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Hyperelliptic Integrals and Multiple Hypergeometric Series
By Jean-Francis Loiseau, Jean-Pierre Codaccioni, and Régis Caboz

Abstract. We consider the complete hyperelliptic integral
B(a) de

J(a) = e
¢ a(a) \/a— Pn(z)

where a > 0 and
n
Pal) = 3 st
k=2

with A2 > 0, [a, 8] being the connected component of {z|Pn(z) < a} containing the
origin.

Using a recent result concerning the Taylor expansion of the §-Dirac function, we
write J(a) as a power series of a parameter involving a and the Ay’s.

We prove this series to be a sum of multiple hypergeometric series which reduces to
a single term when the number of odd monomial terms in P, is less than or equal to
one.

The region of convergence is then studied and a few particular cases are detailed.

1. Introduction. Of fundamental importance in mechanics is the integral

i _ q dz
W ‘= / NAETIO)

which represents for a one-dimensional conservative mechanical system the time
necessary to go from the initial point go to the current point on the g-axis, U(z)
being the potential and E the total energy.

Of particular interest is the case where U(0) = 0 and dU(0)/dz = 0, i.e.,
U(z) = twdz? + Uy (z), which exhibits a harmonic (quadratic) term together with
an anharmonic (superquadratic) part U;(z). This anharmonic potential may be
modeled by a polynomial.

The “complete” integral

dmax dx

TE) =2 / T -00)

represents the period of the oscillations when the movement is bounded, g¢min and
gmax being functions of the energy F.
In this paper we shall be dealing with the complete integral

B(a)
@ 0= |0
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FIGURE 1

A typical case for Pp(z).
(Separatrices are indicated by dotted lines)

where a > 0. P,(z) is a polynomial of degree n, P, (z) = Y_r_, Acz® with Ay >0,
and [o, §] the connected component of {z|P,(z) < a} containing the origin.

According to Carlson’s definition [3], this integral is hyperelliptic as soon as
n > 4. A few cases may be reduced by a suitable change of variable to complete
elliptic integrals [10], [12].

To show the link with multiple hypergeometric series, we shall use a property of
the Dirac-distribution on a smooth manifold, recently proved [1] and already used
in the simple case P, (z) = A2z2 + A,z™ [12].

Note that in this particular case, for n = 3, 4 or 6, J(a) can be directly integrated,
even in the incomplete case (for a systematic review and a few references, see [12]).
For the general case P,(z), the incomplete case must be treated in a different way,
which will be examined in a forthcoming paper. The present study is therefore
devoted to the complete integral.

2. Computation of J(a). Setting y?(z,a) = a — P,,(z), the integral takes the
form

Ba) gy
®) /(@) =/a(a) vwa)’

In the neighborhood of the origin, P, (z) stays close to A2z?, and since A2 > 0,
there exists an interval containing the origin where P,(z) > 0.

A typical case is depicted in Figure 1 where, for the chosen value a, the curve
y? = a — P,(z) has two bounded connected components and one unbounded.
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We only deal with the [a(a),3(a)] interval of integration, but the following
method could be used for [o/(a ), '(a)], provided we perform a translation of axis,
setting the local minimum of P,(z) as the new origin.

Since dy/da = 1/2y(z,a), J(a) may be written as

B(a)
J(a) = 2/ &y dz,
a(a) da

and since y(a,a) = y(F,a) = 0, differentiation and integration commute, so that

Ja) = 2.2 B(a) " He
<2 [, veie= g [ [
da a(a) o (z,a)

If we denote by D, the compact connected component containing the origin of
the domain, defined by 2(z,y) = y2 + P,(z) < a, we can write

=1 [[ dody:

Using the two-dimensional Heaviside characteristic function of the manifold
1 if 2z <a,
0(z—a)=

0 if 2> a,
the distribution é(z — a) and its successive derivatives are defined by [8]

6(z—a)= %B(z —a),

dk
6 (2 —a) = (—=1)* mé(z—a) k=1,2,....
We may then write
(4) J(a) = / 5(z — a) dz dy

(integration being performed on the whole (z,y) space). Setting now 2(z,y) =
ZQ(Z,Z/) +2 (‘T)a with

zo(z,y) = y° + Xoa?,
5 n
( ) 21(17) = Z /\k.’l:k,
k=3

a result by Caboz, Codaccioni and Constantinescu 1] shows that for every value
of a for which there exists a compact subset of R? containing the {zo(z,y) = a}
manifold and a compact component of the {z(z,y) = a} manifold with no critical
point (grad z # W), we can write

o}

(6) 5(z—a)=z—zlf5(")( 20 —a).

k=0

o . -1 =4 .
(Here, the condition grad z # 0 excludes any separatrix.)

* Note that from a mechanical point of view, and aside from a scalefactor, the double integral is
nothing but the so-called action-integral taken over one cycle of the oscillation in time in the theory
of action-angle variables (see, e.g., H. Goldstein, Classical Mechanics, Addison-Wesley, 1980).
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The change of coordinates

(7) { o \/A_O e

y = /Zosingp
with Jacobian 1/2/)g, applied in (6), yields

] % 3/2 2o n/2 k
a):;;)ﬁ//l%(’\_?) cos3go+---+/\n(z) cos"go]

x 60 (29 — a) ——=

and using the generalized binomial formula [13], we get

k n Un/z
=y Z ot [ ()7 600 - a)day
2

kOk

27
x/ cos?" pdp,
0

where
@) {%=@+m+m+m
On = 3ks + 4kg + -+ - + nky,.

We shall use in the following also
(9) Tn = 0n — 2pn = ka +2kg + - + (n — 2)kn,
which has the same parity as 0,. From the classical results [10]

om 0 if o, is odd,

10 cos?" pdp =
(10) /0 pdp 2/mL(on/241/2) e e
(on/2)!

(T being the Gamma function) and

2 on/2 (O'n/Z)' aan/Q—k
w (ﬁ) o0 —a)deo = (V' R S

_1)en ,\3. Aen T(0p/2 +1/2) a""/?’
B> R YOy

we deduce

an even
and setting
0 if oy, is odd,
(12) Ak3 ..... kn = 1 F(O’n/2 4 1/2) ‘ ‘
k3! ky! (Tn/2)! if o, is even
and

e
(13) MKp = —/\p—:\g/T,
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the integral takes the following form (owing to (8), (9), (12), (13)):

™
(14) J(CL)=\//\—2 D Ak 2 e

k3,....kn

Problems of convergence will be studied in Section 4.

This form, however, is not yet the most convenient one for our purpose, which
is to prove the hypergeometric character of the series and to determine its region
of convergence. Some notational difficulties will arise, which we try to avoid by the
following conventions:

o Among the k;, we denote by IEJ- those for which j is an odd integer (of
course, when 7 is specified, as in ks, we simply write ks).

o

{ 0 if y is an even integer,
€5 =

1 if j is an odd integer.

[e]

[ = E(n/2) is the integer part of n/2 (it is also the number of odd mono-
mials in P, (z)).

o

A is the greatest even integer <[ (A is just [ — g;).
o E={3,57,...,21+1}.

Ag;,,... k, is nonzero only when o, is even (this is the case when all the l_cj are
even numbers, or when an even number of IE]- are odd). We can then split the
summation in (14) and obtain J(a) in a new form where the yu; appear squared
when j is odd.

We set,
(15) an =Y (1+¢5)5k;,
j=3
(16) Bn=) (1+e;)(j — 2)k;
1=3
(17) :

T = ks kgl - [(L+ en)kon]!

(o, and B, are, respectively, o, (k; — 2k;) and 7, (k; — 2k;); it is easy to see that
they are even integers), and we note that :

an(lztj——>2/_c]~+1)=ozn+j, Tn(k; — 2k +1) = B +35 — 2.
Putting

k n .
(18) u3,3.,.»-’.h = (Mg)ksuiﬁt (Mg)kg, L (u:l.H_: )k ’
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we finally obtain

R L R B

k3,....kn

In
+ ' = =
Z Nul‘w Z (Zkil _ 1)(2]%2 + 1)

pairs k3,....kn
{11,02}€E
T(ma )
(ﬂn+i1+12—4)| K3,...n
=)l
Tn
SD DR T D :
19 1 4 . A
( ) quadruplets k3,....kn (2k’1 + 1) (2k“ + 1)
{21,...,i4}€E

F(a + ;‘+1' + %) k3, LN

(ﬁn+n+2~-+z4—8 ) H3,...m

n
ot X ke D BRI RE D)

A-tuples k3, n
{il,...,lk}eE

X

D(eattdotis + 7) ko
(BaFut-Fn=m)) Ha,.m (-
J(a) is the sum of 1+ C? + C} + -+ + C} (n — 2)-tuple series in the variables
u3, pa, 12, ..., uLten. (CF are the binomial coefficients.)
We shall now show that these series are hypergeometric. A straightforward
generalization of Horn’s definition (see [6, p. 223] and [14, p. 53]) states that a
series

m m
(20) E : Amy,may T
M1y...,Mnp

is an n-tuple hypergeometric series if the quotients

Aml,...,m]+1,...,mn

(21) fj(mla"'amn)’__ ) je{l""an}’

Aml,...,m,,...,mn

are rational functions of the variables mi,...,m,. The series is said to be ho-
mogeneous if numerator and denominator of f; have the same degree for every
J

It is easy, though rather tedious, to see that for each series in Eq. (19), numerator
and denominator have the same degree: j/2 if j is an even integer, j if j is odd.
Thus, (19) is a sum of homogeneous (n — 2)-tuple hypergeometric series.

3. Particular Cases. Upon using the Pochhammer symbol

(22) E\—(l—_\()[(—z;-)lcl=Oz(oz+1)---(oz-+—k—1)E(oz);c

and the classical addition formula and Gauss’s multiplication theorem [9)]

(23) (@)k+1 = (@)r(a + k),
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(24) (@) = m™ ][ [ty

m
=1

the coefficients in J(a) can be transformed to exhibit explicitly the hypergeometric
nature of the series, at least in some particular cases.

(1) Single superquadratic term Pn(z) = Agz? + A,z™ [12], [4]:
13 n—1
@) = = aFuas | (n even)
a) = — - 7 n even),
o n/24n/2-1 9 4 n—9 n
n—2"n-2"n-2
(25) 1 3 2n -1
T 2n’ 20’77 2n ) (n odd)
= — 1 % n o 5
Vi T 12 n-21 "
n—2"n-2"n-2"2
where
(26) v, = (n/2)"/? _ o\ ( a (n=2)/2
"= (n-2)/2)m-272M = T\, n—2

and , Fy is the Gaussian generalized hypergeometric series [6], [7], [14].
(2) Two even superquadratic terms Pn(z) = Agz? 4+ Appz™ + Apz™ (m,n even
integers):

™
J(a) = —
=%
1+ mkym 3+ mkm n—14+mkm
27 X Fpo_ " no " ;
(27) ;nlz 2L | 4 (= 2k 44 (m = 2k n—2t (m— 2k
m n—2 ’ n—2 Y n—2
(1/m)k,, (8/m)kp, -+ ((m = 1)/ M)k, Uni

(2/(m = 2)kp (4/(m = 2))y -~ (M= 2) /(M= 2))iy k!

The structure of the series (27) shows that it is a formal generalization of Appell
series [6], [7], [14]. Note that in (27), because of the symmetry of o, = mk,, +nky,
m and n having the same parity, we could exchange m and n and express J(a) as
a summation over the index k, with a “coefficient” ., /3 Fp/o—1[. .. (m < n); vp].

Although it might be possible, also in other cases, to show explicitly the hy-
pergeometric structure with ,Fj, coefficients, the general form (19) is still useful,
especially in convergence problems. For two superquadratic terms, we have the
following simplest cases:

Py(z) = Aoz? + A323 + Mgzt

NG 1 T(3ks+2ka+3) oks .
(28) J(a) = Eg% (2k3)!ky! (k3 + ka)! () '
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P5(.’E) = /\2.’122 + /\31‘3 + /\5.’125,

1
J@) = \[Z | S iy e B8 3) s 2

S (2ke)l(2hs)!l (ks + 3ks)!

1 F(3k3 + 5k5 + %) 2\k3 2\ks .
tHaks ;; (ks ¥ D12k T 1)1 (kg - 3ks £ 290 H8) ()™ |5
3, k5

Ps(z) = Aoz? + A g2* + X628  (which is (27) with m = 4 and n = 6),

_ ™ 1 I‘(2k4+3k6+%) ka ke
(30) J(a) - V )\—Zkzk k4!k6' (k4 +2k6)! By He -
4,6

Note that (29) is the simplest case where J(a) appears like a sum of multiple
hypergeometric series, the number of odd monomials in P,(z) being larger than
one.

When the number of odd monomials in P, (z) is less than or equal to one, the
summation reduces to a single hypergeometric series. Furthermore, every A; which
is zero reduces the multiplicity of the series.

4. Convergence Problems. For Gaussian simple hypergeometric series, such
as (25), convergence is insured when |v,| < 1, but as soon as P,(z) involves more
than one superquadratic term, we have to use Horn’s theorem on convergence of
multiple hypergeometric series [6], [7] and its generalization [14]. This theorem
states that for general series like those occurring in (19), the associated radii of
convergence (numbers £; € R* such that the series converges when [z;| < &,
7 €{1,2,...,n}) lie in the “absolute space” (R*)™ on a hypersurface (). When
the series is homogeneous, (X) may be defined as the hypersurface whose parametric
equations are

(31) & !

= ¢j(my,...,my)

with ¢;(my,...,my) =lim, o fj(min,...,myn) being finite for every j because
of homogeneity. (See Eq. (21).)
|
¢n(0,0,l)

1
¢P(?’l’_(_))

— >

1
¢r$|1 ,0,0)

FIGURE 2
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Figure 2 shows (X) in the case of three superquadratic terms Ap,z™, Apz? and

Anz™ in Pp,(z).

Computation of £; in the general case is quite tedious, but it can be shown that
every series occurring in (19) has the same (X)-hypersurface of convergence.

When there are only two superquadratic terms, () reduces to a curve in (R¥)2,
which we specify in the particular cases (28), (29) and (30). (The case (29) was
already treated in [4].) The following table summarizes these results.

particular series

parametric equation

of the curve (1)

region of convergence (S)

in @972

(28)
C4(l+t)
b3 3
converges when (3+21)
2 t(l+t)
W3 slu,D £,=
37174 U (3+2t)2
is in (S) K,
t= o
3
(29) £
- 4(1+3t) 5
converges when 3 (3+5t)2
2 2 l‘ﬁt2(1+3t)3
(3 5 ) 5 G
(3+5t)
3125 (5) 4
is in (S) . 108 [ /27
5 0 g
t=-— 3
3
(30) £
1+2t
converges when N
(2+31)
2
(uyl lugh Ct(1+20)
6" 3
(2+3t)
is in (S) K
6
t = %
4

It is easy to show that if we use the “natural” hypergeometric argument v,
(defined in (26)) instead of u, in the (|up|, |vq])-plane (RT)2, () always joins the
extremities of the diagonal of the unit-square (or unit-hyperoctant in (R*)"~2).

As a final remark we add that, probably, the series (14) (or (19)) may often be
analytically continued, as is already the case for the simple example (25) when n is
even (see [12]; in this case, J(a) may be defined for u, (or v,) — —oo.

Appendix: The Elliptic Case. When P,(z) involves a single superquadratic
term of degree 3, 4, or 6, we observed in the introduction that Eq. (2) can be
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transformed into a complete elliptic integral and straightforwardly integrated [12],
2], giving the following results (2F1[3, 5,1; k%] = 2K (k) where K is the complete
elliptic integral of the first kind):

(32) /B do = (1 -k + kY4, R [, L 1 k2],
a Va—Xz? = X3z3 /) 2’2’
* ——112— l+cose:|:27r
B)  3x\2 3 ’
e
o SINF _
k —W, C086—1—2V§,
9 _ 27 A3
BTN

/B dz
o Va—Aaxz? — Mgzt

(33) \/)‘_(1—4k2+4k4)1/42Fl [——1k2] if Ay >0,
_ 2
———(1 + ]:?2)1/22F1 [—, —;1;]2‘2] if Ay <0,
2 2°2
1 Ay 1/2 1/2 :
,@ 0_57_-:[1—'1/)/ —1]/ lf/\4>0,
1 X 1/211/2
ﬁ:—a:E 5 [1—(1—V4)/]/ if Ay <0,
V—Ag
1 - =y 1= (1—wg)t/?
2=_1__ 1— 1/2 2
e R e e R e (s
A4
4/\2
/5 dz
a \/a—/\gfz—/\ezﬁ
11 .
(34) _ T(1—16k2+16k4)1/4F[E-—lk?] if A > 0,
N ~ - 1
M1 _re 4\1/4 R I ) :
\/E(l k +]€) oFy [2,2,1,]{?] if A\g <0,
1L A 1/6 -1gy1/3 -1g)1/3 v
f=—-a= \/_\/_( vg)/8[(1+th™'@)/3 + (1 —th~1@)1/3 if g > 0,
2 A 6-a]""
ﬁ:—a:[%\/%cos ;W if \g <0,
—A6

Sh@=\/—l/6, COSé:—\/%,
f2_ Sin 25T 267 (1 — 2k?)(14 3242 — 32k%) _ (1—2k2)(1+ 1k - 1k9)
s @ T (1- 16k 4+ 16k4)3/2 (1— k2 + k4)3/2
27 Ao .

Vg = ———=a

4/\3
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(Formulae equivalent to (34) are given by Lakshmanan and Prabhakaran [11].
Equation (25) of the present paper gives much simpler results. The values of o
and B in “hypergeometric form” are derived from formulae [12] obtained by the
Lagrange-Birmann Theorem; see also [5].)

2
(35) o . 31 5 58a).

/ va— /\2113E - /\3(133 \/ 4 /\3

o a 153 272 Xsa . [2 4 3 272
=+, /—oF |2 - =

ﬂ} /\21[662 4A2] /\22Fl[332 4A]

A dz 13 W
36 = Fi|=,-;1;,-4—=al,
(36) /a Va — haz? — Myt \//\ 2 [4 4’ ,\ga]

A dz T 15 27 Xg
37 = F, _a_;l;___ 2 )
(37) /a Va— 2z — xez® Voo 1[6 6 4 /\%a]
115
—— [a 6°26._ 27X
g “ /\23F2 35 7 43
2°4

(Identification of (35), (36), (37), respectively, with (32), (33), (34) is carried out in
[12], using transformation relations for Gaussian hypergeometric functions estab-
lished by Goursat [9]. Integrals (35) to (37) may also be identified with Legendre
functions [2].)

(38) /j = )‘2(:1:2 —=3 _ \/7/r\_2p_1/6 ( 227 iz ) )

(39) a Va-— /\;f; — Mgzt N \/7;_2P_1/4 <1 - 8:\\—§a> ;

(40) /:’ - /\;ia; — = = \//\_p_l/6 (1 + 227 :\\g 2) ’

where P,(z) is the solution of Legendre’s differential equation
(1—22 )ZQTf —2zg“]:+0(0+1)f 0.
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