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The Subgroup Structure of the Mathieu Group M12 

By Francis Buekenhout and Sarah Rees 

Abstract. We present a full description of the lattice of subgroups of the Mathieu group 

M12- 

1. Introduction. The recently fast developing search for geometries invariant 
by a finite simple group G (see [1], [9], [7], [2]) makes it suitable to dispose of various 
portions of the subgroup lattice of G. Hence it may be interesting to determine once 
and for all the full subgroup lattice of G. Of course, this lattice may be too large 
for a useful description. It seems more realistic to look for the subgroup pattern, 
in which the elements are conjugacy classes of subgroups and order is provided by 
inclusion. Even so, the task may look too difficult for any of the sporadic groups, 
but the result is surprisingly elegant for groups such as M1l and Ji (see [2]) while 
the method of search is obviously unpleasant. Large portions of the subgroup 
pattern of the sporadic group Mc have been worked out by 0. Diawara [5]. The 

purpose of the present paper is to discuss the subgroup pattern of the Mathieu 
group M12. In calculating this, some use was made of the information available in 

[4], [8] and [6] and of the Cayley programming language ([3]). 

2. Results. It turns out that there are 147 conjugacy classes of subgroups in 

M12. We denote these classes by K1, K2,... and list them in increasing order, 
somewhat as Cayley does. We take the outer automorphism group of M12, namely 
M12.2, into account as follows. When two classes of M12 are fused under M12.2, 
we denote them by Ki and Ki. In view of this twinning procedure, the labels i run 
from 1 to 107 instead of 147. If no confusion can arise, the class K. may be called 
"class x". 

For each class Ks, we give one or more descriptions of the isomorphism type of 
its members, using fairly standard notation for this, in particular, the conventions 
of the Atlas [4]. So "6" stands for a cyclic group of order six, D8 for a dihedral group 
of order 8, A.B for a group G having a normal subgroup of type A with G/A - B, 
etc. We list (see table in Appendix) the classes Ks, the length or cardinality of 
K , the class KY of the normalizer of a member of Ks, the number of maximal 
subgroups and of minimal overgroups in each possible class for a given member of 

K,. Since M12 has a particularly interesting representation on the 12 left cosets 
of some subgroup M1l, we give the lengths of the orbits of a member H of Kx on 
these 12 points by a notation such as [4, 2, 2, 2], [4 x 3] or [26]. These mean that 
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H has an orbit of 4 points and 4 orbits of 2 points in the first case, that H has an 
orbit of 12 points with 2 systems of imprimitivity blocks of sizes 4 and 3 respectively 
in the second case and that H has an orbit of 12 points with 6 blocks of imprimitivity 
of size 2 in the third case. 

D6partement de Mathematique 
Campus Plaine C.P. 216 
University Libre de Bruxelles 
1050 Bruxelles, Belgium 

Department of Mathematics 
University of Illinois at Chicago 
Box 4348 
Chicago, Illinois 60680 

1. F. BUEKENHOUT, "Diagram geometries for sporadic groups," in Finite Groups-Coming of 
Age, Conf. Proceedings (J. McKay, ed.), Contemporary Mathematics, vol. 45, Amer. Math. Soc., 
Providence, RI, 1985. 

2. F. BUEKENHOUT, "The geometry of the finite simple groups," in Buildings and the Geometry 
of Diagrams, Como, 1984 (L. Rosati, ed.), Lecture Notes in Math., vol. 1181, Springer-Verlag, 
Berlin, Heidelberg, New York. 

3. J. CANNON, A Language for Group Theory, Univ. of Sydney, 1982. 
4. J. H. CONWAY, R. T. CURTIS, S. P. NORTON, R. A. PARKER & R. A. WILSON, Atlas of 

Finite Groups, Oxford Univ. Press, 1985. 
5. 0. DIAWARA, Sur le Groupe Simple de J. McLaughlin, Thesis, Universit6 Libre de Bruxelles, 

1984. 
6. V. FELSCH & G. SANDL6BER, "An interactive program for computing subgroups," Com- 

putational Group Theory (M. Atkinson, ed.), Academic Press, New York, 1984. 
7. M. RONAN & G. STROTH, "Minimal parabolic geometries for the sporadic groups," European 

J. Combin., v. 5, 1984, pp. 59-92. 
8. A. D. THOMAS & G. V. WOOD, Group Tables, Shiva Publ. Limited, 1980. 
9. J. TITS, "Buildings and Buekenhout geometries," in Finite Simple Groups II (M. Collins, 

ed.), Academic Press, New York, 1981, pp. 309-320. 

Appendix: Subgroups of M12. See table on the following pages. 



THE SUBGROUP STRUCTURE OF THE MATHIEU GROUP M12 597 

00 ~ ~ ~ ~ 
I if)~~~~I c- -f~ 

1' 

_ 0 t _ - - 

a1IL I U, 
1 1 

0 - N v o 

m CO _ Co m CN - 0C 

o _ _ e O _ C s - s t 
- 000 
- c t- xma ma 0f if)CD 

o a 
- 

I 
N G N 

C",f4, 
) - - - e 1 - ? N N U- 

_ ~ 0) 
_5 I_ _ _o CN 

- 
N CS C 

C)i 
-4 00 Cf) a) 00 00 Cf) Cf 

Q O s CO - - -f) Cf C)' _ C O O 

c m _ 4 _ - - - - - - - C C) - - - 

N~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~N N V 

._ 

N v 

cN _ 

v 

S C 

S C) t~~~~- U, U~~~~ a) - '-~~~~ ii~~~ ~~$4 Ct) 0 C 
", ~ 

._ 
4 0) a) 00 00a 

a a aa 00 00 0 ) l ai 

z Z _ Z Z X O _ X _ Z e e _Z 

_ n t oo NV 

0 

-4 V- - - ~ Cti cl~ ciCt, 

> C') _tI _-4 _ _ -4 x) xV C) ,C CD 

U2 c ';a a a a - ca - ca a 

Uq~~~~~~~0 _0 _o _ _o _ C) Co t- V) CS _ 

CE O ~ C Ct, I' 0 _ _ ) oO 
a _f- Oi O' i6 x 00 00 N 10 00 t- C1 

00 v 0)~~~~~~' f C) a 

; ai ai4 aN 

s 0 ~ ~ ~ ~~~~~~~~~0 
C4 0 4 4 0s 4, 

ol 0l x x 

c0i CN~ C', CNI ci CNI - C l C-, 

- _ C) N C_ CO - 00 a - - _ - 

.0 LO 

.Z : 3~- 

ce =) 

C) C, O) _4 CI c e 

N _ VC o s IN t- 00 -) _ _ -4 



598 FRANCIS BUEKENHOUT AND SARAH REES 

00 

z 
C)~~~~~~~~~~~0 

d~~~~~~~ 

kO 00 0- 100 00 10 I 0 000 
a~~~~~~~ 

Lo to o 1 Io o) CC C1 oo lo t1 't 'looCI 

bO It Cf) X c O CO o 1 _ 1m N141 10 oo~ 1O0~ IT1 l o 1 1 

-q CS ~ ~ C~1 C~ ~ ~ CC CO C4 Ct 

~~~~~0 0n 

m m m It14 1ltr V4 '$ 1t ?ts It 1 s r1 

V- 00 V -4 

b0 '-4 '-4 '-4 '-H CO >4 CC C1 C4 4 4 C C 4 

if) 100 00 -4 T4 N V4 00 if v '-4 q4 N N if 114 o if) 00 IC CD 00 00 CD 00 00 C) C) 00 00 CD Co Co ICD 

0 

0 0 0 ~~~~~~~~0 if) Uf) 0 if) If) if 0 0 0 0 
N v ' 1 ' 00 00 t- 00 0 if if 00 00 t- t- t t 

d4 Cm t C N N C r C) C) C) ' N C C C) 

Q X 

Co* C' CO C4 C 3 S H 23 nI S C'S '-4 C 

0 x 

0 X X C Co C o 

O~ O O 

-+-D~ OQO_ 

d (Id t o e ICO c) (1) 1o c) 00 00 00 oo N O N 

oY "z t c y 

o_ ? - T- r- Ir- r- I- r- rq N N CN CN IN C14 CS 



THE SUBGROUP STRUCTURE OF THE MATHIEU GROUP M12 599 

0 
100 

00 
00 t- 

00 C4 
00 100 

CD 
m CD 00 

IC) 

C4 

LO ILO C4 C4 
ks 18 ILO t- c 

-4 C4 -4 -4 -4 

ILO C4 00 CD I'll t- 0) 14 4 o C) ull c LO 

34 C14 

ci 
-4 -4 -4 -q < 00 t- t- 

-.4 -4 

c Kc LO LO cq cq m t- t- 0) 

4 4 4 < 4 < < < < 
m m 1114 1114 -4 LO LO -.4 M -4 -4 

CD CD CD t- LO CN4 t- LO 

t- t- t- t- t- 00 LO LO t- c 00 

< < < < < < < < < < 1.4 

CD c c c 00 CD CD CD CD CD CD CD 
c CD CD t- t- t- cq cq cq 00 

m t- cq cq m m m t- m m 
cq cq cq cq C4 t- CN4 

x 

CIA 

cli C4 
C4 C4 

4 x x x x C114 x 

C14 

cf) ::I x N N N 

N N N C) 
0 

C14 

t- 00 00 m C) C14 c t- 00 0) 

C114 IC114 C114 C114 IC14 C14 m m m m m m 



600 FRANCIS BUEKENHOUT AND SARAH REES 

CD 
100 
4 
c"i 11c:v 11c:v 
CD CD CD 
00 

cq cq 

Q) N im cq 
Kc c t- it- c kc 00 t- 

cq cq cq 

6 cli, C' ci cq cq 10 10 00 
10 o kc c c c M c Ko t- o 

cq lcq 

lcq lcq 

t- 00 
cq icli cq M 

cll 
cq CT CT CT CNI cq ICNI ICNI r-m 

00 m I" m t- It- 00 00 t- t- t- t- cq cq 
cl cl cl 

cq cq cq cq 

Q) 

cq 00 
t- (7) o 00 00 o M 00 00 o M 00 00 

CD 10 10 CD CD 10 10 CD CD 10 10 CD CD 
t- 00 00 t- t- 00 00 t- t- 00 00 00 It:v Q) 0) It:v It:v (7) (7) It:v It:v (7) (7) cq o 4 It:v CT V--q V--q CNI CNI V--q V--q cq cq cq 

cq 
CT CT cq cq 

cq Ci- 

cq cq 
C4 

00 00 00 CY) CY) 
cf) cf) 

Q) x x x x 06 o o 06 cq CT x x 
,q,, cq cq CT (31 (31 o6 o6 

Q) 

o cq t- t- 00 00 (7) CD 
o It:v It:v ilt:v It:v ilt:v It:v 10 



THE SUBGROUP STRUCTURE OF THE MATHIEU GROUP M12 601 

m 

V--q V--q 00 00 c c CT 

CD cq it- ICD CD 00 00 c 00 00 110 00 
(m oo 00 (m m 00 00 00 00 00 t- 00 

00 00 00 CD CD CD 10 cq cq m m It:r It:r cli 10 
kc c ko t- t- t- 00 t- t- t- t- t- t- 00 t- t- 00 

100 c 4 t- t- (m 0 100 
cq m It:r It:r m CT It:r 

00 00 
6 cq Icq ci, 05 It:r It:r 10 10 o CD cq 0 V--q 00 m 

4 4 .I cq m cq Icq cq Icq cq A cq cq cq C'l 

o o cq cq cq cq CT 
cq cq 

cq cq 
V--l V--l cq 

00 (m (m CD CD c 10 cq cq m It:r CT m m 10 
kc m R t- t- t- 00 t- t- t- t- t- t- t- 10 t- 00 m 

4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 4 

CD o o o 0 0 0 0 0 0 0 0 0 0 
It:r 0 0 t- t- t- cq 00 00 00 00 00 00 00 00 10 
c CT CT m m m m m m m m m m m 8 m 00 m 
cq cq CNI CNI CNI CNI V--q 00 It:r 

N cq 
cq 

cq 
CT 

C6 CT cq cq x x C,5 -6 "I - - 4 4 C6 
- N N 

x 
C', CY) - - - CY) CY) 

10 10 10 cq cq o o 00 00 cq 00 c 

CY) CIA 
CY) 

U) c 

ci c"'! 00 
x N N 114 114 x x x x 

16 16 cq cq cq cq cq 

cq cq m It:r 10 10 o 00 m 0 V--q CNI 

10 110 10 10 10 110 10 10 10 o o o 



602 FRANCIS BUEKENHOUT AND SARAH REES 

00 00 

N 
0 Co 
1-4 C> 

00 100 100 4 
0 
$-.4 
bo 

10 10 
0 C> m C 

811 oo 100 oo r-4 IV--4 00 00 00 100 00 

ce C4 N N N 

10 cq N N N t- c 1tv 10 VID 
00 00 00 00 00 00 00 00 100 00 100 00 m m m 

00 00 00 0 

00 00 v o ko 100 00 1-4 11-4 
1v m Ul) 10 VID "D 10 

m UID 10 Go m 0 0 N N v t- 

w v v v v 111t:v "::r m UID 1 VID Ul.) v v It:v 

78 04 4 4 4 4 4 4 4 4 10 4 21 4 4 4 
o 4 
0 T--4 

v m t- I* o - 00 t- to o Co 
c Kc 

O 4 4 4 

LI) N N m m 0 v N m 
00 00 00 00 00 00 00 100 0) 10) t- 05 t- r- 

UID Ul) ul Ul) CD CD Co 0 0 CD 
55 00 10 00 00 00 N cq N c m t- 10 00 00 00 

v o o N v 

0 
N 

N 
C, v v NM N x 

N C,4 C,4 C,4 C,4 C', 
C14 N m 

V) 0) ce) LO N .o 00 

cli 

.0 CO N 
4-a 1-4 

CT cq 00 
ce 

N co co 
N 

0 
CY) cv) x 0 x x 

CIA 
m NM C-4 LO C4 CT 

o Co t- 00 00 0) 0) 0 C14 m 
o w w 'IO Iw o Ko r- t- t- 



THE SUBGROUP STRUCTURE OF THE MATHIEU GROUP M12 603 

C C4 00 
0 0 o~~~~~~~~~~~~~~~~~~~~~~~~~~~l CS4 o 

uo O;' O O 00 &o 10 d4 t I . 1 1 
O 00 00 00 m C -4 To 110 

- - -q -. - f "-4 Cq -q4 q -4 - 

r- 

t'- 00 0 

~ H ~ H H H > H H ~ H H H C CC CO 

t- v-- " 
o m m llv 0 m 

Q c 
m 

- c~~~~~~~~~~~~~~~ ~~~ 4 6' .4 
V 

1> H' i' O^ c> 4s c o6o6 oa) o~ 0, 0O la - - c- N - 

00 00 0 t'- 100 to1- t IC, ~ . IC, 0 

Cm 110 10 ":v ~ H 
IC-4 -4 

14 o 
1-q1O 

Q I 

1tF oo oo o0 t- C) b 10) 00 0) ICY) 0 1? m 1 00 

0 00 0 00 0 0 0 cs q 00 cN cN 00 0 0 0 0 0 0 CN 
C 00 00 00 t- C, C v cc Co C cm - oo00 00 00 t t- t 4 w Co C C CN . 

C, C, C, 1.4C C^ C 
d 

t 
en 
oCO C 4 O X 

cl) c) cl) _e 
_0 C) O 

o ,, g o _ 8 , x 

1t o to o 10 V C 
It t- It - t- - t- oo loO oO 00 100 00 100 o0 loo 00 



604 FRANCIS BUEKENHOUT AND SARAH REES 

LO LO 
Q) 

811 
ce cl CT 

C6, o o t- t- t- C6, (M 0 0 (M (M 0 "-I RI 

cq 

cq .o 00 
t- 100 00 

00 0 00 00 00 

LO 6 LO LO 00 cli 
C6, Z LO 0) LO 
10 oo 00 00 t- 00 00 

00 
LO ci cq cq 

L- LO LO t- m it- 100 L-) cq 
LO .o 

LO 
w w w t- t- t- 

06 10 10 t- 00 m m m m m t- t- cq m t- t- LO 

10 LO 0) LO .o t- t- 10 LO 

m or 

ce 

0 (M (M (M (M 00 (M (M m m m m m m m 

LO LO LO LO cq CT c LO 
Q) 

(M (M (M (M 00 (M m m m m c c m m CT cq 
4 00 t- t- m m m c c or CT CT 

o 0 
rn 

0 
cq cq 

m CT 

x CT x 
cli cv) cv) cv) c"ll cv) CT I 06 m c C6, m 06 c 

0 

cv) cv) 
U) U) 

ce 
cv) 

P4 0 

c; 
LO cr) 

"! cl CT cr) cv) c1l) 
to... x x C)0 + 00 x 0+ x 

N 11c:r 11c:r cv) N N 
CIA 

CT CT cr) cr) cr) cr) cq CT 

t- t- 00 cq m m t- 

00 00 100 00 00 m m Im m m (M 



THE SUBGROUP STRUCTURE OF THE MATHIEU GROUP M12 605 

"_4 Ri 
4 4 

ci, ci, 
ci, C14 

"_4 Ri 

C' cq "_4 "_4 
100 00 00 00 00 00 0000 

1(m Ri c" 
1(m 
4 00 00 00 t- m 00 100 00 100 (m 1(m -:v cq 

CT cq 1(m cq cq cq 10 10 
cq - - 

C6, m m t- t- cq Q m m cq Ica 0 1 3 
t-t- 00 00 10 10 10 10 t- t- 
4 vcq cq 00 00 cq cq00 

00 (m 110 
t- t- 4 4 4 4 4 4 4 4 4 4 cl0 

lo lo 0 0 mcl co 
m m "-4 cq 

"_4 Ri "_4 

.o cq cqvv.o co co co co co co co CT CT 
cq cq 

cq cq cq 
CT N N N cq cq 

ci, m co co co co 

N 

cn cn CT CT 
6 6 

cr) cr) 

cq cq 
oo 100 m 0 0 
m m m m "-I 1-4 "-I 1"-q "_4 Ri "_4 Ni "_4 Ri 1-4 


