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The Hellan-Herrmann-Johnson Method:
Some New Error Estimates and Postprocessing

By M. 1. Comodi*

Abstract. We analyze the behavior of the mixed Hellan-Herrmann-Johnson method for
solving the biharmonic problem A2y = f. We show a superconvergence result for the
distance between 1" (the approximation of the displacement) and P (where Py, is a
suitable projection operator). If the discrete equations are solved (as is usually done) by
using interelement Lagrange multipliers, our superconvergence result allows us to prove
the convergence, in suitable norms, of the Lagrange multipliers to the normal derivative
of the displacement, and to construct a new approximation of Vi which converges to
V1 faster than Vyh.

1. Introduction. Many authors, in the last few years, have studied from a
theoretical and applied point of view (e.g., [7], [9], [10], [20]) the Hellan-Herrmann-
Johnson (HHJ) mixed finite element method [13], [14], [15], [16] for the solution
of fourth-order linear elliptic boundary value problems of the following type: given

feL*q),
1 find w € HZ(Q) such that
(1.1) {A'~’w=f in Q.

The HHJ scheme is based on a splitting of the problem (1.1) in two second-order
equations in the unknowns (¢, u), where ¥ = w and u;; = w/ 0z;0z;. The only
drawback is that it leads (as the mixed schemes usually do) to the resolution of
a linear system with indefinite matrix. This is due to the continuity constraints
imposed on the “stress field” u (u;; = 8%w/8z;0z;). For this reason, Lagrange
multipliers, defined at the interelement boundaries, are often introduced as new
unknowns in order to obtain the required continuity without imposing it a priori
[12]. This results in a new system of equations in the unknowns (ﬁ",J)", An) (re-
spectively: stress field, displacement, Lagrange multipliers) that are related to the
solution (u”, ") of the original system by the equations

(1.2) W' =u",  Ph=yh

However, in this new system it is very easy to solve a priori for @* in terms of 1/;"
and \,. The resulting system in the unknowns (1/;", An) now has a symmetric and
positive definite matrix, and therefore many numerical methods become available
for its solution.

In view of the relations (1.2), the estimates for u — u”* and ¢ — 4", proved for
instance in [16], [7], [3], can still be used for the new system. On the other hand,
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18 M. I. COMODI

we have now computed a new approximation, A,, that we would like to interpret.
From the physical point of view, A, represents the rotations in the normal direction
at each interelement boundary (A, ~ dw/dn) which are often used by engineers.
However, a precise estimate of the error ||\, — dw/9dn| (in some suitable norm)
was still lacking.

A similar problem has been solved in the case of second-order problems ([2], [5]):
the authors prove both the convergence of the Lagrange multipliers and the possi-
bility of improving the error bounds obtained for the original scheme by suitably
exploiting the information provided by the new unknowns Ap.

Arnold and Brezzi 2] have analyzed the Hellan-Herrmann-Johnson scheme in the
case k = 1 (k is the local degree of ¢") with a technique which cannot be generalized:
they show that the method, for k = 1, is equivalent to a slight modification of the
Morley method [18].

In the present paper we first analyze the HHJ scheme itself and we show a
superconvergence result for the error ||1)® — P, ¢||1, where P, is a suitable projection
operator. The new estimate is of the same nature as the one proved for second-
order problems in [11]. Then we use the new estimate in order to obtain error
bounds for the Lagrange multipliers in suitable norms defined at the interelement
boundaries; finally we exploit the above results for constructing, by means of a
suitable postprocessing, a new approximation of Vi which converges with higher
order than Vy". This last estimate is particularly interesting whenever the scheme
is applied to solve Stokes problems, where, as it is well known, the main interest is
in the velocity field.

An outline of the paper is as follows. In Section 2, for the reader’s convenience,
we define the notations which are used in the paper. In Section 3 we recall the
classical result concerning the HHJ scheme, (3], [13], [14], [15] [16], [7]. Section 4
is devoted to studying the superconvergence result and the error bounds of the
Lagrange multipliers. Finally, Section 5 deals with the construction of the new
approximation for Vi with related error estimates.

2. Notations and Green’s Formulae. Given a convex polygon D of R? with
boundary dD and vertices a; (i = 1,2,...,Np), a scalar-valued function w, and
a tensor-valued function v = (v;5), 7,7 = 1,2, we denote (using the summation
convention of repeated indices) by n = (n1,n3) the unit outward normal to 8D
and by t = (¢1,t2) = (—ng2,n1) the unit tangent to D. We also set

Wy = Bw/axi (i = 1,2),

W/in = W/iNg,

wyy = wyti,

Mn(v) = Viyning,

Mni(v) = vijnity,

@n(v) = vijing,

Kn(v) = aMnt/at + Qn(v),

S;(v) = jumps of My (v) at the corners a; of D,7=1,2,...,Np.

Moreover, |- |m,p = | |m and || - |m,p = || - |m Will denote the usual seminorm and
norm in the space H™(D) = W™?%(D). We refer, for instance, to [1], [17] for the
definition of the Sobolev spaces used in this paper. The following Green’s formulae
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hold for any w € H?(D) and any v € (H?(D))* such that vi3 = vsy,
/ Vij W44 dx = -—/ Vij/iW/ 5 d:z:+/ Mn(v)w/,, ds
D D 8D

(2.1)
+ / Mnt(V)’U)/t dS,
aD

(2.2) / Vij/wyj dx = — / Vij /i W dx+/ Qn(v)wds,

(2.3) / Ms(v)w) ds = — / aM"‘ wds +Zs, Ju(as).
Then, by combining (2.1)-(2.3),

/ Vw5 dX = / v,-j/,-jwdx+/ M, (v)w,, ds
D D
(2.4)
- K, ( wds+ZS(v)w a;).
aD

In what follows we shall use the notations:

P*(D) for polynomials of degree < k on D;

C or C;, 1 € N, for positive constants independent of the data and of the
decomposition of D, generally with different values at different occurences.

3. The Hellan-Herrmann-Johnson Scheme. In this section we recall the
well-known mixed formulation of the model problem (1.1). This formulation allows
us to approximate the problem by means of the Hellan-Herrmann-Johnson scheme.
Moreover, we shall recall the main results concerning the convergence of this dis-
crete scheme, the implementational technique generally applied and the reasons for
choosing this technique.

More precisely, let us consider a convex polygon (2 of R?, with boundary 3(2, and
let T}, be a decomposition of {2 into regular triangles T', with boundary 0T and sides
e;, © = 1,2, 3, whose maximum diameter is less than h. We now introduce the mixed
continuous formulation of the model problem (1.1) that allows the application of
the Hellan-Herrmann-Johnson method. For this purpose, we consider the following
_ spaces and the following bilinear forms:
~The space

V= {V = (’U,’j), 5,7 =12, vi2 = V21, Vij € L2(Q),
vijly € HY(T) for all T € Th, Mp(v) is c.ib.}.

M, (v) is c.i.b. (continuous at the interelement boundaries) if and only if, for any
pair (T, T?) of adjacent triangles, we have

Mn(v|T1) = Mn(V|T2) on T1 NTs,

(3.1)

where n is the unit normal to 77 N T5.
A function v € V has the following norm

(3-2) VIg = D plviis

TETH
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—The finite-dimensional subspace of V,

(3.3) Va={v* € V,v}s €Pi_y(T) for all T € Tp};
-the space
(3.4) W =w;?, p>2;

—the finite-dimensional subspace of W,
(3.5) Wi ={¢" €W, ¢! €Px(T) for all T € Tp};
-the symmetric continuous bilinear form
(3.6) a(u,v) = / u;; vy dx, u,vev;
0
-the continuous bilinear form
(3.7) b(v,¢) = ZT (/ Vij/idy5 dx — / My (V) ds) y, VEV,peEW.
TETH T oT
Then, with these notations, the mixed formulation of (1.1) is:

find (u,¥) € V x W such that
(3.8a) a(u,v) +b(v,) =0 forallveV,

(3.8b) b(u,4) = /n fodx for all ¢ € W;

and its numerical approximation, by means of the Hellan-Herrmann-Johnson
scheme, is:

find (u”,9") € Vi, x W}, such that
(3.9a) a(uh, vP) + b(v*, ") =0 for all v* €V,

(3.9b) b(u, ¢") = / fotdx for all ¢" € W,.
Q

It is well known that both problems (3.8) and (3.9) have a unique solution (u, )
and (u” "), respectively, where (u,®) is related to the solution of the model
problem (1.1) in the following way: u;; = wyi;, 4,5 = 1,2; ¥ = w.

Many authors have contributed to the mathematical study of this method ([3],
(7], [13], [14], [15], [16]). We recall in the following propositions some basic results
in approximation theory and in error estimates that will play a fundamental role
in our study.

PROPOSITION 3.1. Define the operator m, € L(V,V3) in the following way:
given v €V, for every edge e and for every triangle T of the triangulation T},

(3.10) /Mn(v — MpV)qk—1ds =0  for all qp—1 € Pr_1(e),
€

(3.11) / (vij — Thvij)qk—2dx =0  for all gx—_g € Pr_o(T).
T

Then

(3.12) b(v —mpv, ") =0  for all pp, € W,
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Moreover, if v eV N [H*(Q)]4,
(3.13) lv = mavllo < CRE|v|k.

PROPOSITION 3.2. Define the operator P, € L(W,W}) in the following way:
givqn ¢ €W, for every vertex a, for every edge e, and for every triangle T of the
triangulation Th,

(3.14) Pré(a) = ¢(a),

(3.15) [6-Prd)acads =0 for all s € Pys(e),
(3.16) /r(fﬁ — Prd)qe—3dx =0 for all gx—3 € Px_3(T).
Then

(3.17) b(vh, ¢ — Pho) =0  for allvh € V.
Moreover, if $ € W N HE+1(Q),

(3.18) ¢ — Prgllo < Ch***|g|i1.

PROPOSITION 3.3. Let (u,%) be the solution of (3.8), (uh,¥") the solution of
(3.9), and let w € H**2(Q) N HZ(Q) be the solution of (1.1); then

(3.19) lha —u”lo + ¥ = ¥*|l1 < CR*(|wlk+1 + [wlk+2)-
Moreover,
(3-20) 4 = #"llo < CR*+! (Jwlks1 + |w]et2)-

We now come to the first topic of this paper. The matrix arising from the scheme
(3.9) is indefinite. To circumvent this inconvenience, the continuity constraint on
the bending moment M, (v") is eliminated from the space Vj, and new unknowns
(Lagrange multipliers), defined at the interelement boundaries, are introduced [12].
For this purpose, we introduce:

—the set
(3.21) Ej, = set of the internal edges e of Tp;
—the spaces »
(3.22) Vi ={v" = (v;), 4,5 = 1, 2,0}y = vhy, ol € Pe_y(T)
for all T € Ty},
(3.23) My, = {pn € L*(En), |, € Pe—1(e) for all e € Ep};
~the continuous bilinear form
(3.24) ,uh Z f M, ( u;, ds, vh e Vh, L € My,
TET,
Now consider the following problem:

[ find (@"*,9", M) € Vi X Wi, X M, such that
(3.25a) a(@, v*) + b(vh, 9P) = (v, Ap)  for all v €V,
(3.25b) { ik, ¢h) = / fordx for all ¢" € Wy,
(3.25¢) | c(T houn) =0 for all up € Mp,.

It is easy to prove the following proposition.
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PROPOSITION 3.4. Problem (3.25) has a unique solution (@Wh, 9", Ar) such that
@ = u” and Y" = Yh, where (uh, ) is the solution of (3.9).

We shall identify, then, @i* with u® and ¢* with ¢*. On the other hand, A
clearly approaches v/, at the interelement boundaries. We wish to find an error
bound, in some suitable norm, for this approximation. This will be the topic of the
next section.

4. Error Estimates for the Lagrangian Multipliers. In (2], results similar
to those we want to obtain are proved for second-order elliptic problems; the authors
of [2] also treat the Hellan-Herrmann-Johnson scheme, but only in the case k = 1
and with a technique which does not work for k > 2. In this section we shall
employ the “strategy” used in (2], for second-order elliptic problems, in order to
obtain estimates on (3.25) for k¥ > 2. To do this, we first have to extend the
techniques described in [11], [5] for second-order elliptic problems. In particular,
we shall consider duality with respect to H"(12) instead of H{(2).

Definition 4.1. Given x € L%(Q), x # 0, we set

(41) Il = sup &X)
pch™ (@) llollr
p#O :

Moreover, we shall consider the error equations obtained from (3.8), (3.9) and from
Proposition 3.2 with

(4.2) z=u-u"

(4.3) £=Pup— 9"

We have

(4.4) a(z,v*) +b(v* &) =0 forallv €V,
(4.5) b(z,¢") =0 for all P € W,

We can prove the following lemma.

LEMMA 4.1. Letz € V and £ € W}, be given by (4.2) and (4.3). Then for
—2 < r < —1+¢€ (where € depends on the mazimum angle of )

(4.6) I€ll-r < C(RRE+28 2]l + RPRCHEE) | lu — pully).

Proof. Let x be the solution of the problem

(4.7a) { A’y =p in ),
(4.7p) X=Xm=0 ondfl
Since (2 is a convex polygon, we have

(4.8) xllr+4 < Cllllr-

With the solution x € H™t* N HZ of (4.7) we associate a tensor-valued function v
defined by

(49) Vis = X/iz» 7’7.7 = 1s27
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and we consider the equations (4.4) and (4.5). By Green’s formula, the orthogo-
nality (3.12), and by Proposition 3.2 we get

(410) (P, 6) = —b(V, 6) = _b("rhvv 6) = a(z’ 7l'hV),
(4.11) a(z,v) = —b(z,x) = —b(z,x — Pax),
that is,

(p, &) = a(z, v — v) + b(z, X — Prx)

4.12
(412) =a(z, v — V) + b(u — mpu, x — Prx).

By virtue of the definition of the form b(-, ), (4.2), (3.15), and the regularity of u,
we have

b(u — Tpu, X — PhX) = ZT/ (uij - Whuij)/i(x - PhX)/j d:t,
TET, T

so that

(4.13) (o, &) < C(lizllollmnv = Vllo + lla = mrull1lx = Prxll1),

from which, using (3.13), (3.18), (4.8), (4.9) and (4.1), the estimate (4.6) follows. O

Remark. The estimate (4.6) will be useful if k > 2; if k = 1 it is more useful to
obtain a slightly different estimate. Actually, the term b(u — mpu, x — PrX) which
appears in (4.12) can easily be estimated as [b(u—mnu, Xx—Prx)| < || fllollx—Prxllo-
By using the latter formula we can obtain

(4.14) lI€llx < C(hllzllo + A2 fllo)-

Thanks to the previous lemma we can now give an estimate which will be essential
both for measuring the error in the Lagrange multipliers and in postprocessing.

THEOREM 4.2. Let v and " be the solutions of (3.8) and (3.9), respectively,
and let Pyt be given by Proposition 3.2. Then

1Py — %P |l1 < CR¥*(Jwlksr + [wlkt2 + [ flloka)-

Proof. The above estimate follows from (4.2), (4.3) and (3.19) by using (4.6)
withr=—1,if k> 2,and (4.14)if k=1. O

We are now able to bound the error Ay, — 9/, defined on Ej. Following the
development of [2], we first of all define the norms on Mj:

(4.15a) lunldn = lluallde
e€Ep

(4.15b) lunl2 10 = D lellunllg,e
e€Ep

where |e| is the length of e, and we define
(4.16) Qr¢ = orthogonal projection of ¢|g, onto M} in the norm (4.15a).

We can then state the following result.
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THEOREM 4.3. Let w be the solution of (1.1), (u,v) the solution of (3.8),
(uh, 9", Ap) the solution of (3.25), and let Py and Qnyn be given by Proposi-
tion 3.2 and (4.16), respectively. Then

(4.17) [An = Qrtoynl-1/2.n < CRE T (|Jwks1 + |wlkr2 + || fllobk1)-

Proof. The estimate (4.17) is an obvious consequence (see (4.15), Theorem 4.2,
and Proposition 3.3) of

(4.18) [ — Qatymlloe < C(RY 2w = uP) o, + Az ?||Pat — ¥*|l1,7).

It thus suffices to prove (4.18).
. We consider a triangle T € Th, with boundary 9T, an edge e € 9T, and we
consider v € V}, uniquely defined by

A — QrYym one,
4.19 M, =
(419) n(v) { 0 on 9T \e,
(4.20) /Tv,-jqk_g dx =0 for all gx_g € Pr_o(T).

By easy scaling arguments we get
(421) IVllo.r < Chz® 1Ak = @utymllo..

Inserting v in (3.25a) and using Green’s formula, Proposition 3.2, and (4.16), we
obtain

(4.22) / ulivg; dx + / vij i) dx — / M (v)¥}, ds — / M, (v)Ar ds =0,
T T aT e

/ui1~v,~jdx+/ Vi /iy dx——/ Myt (V)Y ds—/Mn(v)z/)/n ds
T T aT e
(4.23) =/u,~jv,-]-dx+/ vij/,-Phd)/Jldx—-/ Myt (V) Prpyy ds

T T aT

- / Mn(v)Qh"/)/n ds.

Adding the last equations, the definition (4.19) and, once more, Green’s formula,
yields

IAn = Qudy/mlle,e = / (ugy = wij vy dx — / vij (" — Patp) /iy dx
(4.24) T T
+ [On - Quvm)#* = Pt ds.

By known trace theorems [19] and by simple scaling arguments we have

(4.25) / (\n = @nym) (¥ — Pyp) m ds

< Ol = Qutymlloe(hr* 19" = Puvlyr + hy* 9" — Putpla1).
Then, by applying (4.21), (4.20) and (4.25) we get (4.18) from (4.24). O
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5. Postprocessing of the Hellan-Herrmann-Johnson Scheme. In this
section we want to “improve” the approximation of the original unknowns by means
of a suitable postprocessing. The problem can be solved by different techniqes (e.g.,
(1], [4]). We shall use the estimates previously proved:

(5.1) %" — Patplls < CR¥* Y (lwlicsr + |wli+2 + || fllodk1)

and, for all e € Ej,

(5.2) A = @n¥yalloe < Clhy!?lu = utllo,r + 3 ?|[W* = PatllsT),

in order to find a “better approximation” of V.

It is well known that the Hellan-Herrmann-Johnson scheme is mainly applied to
either solve plate problems (then ¢ := transversal displacement) or to solve Stokes
problems (then % := stream function); an approximation of V4, which represents
the velocity field, will be particularly interesting for Stokes problems. Before defin-
ing this “new” approximating function, let us remark upon the orthogonalities
arising from the definition of Fj¢.

PROPOSITION 5.1. Let ¢ € W, and let P, € Wy, be defined as in Proposi-
tion (3.2). Then, for all e € Ej,,

(5.3) @ - Prb)eansds =0 for all guos € Pros (),
[4
and for all T € Ty,
(5.4)" /T(¢ — Pr¢) k-2 ds = 0, 7 =1,2 for all gx—o € Pr—2(T).

Proof. Consider a triangle T' € T}, with boundary 4T, and an edge e of dT.
The conditions (3.14) and (3.15) immediately imply (5.3) with gx—2 = gk—1/:
(t: unit tangent to e). Analogously, (3.15) and (3.16) imply (5.4), since

T

[ @ Proysanadx = [ (6= Prdhan-ssax
(5.5)
+/ (¢ — Pro)qr—2n; ds, j=12. 0O
aT

Now we shall use 3" and A, which are respectively a polynomial of degree < k
in each T' € T}, and a polynomial of degree < k — 1 on each e € E}, in order to
define a vector 7 belonging to the following space:

(5.6) Sp={o€ [Lz(ﬂ)], o= (0_1'), 71=12, Ojir € Pk(T),
j=1,2 forall T € Ty},

which converges to V4 faster than V.

Unfortunately, we have to distinguish between the cases k odd and k even, as
the technique we shall use for k odd does not work for k even. However, we shall
succeed in our task following the strategy suggested in [6].

Let us introduce the following lemma. In this section, the index 7 will assume
the values 1,2, 3, and the index / the values 1 or 2.
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LEMMA 5.2. Let k be a nonnegative odd integer, and let T be a triangle of T},
with edges e;. Then, given up,u: € L%(e;), and ¢ € [L3(T))?, a vector o € Sy, is
uniquely defined on T by the following conditions:

(5.7) / (on — pp)qk—1ds =0  for all gx—1 € Pr_1(es),
€4
(5.8) / (ot — pue)qk—1ds =0  for all gx—1 € Pr—1(e;),
€5
(5.9) / (01— d1)qr—3dx =0  for all gx_3 € Px_3(T).
T
Moreover,
3
(5.10) lello,r <C (hl/ 23 (ltnlloe; + llmello.e) + |I¢I|o,r) .
li

Proof. The number of equations and unknowns of the system (5.7)—(5.9) is
(5.11) 3k+3k+(k-2)(k—-1)=(k+1)(k+2),

i.e., the dimension of Sj; then, to verify that the conditions (5.7)—(5.9) identify
o in a unique way, we have only to prove that taking u, = u; = ¢ = 0 we get
o = 0. In this case, the conditions (5.7), (5.8) imply that each component of ¢ is,
on each edge, a multiple of a Legendre polynomial of degree k. Since k is odd, these
polynomials have to take values of opposite signs at the endpoints of each edge;
then the continuity of o, yields o; = 0 on 9T, or ¢ has the form o; = A 1\2/\3p§£3,
pgl3 € Pr_3(T),\; := barycentric coordinates on T. Now, (5.9), with ¢; = 0,
Qk—3 = pgls, immediately gives ¢ = 0. A standard scaling argument leads to
(5.10). O
We are finally able to prove the desired estimate.

THEOREM 5.3. Let k be a nonnegative odd integer,
(u,9) € [H*(Q))* x {H**2(Q)n H3(Q)}

the solution of (3.8), w = v the solution of (1.1), (u* " Ay) € Vi Xx Wy, x M}, the
solution of (3.25), and let T € Sy, be uniquely defined by the following conditions:

(5.12) / (tn — Ap)ge—1ds =0  for all gx—1 € Pr_1(e:),
e

(5.13) / (rt — 1/1;‘t)qk_1 ds=0 for all g—1 € Pr_1(e;),
€

(514 [ - whassdx =0 for all ge—s € Pes(D).
T

Then

(5.15) Ir — Vllo,r < CE* 1 (Jwlks1 + [wlks2 + || fllo6k:)-
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Proof. We define an auxiliary function 7* € S, by means of the following equa-
tions:

616) [ (*n-dma-ids=0 forall gy € Pea(e)
€;

(5.17) / (t*t — ¥ )qk—1ds =0  for all gr_1 € Px_1(es),
€

(5.18) /T(r,* —Y)qk-3dx =0 for all gx—3 € Pr—3(T).

Known arguments of interpolation imply

(5.19) I7* = V¥llo < CR** ]k,

and by (5.12)-(5.14), (5.16)—-(5.18), (4.16) and Lemma 5.1 we get for all gx—; €
Pi—1(e;) and for all gx—3 € Px—3(T),

(5.20) [ m = mae-sds = [ 0w - Qutymlai-rds.
(5.21) [ (= ards = [ 4~ Puais o
(5.22) /T(Tt -7 )gk-3dx = /T('Ph — Pu¥) 1qk-3 dx.

This means, by Lemma 5.2, that

Ir = 7*llo,r

3

(5.23) <C (h1/2 D Uk = Qutymllo.e; + 19" — Padl,e,) + [0 — Ph"pll,T) :
i=1

Then (5.15) is a simple consequence of the triangle inequality, (5.23), (5.19), (5.2)

and (5.1). O

Let us now treat the case k even.

As we pointed out, the previous technique no longer works, but following [6],
we shall find the desired estimate increasing by one the number of the degrees
of freedom (hence also of the unknowns) which determine 7. More specifically:
given Li(e;), the Legendre polynomial of degree k on e;, assuming the value 1 at
the endpoints of e;, we define xx+1 € Pk+1(T) and ~x € P(T) by the following
conditions:

(5.24) Xk+1(a;) =0, a; the corners of T,

(5.25) Xk+1/tl., = Li(ei),

(5.26) /TXk+1Qk—2 dx =0 for all gx—3 € Px_2(T),

(5.27) Yk = Li(€:) = Xk+1/¢ on 0T,

(5.28) / TkGk—3dx =0 for all gx—3 € Pr—3(T),

and we define the spz.ce

(5.29) Sh = {0 € [L*(0)]%, 0, € Pk(T) ® {Xk+1} for all T € Ty}

We can now define r € Sj, which satisfies (5.15).
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THEOREM 5.4. Let k be a nonnegative even integer, (u,%), w and (u?,Y*, Ap)
as in Theorem 5.3, and let T € S, be defined by (5.12)—(5.14) and

(5.30) /T (n — ¥ Ak dx = 0.

Then the error bound (5.15) still holds.

Proof. Since the number of degrees of freedom of 7 is equal to the dimension of Sh,
we have only to show that, taking in (5.12)-(5.14) and (5.30) A, = 1/)7t = 1,/}7, =0,
we get 7 = 0. Now, if 7 has the form

(5.31) n=0p" + Bixk+1, B ER,

(5.12) and (5.13), with gx—1 = 7,,, and summing over ¢, imply, owing to (5.24)-
(5.27), that

(5.32) b Ahds=0, ie.pi=0,

aT
and this means that, once more by (5.12) and (5.13), 7 has the form
(5.33) =+ /\1/\2/\317;:13,

where o €R, pgls € Py_3(T) and ); are the barycentric coordinates of T. Taking

in (5.14) gx—3 = p;:ls, we get

(5.34) /T (cu vk + A2 rap) o)pl) 5 dx = 0,
from which, by (5.28), pgls =0or

(5.35) = QK-

Then (5.30) and (5.27) give

(5.36) /Tat’ncA‘lk = —ailwli s

ie.,, oy =0.

The same arguments used in Theorem 5.3 complete the proof. In particular,
observe that, owing to (5.4), we have

/ (=7 )Ayedx = / (" - Pp) Ak dx. O
T T
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