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Abstract. Refined estimates for finite element or, more generally, Galerkin approxima-
tions of the eigenvalues and eigenvectors of selfadjoint eigenvalue problems are presented.
More specifically, refined results on the asymptotic behavior of the eigenvalue and eigen-
vector errors are proved. Both simple and multiple eigenvalues are treated.

1. Introduction. In this paper we establish some refined estimates for the ap-
proximation of the eigenvalues and eigenvectors of selfadjoint eigenvalue problems
by finite element or, more generally, Galerkin methods. Suppose A is an eigenvalue
of multiplicity g of a selfadjoint problem and let M()\) denote the space of eigen-
vectors corresponding to A. Denote by || - || the energy norm for the problem.
Let {Sh}o<nr be the family of finite-dimensional approximation spaces employed in
the Galerkin method. A will be approximated from above by ¢ of the Galerkin
approximate eigenvalues:

)\SAh,IS"'SAh,q, /\E)\h,la---a)\h,q-
Let u, with ||ul|g = 1, denote an eigenvector corresponding to A, and let up1,...,
Up,q, With ||up k|| B = 1, denote the Galerkin eigenvectors corresponding to As 1, . .,
Ah,qg, Tespectively.
It is well known that

(1.1) Mik—A<C sup inf |lu—x|%, k=1,...,q,
u€M(X) XESh
[lullp=1
and that there is a ux = ux(h) € M(A), with ||uk||s = 1, such that
(1.2) lunk —uklle £C sup inf ||u—x|B, k=1,...,q.
uEM () XESn
llull p=1

In [7], [8] Chatelin proved the following refinements of (1.1) and (1.2):
(1.3a) lu — Epullz =r'® inf |lu—xlz Vue M),
XESh

(13b)  flunk — Eunglls =7 inf [|Bune—xlls,  k=1,....0
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276 1. BABUSKA AND J. E. OSBORN

and
(1.3¢) e = N/Ap =7 inf |Bune—xlE,  k=1,....0,

where E denotes the orthogonal projection of the energy space onto M(A) and Ej,
the orthogonal projection onto span{us,i,...,%nq}, and where T;,l) —lash—0,
for l =a,b,c.

The purpose of this paper is twofold. The first is to establish an estimate for

|r,(:) — 1|. We show that
(1.4) rD — 1 < dn(h),

where 7n(h) is a certain measure of the approximability property of {S}; for the
definition of #n see Section 3. This is done in Section 4.

In [3] the authors established the estimate

(1.5) Ah1— A= Cuelﬁf(,\) 13; lle = xII%,

llulls=1
which is an improvement over (1.1) and (1.3c) in the case of a multiple eigenvalue.
[3] also contains estimates for Apx — A, k = 2,...,q, and for |upx — ullB, k =
1,...,q, which are improvements of (1.1) and (1.3¢c) and of (1.2) and (1.3a,b),
respectlvely The second purpose of the paper is to present a simplified proof and
an extension of the results in [3]. This is done in Section 5.

In Section 2 we give a precise statement of the class of eigenvalue problems
and approximation methods we will consider. Section 3 contains some background
information.

The second author would like to thank Professor Hans F. Weinberger for several
helpful discussions on the topics in this paper.

2. Setting for the Problem. Suppose H is a real Hilbert space with inner
product (-, -) and norm || - ||, respectively, and suppose we are given two symmetric
bilinear forms B(u,v) and D(u,v) on H x H. B(u,v) is assumed to satisfy

(2.1) |B(u,v)| < Cillulll|lv]| Vu,v€H
and
(2.2) Collu||* < B(u,u) Vu € H, with Cp > 0.

It follows from (2.1) and (2.2) that |lu||z = B(u,u)'/? is equivalent to |lu||. Re-
garding D, we assume

(2.3) 0< D(u,u) YO#u€eH

and that

(2.4) lullp = D(u,u)*/?

is compact with respect to || - ||, i.e., from any sequence which is bounded in || - ||,
one can extract a subsequence which is Cauchy in || - ||p. For the remainder of

this paper we will use B(u,v) and || - || as the inner product and norm on H and
denote this space by Hp.
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We then consider the variationally formulated, selfadjoint eigenvalue problem
Seek A (real) and 0 # u € Hp satisfying

{ B(u,v) = AD(u,v) Vv € Hp.

Under the assumptions we have made, (2.5) has a sequence of eigenvalues

0<A A< J+o0

(2.5)

and corresponding eigenvectors
UL, U2y ...,

which can be chosen to satisfy
(2.6) B(u,’,u]') = )\iD(u,-,uj) =6,'j, i,j = 1,2,....

The eigenvalues and eigenvectors satisfy the following well-known variational prin-
ciples:

B(u! U) _ B(’U,k, uk)

Ak =  min = , k=1,2,...
H D(u, D(ug,
an) | aii, D0 T D)
i=1,2,...,k—1
(the minimum principle)
and
Ap = Buu) _ Bluw) 1o
(2.8) ViCHp u€Vi D(u,u) u€Uc=span(uy,...,ux) D(u,u)
dim Vy=k

(the minimum-maximum principle).
For any A\; we let
(2.9) M = M(Ag) = {u: u is an eigenvector of (2.5) corresponding to Ag}.

We shall be interested in approximating the eigenpairs of (2.5) by finite element
or, more generally, Galerkin methods. Toward this end, we suppose we are given a
(one-parameter) family {Sh}o<n<1 of finite-dimensional subspaces S, C Hp, and
we consider the eigenvalue problem

{ Seek Ap, (real), 0 # up, € Sy, satisfying
B(up,v) = ApD(up,v) Yv € Sp.

The eigenpairs (A, up) of (2.10) are then viewed as approximations to the eigen-
pairs (A, u) of (2.5). (2.10) is called the Galerkin method determined by the sub-
spaces {Sp} for the approximation of the eigenvalues and eigenvectors of (2.5).

We will also sometimes refer to problem (2.10) as the Galerkin approximation of
problem (2.5). (2.10) has a sequence of eigenvalues

(2.10)

0< A1 S A2< - SN, N=dimS,
and corresponding eigenvectors
Uh,1,Uh,2y--->UR,N,
which can be chosen to satisfy

(2.11) B(un,iyun,j) = An,iD(Uhi, un,j) = 6ij, ,7=1,...,N.
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The (An,j,un ;) are referred to as the approximate eigenpairs, while (A;,u;) are
referred to as the exact eigenpairs of (2.5). Minimum and minimum-maximum
principles analogous to (2.7) and (2.8) hold for problem (2.10); they are obtained
from (2.7) and (2.8) by replacing Hg by S, and letting k = 1,..., N. We will refer
to them by (2.7") and (2.8"), respectively. Using (2.7) and (2.8), together with
(2.7%) and (2.8"), we see immediately that

(2.12) Ak < Ank, k=1,...,N=dimS;.

We will assume that the family {S),} satisfies the approximability assumption

(2.13) eu(h) = |lullz" Xiélgh lu—x|lz —0 ash— 0, for each u € Hp.

It follows from (2.7), (2.8), (2.7%), (2.8"), and (2.13) that
(2.14) Ank — Ax  as h — 0, for each k.
Finally we introduce
Tj = VA,

the exact eigenvectors normalized in || - ||p, and

Uh,j = V Ah,jUhj)

the approximate eigenvectors normalized in || - || p.

Throughout the paper, the specific eigenfunctions satisfying (2.6) ((2.11)) will be
denoted by u; (un, ;). Thus the u; (us ;) are normalized in || || B; %, (@n,;) denotes
the same eigenvectors, renormalized in || - ||[p. When we denote an eigenpair by
(A, ) we will not assume any particular normalization on u. C,C;,d, and d; will
denote generic constants.

3. Preliminary Results. In this section we present several preliminary results
that will be used in the sequel. For further information on eigenvalue problems we
refer the reader to [4], [8].

(a) An Identity Relating the Eigenvalue and Eigenvector Errors. Here we present
an identity that relates the errors in eigenvalue and eigenvector approximation.

LEMMA 3.1. Suppose (A, u) is an eigenpair of (2.5), suppose w is any vector
in Hp with ||w||p =1, and let N = B(w,w). Then
(3.1) X =X=w-ul3 - Mw - ulp.

Proof. By an easy calculation,
(3.2) lw = ulll = Alw - ul|p = [l — 2B(w,u) + |lullp
— Mlwl|h + 2AD(w, ) — Allul|3.
Now

B(v,u) = AD(v,u) Vv € Hp,

from which we get
(3.3) B(w,u) = AD(w,u)
and

(3.4) lully = B(u,u) = AD(u,u) = Alull.
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The result follows from (3.2)—(3.4) and the relations )’ = ||w||% and 1 = ||w||%. O
(b) The Operators T and T},. Let

Hp = the completion of Hg with respect to || - || p.

Hp is a Hilbert space with inner product D and, since || - ||p is assumed to be
compact with respect to || - || g, Hp is compactly imbedded in Hp. (Alternatively,
we could have assumed Hg C Hp, compactly, and let D(u,v) be the inner product
on H D.)

From Hp and Hp construct the “negative space” H_p = Hp, with norm ||-||—p.
Then Hp C H_pg compactly, and for v € Hg, D(u,v) has a continuous extension
to u € H_p so that D(u,v) is continuous on H_pg X Hg. Foru € H_p, ||u||-p =
Supye g, |D(u,v)|/||v]|B. For a complete discussion of this construction we refer to
[5, pp. 31-39).

Next we introduce the operators T,Ty,: H_p — Hpg defined by

Tf € HB)

(35) { B(Tf,’U)=D(f,'U) V’UGHB,
Thfesh) -

46 { B(Tuf,v) = D(f,v) Vo€ S

T and T}, are the solution and approximate solution operators for the “boundary
value” problem corresponding to the eigenvalue problem (2.5). It follows immedi-
ately from (2.1), (2.2), and the fact that D(f,v) is continuous on H_pg x Hp that
T and T}, are bounded from H_p to Hp. Since Hp is compactly imbedded in Hp,
and Hp is compactly imbedded in H_pg, T is compact from Hg to Hg, from Hp
to Hp, and from H_g to H_g. T} is, of course, also compact on Hg, Hp, and
H_p. 1t is easily seen that T and T}, are selfadjoint on Hp and that T is selfadjoint
and positive definite on Hp (with respect to B(u,v)). It is immediate that T has
eigenvalues
pr=AT 2w =232 N0

and eigenvectors

UL, U2y ...y
and that T}, has eigenvalues
-1 -1 .
Bh1=A,1 2 2 paN = AL N, N =dim Sy,
and eigenvectors
Uh,1y---yUR,N-

Let Pj, be the orthogonal projection of Hg onto Sp; then from (3.6) we see that

Ty, = P,T.
Let
(3.7) n(h) = = Pa)T|ap—ts = T = Thllap—Hs, = sup inf |Tg— x5
gEHp XESh
llgll p=1
and

(3.8) v(h) =(I = P)T|lgp—rs =T — ThllHg—Hs = sup inf ||ITg— x| 5.
gEHp XESh
llgllz=1
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Several of the results in Sections 4 and 5 are stated in terms of the qualities of 9
and v. We now present some properties of n and v.
LEMMA 3.2. There are positive constants C; and Cs such that
(3.9) Civ (k) < n(h) < Cav/v(h).

Proof. Since ||u||p < C||u||p Yu € Hp, we have v(h) < Cn(h), which is the first
inequality in (3.9) with C; = C~!. Now consider the second inequality in (3.9).
From (3.5) and (3.6) we have

ITfls <fll-B,  ITafllz <Ifl-5
and hence
(3.10) IT - Thllg_p—ms <2
and from (3.8) we have
(3.11) IT = Tallzp— b = v(h).

We now note that H_pg and Hp are connected by a scale of Hilbert spaces. It thus
follows from (3.10), (3.11), and a result on interpolation of linear operators [5, pp.
240-242] that

ﬂ(h) = "T - Th"HD_’HB < 021/2V1/2 = CV(h)l/2!
which is the second inequality in (3.9). O
LEMMA 3.3. We have
(3.12) '113}) n(h) = %1_12) v(h) =0.

Proof. Because of Lemma 3.2 it is sufficient to show that limp_,o v(h) = 0. (2.13)
implies that P, — I pointwise on Hp (in fact, (2.13) is equivalent to this result).
Since T: Hg — Hp is compact, T{g € Hp: ||g||sp = 1} is relatively compact in Hp,
and limp_,q v(h) = 0 follows from the standard result that a family of operators
that converges pointwise on a space converges uniformly on a relatively compact
subset. O

From Lemma 3.2 we have n2 = O(v). It may happen that n% = o(v). This is
shown by the following example.

Ezample. Let

1
Hg = H}(0,1), B(u,v) = / a(z)u'v' dz,
0
and
1
D(u,v) = / wv dr,
0

where 0 < o < a(z) < B < oo. (H'0,1) is the Ith-order Sobolev space and
H}(0,1) = {u € H(0,1): u(0) = u(1) = 0}.) For f € L2(0,1), u = Tf is the
solution of
{ = (a(z)v')' = f(z), 0<z<1,
u(0) = u(1) = 0.
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First suppose S, = the space of C° piecewise linear functions with mesh size h
that vanish at 0 and 1 and suppose a(z) is smooth. Then we easily see that n(h) ~ h
and v(h) ~ h, so that n? = o(v). Next suppose S, = the space of C° piecewise
quadratic functions vanishing at 0 and 1. If a(z) is smooth, we see that n(h) ~ h
and v(h) ~ h%, so n% ~ v. If, on the other hand, a(z) is rough, specifically if a(z)
is such that g € Hp = L2(0,1) implies u = Tf € H*(0,1), but g €. Hg = H}(0,1)
does not, in general, imply u € H*(0,1) for a > 2, then n ~ h and v ~ h, so
n? = o(v).

From (2.13) we have

(I = Pr)ulls = eu(h)|lullz = 0 Vu€ Hp.

The usual duality argument (cf. Aubin [1], Nitsche [10], and Oganesjan-Rukhovets
(11]) shows that ||(I — Pr)ullp < Cn(h)||(I — Pa)ullp and ||(I — Pa)ull-B <
Cv(h)||(I - Pr)u||g- For the sake of completeness we include proofs of these results.

LEMMA 3.4. We have

(3.13a) (I = Pr)ullp < n(R)II( — Pu)ulls Vu€ Hp
and
(3.13b) (I = Pu)ull-5 < v(R)|(I — Pa)ullz Vu€ Hp.

Proof. Since Py, is the orthogonal projection of Hg onto Sp, we have
B((I — Py)u,Tg) = B(I — Pa)u,Tg—x) Vx € Sp,
from which we get
(3.14) IB(UI = Pa)u, Tg)| < (I - Pu)ulls_inf 1T~ x||5-
From (3.5), the symmetry of D and B, and (3.14) we have
I = Pr)ullp = sup |D((I = Pn)u,9)| = sup |B((I = Pn)u,Tg)|

gEHD gEHD
llgllp=1 llgllp=1
< sup inf |ITg - xlIsll( — Pu)ulls < n(R)I(I — Pr)ul|s,
gGHD Xesh
llgllp=1

which is (3.13a). Similarly,

(I = Pu)ull-p = sup |D((I - Pn)u,g)l|
gEHB
llgllB=1
= sup inf ||Tg - x||all(I — Pn)ullz = v(A)||(I — Pn)uls,
B XESh

geH
llgllz=1

which is (3.13b). O

(¢) Preliminary Eigenvector Estimates. For i = 1,2,... let k; be the lowest
index of the sth distinct eigenvalue of (2.5) and suppose Ax, has multiplicity g;. Let
E = E(\g,) be the orthogonal projection of Hg onto M(\k,) and let Ej, = Ex(Ag,)
be the orthogonal projection of Hg onto
M}, = Mp(Ak,) = the span of the eigenvectors of (2.10)

(3.15) . .
corresponding to Ap,k; 45,5 =0,...,¢; — 1.
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LEMMA 3.5. There is a constant C; such that

(3.16a) lu = En(Ak)ullz < Cill(I — Pa)ulls Vu € M(X,),
(3.16b) lu — En(Ak)ullp < Cill(I = Pa)ullp  Vu € M(A,),

and

(3.160) ||u - E;.()\k,.)ull_B < C,'"(I - Ph)ull_B Yu € M(/\k.v)-

Proof. Suppose the spaces Hg, Hp, and H_p, the bilinear forms B and D, and
the operators T, T}, E, and Ej have been complexified in the usual manner. Let
Tk, be a circle in the complex plane centered at ux, = )\;.,1 and enclosing no other
eigenvalues of T. Then for h sufficiently small, ppx, = ’\;,}ci,'-~’ﬂh,ks+q«—1 =
)\;'}c', gi—17 but no other eigenvalues of T}, are contained in I'x,, and

— 1 -1
(3.17a) EQw) = 5~ rk,,(z T)"'dz
and

_ 1 -1
(3.17b) Eh(/\k,-) = By Tu, (z Th) dz.

These are the usual formulas for the spectral projections associated with T and
and Ty, and pp k;,- - - Bh k,+q:—1, Tespectively (cf. [9, Section X1.9]).
Consider now the proof of (3.16a). Using (3.17) we have

v — En(Ax.)ulls = IIE(Ak;) = En(Ax:)lulls

ﬁ /F [(z=T)"! = (2 = Th)"Yudz

B

-1 / (2= To)~N(T = Th)(z — T)"'udz
27 Fk,» B
3.18
(3.18) -1 / (2 = Tn)"M(T = Tp) —%— dz
27 ||Jr, Z = Pk, B
1 - (T = Th)ulls
< — , —Th) Y rp o iy e EUB
< 5-[27 rad(T's,)] 2 I(z = Th) " llas—Ha rad(Ts,)
0<h
= M, Sup Iz = Tw) " Nas—mslI = Pa)ulls Yu € M(A,).
2! kg
0o<h

In the last inequality we used the relation (T — Th)u = (I — Pp)Tu = pg, (I — Pr)u.
Now ||T — Th||#g—Hs — O implies
Ci = pk; sup [|(z=Th) ™ Hs—ps < 00,

S
0<h

so we have established (3.16a).

Now consider the proof of (3.16b). The above analysis is relative to the space
Hp (the integrals in (3.17) converge in the operator norm on Hp and
|\T — Th||lHy—Hs — 0). Since T and T can also be considered on Hp and
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|IT — Thl|Hp—H, — O, we can apply the same argument in Hp. Note that the
formulas (3.17) will now define projections on Hp which are extensions to Hp of
E and Ej,. We thus obtain (cf. (3.18))

llu = En(A,)ullp < px; sup [|(2 = Tn) " lap—ao l(I = Pr)ullp  Vu € M(Ay,),

2€ k
h>0

which is (3.16b).

The proof of (3.16¢) is similar. O

Remark 3.1. It is essential in Lemma 3.5 that h is sufficiently small, meaning
small in comparison with the gap between Ag, and Ax,—1, Ak, +1. If this gap is small,
then it can happen that the approximate eigenfunction uy, k, associated with Ap k;
could be close to ug;,—1 Or ug,+1.

Lemma 3.5 is an eigenvector estimate since it provides an estimate for

u(an exact eigenvector) — Enu(a linear combination of approximate eigenvectors).

We note that (2.13) and (3.16) imply that Ep(Ak,): M(Ax,) — Mp(Ak,) is one-to-
one and onto for A sufficiently small.

We next prove a refinement of (3.16a) due to Chatelin (7], [8]. Inequality (3.16a)
shows that

lu = En(Ax,)ulls
- =0(1) Yue M(X,).
||u—Phu||B ( ) ( k.)
Chatelin showed that
llu = En(Ax,)ulls

Tu= Prulls — 1 as h — 0 (see (1.32));

her argument, in fact, establishes

LEMMA 3.6 (CHATELIN). There is a constant d; such that
lu — En(Ak,)ulls
= Palls
where v(h) is defined in (3.8).

Proof. For the sake of completeness, and to establish the form of the bound in
the second inequality in (3.19), we present a proof of this result.

Let Ty, = P,TP, = Ty, P,. Note that T}, and T}, have the same nonzero eigen-
values, that Ej,(Ag,) commutes with T, and that T, is selfadjoint with respect to
B. For u € M(Ag,),

(Th — nk,)Pru = PaT(Py — I)u+ (ik, — pin k;) Pau
and hence, since Ej,(Ag,) commutes with T},
(Th = ) = En(Mk,))Pru = (I = En(Me,)) PaT (P — I)u
+ (ki = Bhe) (I = En(Ax,)) Pru.
Let @ be the orthogonal projection of Hp onto .# (T},), the null space of T. Then,
any z € Z(I — Ep(Ag,)), the range of I — Ep()g,), can be written as
N

zZ= Z B(z,un1)un1 + Qz.

=1
l#ki,....ki+qi—1

(3.19) <!

<1+ d,'l/(h) Yu € M(/\k;)a

(3.20)
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Here we have used the orthogonal decomposition
Hp = Z(T},) A (Th) = Z(Th) © A (Th)
= span{un,1,...,unN} ® A (Th)
= span{uh,l, ceey uh,N} GB./’/(T),)

Thus,
N
(Th = bhk)z = > Bz, unt)(Bng — Bak)unt — phkQ2,
l#"i,--lw:k}"'qi'“l
and hence

T — pak)2l%

I
M=

|B(2,un,)*|1hp = pagsl? + lnk | 1Q211
Ity i gim1
> min{|pn; — wnk|® 5=1,...,N,j # kiyooo ki + ¢ — 1, |pn i, |*}
(3.21) N .
X Y. IBuw)l?+ IRz
l;ék;,..{,=k%+q.'—1
_ { min{|un k-1 = bl B girs = pnk | ln e PH2lE, 122,
| min{lpne, — un g% lun g, PH2lE,  i=1

Since pp,; — p; (cf. (2.14)) for each 5 as h — 0,

{ min{|un k-1 = phl? a1 = Bre lon g * 622
min{|unk, = phk |, [0k *}, i=1,

— { min{l/"ki—l - /‘kilz, I/‘k.’+l - ”kelz’ |/‘ki|2}a 122,

min{l”kz — Kk, |2’ I/‘kn |2}’ 1=1,

=62 ash—0,
from (3.21) we get
|(Th = pnk)2lle 2 8llzlls V2 € Z(I - En(Xx,)) and

V small h,

where 6; > 0 depends only on the gap between ux, and pk,—1, ik, +1. Combining
(3.20), (3.22), and the fact that I — E,(\k,) and P, are orthogonal projections, we
have

(I = En(Ak,))Prulls
<67 = En(Ak,))PaT(Py — Du+ (uk; — phk;)(I — En(Ax,)) Paull B
<67HIT(Pr — 1?ull + |k, — phi I = En(Ak,)) PrullB},
from which we get
(I = En(Ax,)) Prulls < dillT(Pr = Dllap—H5 (P — Dulls
=dil|(Pn — DT\ ag—ns|(Pn — Iyl 5.

(3.22)

(3.23)
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In the last equality we used the fact that (P, — I) and T are selfadjoint and that
the norm of an operator and its adjoint are equal.
(3.23) implies
(T = En(Ak)Pr)ulls — (I — Pa)ulls| < (I — En(Ax,))Prulls

< dil|(Pa — DT ap—asll(Pn — Null 5,
and hence
(I — Ep(Ak;) Pa)ulls

|(Pn — Iulls

(3.24) 1| < dil|(Ph = DT | p—H5p-

We easily see that
I(I = Pa)ulls < (I = En(Ak,))ulls < (I = En(Ak,)Pa)ull,
and thus
I = Ba(Ae))ulls I = En(Ax;) Pa)ulls
I(Pr—Dullz = I - Pa)ulls
Combining (3.24) and (3.25), we have

< It = En(Ae))uls (I = En(Ak;)Pr)ulls
= NP —Dulls |(Pn — Dulls
Sdil|(Pn = DT |ap—ms Yu € M(Ax,).

Recalling that ||(Py, — I)T||gz—Hs = v(h), we obtain the desired result. O

Remark 3.2. (3.19) should be compared with (4.20), which provides a stronger
estimate for certain special u’s in M (\g;).

Lemmas 3.5 and 3.6 show that starting from any exact eigenvector u we can
construct Ep(Ag,)u, a linear combination of approximate eigenvectors that is close
to u. One can also start with an approximate eigenvector and construct a close
exact eigenvector. We present another result of Chatelin [7], [8]; see (1.3b).

(3.25) 1<

0 -1< 1

LEMMA 3.7 (CHATELIN). There is a constant d; such that

llun,; — E(\k,)unillB
3.26) 1< : i) h,
(3.26) 1< | PnE(Ak;)un,; — E(Ak,)un,;llB

Proof. Observing that
E(Ak;) — En(Ak,)Pr = (E(Ak,) = En(Ax,)) Pa + E(Ak,) (I — Pa),

< 1+d;v(h), J=ki ..., ki+q—1.

we obtain
IEAk;) = En(Ak) Prlltrp—r5 < I1E(k;) = En(Ak)|Hp—H5
+ |E(Ak,)I = Po)||Hp—Hs-
We easily see that
|EAe)T = Po)llag—mg = (I = Po)EQAk) |l Hp— 55
= sup ||(I - Pr)E(\;)ulls
u€EHp
[lulls=1
= ’\ki sup "(I - Ph)TE(’\ki)u"B < ’\kiy(h)’
u€EHp

lull =1
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and by a slight modification of estimate (3.18) we have
IEAk;) = En(Ak )l g —Hp < Cv(h).
Thus,
(3.27) IE(Ak;) = En(Ak;) PullHp—Hs < Cr(h).
Next note that
{I = [En(Ak.)Ph = EQAk)1Hunj — E(Ak;)unj) = [En(Ak) Pa — IJE(Ak, )un, ;.
Hence, using (3.24) and (3.27), we have
lun,; = EQ,)unslle < I{T = [En(Ae)Po = EQk )]} las—ts
X [[[En(Ak;)Pa — IIE(Ak, Junjli B
I[En(Ak;) Pr — TN E(Ak,)un 5|8

T 1= ||[En(Ak;) Pr — EQ\k) s —H s
(1 +div)||(Pn — I) E(Ak,)un il

<
- 1-Cv
which implies the second inequality in (3.26). The first is immediate. O
(d) Relation Between Eigenvector Error in |||, ||-|lD, and ||-||-B. In Subsection

3.(b) we noted that ||(I — Pr)ullp < n(h)||(I — Pn)ullp and ||(I — Pr)ull-B <
v(h)||(I - Pp)u||s- In this subsection we establish similar results for the eigenvector
error.

Fori=1,2,... and j = ki,..., ki +¢; — 1, let U € M(\y,) satisfy En(Ax,)u =
Up,j. We know from the discussion in Subsection 3.(c) that H;' exists and is unique
for h small. From (3.13a) and (3.16b) we have

I}~ Tnsllo = 7} = Ea(A)T o < Con®WIUI - o) |5
< Cin(h) 1w} — T sl 5,

or

_h—ﬁ )
1% ~Tnslo (o

(3.28a) s =
2 —an ;|8

It follows immediately (by scaling) that

h
Ut —up

(3.28b) <
" —unslls

where u;' € M()\g,) satisfies E;.(/\k'.)u;‘ = up,;. (Recall that ||[@;n||p = 1 and
[lujnll = 1.) Similarly, from (3.13b) and (3.16c) we get

2} — @ 51|-B

@} — @n,;ll8
and
B sl
(3.29b) "—u’h—w < Civ(h).

lluj — un,illB
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By Lemma 3.1 we know that
Mg = M = llu=TnjllE = Aellu ~ Tn,5llD

R lu— Zn sl }
=||lu—Tp,; 1— A, 5 Yu e M(A,).
b=t {1 ()
As u varies over M()g,) it is clear from (3.30) that ||u — @ ;||%/|lu — T ;l|% is
minimized for that %y that minimizes ||u — @ j||%4, namely for ug = E(Ak,)Tn,;-
Thus we have

(3.30)

|E(Ak,)Bn,; — Tnjllp _ 11T} ~n,jlip
IE(\k,)@n,; — Tnslle ~ @ - @ ll5

(3.31a) < Cin(h).

We, of course, also get

(3.31b)

| E(Ak;)un,; — un;llp
] ) ) < C h .
IE(Ak)un,; — unlls ~ n(h)
Estimates (3.31) are similar to (3.28), but involve a different pairing of approximate
and exact eigenvectors.

Remark 3.3. Pierce and Varga [12] proved eigenvector estimates in || - || p, and
Bramble and Osborn [6] established them in | - |- 5.

4. Precise Asymptotic Estimates for the Eigenvalue and Eigenvector
Error. In this section we use the notation introduced in Subsection 3.(c), i.e., we
let k; be the lowest index of the ith distinct eigenvalue of (2.5) and assume Ak, has
multiplicity g;.

(a) The Eigenvalue Error. For i = 1,2,... and j = ki,...,k; + ¢; — 1 fixed,
Chatelin [7], [8] has shown that

(’\h»j — ’\ki)/’\ki
(T = Pr)E(Ak, )un, sl B/I1E(Ak, Jun ;| [CE

We now prove a refinement of (4.1) (cf. (1.3c) and (1.4)).

(4.1) —1 ash —0 (cf. (1.3¢)).

THEOREM 4.1. For:=1,2,... there is a constant d; such that
(Ang = M)/ Ak, 3
(I = Po)E(k,)un; B /IIE Ak, Jun,;li B
J=ki,... ki + qi — 1, where n(h) is defined in (3.7).
Proof. Let u = E(Ak,)un,;. We have
(k, = #n,5)B(u, un,;) = B(Tu, un;) — B(u, Thun,;)
= B(u, (T — Th)un,;) = B(T(I — Pr)u,un;)
(4.3) = B(T(I — Py)u,u) + B(T(I — Pp)u,un; — u)
= B(T(I — Py)%u,u) + B(T(I — Py)u,un ; — u)
= pk, B((I = Pa)u, (I — Pu)u) + D((I — Pn)u, un,; — u).
Using the fact that B(u,up, ;) = B(u, E(Ag,)un,;) = |lul|%, (4.3) can be written as

A A
P2 =20 gy, = Lz = Pl + D - P, — )

(4.2) 1| < din’(h),
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Dividing by ||(I — Px)ul||%, multiplying by Ay ;, and subtracting 1 from both sides,
we find

(/\hj—/\k.)//\k. /\hj_/\k- D((I—Ph)u,uhj—u)
4.4 3, 1 1 — 1 _ 3. 1 + Ah, . 2 .
GO = Bl Tl M- Boul
From (4.1) or the standard, well-known results for eigenvalue approximation we
have
( 2
Ahj — Ak,
R <di | sup (- Palulls
ki UEM (A,
\ llulls=1
(4.5) ( 2
=di | VA, sup ||(I - Pu)Tulls
uEM (A

\ llull p=1
<din*(h),  j=ki.. ki+gi—1,

from (3.13a) we have
(4.6) (I = Pr)ullp < n(A)II(I — Pn)ulls,
and from (3.26) and (3.31b) we have
lun,; — ullp = llun; — E(Ak;)un;llp

< din(R)|lun,; — E(Ax,)un ;llB = din(R)||(1 = Pa)ul|5.
Combining (4.4)-(4.7), we obtain '

(Ang = M)/ Ak
(I = Pr)ull%/||lull%

(4.7)

/\h,le((I - Ph)u, Up,7 — u|
I(7 = Pr)ulls
Anll(7 = Ph)ullpllun,; — ullp

(T = Pr)ulls

—1| <din*(h) +

<dim?+ < din?,

the desired result. O
Remark 4.1. Formula (4.4) is due to Chatelin [7], [8] and is used by her to prove
(4.1). Using eigenvector estimates in || - || g ((3.26)), one can prove

(’\h,j - ’\k.’)/’\k.‘
(I = Pn)E(uk, )un,; |B/IIEk,)un ;1%

Inequality (4.2), which was proved using eigenvector estimates in || - ||p ((3.31b)
together with (3.26)), is an improvement over this result since, as we saw in Sub-
section 3.(b), n? may be of higher order than v.

Theorem 4.1 relates the eigenvalue error (An; — Ag,)/Ak, to (I — Pu)ull%,
with u = E(Ag,)un,;. We now prove a result that relates the eigenvalue error to
I = Pn)ull%/|lull%, where u € M(Ax,) and Ex(Ak,)u = unj, ie., u = u;-‘, as
defined in Subsection 3.(d).

-1 S d,l/(h)

THEOREM 4.2. For:=1,2,... there is a constant d; such that

(Ang = M) [ Ak,
(I = Pr)ullB/llull}

where u € M(Ax,) satisfies Ep(Ag,)u = up ;.

(4.8)

-1 Sd‘ln2(h)’ j=ki,---»ki+Qi—1,
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Proof. With u € M ()\g,) satisfying Ep(Ak;)u = up,j, we have
(k: = pn,j)B(u, un,;) = B(Tu,un,;) — B(u, Thun,;)
= B(T(I — Ph)u, u) + B(T(I - Ph)u, Up,j — u)
= pk,|(1 — Pu)ulls + B(T(I = Pr)u, un,j — u),
from which we get, as above,

(4.9) (Ang = Aki )/ Ak, _p= M Ak DI — Ph)u,uny — u)
(T = Pa)ullg/ I En (A, ullf Ak; T T - Pa)ully

It follows from (3.13a) and (3.16b) that

(4.10) llun,; — ullp < dinll(I — Pr)ul|s.

Combining (4.5), (4.6), (4.9), and (4.10), we obtain

(Anyg = M)/ Ak, _
(I = Pu)ull}/ 1 En(Ak,)ullh

1| < dh
from which we get

Ong =2/ M Nully |y el
T = Pyl /Ml ~ B O )l | = 7 TR O )l

Since u = (u — Ep(Ak;)u) + Ep(Ag,)u is an orthogonal decomposition in Hp, we
have

(4.11)

lull® = llu — En(Ak)ullB + 1En (A, )ullB
and hence
lu — En(Ax,)ull}

(4.12) lulz  _ 4 -
1 En(Ax:)ullz

1B (A )ulll
Using (3.16a) and (2.13) we see that

lu — En(Ax,)ull®
|1 Ex(Ak,)ull}

Combining (4.11), (4.12), and (4.13), we get the desired result. O

(b) The Eigenvector Error. Let 1 = 1,2,... and let 7 = k;,..., ki +¢; — 1 be
fixed, and consider up,; and E(Ag,)Un,; (recall that [T j||p = 1). We showed in
Subsection 3.(d) (see (3.31a)) that

(4.13) < Cel(h) < Cn*(h).

(4.14) |E(Ak,)Th,; — Tnsllp < din(h)||E(Ak,)Tn,; — Tn 5| -

From Lemma 3.1 we have
(4.15) Mg = Mo = IEQk, V8,5 = Tn,ill5 = M IE(Ak,)Tn,; = Tn,jlID-
Combining (4.14) and (4.15), we obtain
Moj = Mo 2 |IEAk,)Tn,; = Tn,5lIB (1 — din? (h)),
which implies

|EAk:)Th,j = Tn ;3 A = Ak,

(4.16) 1T = P)EO)Tn 15 = | = Po)E,)an ;1151 — din?)’
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Since Ty ; = E(Ak;)8n,; + (@n,; — E(Ak,)Un,;) is an orthogonal decomposition in
Hp, we have
1= |[EQ.)h,5lID + T, — Bk, )Tn,D-
From this, (3.26), and (4.14) we get
1< |EOw)@n 515 + din®[|(Pa = DE(, )an 5%
(4‘17) — "E(’\ki )ﬂh,j"2B(
Ak;
Now, combining (4.2), (4.16), and (4.17), we have
IEAk,)Bh,; — Tn,;llB
(I = Pr)E(Ak;)Tn 5l 5
< { (Ans = M)/ M, . L+di }”“’
= U = Po)E(Ae)Tn 5115/ IEOe,)n 5l 1 - din?

o (1+din?
< "2 ( 1
< {(1+dm )—1—dm2

We summarize this (cf. (1.3b) and (1.4)) in

1+ din?).

1/2
} < [+ din?Y? < 14+din?(h).

THEOREM 4.3. Fori=1,2,... there is a constant d; such that

| E(Ak;)8n,; — Tn,jllB
418) 1< ik, ’
418) 1< (T BB Gyl

In (4.18), Tp,; can be replaced by up, ;.

Sl+d¢ﬂ2(h), J=kiy... ki +q;— 1.

Remark 4.2. The result (4.18) is stronger than (3.26) since 72 may be of higher
order than v.
Next consider Us,; and & (recall that w} € M(A,) satisfies Ep(Ax,)u} = Up ;).
We know (see (3.28a)) that
12} — @ llp < din(h)|[w} —Tn,;ll5-
This, together with Lemma 3.1, yields
Mg = My = @) = TnsllB = k1T = Tn,sllD
> |[a} = lB(1 - din®),
which implies
||ﬁ? —Un;ll% Ah,j = Ak,
I(Z = Po)allll ~ 12 = Pa)apli% (1 — din?)
_ Mg = Mes) [ A
I(Z = Pu)a} (1B (1 - dZn)/I|I%

Finally, combining (4.8) and (4.19), we have

(4.19)

1< <
I(T = Pa)at|ls

This result (cf. (1.3a) and (1.4)) and the related result (3.19) are summarized in

|2 —@n,;ll5 < (1 + din?

1/2
l—d"l’]z) < 1+d¢7]2.
1
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THEOREM 4.4. Fori=1,2,... there is a constant d; such that

IZ? —wn;lle @k — En(Ax,)@%| 5

4.20 1< -2 : =1 I < 1+din?(h),
(420 10— Poatls 10 -Pog,ls ()
J=kiy....ki+q — 1.

The inequalities (4.20) remain valid if Uy ; s replaced by up ; and U;‘ by u;‘. There
18 a constant d; such that

lu — En(Ax,)ulls
|(u = Pr)ulls

Remark 4.3. We have restated (3.19) in (4.21) because it is related to (4.20) and
it is the strongest known result of its specific type. It should be noted that (4.21) is
true for all u € M (A, ), whereas (4.20) is valid only for u =u¥, j = ki, ..., ki+qi—1.
However, for these u’s, (4.20) is stronger than (4.21).

Remark 4.4. The eigenvector estimates (4.18) and (4.20) were obtained from the
eigenvalue estimates (4.2) and (4.8), respectively, via Lemma 3.1, which provides
an estimate for the eigenvector error in terms of the eigenvalue error. Estimates
for eigenvector error in terms of eigenvalue error can be found in Weinberger [13].

Remark4.5. See [2], [4] for a numerical study of the reliability of the results of this
section—which are of an asymptotic nature—as a guide to practical computations,
which often take place in the preasymptotic phase.

(4.21) 1< < 1+div(h) for allu € M(Ag,).

5. An Additional Result for Multiple Eigenvalues. Estimate (1.3c) im-
plies that
infxesh "E(’\ki)uh,k.’ _'X"2B
IE Ak )un kil

A’l,k,’ - A’C.‘ S C
and estimate (4.8) shows that
M, =M, < C inf |lu = x|IB/lull,
XESh

where u € M(Ag,) satisfies Ep(Ak;) = upk,. In [3], Babuska and Osborn proved
the stronger result (cf. (1.5))
. . 2
Ahk; = Ak < Cueﬁ?({\k,.) nf lu—xl5
lulls=1
(as well as similar estimates for Ap; — Ag;, J = ki +1,...,k; +¢; — 1, and for
the eigenvector errors), which shows that A, x; — Ak, the error in the approximate
eigenvalue closest to Ag,, is governed by the approximability of the exact eigenvector
corresponding to Ag, that can be best approximated by Sj. In this section we give
a simplified proof of the results of [3], which in addition provides information on
C (the results in [3] only established that C is a constant), and we estimate the
eigenvector error in || - ||p and || - ||-B-
As above, for 1 = 1,2,... suppose k; is the lowest index of the 7th distinct
eigenvalue of (2.5) and let ¢; be its multiplicity, i.e., suppose

Akiitgio1—1 = Aki—1 < Ay = Ay = -+ = Meygi—1 < Akytaqy = Akeiyy-
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Let
Bluune)= 2 Bar =0
u,uh‘ki E uyuh,k‘+‘—2 =
(51) = inf J eu(h)) J=1...,q,
ueEM(A;)
[lulls=1
B(u,u,..k.,)=-..=B(u,u,..k'.+,-_2)=0
where M (\g,) is defined in (2.9). The restrictions
B(u,unk;) = -+ = B(u, up k;+;-2) =0

are considered vacuous if 5 = 1. We note that they are equivalent to
B(u,E(/\k‘)uh,[) =0, l=ki....k; +75 -2,
and to
B(Eh(/\kg)u,uh,l) =0) l=k‘l),k1+]_2

THEOREM 5.1 (cf. (1.5)). Fori=1,2,... there is a function C;(h) and a
constant C;, with

(5.2) Ci(h) £ 1+d;v(h), d; = constant,

such that

(5.3) (A kiti—1 — M)/ Ak, S Ci(R)e2;(R),  j=1,...,q,

and such that the eigenvectors uy,uq,... of (2.5) can be chosen so that (2.6) is
satisfied and such that

(5.4) lunki+i-1 = uki+j-1llB < Ci(h)eii(h),  5=1,...,4,

(5.5a) llun ki +i-1 = uk,+i-1llp < Cin(h)ei;(h),  7=1,...,4,

and

(5.5b) lunki+i-1 = vkitj-1ll-B < Civ(h)eii(h),  J=1,...,4,

where n(h) and v(h) are defined in (3.7) and (3.8).

Proof. Let ¢ and j, with ¢ = 1,2,... and j = 1,...,q;, be fixed. Note
that e4(h) < Agv(h) for all u € M(Ax,) and € j(h) < Av(h), 7 = 1,...,4¢:.
Let u € M(Ax,) with B(u,upk,) = -+ = B(u,unk+;-2) = 0 and |lu[z = L.
Now apply (2.7") and Lemma 3.1 with (A\,u) = (Ak,,u/||Ex(Mk;)ullp) and w =
E’h(/\k,.)u/||Eh(/\k'.)u||D. Since

B(Er(Ag,)u,uny) =0, l=1,...,k -1,
by the orthogonality of the approximate eigenvectors, and
B(Eh(/\k.-)uy uh,[) = B(u, uh,l) = 0, l= k,‘, e ,k,‘ +j - 2,

by the assumption on u, we have
En(Ag,)u En(A,)u ) o

Moti=1 = A = B (llEh(Ak.-)uuD’ TEn (e, )ullo
_ IEaQk)u — ulll = Ax, |1 En(Ar)u — ullh
1 En(Ak,)ulld
< 1Bk )u — ull}y
“Eh(/\k;)ullzD ‘

(5.6)
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From (3.19) we have
(5.7) lEn(Ak)u = ullp < (14 dv)||lu - Paul|5.
From (3.13) and (3.16b) we see that
Bk ullo = AR = 1Ea(k)ullp = llull ol
< ||En(Ak:)u — ullp < dlju — Prullp
< dnllu — Pyull = dn(h)eu(h),
which shows that
2
L [1 + _dneu(h) }
(5.8) Ak | B (Ak,)ulln | En(Ak;Jull o
< 1+dney(h) < 1+dnv.
Combining (5.6)-(5.8), we get
(A ki+i—1 = M)Ak, < (1+dv)*(1 + dnv)||lu — Phullh
< (1 +dv)|u— Pyul}.
Now since (5.9) holds for all u € M (\g,) with B(u,up;) =0,1 =ki,... ki+j—2,
and ||u||g = 1, we have
(A kiti—1 = Aes) [ Ak,

(5.9)

2

<(1+dv(h inf inf -
< (1+dv(h)) el nf lu—xls
[lulls=1
B(u,un,k;)="=B(u,un,k;+;-2)=0
=(1+ d,'l/(h))s;{j(h),

which is (5.3) with C;(h) = 14+d;v(h). Thus (5.2) and (5.3) have both been proved.

Remark 5.1. The minimum principle (2.7%) and Lemma 3.1 lead to a particularly
simple proof of a result slightly weaker than (5.3) for the case ¢ = j = 1. It follows
immediately from these two results that

Phu Phu )
AMm1—M < B s -
b1 (llPhuuD [Prullp) ™
I1Pau = ulll = MllPhu—ul} _ [|Pau = ul}
- < Vu € M(Ay),
[ Prull% 2 !
and hence
e Pl A
A1 — A1)/ < f ———— B <<Cih h),
T NN S
ul||B=

where C;(h) — 1.

Now consider (5.4) and (5.5). Let ¢ = 1,2,... and j = 1,...,q; be fixed. Let
Up ki1 € M(Ak,) satisfy En(Ae)ukpio1 = Uhkitimt (Uepjo1 = Ukpjon
where u;c"_ +j—1 Was introduced in Subsection 3.(d)). Applying Lemma 3.1 with

i
(Au) = (/\k _Skitgot ) and w= —hkitizl
b : ) b
' ||unki+5-1llD lun,k;+i-1llp
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we get
Uh,k;+5—1 u;c~+j—1 2
Ah,ki‘l‘]'—l - ’\ki = "uhl; ; 1"D - "uh k‘+' 1”D
Wi+ — yKitTI— B
(5.10) ) o 2
— A, || Shekiti=t Uk +5-1 .
“Hlung+i-1llp Nlunk+i-1llolip
From (3.28b) we have
(5.11) 1wk, +5—1 = uhki+i—1llD < Cn(R) Uk, +5-1 — Unk;+i-1llB-

(5.10) and (5.11) yield

[1— A\, C2n2(h)]
Ahkiti—1 = Ak 2 . Uh, ki +5—
* Fonsrgallp 15497

which, together with (2.11), (2.12), and (5.3), yields

- u;c,'+j—1||2Ba

(M kiti—1 = Ak,) /2
lwki+i—1 = Uhkiti-1llB < 75— :
’\h{ks+j—1[1 — M\, Cn?)1/2

(5.12) o ATuR)%eu5(h)

" Wil = A O3

< 6‘i(h)5i,j(h)) j =1,...,q,
where, because of (5.2), Ci(h) < 1+ d;v(h). (5.12) shows that the uj, 451 satisfy
estimates (5.4). The inequality (5.12), together with (3.28b) and (3.29b), shows
that the wj .., satisfy estimates (5.5). They will not in general, however, be
orthonormal with respect to B, so that (2.6) may not be satisfied.

It remains to modify the uj, ;_,, i.e., replace uj, ., ; by uk,+;j-1, in such a

way that (2.6) and (5.4) and (5.5) hold. We proceed by induction on 5. Let j = 1.

If we define ug, = uj /||ug, || B, we have ||u,||s = 1, so that (2.6) is satisfied. From
(5.12) we have

ke gall = 1= I+ s = wn i 32 = 1

- 2

(5.13)

SCVEi,j, j=1)~"7qi7

and hence
luk, = un kil < lluk, — ukllB + lluk, — unklls
< llui Nl = 1] + lluk, — unkll5
< Cveiy + Ci(h)nei1 < Ci(h)esa(h),

where C;(h) < 1+d;v(h), which is (5.4) for 7 = 1. Using (3.9), (5.13), and the fact
that the uj_, ;_, satisfy (5.5a), we get

luk, = unk:llp < lluk, — u,llp + lluk, — n kD

—-1/2
= 2Pl Il 5 = 1] + lluk, — unk,llp
< Cvei + Cnein < Cin(h)eia(h),

which is (5.5a) for j = 1. A similar estimate establishes (5.5b) for j = 1.
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Next suppose j = 2. Let uy, = uj ., — B(u, 4, uk,)uk,- Using (5.4) for j =1,
(5.5b) for j = 1, (5.12), and the facts that (5.5b) holds for the u},, ; , and that
€i,1 < €2, we have
| B(uk, 115 k)| < |B(uk, 41 — un k41, uk,)|

+ | B(Uh ki +1 = kg 10 Uk — Un,k;)|
+ | B(uk, 41, ks — Un,k,)]
= '\ks|D(U;ci+1 = U k;+1, Uk )|
+ | B(uh ke +1 — Ui, 41 Uk; — Un k)|
+ N1 D (U 41, Uki — Un k)]
610 < Mol 41— - sl s
+ llun k41 — e, g1l Blluk, — un el
+ M+ 1lluk, 41 llBllue, — unkll-5
< Akl 41 — unki+1ll-B
+ lunki+1 = vk, 1l Blluk, — unkllB
+ M (14 lluk, 41 — vhei+1ll8)lluk, — unkll-B
< CV€¢,2 + 6,‘(’1)6,',26,‘(’1)61',1 + Cu@(h)si,l
< Cl/(h)ei,g (h),
and hence
(5.15) ||U;c,-+1 - U;cl.-+1||B = |B(u§c‘+1,uki)| < Cv(h)ei2(h).
Now set ug,+1 = uj, ,;/||uf, +1ll. Combining (5.12), (5.13), and (5.15), we obtain

luki+1 = unki+1llB < lluk+1 — vk, 1llB + luk, 41 — unki+1llB
= [lluk;+1llB = 1 + lluk, 41 — un k41l
< Muky+1lls = 1 + 2lluk, 11 — vk 41l + Uk, 11 — vhkit1lls
+ Cve;a(h) + Crg; 2(h) + C;i(h)g; 2(h)
< Ci(h)eia(h),
where C;(h) < 1+ d;v(h), which is (5.4) for j = 2.
Now consider (5.5a) for j = 2. Using (5.13), (5.14), (5.15) and the fact that the
Uj, ;-1 satisfy (5.5), we have
luki+1 — unk+1llp < lluk+1 = v, 41llD + 1wk, 41 — h ki +1llD
= X6 Pl palle = 1+ w41~ un bl
< Ao Pl 1 lls = 10+ A5l 1 — a8
k1 = Ui+ B k) el
+ Cre; 2+ Cre;a +Cneia + Cre; 2
< Cineia(h),
which is (5.5a) for § = 2. The proof of (5.5b) is similar.

Continuing in this manner we get (2.6), (5.4), and (5.5) for j = 1,...,¢;. This
completes the proof. O
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THEOREM 5.2. Fori=1,2,... there is a function C;(h) with

(5.16) C’i(h) > 1—dv(h), d; > 0 constant,

such that

(5.17) Ahkitio1 = M) /M 2 Ci(R)E;(R),  G=1,...,q,
and

(5.18) lunkits—1 — wkri-1lls = Ci(h)eii(h),  F=1,...,q

Proof. First consider (5.18) for 7 = 1. It is immediate that

— Ug, > inf inf - =¢€;1(h).
llwn k. k'lls—ueﬁﬁxki)xéshllu xlls = €i,1(h)

[lullz=1
Thus for j = 1, (5.18) holds with C;(h) = 1.
Now suppose 7 = 2. Since
B(u, 41, Un k) = B(uk, 11, En(Ak,)unk,)
= B(En(Ak; )tk +15 Uhk;) = B(Un k41, un k) =0,

we see that
11— Uk > inf inf |lu— =¢g;2(h).
M ier —vialls 2 fof 0 inf lu = Xlls = €ia(h)
lull =1
B(u,un,k,)=0

Combining this result with (5.13) and (5.15), we get

llwn k41 — uk+1llB
> flunk+1 = Uk, gallB = Ik, 41 — wk1allB = Ik 41 — ukitallB
> |lunki+1 = k41l = 2k, 41 — vk 1 llB = ik, 1118 = 1
> (1 —dv)ei2(h),
which is (5.18) for j = 2. Continuing in this manner, we get (5.18) for j =1,...,4¢;.
Now consider (5.17). From Lemma 3.1, (5.5a), and (5.18) we see that
2
(A iess—1 = Ak [ Ak = Ilu’h,’\c;:ﬁ;:,kiz,fjljlilllla
l[h ki +i=1 = Ui +5-111D
[
> /\h”c/\"—:j_l((l —div)? = M\, Cin)el

which implies (5.17). O
Remark 5.2. Note that in Theorems 5.1 and 5.2 we have shown that
(Ankisi=1 = Ak )/ Ak,
5?,]' (h)
whereas in Theorems 4.1 and 4.2 we showed that

(Ang = M) [k ‘ 2
. 1 1 — 1 < di h ,
‘"(I_Ph)E(’\k.)uh»j”2B/"E(’\ki)uh,jllzB < i’ (k)

-1 < d,;l/(h),
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and
(Ah’j - Alc.')/)‘lci

1T = Paull/lull
for u € M(Ag,) with Ep(Ag,)u = up ;.
Remark 5.3. For a computational illustration of the results in this section see

(3], (4]

1| < din*(h),
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