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Backward Differentiation Approximations of Nonlinear
Differential/ Algebraic Systems

By Kathryn E. Brenan and Bjorn E. Engquist*

Abstract. Finite difference approximations of dynamical systems modelled by non-
linear, semiexplicit, differential/algebraic equations are analyzed. Convergence for the
backward differentiation method is proved for index two and index three problems when
the numerical initial values obey certain constraints. The appropriate asymptotic con-
vergence rates and the leading error terms are determined.

1. Introduction. The most general systems of differential/algebraic equations
(DAE?’s) arise in the fully implicit form,

(L.1) R(t,z,z') =0,

where z = z(t) and R are vectors of dimension r. The Jacobian matrix 0R/0z’ is
assumed to be singular. If it is nonsingular, system (1.1) is an implicit set of ordi-
nary differential equations (ODE’s) and can be, at least theoretically, reformulated
as ¢’ = f(t, x).

The k-step backward differentiation formula (BDF) was introduced by Gear [8]
in 1971 for the numerical integration of DAE systems. This approach has been
universally accepted in industry as well as in academia as the standard numerical
method for solving DAE systems. To apply this method to (1.1), replace the
derivatives z’ by their BDF approximation with constant stepsize h and evaluate the
equations at t,, where t,, = tg + nh. The resulting system of difference equations,

k
(1.2) R (tn,xn, h~t Z aia:n_i) =0
=0
is then solved for the numerical approximation z, of z(ty).

The analytical and numerical theory for linear B with constant coefficients is
well understood [5], [7], [25], [27]. The variable coefficient and nonlinear cases are
much harder. In contrast to the theory for the numerical approximation of ODE’s,
the convergence results for linear, constant coefficient systems do not extend to all
linear, variable coefficient or nonlinear problems. In this paper we will restrict our
interest to the class of solvable DAE’s. A solvable DAE is one for which solutions
exist, and for which solutions having the same initial values are identical [9]. Now,
while the k-step BDF have been shown to converge on solvable, linear constant
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coefficient systems [25], they may be unstable for some fully implicit DAE’s. For
example, in [10] a fully implicit, linear, time-varying solvable DAE system is pre-
sented for which the one-step BDF is unstable and thus does not converge. On the
other hand, numerical experiments strongly suggest that the BDF are convergent
for some classes of DAE’s [1]. This example demonstrates that in order to establish
a convergence theory for numerical approximations to the solutions of nonlinear
(including linear time-varying) DAE’s, a subclass of problems of the form (1.1) has
to be chosen. It is the purpose of this paper to define an appropriate subclass of
nonlinear DAE’s which cover many of the applications, and to develop a rigorous
convergence theory for that class. The stability results derived in [1] for the linear
homogeneous systems corresponding to this subclass of nonlinear systems will be
summarized as well. Before the results can be presented, some background material
must be given.

The behavior of DAE systems is directly related to a property called the index
(5], also sometimes referred to as the degree of nilpotency [28]. For example, consider
the following subclass of system (1.1) which we will refer to as semiezplicit DAE’s:

(1.3) Z/ =E(t,y,u),

(1.4) 0= H(ty,u),

where y = y(t) and F are [ vectors, and u = u(t) and H are m vectors. Semiexplicit
DAE systems arise in dynamic simulations of mechanical problems [17], fluid flow
problems (18], [21], and optimal [4] and trajectory control [2] problems. Essentially,
the index of system (1.3), (1.4) is one more than the number of times it is necessary
to differentiate the algebraic equations before the algebraic variables u can be ex-
plicitly determined. Hence, if the Jacobian matrix d H/du is nonsingular, then the
system has index one [11], since no differentiation is required. If 9 H/du is singular,
then the index is at least two. If the algebraic subsystem (1.4) is not present, or if
the DAE system is simply a set of implicit ODE’s, the index is zero. A reduction
algorithm described in [9] gives a precise definition of the index.

Recall that initial values of ODE’s may be specified arbitrarily. However, initial
values for a DAE system of index v must in general satisfy consistency relations
which may involve up to v — 1 derivatives of some of the variables. For exam-
ple, initial values for semiexplicit DAE systems must at least satisfy the algebraic
equations (1.4).

Not only is the index of the system important in the characterization of the
system’s solutions, but it is also critical to the convergence and stability properties
of numerical approximations. For example, the relation of the index to the stability
and convergence properties of the BDF is very well understood for linear, constant
coefficient systems,

(1.5) Az’ + Bz = f(t),

where A and B are constant r X r matrices. If system (1.5) with index v is solved by
the k-step BDF (k < 6) with constant stepsize h, the numrerical solution converges
globally to O(h¥) accuracy after (v — 1)k + 1 steps [25]. If the one-step BDF (i.c.,
Backward Euler) is used to solve an index three system, the global error is O(1)
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after one step [11]. However, after three steps of constant length h, the numerical
solution is O(h) accurate.

If the system’s index is restricted to one, then the numerical solution determined
by the k-step BDF converges to the solution of the general implicitly formulated
problem (1.1) [9]. However, as was mentioned earlier, subclasses of (1.1) must be
considered when proving convergence for higher index systems. Since numerical
solutions of some higher index, semiexplicit systems have been experimentally de-
termined to O(h*) accuracy by the k-step BDF, it is natural to investigate the
convergence properties of the BDF on this subclass of (1.1) [1], [2].

The subclasses of DAE’s studied in this paper are higher index problems (i.e.,
index greater than one) which are sometimes labelled dll-posed [19], [20] or alge-
braically incomplete [23]. The classification of these higher index systems as ill-posed
should be understood in the strict sense that they may not exhibit a continuous
dependence in the maximum norm on the inhomogeneous terms. In fact, it will be
necessary to impose additional smoothness on the systems and to consider a weaker
form of stability where the solution depends continuously on the inhomogeneous
terms and some of their derivatives. Solvability of these systems also requires this
regularity. It is still possible for the BDF to produce a convergent numerical solution
in spite of this weaker form of stability. Furthermore, it is important in practice to
understand how numerical methods behave when applied to higher index systems
because higher index problems arise in applications much more frequently than first
thought. Until recently, many engineers solving DAE’s were not cognizant of the
index. Except in special cases, it is still difficult in practice to determine what the
index of a given DAE is. In any case, it is useful to identify these special cases. In
particular, the nonlinear systems we study here were originally motivated by the
need to solve trajectory prescribed path control problems of current interest to the
aerospace industry. Typically, these problems are index two or three, semiexplicit,
nonlinear DAE’s. While sometimes their index can be reduced (by differentiation
or some other technique), in general that approach has not been very satisfactory
in practice.

In this paper, convergence of the BDF is proven for semiexplicit systems of index
two and three. In particular, consider the index two system

(1.6) y' = E(t,y,u),

(1.7) 0=H(ty),

where the m x m matrix (0H/dy) (OE/0u), evaluated at the solution (y(t),u(t)),
is assumed to be nonsingular for all ¢ in some interval I, and m < [. Let us also
consider the index three system,

(1.8) v' = F(t,v,w,u),
(1.9) w' = G(t,v,w),
(110) O:’H(t,ﬂ)),

where the m x m matrix (0H/0w)0G/0v)(0F /0u) is nonsingular along the so-
lution (v(t),w(t),u(t)) for all t € I. In system (1.8)-(1.10), v and F are vectors
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of dimension p, denoted as dimv = dim F = p, while dimw = dimG = ¢ and
dimu = dim H = m. To avoid the case of an overdetermined system, we assume
m < min(p, ¢). Throughout this paper, the functions E, F,G, and H are assumed
to be sufficiently smooth functions of all their arguments as required for the con-
vergence analysis contained herein.

Typically, the variables for which there are explicit differential equations are re-
ferred to as state variables, while those variables appearing only algebraically will
be called the algebraic or control variables. In system (1.6), (1.7) the [ state vari-
ables are y, while in system (1.8)-(1.10), the state variables are y = (v, w) with
dimy = { = p+q. In both systems, the algebraic variables are u. In [1] it was proven
that a linear, index two system and a linear, index three system corresponding to
(1.6), (1.7) and (1.8)—(1.10), respectively, are solvable. The proofs are straightfor-
ward and involve reducing the systems to sets of explicit ODE’s by differentiating
the algebraic equations and substituting for the state variables’ derivatives from
the DAE’s. For consistent initial values, the solvability of the DAE’s is then es-
tablished by applying existence and uniqueness theorems for ODE’s. Note that a
consistent set of initial values must satisfy not only the algebraic equations given
in the DAE, but also those equations arising in the reduction process. For the
nonlinear DAE’s (1.6), (1.7) and (1.8)—(1.10), it is technically necessary to assume
there exist solutions satisfying the algebraic equations corresponding to the associ-
ated index one problems, including (1.7) and (1.10), respectively. Then, solvability
of the nonlinear DAE’s may be established as in the linear case—namely, differ-
entiate the algebraic equations and apply the implicit function theorem to solve
for the algebraic variables, thereby reducing the DAE’s to explicit ODE systems.
This last step utilizes the assumptions on the nonsingularity of the matrix products
(32)(4E) and (3)(38)(35).

The facts that system (1.6), (1.7) and the linear system corresponding to (1.8)-
(1.10) are index two and three, respectively, was first established in [1] by applying
the reduction technique described in [9]. Essentially, the index is one more than the
number of times it is necessary to differentiate the algebraic constraints before the
algebraic variables appear explicitly. The index of the nonlinear system (1.8)—(1.10)
follows in a similar way.

In the following section, convergence theorems for the BDF methods approximat-
ing the solutions to (1.6), (1.7) and (1.8)—(1.10) are stated. The rate of convergence
is equivalent to the corresponding rate for linear, constant coefficient problems. The
leading error term in the asymptotic expansion is given. This section also contains
necessary definitions and a brief outline of the proofs. In particular, it is pointed
out how this analysis differs from the corresponding theory for ODE’s. The conver-
gence proof for the index two system is given in Section 3, while the corresponding
proof for the index three system is presented in the Supplement.

This paper is an extension of the convergence results derived in [1], and is a
condensed version of the earlier report [3] in which the proofs are carried out in
somewhat greater detail. While a convergence analysis of the k-step BDF was
done for the nonlinear, index two system (1.6), (1.7) in [1], the proof presented
in [1] was valid for only the linear, time-varying index three system corresponding
to the nonlinear system (1.8)-(1.10) of interest here. The analysis in this paper
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also leads to new results concerning the leading error terms. Extensive numerical
experiments have been conducted to verify the rates of convergence for both linear
and nonlinear index two and three systems of these forms [1]. Numerical results
for a particularly nonlinear, index three problem arising in trajectory control have
already been presented in [2].

Using a different approach than the one employed here, convergence results for
the BDF have been obtained in [18] for index two systems having a form equivalent
to (1.6), (1.7) and for a subclass of the index three systems (1.8)-(1.10). The proofs
presented there rely on local rates of convergence established in [1]. Throughout
this paper, we will point out the key differences between the results given in [1],
(18], and this paper.

2. Notation, Definition, and Statement of Results. Before stating the
convergence results obtained for systems (1.6), (1.7) and (1.8)-(1.10), it is necessary
to present some definitions. A set of initial values (yo,up) at to is said to be
consistent for a DAE system if there exists at least one solution (y(t), u(t)) assuming
those values at tg. For k > 2 the k-step BDF requires not only initial values, but
the following set of values here called starting values:

(2.1) Yk—-1= [yg‘—lay{—%”-ayg‘]’r’

(2.2) W1 = [uf_,uf g, ..l

where the superscript T denotes the transpose. The [ vector y; and the m vector
u; denote the numerical solution at t; = to + jh for j = 0,1,...,k—1and t;, €
J = [to,to +T) C I. We will say these starting values are numerically consistent to
order k + 1 if there exists a solution to the index v system such that

(2.3) lly, = y(t;)l < Kih**,
(2.4) [H (ty,9;)ll < K1
for some constants K, Ko, and § = 0,1,...,k — 1. In general, we could use any

vector norm and corresponding consistent matrix norm during the analysis, but it
is convenient to restrict the analysis to the maximum norm. We shall show that the
starting values for u are not critical in the convergence analysis for systems (1.6),
(1.7) and (1.8)—(1.10).

Let the BDF difference approximation (1.2) of the semiexplicit problems (1.6),
(1.7) and (1.8)—(1.10) have the form,

k
(2‘5) Zaiyn—i = hE(tn,ymun),
=0
(2'6) 0= H(tna yn)a

where E = (F,G) and y = (v,w) for the index three system (1.8) (1.10). Given
starting values satisfying (2.3), (2.4), a numerical solution (yn,un) of (2.5), (2.6)
converges globally with kth order accuracy to a solution of the DAE system (1.6),
(1.7) or (1.8)~(1.10) if

lyn = y(ta)ll S Ksh®,  Jlun — u(ts)ll < Ksh*
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for t, € [to,to + T) C J where the constants K3, K4, and 6 are independent of A.

Since instability of the BDF is a concern for fully implicit, higher index DAE’s, we
summarize some stability results derived in [1] for the linear, homogeneous systems
corresponding to the nonlinear systems (1.6), (1.7) and (1.8)—(1.10) of interest here.
For arbitrary starting values yk_;, the k-step BDF is stable (or weakly stable [6])
for these semiexplicit systems because there exist constants K*, K**, and & such
that the following conditions hold uniformly in n and A for t; <t, <to+ T,

Iyl S K*ellye-ill,  lunl < K |lye-l]

where 2 = 3k —1 (i.e., after k+ 1 steps) for index two systems and 72 = 4k —1 (i.e.,
after 2k + 1 steps) for index three systems. In fact, the state variables y are always
computed stably in an index two system, but only after k£ + 1 steps in an index
three problem. Moreover, the BDF produces a numerical solution for the algebraic
variables having a boundary layer of instability of length (k+ 1) steps for index two
systems and of length (2k + 1) steps for index three systems. These weak stability
properties have since been studied for more general linear, semiexplicit, solvable,
index two systems in [6]. In practice, weak stability describes how the BDF are
sensitive to roundoff errors and errors in the starting values.

While it is true that the BDF methods are weakly stable for these semiexplicit
systems, it is also clear that the initial steps may contain ‘large’ errors. In spite of
that, we show in this paper that if the starting data is sufficiently accurate, the BDF
does produce a numerical solution which converges to a solution of the nonlinear
system with the expected O(h*) rate of convergence. It is precisely one point of
this paper to determine how accurate the initial data must be in order to insure
convergence (in particular, for index three problems). Not only is this a theoretical
concern, but it is also of practical interest as evidenced by the application of the
BDF methods to real problems (see numerical results given in [1] or [2]). It is
a fact that the Backward Euler method fails to converge at the end of the first
integration step when applied to an index three problem. Consequently, serious
difficulties arise in practice when using state of the art software implementing the
BDF methods (e.g., see [22]) on index three systems. It has even been observed that
it is possible for the numerical solution to converge to a solution of the given DAE
which is inconsistent with the given initial values for the algebraic variables [2].
This difficulty is due not only to the behavior of the Backward Euler method, but
also to the nature of the nonlinear system being solved. In this particular trajectory
problem, for a given set of initial state values, there is a nonunique solution for the
algebraic variable. A one-step method has no memory, so the O(1) error introduced
into the algebraic variable during the first step may cause the numerical solution
to jump to a different solution curve. If the initial values for the state variables are
sufficiently accurate, this difficulty does not occur.

Now we can state the convergence results obtained for the k-step BDF when
applied to the semiexplicit DAE systems (1.6), (1.7) or (1.8)—(1.10).

THEOREM 1. There exists a numerical solution of the index two system (1.6),
(1.7) by the k-step BDF with constant stepsize h for k < 7 which converges glob-
ally with kth order accuracy to a solution of (1.6), (1.7) f the starting values are
numerically consistent to order k + 1.
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THEOREM 2. There exists a numerical solution of the index three system (1.8)-
(1.10) by the k-step BDF with constant stepsize h for k < 7 which converges globally
with kth order accuracy to a solution of (1.8)—(1.10) after k+ 1 steps if the starting
values are numerically consistent to order k + 1.

The definition of a numerically consistent set of starting values is natural in the
following way. For a system of explicit ODE’s, a unique solution exists correspond-
ing to any set of arbitrary initial values. The numerical solution corresponding to
a convergent difference approximation of order k applied to an ODE will gener-
ally require starting values of accuracy O(h¥). For a solvable DAE, solutions exist
and are uniquely specified when a consistent set of initial values are given. It is
therefore natural to require that the starting values for the numerical method also
satisfy some consistency conditions as well. That is, we cannot expect convergence
of the difference method for any arbitrary set of starting values located in a circle
of radius O(h*) about a consistent set of initial values. Specifically, they must be
chosen to be sufficiently close to the manifold containing the solution to the DAE.

In [1] and [18] it appears that convergence of the BDF has been proven for
these systems when the starting values are accurate only to O(h¥). However, if
these starting values are not numerically consistent, then O(h*) convergence is not
obtained until an additional k steps are taken, where the algebraic equations are
satisfied either exactly as in [1] or at least to some sufficiently small tolerance [18]
(namely, to O(h**1) accuracy for index two systems and to O(h**2) for index three
problems). Hence, in [1] or [18] it is proven that the k-step BDF, given arbitrary
starting values of accuracy O(h*), converges with O(h*) accuracy to the analytic
solution after k + 1 steps for the index two system and after 2k + 1 steps for the
(linear) index three system. During the initial steps, reduced rates of convergence,
namely O(h*¥~!), may be observed in the algebraic variables [1]. If the starting
values are numerically consistent, then O(h¥) convergence is achieved immediately
for the index two system and after k + 1 steps for the index three system.

In [18] it is assumed the algebraic equations are solved at each step to O(h*+1)
accuracy for the index two system and to O(h¥*?2) accuracy for the index three
system. These requirements are equivalent in our analysis to the restriction (2.4)
for the starting values. In our proofs, we will assume that the algebraic equations
are satisfied exactly at each step, but we could instead relax this requirement by
enforcing (2.4) on each step. Specifically, the k-step BDF will converge with O(h*)
accuracy if the algebraic equations are satisfied to O(h¥*!) accuracy for index two
problems and to O(h*+2) accuracy (k = 1 requires O(h**+3)) for index three sys-
tems. If the starting values do not satisfy this requirement (i.e., are not numerically
consistent), then an additional k steps will be required before O(h*) convergence
is attained in all variables.

Remark. The convergence results given in Theorems 1 and 2 are also valid,
without lengthening the boundary layer, when the consistency relations for the
starting values are relaxed somewhat:

1. For the index two system, (2.4) follows immediately from (2.3), and hence is
not a restriction.
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2. In the convergence analysis for the index three system, we could relax (2.3)
to

llw; = w(t)ll = O(A**?) and oy ~ v(t;)]l = O(RY).

3. It is possible to prove Theorems 1 and 2 given starting values with error
O(h*) providing they have the following special form: (i =0,1,...,k —1)

yi = y(t;) + hFer s + O(h**1)  (index two),
w; = w(t;) + h¥er; + O(R**1)  (index three),

where c; ; is a bounded vector in the null space of the Jacobian matrix Hy or Hy,
respectively.

Conditions 2 and 3 are less restrictive than the assumed consistency conditions
(2.3), (2.4), but since the convergence proof follows in the same way as given here
(except for straightforward technical complications arising in the initial step of the
proof), we omit the details.

Before rigorously proving the theorems in Section 3 and the Supplement section,
we outline some of the key elements of the analysis, common to the proofs for both
the index two and index three systems. We also introduce further notation and
state two corollaries concerning the form of the principal error terms.

In the convergence analysis of linear multistep methods applied to explicit ODE'’s,
it is common to derive the following one-step evolution equation for the numerical
error h¥v, [24]:

Wp = SpWn-1 + hfn

for wp, = (Vn,Vn—1,.--,Vn—k+1) and T, = z(t,) + h*v,. The amplification matrix
S, is bounded. The vector fn contains the local truncation error of the BDF
method and the remaining nonlinear terms of v,, after linearization.

We shall also use a one-step evolution equation for the numerical error, but when
such an equation is derived for the BDF methods applied to DAE’s, neither the
amplification matrix nor the vector an is bounded independent of h. However, it is
still possible to prove convergence for semiexplicit DAE’s by utilizing the natural
structure of these systems. In particular, it is necessary to bound certain matrix
products such as S,S,—1---S; for n sufficiently large and establish cancellation
between different terms in the expression for the evolution of the error. It is of
particular importance in the index three case for which even smoothness of the
leading error term is needed to cancel terms from different time steps. We shall
therefore express the error as a truncated asymptotic error expansion

(2'7) Yn — y(tn) = hkd(tn) + hk+17'n,

(2'8) Un — u(tn) = hke(tn) + hk+13n,

where for the index three system (1.8)-(1.10) we let d(t) = (c(t),b(t)) and r, =
(gn,prn)- In the proofs of both theorems, these expansions simplify the analysis
(compare [26]). A similar approach is utilized by Henrici in [15] to determine
the asymptotic behavior of the discretization error for general linear multistep
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methods applied to explicit ODE’s. When expressions (2.7), (2.8) are substituted
into Egs. (2.5), (2.6) and expanded by Taylor series around the analytic solution
(y(tn), u(ty)), we obtain the following linear, index two DAE system for the leading
error terms of the numerical solution to the index two problem (1.6), (1.7):

(2.9) d'(t) = A(t) d(t) + B(t)e(t) + (k D L kg,
(2.10) 0= C(t)d(t),
where A(t) = Ey(*), B(t) = Eyu(*), C(t) = Hy(+), and the * denotes evaluation

at the analytic solution (y(t),u(t)). Similarly, for the index three problem (1.8)-
(1.10), we get the following linear, index three DAE system for the leading error
terms:

(2.11)  '(t) = A1(t)e(t) + Ar2(2)b(t) + Arz(t)e(t) + ———v &I (1),

(k 1)
w(k"'l)(t),

(2.12)  ¥'(t) = A2 (t)e(t) + Az (t)b(t) +
(2.13) 0 = Asa(t)b(t),

(k+1)

where All(t) = (*) Alz(t) =F, (*), A3(t) = Fy(* ) Az (t) = Gy(* ) Azg(t) =

Guw(*), and Asz(t) = Hy(*). There exists a unique solution to the systems (2.9),
(2.10) and (2.11)-(2.13) above for each set of consistent initial values [1]. The
functions (d(t),e(t)) are smooth for smooth E and H. Note that the asymptotic
error expansion is not only useful for the convergence proof. Such expansions are
the basis for automatic error controls, initialization and extrapolation techniques
(14].

To prove that the numerical solution converges to the true solution as h — 0,
we will show that (r,,hs,), and for technical reasons sometimes that (rn,sn),
are uniformly bounded for all n > 6 where 6 is independent of n and h. After
substituting expressions (2.7), (2.8) into the BDF difference equations (2.5), (2.6)
and using the fact that (d(t), e(t)) is the solution to a linear DAE system, we write
the remaining difference equations for (r,,s,) in the one-step form. An induction
argument for 7 = k,...,n — 1 to 2 = n on the remainders (r;, ;) is applied. Since
the relations derived during the analysis are implicit functions of the remainders,
it is also necessary to construct a fixed-point iteration for (rn,hsn) or (rn,Sn).
The implicit function theorem is applied. The particular restrictions on the initial
conditions (i.e., (2.3), (2.4)) are essential in this context.

Throughout the analysis, certain special properties of the matrices arising must
be utilized. For example, factors of order O(1/h) are annihilated by projection
matrices which appear naturally. Frequently, it is necessary to bound the product
of time-dependent matrices having a distinctive block structure. For convenience,
we now introduce a notation used to represent these block companion matrices.
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Notation. Let I; be an s x s identity matrix, 05 be an s X s zero matrix, and Y
be any s X s matrix. Let n,, 4 =1,2,...,k, be scalars. Then we define the sk x sk
block companion matriz

mY nY ... meY mY
I, 0, ... O 0,
0, I, . 0, 0,
CPM(n,Y)=| . . o .
0, 0, ... 0, 0,
0, 0, ... I 05

We shall let H?zl Y; denote the product of time-dependent matrices ¥; = Y (¢;)
given in descending order such as

n
[[Yi=YaYai- Y

=1

To prove convergence, it is necessary only to show that (hry, hs,) is uniformly
bounded for all n > 4. However, we will in fact prove that (r,,hsy,) is uniformly
bounded. The convergence proof directly establishes the fact that the principal
leading error term in y, is smooth, but shows only that the principal leading error
term in uy is h*(e(t,) + hsn). The smoothness of the leading error term in u,, is
established in the following corollaries, the proofs of which are given in Section 3
and the Supplement section, respectively:

COROLLARY 1. If the conditions in Theorem 1 are valid and the algebraic equa-
tions are satisfied to O(hk+2) accuracy for the starting values yx—; and at the end
of each integration step, then s, 1s uniformly bounded for alln > k and the principal
leading error term in uy, is h¥e(t,).

COROLLARY 2. If the conditions in Theorem 2 are valid, then s, is uniformly
bounded for all n > 3k and the principal leading error term in u, is h¥e(t,).

For the state variables, the leading error terms are smooth immediately (n >
k) if the starting values are numerically consistent and if the algebraic equations
are satisfied as in (2.4) at the end of each integration step. However, to derive
the leading error terms corresponding to the algebraic variables, it is necessary in
general to require the algebraic equations to be satisfied even more accurately than
required for convergence. This additional regularity should not be too surprising
since even for explicit ODE’s, increased accuracy of the starting values is needed
in the derivation of the smooth leading error terms for general linear multistep
methods [15].

In the analysis given in Section 3 and the Supplement section, we assume for
technical simplicity that the difference equations are solved exactly on each integra-
tion step. However, the convergence analysis could be modified to include residual
terms representing the effect of terminating the iteration process. We have already
explained how to relax the requirement of satisfying the algebraic equations ex-
actly. Residuals could also be added to the difference equations corresponding to
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the ODE’s. A straightforward generalization of the analysis is possible by simply
forcing these residuals to be sufficiently small so as to not affect the behavior of the
derived error estimates (e.g., in [18] it is assumed that the residuals corresponding
to the ODE part are O(h*) for the index two system). Slightly stronger conditions
may have to be imposed to obtain the results derived here, in particular for those
results concerning the leading error terms.

Convergence has recently been proved for variable step meshes for nonlinear,
semiexplicit, index two systems in [12]. However, the rate of convergence is not
established. We cannot extend the convergence analysis for the index three systems
to hold for variable stepsize meshes without loss of accuracy because each time the
stepsize is changed, a new boundary layer of reduced convergence rates would be
initiated. In particular, the first-order BDF would fail to converge at the end of
the first step, following every change in the stepsize.

3. Convergence Proof for the Index Two System (Theorem 1). We
have already stated that there exists a unique solution (d(t),e(t)) to the linear,
index two system (2.9), (2.10) for each set of consistent initial values, but we must
show one can always find a set of consistent initial values for any set of starting
values satisfying (2.3), (2.4). Clearly, from (2.10), we must select d(tx—1) in the
nullspace of C(tx—1), denoted #'(C(tk—1)). By assumption (2.3), it follows that
Ye—1 = Y(tk—1) + h’”'lcl,k_l for some bounded vector c; x—1. Therefore, since we
want (2.7) to be consistent with our initial values at tx_1, we select d(tx—1) =0
and g1 = c1 k—1. We then select e(tx—1) to satisfy the first derivative of (2.10),
namely

(3-1) e(t) = —[COB®)] ' CR)y*+(t)/(k+1)

for t = tx_;. Since (d(tx—1),e(tk—1)) is a consistent set of initial values for (2.9),
(2.10), we can define (d(t),e(t)) for t > tx_1 to be the solution. In the more general
case that d(tx—1) € 4 (C(tk—1)) but is not zero, as discussed in an earlier remark,
one can also always find a consistent set of initial values for the DAE system (2.9),
(2.10).

Since the k-step BDF requires a numerically consistent starting vector yx—1, we
will define d(t;) = 0 and r;, = ¢y for ¢ = 0,1,...,k — 2, where c¢; ; are bounded
vectors such that y; = y(t;) + h*+1c1 ;. Let e(t;) be defined as in (3.1) for ¢t = ¢;,
1 =0,1,...,k — 2. Then, there exists a constant 7o such that ||rg_1|| < no where

— [T T
r—1=[rk_1,---»73 ).

After expanding by Taylor series about the analytic solution (y(t»),u(t»)), and
using the fact that (d(t),e(t)) is the solution to (2.9), (2.10) with associated initial
conditions, Egs. (2.5), (2.6) can be rewritten in the form,

(3.2) S(ta) [ h] = [Ef:low""i] - [m;] ’
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where
_ Il__h'A(tn) _%B(tn)
st = [* Gy ).
i = —a;/ag where a; are the BDF coefficients,
Vi) = = 2Ry (€) + — a0 - P Ry () 4 Qo)
(3.3) BT T ao(k+1) ag ? !

+ R WO () + W (s)) + RE+2g,(r, 5) + O(R*),
(34)  a(t) = — RF1Qq(t) — R*W ) (r) — RE+1gy(r) + O(R?F),
Qu(t) = 5o ()T [Byy d(t) + Buye(®)
+e(t)T [Eyu d(t) + Euue(t)]} + O(R*),
d(t)T Hyy d(t) + O(h*),

O
%)
~~
-
N
I
DO =

W) = o {7 By d(t) + Buyelt)] + A0 By + ()7 Eyulr},
W (5) = (67 1By d(t) + Buuelt)] + [d0)7 Euy + (07 Buals),
W (r) = %{TTHMI d(t) + d(t)T Hyyr,

01(8) = 31T (Buat + Buys) + 57 (Byur + Buus)},

1
g2(r) = ETTHny

fort =t,, r =1rn, 8 =38n and € = &,, th—k < &, < t,, and where all the partial
derivatives of E and H are evaluated at the analytic solution (y(t,),u(t,)). The
functions R;(¢) and Ri2(€) are the remainders from the Taylor series expansions,
and hence are bounded functions of y(¥+2)(¢) and d(k+2)(¢), respectively.

The functions @Q(t) and @Q2(t) contain all the inhomogeneous terms which are
functions only of d(t), e(t), and partial derivatives of E and H. We will carefully
analyze the leading terms in the Taylor series part of v¥; and v, (through the
quadratic terms in r and s). The inclusion of higher-order terms from the Taylor
series will only introduce terms of order higher than those already present. These
higher-order terms have no influence on the order of the estimates derived in this
analysis, and are presented by the final terms O(h?¥) in the definition of v; and
Pa.

Since W () (¢ = 1,2,3) are linear, bounded functions of their arguments, there
exist bounded matrix operators W; such that

W9(a) = Wia, (Wl <w; fori=1,2,3.
Define 8, = [sT,s%_;,...,8%_,,4|T. Then, if

— Xn Yn
S 1(tn)= (Un Vn)

we can rewrite (3.2) in the one-step form,
(35) ry, = Fnrn—l + fl,n,
(36) hs, = Gprp_1 + fgyn + hHs,_1,
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where
Fo=CPM(7uXn) (n=12,...,k),

fl n = [ n"pl tn + Yn¢2(tn)) aO]Ta
Gn = (Im,0,..., ) (11Un, - - a'YkUn)a
f2,n = [(Un'd)l (tn) + Vn¢2(tn))T’ 0,..., O]Ta
H = CPM(0,,).
Closed form expressions for the block elements of the matrix inverse of S(¢,) can

easily be derived, but the following approximate relations are sufficient for the
analysis (¢-dependence is suppressed):

(3.7) X =1,- B(CB)"!C +0O(h),
(3.8) Y = B(CB)™' + O(h),
(3.9) U =—ag(CB)~'C + O(h),
(3.10) V = ao(CB)~! 4+ O(h).

Since C(t)B(t) is nonsingular for all ¢t € I, it follows that S~!(¢) is as smooth
as S(t), and hence the block elements of S~1(¢) can be bounded uniformly on I.
Therefore, there exists a constant K such that

IX@U 1Y @I 1@l IVl < K

for all t € I. In general, we will let the symbol K denote a generic constant,
independent of n and h.

Note that Egs. (3.5), (3.6) are implicit in 7, and hs,. We shall construct a fixed
point iteration for their solution r, and hs,, and an induction argument concerning
the past values of r,,_; and hs,_; will be required. Specifically, let the induction
assumption be the following:

(3.11) lIrsll < mae@7FFDRE | hg]| < maelimRHDRE

for2 =k,k+1,...,n— 1. We will prove there exist such constants n;,n2 and L
and the equations (3.11) are satisfied for ¢ = n. It follows then from the induction
assumption and the definitions of ;(¢) and ¥, (t) given in (3.3), (3.4) that for
i=kk+1,...,n—1

(3.12) 1)l S o1h, w2 (t:)ll < o2k,

where to O(h) accuracy o is independent of 1,72 and L if k > 2, 01 is dependent
onng and L if k=1 (i.e., 01 = d1(n2, L) + O(h)), and o2 is independent of 71,72
and L for all k.

Define the iterates as

r(U) = [(r(u)) n 19 ;1;—k+l]T,

s(u) = [(S(U))T Sn—1s- Z—k+1]T’

and the fixed-point iteration as

(3.13) r ) =@ 4 (2,(r, hsE)T 0, .., 0T,
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(3.14) hs(V V) = he(® 4 [Zy(r), RsN)T 0,...,0]T,
where
Z1(r, hs) = Xn[RFT1(Wir + Was) + hEF2g(r, 5)]
+ Yo [-hEWar — ¥+ 1gy(r)] + O(RZF),
Za(r, hs) = Un [REH (Wyir + Was) + k¥ +2g, (v, )]
+ Vo [=h*War — hF+1g,(r)] + O(RZ%)

for r = rﬁ;") and s = sﬁ{’). For starting iterates select

(3.15) rle) =Furpo1 + fl,na
(3.16) hs(®) = Gurp_i + fon + hHsn_1,
where

fl,n = [(Xn",zl (tn) + Yn"Z’.’(tn))Ta Oa ey O]Ta
Jon = [(Unt1(tn) + Vath2(ta))7,0, ..., 07,

. h hk k+1
(21 (tn) = _a_O‘Rl(fn) +

a1 (t,) - &
"ZZ (tn) = _hk—1Q2 (tn)

ap(k+1) ag
The following three conditions corresponding to the implicit function theorem
are sufficient to prove the fixed-point iteration defined in (3.13), (3.14) converges
to a solution:

Rl’.’(fn) + thl(tn)a

B11) O S mer R g < pelntrn,
(3.18) 1Z(r®, hsO)| < 6/2, &>0, Z=(2F,20)T;

(3.19) ||J|| < 3 for any r and hs such that ||r — r0|| < 6 and ||hs — hs{?|| < 6,

where J is the Jacobian matrix of Z(r, hs) with respect to r and hs.

If r and hs are bounded, conditions (3.18) and (3.19) are relatively straight-
forward to verify for the iteration defined in (3.13), (3.14). The expressions for
Zy(r, hs) and Za(r, hs) imply that there exists a 6,6 = Kh¥, which satisfies (3.18)
providing r = r® and hs = hs'® are bounded. The Jacobian matrix J will be
linear in r and hs, so condition (3.19) will be satisfied for sufficiently small kA and
for all » and hs such that |r — rﬁo)“ < 6 and ||hs — hs%o)” < 6. Hence, it only
remains to prove condition (3.17).

It is quite easy to see the starting iterates for the fixed point iteration as defined
by (3.15), (3.16) are bounded for n = k. The remaining conditions for convergence
of the fixed point iteration are also satisfied, so the induction assumption is satisfied
at the first step.

Now we shall assume the induction assumption (3.11) -is true and prove the
initial guesses r'") and hs{) are bounded as in (3.17). We will bound sl first
because when k = 1 the constant n; will be chosen dependent on 7, and L. This
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dependency is a result of our decision to bound only hsﬁ,o), and not s{”. To bound
s requires much more algebraic manipulation of the structure of the system [1].
This result is obtained in another way in the corollary.

To verify (3.17), we must utilize important cancellation properties in certain
matrix products involving the O(1) matrices X,Y, and U defined in (3.7)-(3.9):

(3-20) IX(@)Y @), 1U ()X (25)Il < K

for any |t; —t;| = O(h) and some generic constant K independent of 4. In addition,
the proof requires that the matrix product H;.‘:i +1 F; be bounded uniformly in n
for © = 0,1,...,n — 1. Since F; = CPM(7,X;) where X; is a projection matrix
to O(h) accuracy, it follows from a result given by Kreiss [16] and Strang [26] that
there exist constants K* and & such that

n
H Rl < K*e(n—)hE
J=i+1
for all n and 7 = 0,1,...,n — 1. Moreover, using the structure of the block com-
panion matrix F, and (3.20), it follows that

n—l—1 .
Gnt [ Fy|| < NR

J=it1

for allm — [l — 7 —1 > k and some constant N. In bounding the starting iterates,
we will also need the fact that there exist constants p; and p; such that

[91(tn)ll < prh,  [92(ta)ll < p2h*!
for any t,, € [tk,to + T|]. Now rewrite Eq. (3.16) for the initial guess hss,o) as

k=1 n—i-1 k=1
held) = " H'Gny ( 1T Fi) vt + Y H'font+ fon
=1

=0 i=k

n—l—-2 [n—-I-1

k—1
+ZHlGn_l Z H Fj) fl,z+fl,n—l-—-1

1=0 1=k J=i+1
It is then possible to bound hsﬁ,o) using these results in the following way:

1hsQ| < kK max [ K e 0hE o 4 K (p1h + poh*1)
+ K(o1h + 02h*~1)[(n — 2k)hEN + k2K K*e(k=D" 4 (k — 1)]

for all n > k. This bound for hss,o) is independent of 51,72, and L to O(h) accuracy
for all k. Therefore, there exists an 7, such that for sufficiently small A and L = &,
we have
[|As{O|| < noe(mk+DRE,
This result is valid for n — oo, h — 0 and t,, such that t,, € [tx,to +T] C I.
Next we bound r'") defined by (3.15), which can be rewritten as

n n—1 n 5
r%O) = HFJ' l'k..1+Z H F] fl,z+f1,n-
1=k

i=k \j=i+1
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Using relation (3.20), the structure of Fj, and the bounds (3.12), it is possible to
show that there exists a constant A; dependent on 7, and L if k = 1, such that
"(H;=i+l Fij)f1ill £ Aih for n — ¢ > k. Then it follows from this and earlier
bounds that
[r@] < K*et=k+DAEpo 4 (n — 2k + 1)RA,
+ (k= 1)K(o1h + o2h* ) K*e*~D& 4 K(pih + poh*~1)

for all n > k. If k = 1 the bound depends on 72 and & (through A;), and hence a
constant 7; must be chosen dependent on 7, and & such that

”rs‘o) " < nle(n—k+l)h3.

If k > 2, n; may be chosen independent of 72 and &.

Since both hs{? and r( are uniformly bounded as in (3.17), it follows im-
mediately that conditions (3.18) and (3.19) of the implicit function theorem are
satisfied. Therefore, there exists a solution r, and hs, satisfying Egs. (3.5) and
(3.6), which can be computed by straightforward iteration. Moreover, there exists
a 8, 5 = O(h¥), such that |t — 0| = || Z1(rn, hsn)|| < 6 and ||hs, — hsl?|| =
[|Z2(rn, hsp)|| < 6. For sufficiently small A, it follows that

Ieall < ]| + 6 < preln IR,
Ih8nll < [|h8lD]| + 6 < naeln—F+DAE,

This concludes the induction argument. The global rate of convergence is O(h*),

since
llyn = y(ta)ll < RElld(a)ll + B+ |lrall,
llun = u(ta)ll < K*(lle(ta)ll + Rsnll)
for all n > k.

Proof of Corollary 1. Since the algebraic equations are satisfied to O(h¥+2)
accuracy, both at the starting values and at the end of each integration step, it
follows that C(t;)r; = ¢2(t;) + O(h) for 1 = 0,1,.... From the difference equations
(3.2) corresponding to the ODE part, we have

h h -
[1:= (6| 1 = = Bt = > Wi+ baltn)

Let these equations also be solved to accuracy O(h¥*+?2). Then the residual error
may be included as a term of O(h) accuracy in ;. Multiply by C(t,), an m x n
matrix of rank m, and invert C(t,,)B(t,) to obtain a relation for sy,:

k
Sp = _%Q(C(tn)B(t,,))‘IC(t,.) (E ViTn—i + ¥1(tn)

=1
- [I, - %A(tn)] r,,) .

In the proof of Theorem 1, it is shown that r, and hs,, are uniformly bounded for
n > k. Then, ||¥1(tn)|| £ Kh for some constant K independent of n and h for all
n > k. For k > 2 we have

IC(tn)ra—ill  IC(tn-i)rn—ill + O(R) < [l$2(ta-i)ll + O(R) = O(h)

(3.21)
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foralln > kand¢=0,1,2,...,k—1. Thus, for k£ > 2 it follows that the 1/h factor
in (3.21) is annihilated, leaving only terms of order O(1). If k = 1 we must be a bit
more careful and utilize a cancellation property. The expression (3.21) simplifies to

Sn = —%(C(tn)B(tn))'lC(tn) (Tn-l + Y1(tn) — [Iz - E’%A(tn)} rn) .

Using the smoothness of Q2 (t), the lowest order (i.e., O(1)) term in 95(t), it follows

that
—C(tn)rn-1+ C(tn)rn = =C(tn—1)rn—1 + C(tn)rn + O(h)
= —ta(tn-1) + ¥2(tn) + O(h) = O(h).

As for k > 2 then, it follows that s, is bounded for all n > k, and these bounds
can be chosen uniformly since they depend on the uniform bounds for r,, and hs,.
Therefore, Egs. (2.7), (2.8) accurately reflect the relation of the numerical solution
to the true solution for all n > k. The functions d(t) and e(t) in the principal
leading error terms are the unique solutions to the linear, index two DAE system
with consistent initial conditions described earlier.

Remark. Note that the algebraic equations must be satisfied more closely to
prove that s, is bounded, than required in the proof of convergence. If they are
satisfied only to O(h¥*+1) accuracy, convergence is still obtained but the error is
proportional to e(t,) + hsy.
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