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Asymptotic Expansions of Multiple Integrals
of Rapidly Oscillating Functions

By T. Iwaniec and A. Lutoborski

Abstract. Expansions of multiple integrals

by bn
/ / w(01Z1,..-,0nTn)g(Z1,...,2Zn)dz1 - - - dZn,
ay an

where w is a function on R"™ which is (bx — ak)-periodic in the kth variable, k =
1,...,n, and g is smooth, are given in terms of negative powers of the integers o1, ...,0n.
Estimates of the remainder term in the expansion are also given.

Introduction. Let w be a function with integrable pth power and g a smooth
function on an interval @ in R™. Denote by @ the periodic extension of w to R™.
Set oz = (0121,-..,002y) for £ € R™ and o = (01, ...,0,), an n-tuple of integers.
Note that if 01, ...,0n, are large then z — w(oz) is a rapidly oscillating function.

Our purpose is to obtain an expansion of the integral

L (w;g) = /Q B(02)g(z) d

in terms of negative powers of o1,...,0,. We recall the standard result, cf. [3],
characterizing the asymptotic behavior of I,(w;g) as

Ulgm+w Qu‘)(aa:)g(z) dz = (ﬁéw(z) dz) (/Q g(z) dz).

Opn—+00
The right-hand side of this equality is exactly the zero-order term in our expan-
sion. We find explicitly the higher-order terms which involve the integrals of the
derivatives of g and the coefficients dependent on the moments of w. This is why
we say that our expansion is of Euler-Maclaurin type. We also derive estimates of
the magnitude of the remainder in the expansion and give sufficient conditions for
convergence of the infinite expansion. Finally, we note that the expansion formulas
for the multiple integral I,(w; g) are essentially based on the study of the boundary
value problem
divZ = f,

where f € LP(Q) is given and Z = [Z,,..., Zy] is an unknown vector field whose
kth component has zero trace on the kth face of Q). We solve explicitly this problem,
which seems to be of independent interest.

Received February 18, 1987.
1980 Mathematics Subject Classification (1985 Rewvision). Primary 41A60; Secondary 35C15.

©1988 American Mathematical Society
0025-5718/88 $1.00 + $.25 per page

215



216 T. IWANIEC AND A. LUTOBORSKI

1. Preliminaries and Euler-Maclaurin Type Expansions of Integrals.
For ease of reference we begin by listing some standard function spaces used in this
article. Let 2 be a nonempty, open subset of R”. We denote by LP(£2), 1 < p < oo,
the usual space of real-valued functions f satisfying || f|l, = (fq |/ () )|P dz)/P < oo
if 1 < p < o0, and if p = 0o, then L*®(2) denotes the space of essentially bounded
functions with norm || f||oo-

The Sobolev space W™P?(£1), 0 < m and 1 < p < 00, consists of functions f sat-
isfying || fllm,» = (fn Zrﬂ:o |D7 f(z)|P dz)l/p < oo for 1 < p < 0o and ||flm,c0 =
maxo<|y|<m [|D7 flloo < 00, where D7 = D" --- D~ for v = (y1,...,7n) and Dy
denotes the partial derivative with respect to zx. As usual, Wj"?(Q) denotes the
closure of Cg°(Q2) in W™P((2).

We begin with a brief summary of results concerning Euler-Maclaurin type ex-
pansions of a class of integrals of functions defined on the interval Q = (0,1) and
introduced in [2]. We define linear operators P : LP(Q) — LP(Q), T : L*(Q) —
LP(Q), S: LP(Q) —» W'?(Q) and Z : LP(Q) — W,'(Q) by the formulas:

1
(L1) Pf= / 1) dt,
(1.2) (Tf)(z) = / f()
(1.3) (Sf)(z / () dt,

(1.4) (Zf)(z) = /[/ f(t)dt — s)] ds,

for every f € LP(Q). We note that T = Id — P, where Id is the identity operator,
Z = —-ST and PT =0. If w € L?(Q) then (Zw)(0) = (Zw)(1) = 0 and (Zw)' =
Pw — w, so that indeed Zw € Wé’p(Q). Hence, for any g € W14(Q), where ¢
satisfies 1/p + 1/q = 1, integration by parts yields

1 1 1 1
(1.5) /0 w(z)g(z) dz — /0 w(z) dz /0 o(z) dz = /0 (Zw)(2)g (z) dz.

The above expansion formula can be used recursively in computing the right-
hand side 1ntegral in (1 5). To do this, set Z° =1d, Z! = Z and Z7 = ZZ7~! for
Jj > 1anda;(w fo (Z9w)(z) dz, then

1 N 1 1
o [ w(alo(e) dz = 3 o5(w) | 0@de+ [ 2% w) @) @) de

for any g € WN+19(Q).

Expansion (1.6) of the integral fol w(z)g(z) is referred to as an Euler-Maclaurin
type expansion. In [2] the coefficients a;(w) were expressed in terms of moments
of w, an estimate of ||Zn+1|lco Was obtained and the relation between (1.6) and
Euler-Maclaurin quadratures, cf. [4], was investigated. However, a more detailed
analysis of the norms of the operators T and Z is necessary before expansions of
multidimensional integrals can be studied.
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LEMMA 1. Ifp € [1,00] then

(1.7) 1T, < 2l1-2/p)l < o,
1 m\1-@/ml 1
. <—-\|= <=
(18) 121> < = (3) <5

and the first inequality in both (1.7) and (1.8) is sharp for p=1,2 and p = oo.
Proof. We first prove (1.7). We begin with p = 1,2. Let f € L*(Q); then

1
(1.9) ITAl < 10 + [ 1(t)dt| < 201l

This estimate is sharp. Indeed if x (o) denotes the characteristic function of
the interval (0,¢], then for f = x(o], where 0 < € < 1, we have that Tf =
(1 = €)X(0,e] — €X(e,1) and hence |Tf|l; = 2(1 — ¢€)||f|ls- In the case p = 2, for
f € L%(Q) we have

1 2
(1.10) s =13 - | [ roa) <1,
and equality holds only if f has zero average. In the case f € L>®°(Q) it is clear
that
1
(111) 770 < flloo + | [ 7(6)dt] < 21l

and the estimate is sharp because for f = x(0,e]—X(e,1) We have T'f = 2(1—€)x(0,¢]—
2eX(e,1) and hence || f|loo = 2(1 — €) = 2(1 — €)||f||co- In the case of intermediate
p & {1,2,00}, inequality (1.7) is obtained by an interpolation argument based on
the M. Riesz-Thorin theorem.

We next prove (1.8). The proof for p = 2 is based on the following sharp Sobolev
inequality, cf. [7],

1
lullz < —llw'll2, Vue Wy (@).
Setting u = Z f, where f € L?(Q), in that inequality, and using (1.10), we obtain
1 1 1
. < - Ne == < - .
(112) 12712 < 21(Z5Y s = HITS N2 < 2171

Equality will hold for f(z) = cosnwz since

1 . 1, . 1 1
Zf(z)= - sintz and || Zf|2= 7_r“ sinwz||s = ;||cos7ra:||2 = ;||f||2.
To prove (1.8) when p = 1 and p = oo, we write
1

(1.13) (20)@) = [ K@osoa,
where )

1-z ifO<t<uz,

K(z,t) = .
-z fz<t<l.

We note that fol |K (z,t)|dt = 2z(1—z) < 1 and also fol |K (z,t)|dz = t2—t+4 < 1.
Now if f € L°(Q) we obtain that

(ZN@I< W lko [ 1K@ 0)1de < 1o
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or equivalently that

(1.14) 1ZFlloe < 21 lloo-

Equality will hold in (1.14) if f = Xx(0,1/2] = X(1/2,1) because (Z f)(z) = —zx(0,1/2] —
(L= )Xt/ and 12 loo = & = [ llc- 1 £ € L}(Q) we have

1 1
(115 1zt < [ 1501 [ K@ olde] e < sl

We can see that (1.15) is sharp by taking f = X(0,e] — X(1-¢,1) for 0 < e < %, for
which (Zf)(z) = —zx(0,e] — €X[e,1—] — (1 — Z)X(1-¢,1)- Thus, | Zf]; = — €% =

(3 = IS
Finally, (1.8) for the intermediate case p ¢ {1,2, 00} follows by an interpolation

argument. Namely, if 2 < p < oo, then for & = 2/p the interpolation inequality is

NP (1IN 1 1120l
< o3 1—0= - _ J— _ X
121, < 121512115 ( ) (2) (%)

™ e

Similarly, if 1 < p < 2, then for f =2 — 2/p,

1 2-2/p 1 2/p—-1 1 /7y I11-2/p|
<z18nzi-8 — (1 Z ==(= .
1z <1zifizi = (1) (3) =:(3)

Remark. For p & {1,2,00} we do not know the norms ||T||, and || Z||,. We
believe, though, that the method used in [7] for a related problem could be applied.
Remark. If £: LP(a,b) — W3 P (a,b), 1 < p < 00, is defined by

tia)= [ [b% / " feyde - f(S)] ds,

then, using (1.8), we obtain that
(1.16) 12lls < 4(b - a).

2. A Decomposition of a Function with Zero Average into Functions
with Zero Partial Averages. Let N = {1,2,...,n}; we then denote by I =
{%1,...,1k}, k < mn, asubset of N containing k elements, for which we write |I| = k.

We use lower-case Greek letters for multi-indices, e.g., vy = (11, - -, V), Where ~;
are nonnegative integers and |y| = 71+ - -+7n. The standard notation is used: v <
o when v, < o; for each 1 <7 < n; v = y1!...~,! denotes the multidimensional

factorial and (:) = (‘j;:) ... (::) denotes the multidimensional binomial coefficient.
As usual, e is the standard “basis” multi-index e, = (0,...,1,...,0).

Let @ be an interval in R™, n > 1, i.e.,
Q={z=(21,...,Zn):a; <z; < b;j, 1€ N},

where a;, b; are finite, a; < b; for 1 € N, and let Q denote the closure of Q.

We will write 27 = z]* ---z)» and oz = (0,21,...,0,Zy,) for any multi-indices
~ and o.

Thesets Qf ={z€Q: zx=br}and Q; = {z€Q: zx=ax}for 1<k <n
are called faces of @, and these sets constitute the boundary 9Q = Ur_,(Qf UQ})
of Q.
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For 1 € N, L?(Q) stands for the subspace of LP(Q) consisting of functions
independent of the z;-variable. More generally, L7(Q) = L} (Q)n---NL} (Q)if I =
{¢1,...,%k}. Thus LY(Q) contains those functions in L?(Q) which are independent
ofzil,...,a:ik.

We introduce now the operators P;: LP(Q) — L?(Q) for i € N by

b,
(21) (Pe) = = [ @) o
and call them averaging projectors. For I = {i1,...,ix} we denote P;: L?(Q) —
L¥(Q), where
(22) Pr=PF, P, P,

Consequently, Py f = |Q|™! fQ f(z)dz, and we set Pp = Id. The mean value
|QI7* f f(z) dz will also be written as f, f(z) dz. Here |Q| denotes the volume of
Q, that is, |Q| = [Ti—, (b — a:).

It follows from Fubini’s theorem that the operators P; and P; commute and
that

(2.3) PiP; = Pryy

forallIc N and J C N.
Moreover, for every f € LY (Q) and g € LI(Q), where 1 < p, ¢ < oo and
1/p+1/q =1, we have

(2.4) [Q £(2)(Prg) () dz = [Q (Pr1)(2)g(z) da.

To see this, denote dz; = dz;, - - - dz;, for I = {i1,...,%x} and

/Qf(Plg)d$=/ [/ f(PIg)dzl] dzy-1 =/[(P19)/fd$1] dzy-1
=/[(/gdzl> (Prf) dzN—1=/[/(PIf)gdzz] dzy-1

Q

If p = 2 then P; is the orthogonal projector from L?(Q) onto L?(Q), while Id — Py
is the projector onto ker P;. Moreover, by (2.4), Py is selfadjoint. We find that

(2.5) 1 Prllp =1
for I ¢ N and 1 < p < oco. Consequently,
I1d - Prllp < 2.

The last inequality is sharp only for p =1 and p = 0o and I # . Indeed, if p = 2
we have ||Id — Py||2 = 1. Hence by interpolation,

(2.6) |Id - Py||, < 21-%/7l < 2,

forall 1 <p < 0.

Next we introduce the operators Ty, which play a key role further on. For
1<k <n, we set

2.7) Ty = (Id — Po)T,
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where
1% (n—1\""
Tzﬁz%( ] ) l;P,.
8= I|l=s
Note that
Pr—Pryey k¢l
2.8 Id— PP =
28) ( e)Pr { 0 if kel.
Therefore, Ty can be written as
1 n—1 n—1 -1
(2.9) Ty = - Z ( ] ) Z (Pr = Prygry)-
s=0 |I|=s
keI

We state now the basic properties of operators T}.
PROPOSITION 1. The following identities hold:

n
(2.10) > Te=1d- Py,
k=1

and, for all1 < k <n,
(2.11) P.T, =0.

Proof. Assertion (2.11) follows directly from the definition (2.7). Next, by simple
combinatorial arguments, we see that

Y3 Py =(s+1) > Py,

k=1 |I|=s |J|=s+1
k&I
and
n
D 2 Pr=(n=9) > Py,
k=1|I|=s |J|=s
kgl

for0<s<n-1.
To prove (2.10), we change indices in the summation in (2.9):

n n—1 -1
ZT,F%Z(”;I) [(n—s)ZPJ—(sH) > PJ}
k=1

3=0 [J|=s [J|=s+1
5 () Zr- ()5 (n) T
= Z Py - Z Py

|J]=0 |J]=n
1 n—1 n—1Y) !
+; [(n—s)( s ) _3(3—1,’ ZPJ
s=1 |J|=s
=1d - Py

since (n — s)("_l)_1 = 3(2:11)_1 for 1 < s < n—1 in the last summation. O



ASYMPTOTIC EXPANSIONS OF MULTIPLE INTEGRALS 221

The norms of the operators Tk can be estimated using (2.5) and (2.6). Clearly,

(2.12) Ty = (Id—Pk)%ni: (";1)_ 3 P,

s=0 |I|=s
k&I
and hence
1 n—1 n—1 -1
Iy < la -2l x 3 (" 01) 2
(2.13) 3=0 |£|€=s

= [|1d — Py}, < 21*7%/7,
for 1 <k <mnandevery 1 <p< oo.
The operators Ty provide us with an explicit decomposition of a function with
zero average into functions with zero partial averages:

LEMMA 2. (A Decomposition Lemma.) For every w € LP(Q), where 1 < p <
00, and for 1 < k < n,

n
(2.14) Y Thw=w- ][ w(z) dz,
k=1 Q
(2.15) PiTiw =0,
(2.16) | Tewllp < 211 =2/1]jwlp.

Furthermore, the decomposition (2.14) is optimal in L%(Q), that is, if w € L%(Q)
and wy, € L?(Q) are such that

n
(2.17) Z W =w — ][ w(z) dz,
k=1 Q
and
(2.18) Pkwk =0 fOT 1< k <mn,
then
n n
(2.19) Do ITewll3 < flwll3-
k=1 k=1

Proof. The relations (2.14) and (2.15) follow automatically from (2.10) and (2.11)
in Proposition 1, while (2.16) follows from (2.13). To prove optimality (2.19), we
denote vy = Tpw — wg. Clearly, 22__.1 vk = 0 and Pgvg = 0 for 1 < k < n. Then,
since T} are selfadjoint,

k=1 k=1 k=1
n n
=/ wZTvk=/ wT (ka) =
Q@ k=1 Q k=1
This shows that
n n
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Using the Schwarz inequality, we find that

n n 1/2 n 1/2
> | Tiw)? < (/ > |Tkw|2) (/ > |’wk|2) ,
/Q k=1 Q@ k=1 @ k=1

which completes the proof of (2.19). O

3. Expansion of Euler-Maclaurin Type. The averaging projectors will now
be used to solve the following problem: Given f € LP(Q), find a vector field
Z =12y,...,2y,), Z; € LP(Q), 1 <1 < n, such that

(3.1) / 3 Zu(x) Dag( / 1(2)g(z) da,
Q k=1
for every g € W19(Q), 1<p,g<o00,1/p+1/g=1.
Note that the test functions g are not required to be in Wol‘q (Q)- That is why the
necessary condition of solvability of (3.1) is fQ f(z)dz = 0. Clearly, (3.1) implies
the equation

n
(3.2) divZ =Y D2 = f,
k=1
where the derivatives Dy Zj are understood in the sense of distributions.

In what follows, for f = f z) dz — w we construct explicitly a solution Z =
[Z1,...,2Zy] of (3.2) such that Zk, 1 < k < n, has partial derivative D Zj in LP(Q)
and zero trace on Qf U Qj . For such a solution Z, the equations (3.1) and (3.2)
will be equivalent.

We define first the partial antiderivative operators S,

(3.3) (Skf)(z)=/ kf(a:l,...,a:k_l,t,a:k+1,...,zn)dt,

forz = (z1,...,20) €Q, 1<k <n.
Directly from the definition, we have
{ P.f(z) ifze Q:,
if z€ Q.

For w € L?(Q) we introduce the vector field Z(w), Z(w) = [Z1w, ..., Z,w], which
is defined on Q by

(3.4) (Skf)(z) =

(3.5) Zrw=-S,Tyw forl<k<n,

or more explicitly,

n—1 -1
1 n-—1
(3.6) Zrw = — > ( s ) >~ Se(Progry — Prw.
8=0 |I|=s

Lemma 2 implies that

(3.7) divZ(w) = Z Trw = ][ (z)dz — w,
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and therefore Z(w) defined in (3.5) solves (3.2) for f = fQ w(z) dz —w. From (3.4)
and (2.15), Zx(w) vanishes in Q} UQj , so integrating by parts for any g € W14(Q),

we get

(3.8) - fQ div Z(w)(z)g(z) de = /Q ,;(ka)(x)Dkg(z) dz.

Hence we obtained the first-order terms in the expansion of Euler-Maclaurin type:

LEMMA 3. Ifw € LP(Q) and if g € W19(Q), 1 < p,g < 00,1/p+1/qg =1,

then

(3.9) /Q w(z)g(z) dz — ][Q w(z) de ]Q g(z)dz=kz=:l /Q (Zew)(z) Drg () dz.

We can now analyze the recursive use of the formula (3.9).

LEMMA 4. (Higher-Order Expansion of Euler-Maclaurin Type.) If w € L?(Q)

and g e WNT19(Q), 1 <p,q<o0,1/p+1/qg=1, then
[w@e@)ds= ¥ afw) [ Dola)ds
Q Q

0<|y|SN
(3.10)
+ ¥ [ @@,
l=N+17@
where the operators Z,: LP(Q) — LP(Q) are defined by
Id if v=(0,...,0),
(3.11) Z, = Zk if v=(0,...,1,...,0) = ex,

n
kz: ZIcZ'y—e;c Zf vy 2 (Oa LR ,O),
=1

and Z., 13 null if at least one component of the multi-index ~y i3 negative.

coefficients a(w) for v > (0,...,0) are given by
(3.12) 0 (w) = ][ (Z,w)(z) dz
Q
and can be computed explicitly in terms of moments of w by

(3.13) ay(w) = i, > (7) B.,_,(b—a)’"* ][ (z — a)Pw(z) de,
Ty \P Q
where By = By, - - By, and By 1s the kth Bernoulli number.

The

Proof. We prove (3.10) by induction with respect to N. When N = 0 then (3.10)

reduces to (3.9). Suppose that (3.10) holds for N — 1, that is,

/Qw(x)g(z)dz= Z aﬂ,(w)/QDVg(z)da:+ Z /C2(Z7w)(z)D'7g(z)dz.

0<[|v|EN -1 [vl=N

We now apply Lemma, 3:
Zyw)(z)D7g(z) dz = Zy dz | D7g(z)dx
[ zw@pe@ = f (2w [ Drot@

n

+3° [ Bz @DD ) i

k=1
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Summing up the above equalities over all |y| = N, we get

Z / Zyw)(z)D7g(z) dz = a7 / Dg(

lvl=N lyI=N
+ ) /szz,, e w)(z) D g(z) de
|pl=N+1
= ay(w) | DYg(z)dz
+ (Z,w)(z)D*g(z) dz
Inl=21\;+l/Q ! !

This proves (3.10) and (3.12). Finally, (3.13) is obtained by testing (3.10) with
g = g4 a product of scaled Bernoulli polynomials, cf. [1], namely we set

00 = i (1) Bosle - 0= 0.
<y
Substituting g into (3.10) we obtain (3.13), since we can check that
0 if(0,...,00<B<, )
/Dﬂgv(z)dzz{ : ( )SBL<vA#B
Q 7o pg=1.

Remark. (3.11) yields that for any s > 0, Zy = 3,5 /=5 ZaZy—a-
It is also possible to obtain the estimate of the norm of the operator Z, which
generalizes the one-dimensional estimate (1.16).

PROPOSITION 2. If1<p < oo then

(3.14) 1230l < 56—

for any multi-indez ~.

Proof. Induction with respect to |4| : If |y| = 0 then Z, = Id and (3.14) is
an equality. If |4 = 1, say ¥ = e, then Z, = Z, and then by (1.16) || Zk|l, <
2(bk — ak). For |y| > 1, v=(71,.--,7n), we obtain

n n
1Z5llp = ||D ZkZy-c.|| <3 1 Zkllpll Z1-ello
k=1 P k=1
n
1 I7| — Dy (b—a)” |y -
< 2 2k 2lvl—17! b —ar 2Ny (b-a). O

The question of the validity of expansion (3.10) as N — oo is another problem. A
set of sufficient conditions for convergence are given in

PROPOSITION 3. Let 1 <p,q<o0,1/p+ 1/q=1; then for every w € L?(Q),

(3.15) /Q w()o(@)dz = 3 ay(w / Dg(z) ds,

o<l
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provided g € C*™(Q) satisfies the following growth condition:

d?
Tglle < ¢
”D g”q - c(b— a),71

foranyy = (11,...,7m), wherec >0 andd = (d1,...,dn), d; > 0,d1+---+dp, < 2.

Proof. Naturally, the main step in proving the convergence of (3.10) is to estimate
the remainder term Ry1(w;g), where

Raatwio)= 3 [ (Zw)@D () dz
|[¥|=N+1
Using (3.14) and the binomial formula, we obtain

IRyv+1(wig)l < D 1Zywllp D7l
[v|=N+1

! d”
< ¥ (Ee-0g2s ) il

[v|=N+1
di+-- +dy N+
=cllull, (25=)

and hence, because of the condition d; + - -+ + d, < 2, it follows that

lim Ry+1(w;¢)=0. O
N—oo

4. Asymptotic Expansion of Integrals of Rapidly Oscillating Func-
tions. The expansion in powers of m~! of the Fourier integrals

/1 cos(2mmz)g(z) dz, /1 sin(2rmz)g(z) dx
0 0

of a smooth function g are well known, cf. [6], [5]. If m is large, the integrands are
usually referred to as rapidly oscillating functions and, for example,

/ cos(2mmz)g(z) dz = Z (21:7):)2(1/ 99 (z) dz

(o [ Ccosterme) - g e

Expansions of integrals fol w(mz)g(z) dz with more general rapidly oscillating fac-
tors w(mz) of period m~! were derived and studied in [2]. Our purpose is to derive
similar asymptotic expansions for multiple integrals of rapidly oscillating functions
on an interval in R"™. Let Q@ = {z = (z1,...,2n) : a; < z; < b;, 1 € N} be an inter-
val and h: Q — R. By h we mean the periodic extension of h, which is defined al-
most everywhere on R™, that is h(z) = h(z) for z € Q and h(z) = h(z+ (bx —ax)ex)
for 1 < k < n and almost every z € R™. For our purposes, there is no need to
define h on the whole R™. This is because h is used under an integral sign.

We will consider an integral I, (w;g) = [, @ QW z) dz; where w € LP(Q),0z =
(0121,...,0n2pn) and 0 = (04,...,0,) is a multl 1ndex with big components. Such
integrals occur as energy integrals in mechanics of composite media, cf. [3].
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Our expansion formula of Euler-Maclaurin type is given in

THEOREM 1. Let w € LP(Q) and g € WN*19(Q), where 1/p+1/g=1, 1 <
p,q L 00. Then

/Qw(az)g(a:)dm= [D”g(x

o<r1<n ?
+ - (Zyw)(02)Dg(a) da
/Q |w|=zz;+1 ¢

where ay(w), Zyw are defined in (3.12) and (3.11), and 0 = (01,...,0,) s an
arbitrary multi-indez.

(4.1)

Proof. Expansion (4.1) follows from Lemma 4 by standard scaling arguments.
Namely, applying (3.10) to the function W (z) = wW(oz), one gets

w(o T = oy Tg(z)d
[RETCEEEDY a(W)[Dg()x

o<|y|IEN
v X S@m@D ) ds
Q=N +17

What remains to be proved is that for z € Q

1 —
(42) (2,W)(z) = —(Zzw)(o).
According to the recursive definition of Z, it is sufficient to show that

1 —

(ZW)(z) = a(ka)(ax),

foreach k=1,...,n
The above, however, follows from (TxW)(z) = Tyw(ox) and Zx = —SxT}; by an
affine change of variable. Finally,

a (W) = ]2 (2 W) () dz = ~ ][ (Zow)(oz)d
T ]{2 (Zy0)(z)do = —-a,(w). D

We note that the standard result on the asymptotic behavior of I, (w; g), cf. [3,
page 9] is

(4.3) alhln Qw(az)g(x) dz = ]gw(m) da:[Qg(a:) dz.

This limit agrees with the zero-order term in (4.1). From Theorem 1 there follows
directly the following:

PROPOSITION 4. Let w € L*®(Q), and let g € WN+1L1(R™); then

/Rnw(az)g(z)dz= Z a%a”(w)/m. DYg(z)dz

0<|yI<N

/R S o (Zw)(0n)D(z) do

|vl= N+1

(4.4)

for any multi-indez o = (01,...,0n).
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It is to be noted that (4.4) remains true also when o3,...,0, are arbitrary
positive numbers not necessarily integers. If N = 0, (4.4) gives that

(4.5) f,}ilnm [ wlongla) de = ( ][Q w(z) dz) ( / (@) dz),

On—00
which for n = 1 is known as Féjer’s formula.

It is also possible to give a set of sufficient conditions for the convergence of the
expansion in Theorem 1.

PROPOSITION 5. Let 1 < p,q < 00,1/p+1/q =1, w € LP(Q), and assume
that g € C*°(Q) satisfies the growth condition: There exists a vector ¢ = (c1,...,¢Cn)
such that |D7g|lq < ¢ for any v = (71,...,7n). Then

1
. w(ox)g(z)dr = —ay Dg(z)dz,
(46) | memote) 3 e | st

provided 01, ...,0, are large enough to satisfy

zn: ck(bx — ak) <1

20
k=1 k

Proof. Along the lines of Proposition 3, denote

Ryt1(w;g) / (Zyw)(0z)Dg() dz;
Qy=n+17

since [, |(Z Z,w)(oz)[P dz = [, |Z,w(z)[P dz we have that

1/p
Renwol s ¥ ([ 1@@eards) 1o,

[v|=N+1
[N!(b — a)”
<| Y T | vl
= ~ . 21lAt p
=N+ 072
n N+1
ck(bx —ax
- (Z culbe — op) ’) (-
k=1 k

An interesting discussion of the pitfalls in using asymptotic expansions of the
type (4.6) directly in numerical integration is given in [5]. Troubles arise when the
assumptions of Proposition 5 are violated.
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