 0 0 0 0 0 O

0 0 x 0 0 0 0 O

0 0 0 x 0 0 O0 O

(1.9) 0 0 0 0 x 0 0 O
X X x 0 0 x 0 0

X x x 0 0 0 x O
Lx x x 0 0 0 0 x

The partition ¢; = {1}, ¢z = {2}, ¢3 = {3}, c4a = {4,5,6, 7} is an optimal consistent
partition of the columns of the Jacobian. For this problem, the CPR-CM algorithm
and the SFD algorithm require five and four function evaluations at each iteration,
respectively.

In this paper we propose a hybrid algorithm for solving nonlinear systems of
equations which is a combination of the SFD algorithm and Schubert’s algorithm
(including Broyden’s algorithm). For some problems, this algorithm can reduce the
number of function evaluations required at each iteration to fewer than that for the



158 J. E. DENNIS, JR. AND GUANGYE LI

SFD algorithm by exploiting the special structure of the Jacobian. For example, in
(1.9) the number of function evaluations is two.

The hybrid algorithm and its properties are given in Section 2. A Kantorovich-
type analysis for this algorithm is given in Section 3. A g-superlinear convergence
result is given in Section 4.

Throughout the paper, L(R™) denotes the linear space of all real n X n matrices,
| - || the Frobenius norm of a matrix, and || - || the {z-vector norm.

2. The Hybrid Algorithm and Its Properties. Consider the example (1.9).
The first three columns of the matrix are denser than the other columns, and this
makes p, the number of the groups in the partition, at least 4. The hybrid algorithm
divides the columns of the Jacobian into two parts, and uses different algorithms
on each part.

We say a group of the columns of a matrix has ‘good sparsity’ if the columns
in this group have few nonzeros in the same row position. Otherwise, we say the
group of the columns has ‘bad sparsity’.

Suppose the columns of the Jacobian can be divided into two groups—the good
sparsity group ¢ and the bad sparsity group c¢;. For convenience, we use ¢ and ¢;
to denote both the groups of the columns of a matrix and the sets of the indices of
these columns. Then,

cUcy ={1,...,n}.

For any matrix A € L(R"), let
A1=A) eel,  Ay=A) ejel.

J€E€c Jj€Ec
Then A = A; + A2. The main idea of the hybrid algorithm is to use Schubert’s
update (including Broyden’s update) on Bj, and to use the SFD algorithm on Ba,
where B = B; + Bs.

In practice, there are many ways to choose ¢ and ¢;. For example, we can first
partition the columns by using a CPR-CM procedure. Then, if we can afford m
evaluations of F' at each iteration, we can keep the columns of the m — 1 largest
groups of the partition for ¢ and put all the remaining columns into ¢;.

ALGORITHM 2.1. Given a consistent partition of By, which divides ¢ into p — 1
subsets cg, 3, ..., Cp, and given an z° € R™ and a nonsingular matrix B° with the
same sparsity as the Jacobian, for each k > 0 do the following:

(1) Solve B¥sk, = —F(z*).

(2) Choose z**! by zk+1 = gk +s’fv or by a global strategy such as a trust-region
method. Let sk = zk+1 — gk,

(3) Check for convergence.

(4) Update B¥ by Schubert’s update to get B¥*!  and update Bk by the SFD
algorithm to get B§+1.

(5) Set

BF+1 = gkl 4 ph+1

Let d;, g; and y; be defined as in (1.5)-(1.7), and let

1
(21) Ji=/ F'(Z-gi+t(gi—gi-1))dt, i=12,...,p
0
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Then,
(22) J,;d,' = Y4, 1= l,2,...,p,
and the update of Algorithm 2.1 can be formulated as

n
By =Bi+) (i) [d1)s) " eiel (y1 = Budr)ldal],
=1
2.3 { = £
(2.3) By = By + Z Zsjsj(Ji - Bg)ejef,
1=2 j€c,
| B=B,+B..

We now give some of the properties of B obtained from (2.3).

LEMMA 2.1. B satisfies the secant equations

(24) -Edz = Yi, 1= 1,,p1
and (2.4) implies that
(2.5) Bs=F(z)-F(z) =y.

LEMMA 2.2. B is the unique solution to
(2.6) min{||B — B||r: Bdi =y;, i=1,...,p, and B Z}.

The proof of this lemma is similar to that for Schubert’s algorithm given by Reid
(10] and Marwil [8].

THEOREM 2.3. If A€ L(R"™) has the same sparsity as the Jacobian, then

— 1
IB1 — A1l = 1B1 — A4} — W”(Bl — Ap)s|?

(27) ) n
+ > ()7 [da)) Vel (yn — Ady)]%.
=1
Proof. Let E; = B; — A; and E; = B; — A;. From (2.3) we have
(2-8) eI By = ¢ By + ([d1]] [di]s) Ve (y1 — Budy)[da]] -

Subtracting el A; from both sides of (2.8), and noticing that eI B1d; = eI B;[d,]
and that ef A1d; = eT A;[d1];, we obtain
el E1 = e] By + ([di]] [di]s) €] (y1 — Budi)[di]]
(2.9) = ] E1(I — ([d1]] [da)s)*[d1)i[dn]])
+ ([da)F [da)e) *ef (y1 — Ardy)[da]]

Since ([d1]7[d1]:)* €T (y1 — A1dy) is a scalar, the first and second terms on the right
of (2.9) are perpendicular to each other, and we have

lef E1ll? = lle] Ex(I = ([da]] [da)e) T dalslda)D)I1? + ([da]T [da)i) H el (1 — Ardy)[?

= llel Evll® = ([d1)7 [di)a) Fle] Exldi)al® + ([da]] [da)i) ¥ le] (w1 — Ardy)?

1
< |lef Eq|? - WlefEldl 12 + ((d1)T [d1)i) el (y1 — Ardy) .
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Therefore,
n
By — AdlF =D llel By |1?
i=1

<||By — All% - (B1 — Ay)dy|?

L]
Ok

+ i([d1]{[d1]i)+[eg‘(yl - Aydy))?
i=1

=By - AllF - 75 (B - Avs|?

+ i:([dllf[dlli)’“[ef(yl - Ad)2. O
=1

THEOREM 2.4. If A€ L(R") has the same sparsity as the Jacobian, then

B2 — Az||% < [1B2 — Azl — 75 [|(B2 — A2)s|?

IIs ||
P
+22 D 5f5ll(J: — Aeg®.

1=2 j€c,

Proof. Let E3 = By — Ay and E5 = By — Ay. It follows from (2.3) that if 5 € ¢;,
t=2,...,p, then

(2.11) Ege]- = Bge]- + 3;-3]'(.]1' - Bg)ej.
Subtracting Aze; from both sides of (2.11), we obtain
Eqe; = (1 — s} 3;)Eqe; + 51 5;(Ji — Az)e;

(2.10)

Since (1 - 8+3j)3+3j =0, we have

IE2e;1* = (1 = 57 5)[| Baes|* + s 55| (Ji = Aa)es |
= ||1'32€J||2 =8 31||E2€a||2 + 57 85ll(Ji — Az)e”.

Therefore,
IE:1% = D I Ese;)
Jj€c
(2.12)
=1E2ll} — Y s} sl Baesl® + Z > st a5l (i — Aesl|®.
Jj€E€c 1=2 j€E€c;
In addition,
2
T
E sj»sj||Egej||2 = |[Es Z sj sje;e;
j€Ec Jj€Ec F
”E2 Egec ;-sﬂeje 3"2 _ "E2S"2
- ]2 (]l

Thus, (2.10) follows from (2.12). O
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3. A Kantorovich-Type Analysis. To study the convergence properties of
Algorithm 2.1, we assume that F' satisfies the following Lipschitz condition in the
domain D defined after (1.1): For every i € ¢, there exists «; > 0 such that

(3.1) I(F'(z) = F'(y))esll < vllz —yll Vz,y € D,
and there exists §; > 0,7 =1,2,...,n such that
(3:2) llef (F'(2)1 = F'()1)ll < billz — gyl Vz,y € D.

Let v = (T 1?)V2, 80 = (1,092, o = (4% + 62)1/2. If F' satisfies this
Lipschitz condition, then the following are true:

(3.3) |F'(z)1 — F'(y)hllr < Ollz —yll Vz,y €D,
(34) |F'(z)2 — F'(y)2llF < 4llz —yll Vz,y € D,
and

(3.5) |F'(z) - F'(y)llr < cllz -yl Vz,y€D.

LEMMA 3.1. Let F’ satisfy (3.1) and (3.2), and let B be generated by Algorithm
21. IfZ€ D and £ —dy C D, then for any z € D,

— 1

1B~ Pl < 1B = Fa)il - T (B~ F @l
(36) R
+0 (e - 211+ 3llanl)

Proof. Substituting F'(z) for A in (2.7), we obtain

IB1 — F'(2)1ll% < 1By — F'(2)11% - ﬁﬁpll(& - F'(2)1)s|?
(3.7) n
+ D (11T [da]s) T [e] (yr — F'(2)dn)].
=1

By (2.1), (2.2), (3.3), and the Cauchy-Schwarz inequality, we have
D_([dn]7 [de]i) el (w1 = F'(2)dn))®
= Z([dllf[dlli)’L(ef(Jl — F'(2))1[d1):)?
@8) < Z([dllf[dlli)ﬂlef(h = F'(@)1l?ll[da)]l? < Z llef (J1 = F'(2))1?
=1 ) =1 )
= 1= Pl = | [ (@ - 1= 0d) - P

<0%(l1Z — 2 + 3llda [)*.

F

Then (3.6) follows from (3.7) and (3.8). O
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LEMMA 3.2. Let F’ satisfy (3.1) and (3.2), and let B be generated by Algorithm
21. Ifz€D and {Z —¢;, 1 =2,...,p} C D, then for any z € D,

= 1
1Bz — F'(2)2|F < | B2 = F'(2)zll% — W”(Bz = F'(2)2)s]|?

+72(I1z = 21l + |1s])>.
Proof. Substituting F'(z) for A in (2.10), we obtain

(3.9)

— 1
B2 — F'(2)2|l% < ||1B2 — F'(2)2ll% — Wll(Bz - F'(2)2)s|?

(3.10) ,
30 st sl (Ji - F'(2))ejl>-

1=2 jec,-
It follows from (2.1) and (3.1) that

SO sty — F(2)es ]2 < 30 S (s - F'(2))es1?

i=2 j€Ec; i=2 j€c;

2
—ZZ / "(Z—gi+t(gi — gi-1)) — F'(2)) dte;
(3.11) i=2j€0
<S5 ([ - o+ - ol + )

1=2 j€c,

< Z > iz =2l + lsl)? = 2 (l1Z - Il + lls])>.
1=2 j€c;
Thus, (3.9) follows from (3.10) and (3.11). O

Let
=D sie

Jj€c,
and

)
=Y d¥, i=1,2..,p gk=0.

We have the following estimate for B¥+1,

THEOREM 3.3. Let F' satisfy (3 1) and (3.2), and let {z*} and {B*} be gen-
erated by Algorithm 2.1. If {a:f}k C D and {27t —gl,i=1,2,. .,p¥_yC D,
then

k . .
(3.12) |B¥+HY — F' (25 1) | < [|B® = F'(2°)[lr + 20 ) [|l2*F — ).
Proof. Substituting z for Z in (3.6) and (3.9), we have
— 9 2
IB: - F@al <118 - F@ulp + (Glail)

and
B2 — F'(Z)2]|% < |B2 — F'(Z)2l% + (vllsl)®.
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Therefore,
IB—F'(@)|% = B: — F'(@)1ll% + B2 — F'(2):l7
<IB=F'@)|% + (6> ++°)llsl® = |B - F'(@)|I7 + o151
Then,
(3.13) |[B=F'(@)|r <|IB-F'@)|r +alz -zl < ||B - F'(2)|lF + 22|z — z|.

Thus, (3.12) follows from (3.13). O
Inequality (3.12) allows us to obtain the following Kantorovich-type theorem for
Algorithm 2.1.

THEOREM 3.4. Assume that F' satisfies (3.1) and (3.2). Also assume that
1% € D and B° € L(R™) satisfy
IB® = F'(«%)llr <6, (B r<B, (B)T'F(EO) <

and P ) )
afn
=—7 < =
h (1-386)2 — 10’ B8

< 3
If S(z0,2t*) = {z: ||z — 2°)| < 2t*} C D, where
1-386
5a0
then {z*}, generated by Algorithm 2.1 without any global strategy, converges to z*,
the unique root of F(z) in S(z°,%) N D, where

) 2afn \?
t-—af(”(“u——ﬂT)z) )

Proof. Consider the scalar iteration

t* = (1-(1-10R)Y/?),

2
(3.14) tey1 —tk = 2—_'§ﬂ—6f(tk), to=0, k=0,1,2,...,
where
3.15 t) = -at® — t+ .
(3.15) 1) = Jar - 0204 7

It is easy to show that {¢x} satisfies the difference equation

(3.16) th+1 —tk = 1= SO[a(tk —tk—1) + 20tk—1 + 6] (tk — tk—1),
where ¢ = (3 + 86)/5 < 2/3. Note that (3.16) is equivalent to
(3.17) k1 — k= 1 f(p[a(tk'i'tk—-l)"'&](tk —tk—1)

From (3.17) we see that {x} is a monotonically increasing sequence. Since t* is
the smaller of the two roots of (3.15), from (3.14) we have

* . 2
t" —tgp1 =1 —tk—2—_@’3—6f(tk)

__2 . - , 2-85\ ..
- 525 [ - o) - e -0+ (1 + 252) @ - )

__26
T 2-p6

[ga(t* +t) + gs] (t* — t).
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Noticing that t* > 0 = to, by induction we have
te <t*, k=0,1,2,....
Therefore, from (3.14),
kli»nolo te =t*.

Now, by induction, we will prove that

(318) “zk+1 - zk” S tegr — Uk k=12,...,
(3.19) {z*} c §(2°,t*),
(3.20) {zFt! — gk i=1,2,...,p} c §(a°,2t*),
and
(3.21) I(BF)=1| < &0— <38, k=12,
For k = 0, we have
2
1_ .0 < < = - < t*.
lz" =2 <n < =g ti—to <t

Thus,
le* — ¢? — 2°|| < ll&* = 2°|| + [lg?Il < 2ll=* — 2°|| < 2¢*.
Suppose (3.18)-(3.21) holds for £ =0,1,...,m — 1. Then,

m—1

2™ =2 < D (tigr —ts) =tm < E°.
i=0
Therefore, z™ € S(z°,t*), and
{zm - g, i=1,...,p} C §(z° 2t*).
By Theorem 3.3,
(B%)~(B™ - BY)|
< B Hr(IB™ = F'(@™)||r + |F'(a™) = F'(z°)llr + [|F'(z°) — B°[IF)

m—1
) ) 6
<p (3a Z |zt — 2*|| + 26) < B(3at* +26) < 3 -';)’H =
i=0
Thus, by Theorem 3.14 of Dennis and Schnabel [6, p. 45],
1B < 2 <3

Therefore,
z™* — 2™ < (B™) " pIF(z™) = F(z™ ') = B™~! (™ — 2™ 7))

m—2
< lTﬂé [%Ilzm ™71 + 20 ,»=ZO lzt+ = 2t + 6] |]=2™ — 2™}
< %[a(tm —tm-1) + 2aty,—1 + 6](tm —tm-1) =tm+1 — tm.

This completes the induction step. From (3.18) it is easy to show that there is an

z* € D such that
k

lim z° = z*.
k—o0

The uniqueness of z* in S(z°,7) N D can be obtained from Theorem 12.6.4 of [9]
by setting A(z) = B. O
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4. Local Convergence Properties. To study the local convergence of our
algorithm, we assume that F': D C R™ — R™ has the following property:
(4.1) There is an z* € D, such that F(z*) = 0 and F'(z*) is nonsingular.

THEOREM 4.1. Let F satisfy (4.1), and let F' satisfy (3.1) and (3.2). Also, let
{z*} be generated by Algorithm 2.1 without any global strategy. Then there exist
€,6 > 0 such that if z° € D and B°, a nonsingular n X n matriz, satisfy

I —a* <&, B F'(a*)lr <5,
then {z*} is well defined and converges q-superlinearly to z*.

Proof. Notice that when ¢ and é§ are small enough, we have that A < 1/10,
6 < 1/3 and that S(z°,2t*) C D, where h, and t* are defined in Theorem 3.4.
Therefore, by Theorem 3.4,

{zFt' — gk i=1,2,...,p} C D.
Thus, substituting z* for z in (3.6) and (3.9), we have

n * * 1 *
(42) By = F'(z*)1ll} < 1By = F'(z*)allF - WII(Bl — F'(z")1)s]?
+02(llz - =*[| + [Isll)?,
and
Tn * * 1 *
(4.3) B2 = F'(z*)2llF < |B2 = F'(z*)all% - W(B"' ~ F'(z*)2)s]?
+2(l12 = 2| + llsll)>.
Then,

IB ~ F'(z*)|IF = I1B1 = F'(z*)1lF + B2 = F'(z")alI%
<I1B = F'(z")|F + @*(llz — z*|| + [Is]l)?
< |IB = F'(z*)||F + (3a0(22))?,

where o(z, Z) = max{||z — z*||, ||z — z*||}. Therefore,
B~ F'(z*)llr < ||B - F'(z*)lIF + 3ac(z, 2).

Thus, by Theorem 5.1 of Dennis and Moré [5], {z*} converges at least g-linearly to
z*.
By Theorem 3.1 of Dennis and Moré [5], to prove g-superlinear convergence, we

need only prove that
(44) llm “(Bk _ F’(I*))Sk” —
k=00 lls*l

Let E = B — F'(z*) and E = B — F'(z*). Then, it follows from (4.2) and (4.3)
that

0.

— 2 B>\ _
(4.5) Il < (1B - S +300(z, 7),
.andthat
X

1/2
(46) IBallr < (nEzu% - ) + 390(z, 2).

llsll?
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From (4.5) and (4.6), using the same argument for proving g-superlinear conver-
gence of Broyden’s algorithm (see Dennis and Moré [5]), we obtain

I(B* = F/(z*))usk]| _

(4.7) len;o o] 0,
and

. |I(BF = F'(2*))25"]|
4.8 lim =0.
(48) N

Notice that
I(B* — F'(z*))s*|| < (B* - F'(2*))15*|| + I|(B* — F'(z*))25".
Thus, (4.4) follows from (4.7) and (4.8).
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