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A, Convergence Proof for the Index-Three System (Theorem 2).

As we did for the index-two system, we must prove there always exists a set of consistent
initial values (c(tk—1), b(tk-1), €(tk—1)) for the linear, index-three DAE system (2.11)-(2.13) corre-
sponding to any set of initial values (vi—1, wk—1, ux—1) satisfying (2.3),(2.4). From (2.13) it is clear
we should choose b(th_1) € NM(Asa(te-1))- The consistency condition (2.3) implies we can write
Wi-1 = W(te—1) + B**leyp 1 and veoy = v(te-1) + A*+legu_y for some bounded vectors 1 -1
and c; k1. Since we want our initial values to be consistent with the asymptotic error expansions
(2.7),(2.8), we select for t = ty_; and i =k —1,

b(t)=0, pi=ci (A1)

We must then choose ¢(tx—1) to satisfy the first derivative of the algebraic equation (2.13) in the
linear, index-three system: (t = t_1)

Asy(t) Az (8)e(t) = — (T%T)A,,(t)w(*ﬂ)(t). (A.2)

Since the range of A3;(t), denoted R(Ass(t)), equals R(As3(t)Az1(t)) for all t € I, there is always
a solution ¢(tk-1) to (A.2). Next we must choose gx—1 80 that (2.7) is valid for n = k — 1 (here
t=ty,_jandi=k-1):

g =- i—c(t) + ca. (A.3)
In general, ¢(te—1) # 0 30 g1 Will have order O(1/h). The convergence analysis will require us to
pick ge—1 such that Pyy(tk-1)ge—1 is bounded, where Py;(t) is a projection, namely Py,(t) = I, —
A13(t)T(t) Asa(t) Az1(2) and T(t) = (Asa(t)Aa1(t) A1s(t)) ™. Therefore, if we require Pyy(te—1)c(te-1)
=0, s0 that Py1(tk-1)ge—1 is bounded, then from (A.2) it follows that for ¢ = ti_;

1
x+1)

c(t) = - Aus(t)T(t) Asa(t)w+1)(2). (A.4)

The consistent initial value for e(t,_;) is completely determined from the equation obtained by
differentiating (2.13) twice and substituting for ¢(t) and b'(t):

e(t) = —r(:)((zAg,An + Andl; + An(Andn + A2 dn))c(t)

+ F+D l ) (A,,A,,.,(m)(t) + (245, + AszAaa)w*+ () + A,,w(m)(t))), (A.5)

where all the A;; matrices are evaluated at t = t3_;.
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