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An Absolutely Stabilized Finite Element Method
for the Stokes Problem

By Jim Douglas, Jr. and Junping Wang

Dedicated to Eugene Isaacson on the occasion of his seventieth birthday

Abstract. An absolutely stabilized finite element formulation for the Stokes problem
is presented in this paper. This new formulation, which is nonsymmetric but stable
without employment of any stability constant, can be regarded as a modification of the
formulation proposed recently by Hughes and Franca in [8]. Optimal error estimates in
L2-norm for the new stabilized finite element approximation of both the velocity and
the pressure fields are established, as well as one in H!-norm for the velocity field.

1. Introduction. We are concerned with finite element methods for the steady
state Stokes equation which describes slow motion of an incompressible fluid in R"™
with n < 3. Let 2 be a bounded domain in R™ and let u(z) and p(z) be the velocity

of the flow and the fluid pressure at the point = € ), respectively. The flow of the
fluid is governed by the Stokes equation

{ —VA1~1+vp=f in Q,

divu =0 in 1,

(1.1)

where v is the viscosity of the fluid and f(z) the external unit volumetric force

acting on the fluid at z € Q).
Assume that the velocity of the flow on the boundary 99 of (1 is given; i.e.,
(1.2) u(z) = g(z) on 99,

~

where ¢ is a function defined on 01 satisfying the compatibility condition

/ g-nds=0.
an~ ~

It is not difficult to show that the flow of the fluid is determined uniquely by the
Stokes equation (1.1) and the boundary condition (1.2); uniqueness of the pressure
field should be understood in the sense of modulo a constant.

For the sake of simplicity, but without loss of generality, we shall take the vis-
cosity v to be equal to one and the boundary condition (1.2) to be homogeneous.
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496 JIM DOUGLAS, JR. AND JUNPING WANG

As usual, a mixed formulation of the problem (1.1) and (1.2) reads as follows:
find (u,p) € H}(Q) x L&() such that

(Vga Vg) - (le Eap) = (f, g)a 2 € Ij(l)(n)s

(1.3)
(divu,w) =0, w € L(),

where H*(Q2) = (H*(Q))", and H*((2) is the usual Sobolev space W*2(Q2) with
norm defined by
el = 32 IVully,  weH(@),
lil<s '
and
|2 = /n W2d0,  ue ().

Let L3(€2) be the subspace of L2(f1) consisting of all such functions in L2({2) having
mean value zero. Also, let

H}(Q) = {ve H(Q); v =0 on 0Q}.

The standard mixed finite element method for the Stokes problem in its primitive
variables is based on a triangulation, &4, of 2 and a finding of a pair of finite element
spaces X* x M* c H}(Q) x LE(9) associated with the triangulation S, such that

(div v, w)
(1.4) inf sup ———— > f3
weMt yexn (vl fwllo =

where ( is a positive constant independent of h, the maximum of the diameters
of triangles in y. The inf-sup condition (1.4) is the so-called Babuska-Brezzi
stability condition and plays an important role in the analysis of the stability and
the convergence of the mixed finite element method for the Stokes problem (see [1],
[2] and [6]). For a general description of the stability condition (1.4), we refer to
[5].

It is clear that, owing to the stability condition (1.4), not every combination
of finite element spaces X» and M"* can be applied to the standard mixed finite
element formulation of the Stokes problem to obtain an adequate approximation to
the exact solution. As a simple example, let us take

X" = {v: v is C-piecewise linear},

and
M" = {w: w is piecewise constant}.

It is not difficult to show that this combination is unacceptable for the standard
mixed finite element formulation, although it seems to be the simplest feasible space.
In fact, most of the known spaces are not quite natural and, therefore, involve some
basis functions that are not found in many of the engineering code packages which
are commonly used.

Recently, Hughes, Franca, and Balestra [7] proposed a stabilized finite element
formulation for the Stokes problem for which the stability constraint (1.4) is not
needed. Therefore, more natural and simpler finite element spaces can be used. A
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more complete analysis of the method of Hughes, Franca, and Balestra has been
given by Brezzi and Douglas [3].

The idea of Hughes, Franca, and Balestra in [7] can be interpreted as follows: let
31, be a quasi-regular triangulation of (2, and let X* and M"* be two finite element
spaces satisfying

x* c Hy(@Q)
and
M"P c HY(Q)n L3(Q).

A mesh-dependent norm on X”* x M" can be defined in the following way:
(1.5) I, W) = 1V21§+ Y % [Vwligr,
T

where hy = diam(T) for T € Q.
The stabilized finite element approximation (u”,p") is given by solving the fol-
lowing linear system:

(Vgh,Vg)—-(divv,p") =(fs2)a gexh )

1.6
(1.6) (div uh, w) + aZh%(Vp" - Ag", Vw)r = aZh%(f, Vw)r, we Mh,
T T ~

where a is a positive number. The term on the left containing the constant a adds
stability to the standard mixed finite element formulation for the Stokes problem
and thus plays an important role for the stability and convergence of the formulation
(1.6). The o-term on the right maintains consistency.

In [7], Hughes et al. proved that there exists a constant ag > 0 depending only
on the shapes of the triangles T € 3}, such that the linear system (1.6) has a unique
solution (g", p") for any a € (0,ap) and that the solution (gh, p") converges to the

exact solution (u,p) of the Stokes problem in the mesh-dependent norm (1.5), as

h — 0, if « is bounded away from zero. An error estimate in the L2-norm for the
stabilized finite element scheme (1.6) has been established by Brezzi and Douglas
in [3], where they also presented a modification of (1.6).

The stabilized formulation (1.6) requires continuity for the pressure interpola-
tion; this requirement has been proved to be removable by Hughes and Franca in
[8] by introducing a jump operator into the formulation (1.6). Actually, the stabi-
lized finite element formulation given in (8] developed (1.6) in a more sophisticated
fashion; it is not only symmetric but also suitable for any combination of finite
element spaces X* and M™", either continuous or discontinuous for the pressure
component. Nevertheless, the solvability and the convergence of the stabilized fi-
nite element formulation of Hughes and Franca still rely on a stability constant o
which is shape-dependent. An error estimate in a mesh-dependent norm analogous
to (1.5) was derived by Hughes and Franca in [8].

In this paper we shall propose an absolutely stabilized finite element formulation
for the Stokes problem, which can be viewed as a modification of the formulation
of Hughes and Franca [8], although the forthcoming formulation was discovered by
the authors independently of [8]. As we shall see in the next section, the modified
formulation is stable and convergent without the employment of a stability constant.
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Error estimates in the L?-norm for both the velocity and the pressure are derived
under an assumption of shape regularity on the triangulation 3y, as well as one in
the H!-norm for the velocity field.

The paper is organized in the following way. Our finite element formulation will
be presented in Section 2. Then in Section 3 we establish error estimates for this
finite element approximation.

2. Finite Element Formulation. The aim of this section is to present an
absolutely stabilized finite element formulation for the Stokes problem. For the
sake of convenience of argument, we shall assume that () is a polygonal domain
in R™. However, an extension to more general domains can be made without any
difficulty.

Let Q4 = {T'} be a triangulation of Q. Let Z), be a polygonalization of {1 such
that ¥}, is a refinement of . A particular example for %}, is a copy of 3. Let
T'* be the collection of the edges of all R belonging to F#}; I'* can be decomposed
into two parts: boundary edges I'* and interior edges I'%. More specifically, let

I'" = {eC 90: eis an edge of some R € %}

and
'k =rh\rt

Denote by hr = diam(T') and k., = diam(e) the diameters of T € I, U K}, and
e € T, respectively. Set h = maxr{hr} and assume that O = O* = g4 R.
Let
Hf ={veL*Q"): v|re€H*R), Re %}

Let e € T}, and let e = R; N Ry. The jump of w € H} across e is given by
(2.1) [w] = tre,r, () — tre,r, (w);

interchanging R; and R, will have no effect on the finite element procedure.
Let X* and M" be the two finite element spaces associated with 3, and F;,
respectively, defined as follows:

(2.2) X" ={v e H§(Q): v|r € PXT), T € 3},

(2.3) Mr ={we L3(Q): w|gr € PY(R), R %},

where k and [ are two positive integers and P*(T') indicates the collection of poly-
nomials of degree not greater than s. The finite element spaces X" and M" are
quite simple and natural and are easily constructed. It is these spaces that we are
going to use to approximate the Stokes problem. In what follows, we shall take
I =k in (2.3), although [ can be taken to be independent of k.

We define a mesh-dependent norm on X" x M" as follows:

(24) (v, w)I* = [Voll} + IVe — Avlon + Mlwllg s (v,0) € X* x M,
where

(2.5) [Vw - Avlg gn = o) _h3[[Vw - Av|ig 7
T
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and

(2.6) Ml ey =8 3 he(lwl, [w)).

ecrh

Here, (-,+)p indicates the inner product in L?(D) and (,-) will be that in L%((2).
The positive constants o and 3 in (2.5) and (2.6) are arbitrary and do not depend
on the triangulation Qp. It is clear that (2.4) is well defined for (v, w) belonging

to (Hy () NHZ) x HL.
LEMMA 2.1. The relation (2.4) defines a norm over X* x M".

Proof. 1t suffices to check that ||(v,w)|| = 0 implies v = 0 and w = 0. In fact,
(v, w)ll = 0 implies v = 0, [w] =0, and w = constant on each T € V. Thus, it
follows from the fact w € L(?) that w=0. O

We are ready now to present a new stabilized finite element formulation for the
Stokes problem. Let us begin with a bilinear form ® defined on X" x M" by

Q((ga X)a (2’ w)) = (Vga VE) - (le ga X) + (dlvgaw)

+ aZh%(Vx —Aq,Vw - Av)r
= 7 ~

+8 > he(lx], [wh)e,

ecTh

(2.7)

where o and § are the same constants as in (2.5) and (2.6). The bilinear form (2.7)
is coercive on X* x M™", since

(28) o((v,u), (v, w) = M0, (v,0) € X" x MP.

Our absolutely stabilized finite element approximation for the Stokes problem
consists in finding (u”,p") € X* x M" such that

B((u*,p"), (v,w))

(29) = (/,0) + Y R, Vu-Av)r,  (v,u)€ X" x M
~ T ~ ~ ~

It follows from the coercivity of the bilinear form ® that the linear system (2.9)
is uniquely solvable. The bilinear form (2.7) differs from that of [8] in having the
sign of the second divergence term to be positive, so that it corresponds a bit
more closely with the usual bilinear form associated with (1.3). We call (2.9) an
absolutely stabilized finite element formulation for the Stokes problem since no
constraints other than positivity need be imposed on o and S.

THEOREM 2.1. There exists a unique solution (u*,p*) in X* x M"* of (2.9).
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The linear system (2.9) can be decomposed into a coupled system by separating
the effects of v and w. The resulting equations are given by

(Vuh, Vo) — (div v, p*) — aZh (Vph - Aut, Av)r

=(f,v) —aZh% f,Av)r,  veXh

(2.10) < (dlvu w) + azh2 (Vp - Auh V'w)T +8 Z h (I[phll l’wll)e

ecT}
=a) hi(f,Vu)r, weM"
=T

\

Let (u, p) be the unique solution of the Stokes problem (1.1) and (1.2). Formally,
we have

(2.11) aZh (Vp - Au, Av)r aZh (f,Av)r,  ve Xxh,

and

(2.12) @) k3 (Vp - Au,Vu)r =) h3(f,Vw)r, weM".
T T ~

Thus, combining (1.3) with the above two equalities gives
(Vu,Vv) = (divv,p) — aZh%(Vp - Au, Av)r
(2.13) T
=(f,v)—a2h§~(f,Av)T, Uexh
~ ~ T ~ ~ ~
and

(2.14) (divu,w)+ aZh%(Vp — Au,Vu)r = aZh%(f, Vw)r, w € Mh,
T T ~

Adding (2.13) to (2.14) gives
(2.15) ®((u,p), (v,w)) = (f,v)+aD_h3(f,Vw—-Av)r,  (v,w) € X" x M,
L =T

where [p] should be understood to be zero on T'%. In fact, this relation does hold
for smooth p, for instance p € H!. Thus, (2.15) and (2.9) imply the following error
equation:

(2.16) ®(((u—u"),(p—p"), (v,w)) =0,  (v,w) € X" x M™.
In the important special case that the finite element space for k = [ =1 is used

to approximate the Stokes problem via the formulation (2.9), the bilinear form &®
reduces to

(2.17) @1((g,x): (2,0)) = (Va, Vo)=(div v, x)+(div g, w)+8 Y he(Ix] [wDe,
ecrh

and the corresponding finite-dimensional linear system becomes

(2.18) @ ((u"p"), (v,w) = (f,v),  (v,w) € X" x M".
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Clearly, ®; involves neither second-order derivatives over the velocity field nor any
derivatives over the pressure field. Also, it is easy to see that (u,p) satisfies the

equation (2.18). Thus, we have an analogue of (2.16) for ®;. This observation
should be understood in the remainder of this paper. In this case, our method
coincides with that of Hughes and Franca [8].

For the sake of simplicity of analysis, we shall take « = 8 = 1 and &, =
throughout the end of this paper; it is easy to extend the analysis to the general case.
The finite element spaces X* and M" can be associated with different triangulations
of (). This could be important from the computational point of view, for a significant
reduction of the number of degrees of freedom for M" is possible if %), # 1. The
precise effect of such a choice is not completely clear from the error estimates that
follow.

3. Error Analysis. We shall assume (u,p) to be the exact solution of the

Stokes problem (1.1) and (1.2). Let (u*,p") be the stabilized finite element ap-

proximation of the Stokes problem obtained by solving the linear system (2.9). Our
primary goal is to establish optimal error estimates in the L2-norm for the velocity
and the pressure fields, following an optimal error estimate in the H'-norm for the
velocity field.

Let us assume the following approximation properties for the finite element
spaces X" and M": for any (v,p) € H(Q) x L3(Q), there exists an interpola-

tion of (¥, ), denoted by (!, pT), such that

1/2 1/2
V(% — ¥l + (Zh;Qllw - w’ll%,r) + D0 M@ -9 nl3.
T T A ecTh ~or
<Ch™ HYllm iy € H'(Q),

(3.1)

1/2
(3:2) (Zh%nAw - w’)n%,r) <Ch™ YYllm ify € H'(Q),
. vy v e

where m = min(k + 1,r), and
33)  lle—@'llo+ Nl Mors < Chllel: if o€ H*(Q) and s 2 1,

where | = min(k, s). The symbol C is used to denote a generic constant indepen-
dent of h and the function being approximated. It is easy to verify that, if the
triangulation S}, is quasi-regular, then (3.1), (3.2) and (3.3) hold for the spaces X"
and M" discussed in the previous section.

Let .
¢=ut-ul  c=u-ul ey=u-ub

%
&3

r=pr—p!, n=p-p, e=p-p"

By the error equation (2.16),
64)  B((6),(0,w) = @((s,m), (v,u)),  (v,w) € XX M.
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In particular, by setting (v, w) = (&,7), we see that

(3.5) &I = @((€,7), (§,7) = 2((5,m), (&:7))-

Before going to the error estimate, we should like to define shape regularity for
the triangulation Q4: Qy is shape regular if the ratio of the diameter of the cir-
cumscribed ball for T € Qy, to that of the inscribed ball is bounded, independently
of T € Q4.

LEMMA 3.1. Let the triangulation 5 be shape regular and assume that ¢ €

H}(Q). Then, for any € > 0, there exists a constant C(¢) depending only on € and
the shape regularity of Iy such that

|(div g, w)| < ell(v, w)I?

(36) +0(e) (Zh;2||q||or+ >t |g-ge|2ds) ,

e€T? €

(v, w) € X* x M*.
Proof. Integration by parts gives
(3.7) (divg,w) = E(q,—Vw)T+ > (g 7e, [wD)e,

ec}

where 7. is a normal vector for e. Since
(3.8) (¢, —Vw)r = (¢,—Vw + Av)r — (¢,Av)r,

we have
|(div q’w)l < Zl(QaAv = Vu)r| + ZI(QaA'v)Tl

> (g - e, ful)el.

et

(3.9)

Thus, for any € > 0, § > 0,

. 1 -
|(div ¢, w)| < Ezh 2||¢1||0T+€Eh IVw - Avli§ 7

(3.10) +5Eh Av|l3 T+ 6Zh;2||¢1||or
+— Z h;! /lq ne|2d3+e||[w]l0r,.
e€Th

Note that the shape regularity assumption on 3, implies that there exists a constant
Q independent of h7 such that

Y hrlaviEr < QIVyl3,  veXx™
T
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Thus, by taking 6 = eQ~1,
|(div g, )] < el (v, w)I?

+OEOEh gl + 3 0 [ la-nlas)

e€r?

where C(e) = (@ +1)(4e)~!. DO
Let us now derive the following basic error estimate for the stabilized finite
element approximation.

THEOREM 3.1. Assume that 3p 18 shape regular. Then,

HCewep)ll < 3(U(s,mll + linllo)

(3.11) 1z
+0| Snlslr+ 3 e /Ic neftds| .

e€r?
Moreover,
(3.12) I(ew: ep)l < CR*(lulle+1 + [pllk)
and
(3.13) 19 (u = u*)llo < CH*(lulless + Iple),

provided that (u,p) € H**1(Q) x H*(Q).
Proof. By (3.5),
1E I = @((s,m), (6,7)
=(V¢,V¢) — (divé,n) +(div¢,)

(3.14)
ZhT(Vn 86, V1= A1+ Y he(lnl Ir))e-
eel"'
Thus,
1CE DI < (195 llo + lInllo) IV €llo +1(div ¢, 7)]
+Zh 197 = Agllo.zllV7 = Agllor
+ E helllnlllo,elll1llo.e
eel‘g

1

(3.15) <3 (uveuo +ZhT||Vr—A£||0T + ) helll7]II3, )
eeT}

+2||v5uo+2nnno+2hruw - Asl3r

+ Y helllnlll5.e +1(div §,7)]

e€Th

-I(ﬁ,f)l +20(s, nl? +2Inllg +1(div ¢, 7)]-

-
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To deal with |(div ¢,7)| in (3.15), we make use of Lemma 3.1 with ¢ and (v, w)
replaced by ¢ and (&,7), respectively. Hence, by taking € = % in (3.6),

& DI < 500D + 2l + 205, m)I°

+C (Zh;2||§||g,r+ > bl ~Qe||3,e) :
=T i3

ecrt
Thus, we are led to the following inequality:

ICE, DI < 2(U(s, mll + limllo)

1/2
+C (Eh;2llcllﬁ,r+ >R ~Qe||3,e) :
2l s

ecr?

(3.16)

Now, combining (3.16) with the usual triangle inequality gives (3.11) immedi-
ately. Finally, (3.11) and the assumptions (3.1), (3.2), and (3.3) imply (3.12) and
(3.13). O

The rest of this section is devoted to the error analysis in the L2-norm for the
absolutely stabilized finite element approximation. As usual, we shall employ some
appropriate duality arguments to obtain the desired results. We would like to
point out that the analysis is equally applicable to the stabilized finite element
formulation of Hughes and Franca [8].

Let us begin with an estimate for the pressure field e, = p — p*. Consider the
following problem: find (r,s) € Hp(Q) x L3(Q2) such that

(Vr,Vov) - (dive,s) =0, veH)ND),

(3.17) - ~ -
{ (div 7, w) = (ep, w), w € L3(0).

Since e, € L3(0), it is well known that the problem (3.17) has a unique solution
which satisfies the a priori estimate

(3.18) IV rllo + lIsllo < Cllello-

Let 7! be a piecewise linear interpolation of » such that

1/2
(3.19) (Zh;"’““" Ir - :’nf,r) <ClVrlb,  i=0,1,
T
and
1/2
(3.20) > wt [l -1 nlds | <Ozl
ecrh ¢

THEOREM 3.2. Under the assumption of the Theorem 3.1,

1/2
(3.21) llesllo < C (Il(gmep)l + (Eh%IIAgullg,r) ) :
~ - ~
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Moreover,
(3.22) llepllo < CR*(llwllk+1 + lpllx),
provided that (u,p) € Ii""’l(ﬂ) x HE(9).
Proof. 1t follows from (3.17) that
(3.23) lesll2 = (div 7,ep) = (div(r — :I),ep) + (div :I,ep).

T is a piecewise linear function, the error equation (2.16) implies that

Since r
(div rI,ep) = (Veu,V:I),

so that, by (3.18) and (3.19),

I(div T, e)| < 1V eullollVr o < CIIV eulloll V7 llo

(3.24) ~ ~
< C”VEEHO llepllo-

On the other hand, integration by parts gives
(div(r —r)yep) =D (r =75, =Ve)z + D ((r = r7) - ne, [ep))e
T

ecrt

since r and r! vanish on 9. Thus,

1/2
|(@iv(r = r'),ep)| < (Z’G"’II r—rl II?),T) (Zh%IIVepII?),T)
T T

1/2

1/2
| Tt [l = nelds )| Ml
ecr} €

(3.25) o
<ClIVrllo (Zh%IIVepII?),T + Illeplll2)
T

1/2
< Cllesllo (Eh%nw,,ug, + e} II2) ,
T

where we have used (3.19), (3.20), and (3.18). By combining (3.23) with (3.24) and
(3.25), we find that

1/2
(3.26) llepllo < C (IIVguH% + e 1N” + Zh%IIVepllg,r) -
- T
To prove (3.21), let us observe that

Zhg‘llvep"g,T = Zh%IIVGp - Afu + Afu"g,'z‘
T T - -

<2 (Zh%-llVep - Afu"g,r + Zh%"Afu"g,T) .
T - T -
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Thus,

1/2
llepllo < C (ll(fu’ep)l + (Zhg‘"Afu"g,T) ) .
~ - ~

Finally, (3.22) is a trivial application of (3.12), (3.21), (3.13), and the standard
inverse inequality. O

To establish an error estimate in L? for the velocity field, we need to make an
additional assumption on the domain {). Let ) be a convex polygon in R™ with
n < 3. Consider the following problem: find (q,0) € H}(?) x LZ(Q) such that

(Vg,Vv) — (divv,0) = (ey,v), vE H}),

(3.27) - ~

(div g, w) =0, w € LE(N).
The convexity of (! and the C%-smoothness of e, ensure that there exists a unique
solution (g,8) € (H?() N H(Q)) x (H(2) N LE(Q)) such that the following a
priori estimate holds [9]:

(3:28) lgll2 + 116l < Clleallo

Let g denote a CO-piecewise linear interpolation of g, and let §! indicate either

a CO-piecewise linear or a piecewise constant interpolation of 8, depending on the
structure of the finite element space M*. Assume (q’,67) to have the following

properties:
(3:29) llg — ¢ll: < CR*Fllgllz,  i=0,1,

1/2 1/2
(3.30) (Zh%uvo’uz,r) + (Zhelllﬂ’lllg,e) < Ch||V8)lo,
T T

and
(3.31) 16— 6"[lo < Ch||VElo.

THEOREM 3.3. In addition to the shape regularity assumption on the triangu-
lation Iy, assume that () i3 a convez polygon in R™. Then,

(3.32) leullo < Ch(l(eusep)l + liepllo)-
Moreover,
(3.33) leullo < CR** (llulle+s + lIpllk),

provided that (u,p) € H**1(Q) x H*(Q).
Proof. By (3.27),
(3.34) lew I3 = (Vg,Veu) — (div eu,0).
Set
(3.35) A= (VZ,VE,,)
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and
(3.36) B = (div ey,0) = (div ey, 0 — 07) + (div ey, 67).
Since ¢! € X" is a piecewise-linear function, the error equation (2.16) implies

that
A=(V(g-q"),Veu)+(Vg", Veu)

(3.37) .

= (V(q - ql)a Vfu) + (dlv(qI - Q), ep)-
Hence,

14| < IV(g = ¢D)llo(IV eullo + llepllo)
(3.38) ~ ~ ~

< Chlleullo(lVeullo + llepllo)s

where we have used (3.29) and (3.28) in deriving (3.38).
Next,

[BI < IV eallol = 67llo + [(div ¢u,6")
(3.39) < ChIIV eullolllls +1(div eu,67)
< ChlI ulollgallo + I(div e, 6)l

Clearly, it suffices to bound
D = (div e, 8").

In fact, the error equation (2.16) implies that

(3.40) D=-Y"h}(Ve, — Aey, V0 )r — > he(lep], 187D
T ~ e€r?

Thus,

1/2
cay  PIS (Eh%uwp - Agullg,r) (Zh%uvo’uar)
: T ~ T

+ Il[ep"o,rg“olllo,rg'
Furthermore, an application of (3.30) and (3.31) to (3.41) leads to

1/2

1/2
(3-42) |D| < Ch||VEllo ((Zh%IIVc’p - Afu"g,T) + llepllo,rg) -
~ *

Thus, combining (3.39) with (3.42) and using (3.28), gives
(3.43) |B| < Chll(eusep)ll ll€ullo-
Now, (3.32) follows from (3.34) combined with (3.38) and (3.43). O
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