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Abstract. New second-order accurate finite difference approximations for a class of
nonlinear PDE’s of mixed type, which includes the 2D Low Frequency Transonic Small
Disturbance equation (TSD) and the 2D Full Potential equation (FP), are presented.

For the TSD equation, the scheme is implemented via a time splitting algorithm; the
inclusion of flux limiters keeps the total variation nonincreasing and eliminates spurious
oscillations near shocks. Global Linear Stability, Total Variation Diminishing and En-
tropy Stability results are proven. Numerical results for the flow over a thin airfoil are
presented. Current techniques used to solve the TSD equation may easily be extended
to second-order accuracy by this method.

For the FP equation, the new scheme requires no subsonic/supersonic switching and
no numerical flux biasing. Global Linear Stability for all values of the Mach number is
proven.

Introduction. Recently, a number of new shock-capturing finite difference ap-
proximations for solving scalar conservation law nonlinear partial differential equa-
tions in several space dimensions have been constructed and applied to solve numer-
ically the equations of inviscid compressible flows of aerodynamics. Those partial
differential equations are, in the time-independent (steady) case, of mixed type,
i.e., their type changes from elliptic to hyperbolic as the flow regime changes from
subsonic to supersonic and vice versa.

In this paper, we present some new shock-capturing finite difference approxi-
mations for solving scalar conservation laws. Our new schemes have the following
properties:

(i) second-order accuracy throughout the computational domain;

(ii) global linear stability in all elliptic and all hyperbolic regions;

(iii) sharp steady discrete shock solutions;

(iv) total variation nonincreasing property of the approximate solutions;

(v) entropy stability, at least in some cases, i.e., the approximate solutions satisfy
a discrete entropy condition consistent with the differential entropy condition of
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the PDE; this property ensures that the approximate solutions are admissible on
physical grounds.

A model 2D conservation law equation is constructed and a finite difference ap-
proximation scheme is proposed for this model equation. The above properties are
proven for this scheme. This model can serve to represent and solve numerically two
commonly used equations for simulating inviscid, isentropic potential flow problems
at transonic speeds: the Transonic Small Disturbance (TSD) equation and the Full
Potential (FP) equation. The new schemes are studied first in their semidiscrete
(method of lines) version. A new Alternate Direction Implicit (ADI)-like time dis-
cretization is also presented for the particular application to the low-frequency,
unsteady, two-dimensional TSD equation.

In [2], [19], [18], [14] and [3], a number of shock-capturing finite difference ap-
proximations for solving the TSD and the FP equations have been proposed. These
schemes satisfy properties (iii) and (v), and with the inclusion of flux limiters, prop-
erty (iv) as well. Properties (i) and (ii) are usually satisfied in all elliptic regions;
in hyperbolic regions, only first-order accuracy is attained and the linear stabil-
ity of the method is typically limited to values of the Mach number in [0, M,],
where M, is large enough to include the transonic regime. These schemes have a
four-point bandwidth and are type-dependent, i.e., they use different formulas for
the difference approximations in the elliptic and the hyperbolic regions. They use
central differencing in the elliptic regions and upwind differencing in the hyperbolic
regions. The upwinding is designed to take into account the correct region of influ-
ence and to keep the shock front sharper. For the TSD equation, since the flow is
quasi-unidirectional, the upwinding is performed in that direction [3]. For the FP
equation, the upwinding can be performed separately for the z-dependent term and
the y-dependent term. This approach was labeled directional flux biasing in [14].
Recently, this approach was refined by introducing the method of streamwise flux
biasing (see [17]) in which the upwinding is performed in a direction close to that
of the actual flow. Unfortunately, the method hence obtained is only first-order
accurate (see [11, Section 8] for a review of the schemes based on this method).

Our new method does not use flux biasing, but a special kind of upwinding
uniformly in all regions. The resulting stencil, the same in all regions, is of 7-point
bandwidth, with 4 points upwind and 2 points downwind.

The format of this paper is as follows. In Section 1 we introduce our new
second-order accurate numerical schemes for a class of 2D conservation law non-
linear PDE’s, which includes the TSD equation and the FP equation. We prove
a convergence result 3 la Lax-Wendroff. In Section 2 we prove the linear stability
of these schemes for the most commonly used numerical fluxes for the TSD equa-
tion and the FP equation. In Section 3 we present an extended version of these
schemes which makes use of flux limiters to keep the total variation nonincreasing.
In Section 4 we prove a discrete entropy inequality satisfied by our finite difference
approximation in the case of the low-frequency, unsteady TSD equation, and we
show that this inequality is consistent with the differential entropy inequality of
the problem. In Section 5 we describe a time-splitting algorithm for solving the
unsteady TSD equation.
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1. New Second-Order Accurate Schemes for 2D Scalar Conservation
Laws. In this section, we introduce our model equation and our new schemes for
two-dimensional, nonlinear, scalar conservation law PDE’s [12], and we present a
convergence theorem 3 la Lax-Wendroff.

1.1. Model Equation. We consider the following 2D model scalar conservation
law:

8, Fo(V®) + V - F(V®) =0, (MODEL)

where Fy and F are smooth functions of their arguments and V= [0z,84]7T, to be
solved for (z,y) € 1, with ) a region of R?, and for ¢ > 0, together with:

(i) some initial conditions: ®(z,y,0) = Po(z,y) for (z,y) € N, where P is
assumed to be such that V® € L!(02) N L*®(Q) N BV (1), and

(ii) some boundary conditions on 99Q.
This model initial-boundary value problem includes the following two problems for
the isentropic flow over an airfoil at transonic speeds (for the derivation of these two
problems from the basic conservation equations of fluid dynamics, see [11, Section
1)):

1.1.1. Ezample 1. Transonic Small Disturbance Equation. Choosing:

Fo(V®) = 2k0,8, F(V) = [/(3:8),~0,8]T, f(u)= 7T“u2 — Ku,
where! K = (1 - MZ2)/[MZ2,§]?/3, and 0 is the domain shown in Figure 1, yields
the TSD equation

2k040;® + 0 f(0;D) — 8,0,% = 0. (TSD)

The boundary conditions are:

(i) the tangential velocity condition on the airfoil: 8, ®|aq, =8, h+6%/ 3M2/39,h,
where (1, is the slit? {(z,y) €|y =0,0<z <1} and

(ii) some computational farfield boundary conditions on dQ\2,, typically a com-
bination of Dirichlet and Neuman boundary conditions.

—_—

FIGURE 1
Computational domain for the TSD equation

1K is the transonic similarity parameter; Moo is the freestream Mach number, and f<1is
the airfoil thickness ratio.

2y = 1543033 max[0, h(z,t)],0 < z < 1, describes the shape of the airfoil in similarity
variables.
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1.1.2. Ezample 2. Full Potential Equation. Choosing Fo(V®) = p(|V®|),
F(V®) = p(|V®|)V®, where p(q) = [1 — T2 M2, (¢? - 1)/~ and Q is the
domain shown in Figure 2, yields the FP equation

3:p(IVe|) + V - [p(IVE|) V] = 0. (FP)

The boundary conditions are:
(i) the tangential velocity condition on the airfoil 2, (no boundary layer effects):
0y®/0:®|an, = 6 dH/dz, where 9, = {(z,y) € Q | y = £6 max[0, H(z,t)]}, and
(ii) some computational farfield boundary conditions on 90\, typically a com-
bination of Dirichlet and Neuman boundary conditions.

FIGURE 2
Computational domain for the FP equation

1.2. Semudiscrete Finite Difference Approzimations. We now consider a semidis-
crete, method of lines approximation to the model equation (MODEL). We subdi-
vide the region ) (assumed to be the rectangle [a, b] X [c, d] for simplicity) into cells
of the form

wik = {(2,9) €| zj_1/2 ST < Tjy1/2,¥k—1/2 S Y < Y4172}

where a < --- < Ti—1/2 < Typy2 <o <bec<L:--< Ye-1/2 < Yk+172 < °°° <d.
Let (zj,yx) denote the center of the cell w;x. Set Az; = z;41/5 — T;_1/2, Dyx =
Yk+1/2 — Yk—1/2 and Az = max; Az;, Ay = max, Ayk. For each t > 0, define the
step function ®2(z,y,t) = ®,i(t), for (z,y) € w,k. The initial data is discretized
via ®,,(0) = TA®(z, y) for (z,y) € wjk, where the space-averaging operator TA
is defined by

TA\I’(Ivyv ) = \I/(Iay, ) dwjk = \I’J'k(‘) for (I’ y) € Wjk-

meas(wjik) Ju,,
At grid point (z;,yx), we approximate

® ~ D,

Fo(V®) ~ Fo(L-;x),
V.F(V®)~L_- H(L_®;x,L4®;i).
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A method of lines, conservation law discretization of the initial-boundary value
problem (MODEL)+initial conditions is:

{ 8 Fo(L_®;)+ L_ - H({L_®;x,L+®;x) =0,

MODEL-scheme)
®;k(0) = T2 ®o(z,y). (

In the above, fi are difference operators which approximate V with second-order
accuracy (examples of such difference operators follow), i.e., for any step function
Uk, we have

|IL+ 9k — VU(z;,5)| = O(AZ?) + O(Ay?) for all 4, k,
and the numerical fluz H is assumed to satisfy the following consistency condition:
@) =F@)
For any step function ¥;x, we define the following discrete operators:

SiW k= Wyt k, S{Wjk = ¥ kt1,
i = :F[I - S:f:]’ A = :F[I - S:!{:],

DI = AY/A%z;, DY =AY/A%uk,

D§ = (8§ —S2)/(S% — 82)z;,  D§ = (8§ —S%)/(S5 — SL)yx,
s = DI +SY(Df-DI), LL=DY-+SL(DE- D).

In the case of a uniform mesh (Az; = Az, Ayx = Ay), the difference operators
Z and LY take the simpler form

§=DI(1F}A5) and LY =DL(1¥ JAY).

THEOREM 1.1. Let ¥ be a smooth function defined on ) and let ¥, be the
step function W2 (z,y). Then the above difference operators satisfy the following
accuracy properties:

(i) LE Yk = 0:¥(zj,yk) + O(Az?), LY Vi = 3y ¥(zj, yk) + O(Ay?);

(i) DY DY W = 8,0, ¥(z;, ) + O(Ag?).

Proof. The proof of this theorem follows directly from the definition of L%, DY
and a Taylor series expansion. O

LEMMA 1.2. Let Dy denote either D% or DY, S+ denote either ST or S¥,
and Ly denote either L% or LY.

For any step functions ¥ and W, the following “product rule” identities hold:
() kD W5y + (S£ W) (D Y5k) = D (V5 V)5

(i) (Sx%;k)(Do¥ji) + (S V) (Do¥sk) = Do(¥;k¥iy);

(ili) O;xD+D_Vy —~ V0 Dy D_Wj = Dy [V D_W}y — Wi D_Wj];

(iv) (S+S+%W5k) LWy + (S-S-Wi )Ly ¥k = Do[(S+¥;k)(S-¥j)] +

(S+8+¥5k)A_D_Wly — (S-S_V ) A+ D1 V.

Proof. The above identities can be verified by inspection. O
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1.2.1. Ezample 1. Transonic Small Disturbance Equation. A second-order accu-
rate method of lines finite difference approximation to the TSD equation is obtained
by the choice of

Ly =(L3,D4]", H(d-,q+) = [A(u-,us), —v4]7, where gx = [us,v2]7.
THEOREM 1.3. Suppose that ®;i(t) is determined by
20, L% &;y + L h(L B;x, LE ®;x) — DY DL & =0,
{ ®;x(0) = T*Po(z, ),

where h i3 a numerical fluz satisfying the consistency condition h(u,u) = f(u).
Suppose that ®;x, LE®jx and DY ®,x converge boundedly a.e. as Az, Ay — 0% to
®,0,P and 9,9, respectively. Then ® is a weak solution® of

{ 2k0:0;® + 05 f(0;P) — 3,0, =0,
®(z,y,0) = Po(z,y).

Proof (& la Laz-Wendroff [9]). Let ¥ € C§°(Q2 x [0,T]) be a test function. Set
k() = TA¥(z,y,-). Since ¥ has compact support, we have

(TSD-scheme)

(TSD)

> Az;Do[(S% W) - SZ(0:®5k + h(L® Dji, L Djx))] = 0.
J

For any Qj, in particular for Q;x = 9:®;x and Q;r = h(L= ®;k, L% ®;x), we have

D_(Az;)(SE51Qux) (A3 D ¥5¢) = O(Aa).

Since ¥ has compact support, we have

Y (Aye)DY (@5 DY 5 — ¥k DY ;] = 0.
k

Multiply (TSD-scheme) by S$S% W;x(t)Az;Ayk, sum over 7,k and integrate over
[0, 00) with respect to t.

Using integration by parts (with respect to t), summation by parts (via the
properties of Lemma 1.2) and the above observations, we obtain

> Az Ayk(2kS® SZ8;(0) - LE¥;(0)
1,k

o o]
+ / dH[2k(S? 5% ®;1) (L% 8y jx)
0
— (8= S=h(L® ®jk, L5 ®;k)) (L% S= S= U i)
— @, DY DY STSTW;]) = 0.

Taking the limit as Az, Ay — 0%, using the consistency condition and Theorem
1.1, and applying the Lebesgue Dominated Convergence Theorem, we obtain

[ o]
/ / dw <2k<1>oa,\11(0) + / dt [2kD8,0, ¥ — f(0,9)0, ¥ — <1>ayay\1:]) =0,
Q 0

i.e., ® is a weak solution of (TSD). O

3For a review of the theory of weak solutions, see appendix A in [11].
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1.2.2. Ezample 2. Full Potential Equation. A second-order accurate method of
lines finite difference approximation to the TSD equation is obtained by the choice
of

Li() = {LEOYT = {5 ALY = {L5OY)T
and
H(g-,dv) = p(19-)d+,
where, for any real number z, we set z* = 1(z % |z]).

THEOREM 1.4. Suppose that ®;i(t) is determined by

{ 8:p(|L-®jxl|) + L_ - [p(|L-®k]) L+ ®5k] = O,

FP-scheme
®;k(0) = TA®o(z,y). ( )

Suppose that i, LL P x and LY ®;x converge boundedly a.e. as Az, Ay — 0% to
®, 0, and 9y®, respectively.® Then ® is a weak solution of

{ 3:p(IV®)) + V - [o(|V2|) V] = 0,
Q(x, Y, 0) = q)0(31:’ y)

Proof (d la Laz-Wendroff). We look only at the case 9;®, 9,® > 0; the other
cases are treated in a similar fashion. Let ¥ € C§°(Q x [0,T]) be a test function.

Set ¥;k(-) = TA¥(z,y,-) and pjx = p(|f-<1>jk|). Since ¥ has compact support, we
have

(FP)

Z(Mj)D% [(S%(psk L3 @) (S2SZ 52 ¥ y)] = 0,
J

> (Ayk) DY[(SY(psk LY 5x)) (SY.SYSY W) = 0.
k

Multiply (FP-scheme) by ¥;x(t)Az;Ayk, sum over j, k and integrate over [0, 00)
with respect to ¢. Using integration by parts (with respect to t), summation by
parts (via the properties of Lemma 1.2) and the above observations, we obtain

o o]
> AzjAyg (ij(o)‘l’jk(OH /0 dt[p;k0: ¥k
Ik
+([stf(pjkL'i(I)jk)]L':_Sfo\I’jk)

+ ([SsYsY (pjkL?,_(I’jk)]Liszsg‘I’jk)]) =0.

Taking the limit as Az, Ay — 0%, using the consistency condition and Theorem
1.1, and applying the Lebesgue Dominated Convergence Theorem, we obtain

[o o]
/ / dw (p(|V<I>0|)\II(0)+ / dt[p(|V<I>|)V<I>~V\II]) —0,
Q 0
i.e., ® is a weak solution of (FP). O

4That is, L+ ®;x — V® boundedly a.e. as Az, Ay — 0%,
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2. Linear Stability Analysis. In this section, we derive a necessary and
sufficient condition for the finite difference method (MODEL-scheme) of Section 1
to be linearly stable. For the sake of simplicity, a uniform mesh of cell size Az x Ay
is assumed. All the results of this section also hold if a variable mesh is assumed.

2.1. Necessary and Sufficient Condition for Linear Stability.

LEMMA 2.1. Assume that the (consistent) numerical flur H in (MODEL-
scheme) s differentiable. Apply the method (MODEL-scheme) to

®,k(t) = (JAz, kAy) - T+ €dj(t),

€ small, where § = [u,v]T is a constant state. Set ¢ = |G|. Then the linearized
method of lines corresponding to (MODEL-scheme) is given by

BF .
=2 )L_ ¢,~k

- |0H L . > oH . =
+L_- ﬁ(Q:Q.)‘L—d’jk"'E(QsQ)’L+¢jk:| =0,
(linearized-MODEL-scheme)

where - denotes the vector dot product and e denotes the matriz-vector multiplica-
tion.

Proof. The linearized finite difference method is obtained using the following
equations:

L_®;,=q+el_¢,
Fo(L_®;) = Fo(Q)+€ (Q) L_¢;x+ O(e?),

d OF,
pr —Fo(L_®jx) = e—— 0(r;?') L_¢jk +O(e?),
Hje = H(§,9) +¢ T(mi)-f_¢jk+7(«z¢)-i+¢jk +0(e?),
0q- oqy
- - - aﬁ - —4 aﬁ Jr— —
L Hy=cel_ | @) eL_¢jx+-(3,7) e Lidjx| +O(e?). O
9q- ogy

THEOREM 2.2. A necessary and sufficient condition for the method (linearized-
MODEL-scheme) to be stable is that the operator d/dt satisfies the inequality

Re % < 0, where ~ denotes the Fourier transform and d% 18 given by

BF_‘:./d\: 0B _ . s+ 0H .. = ]|_
(2.1) a—(Q) L—a +L_- [E(Q,QVL—'F@(%Q)'Iw] =0.

For our two generic examples, we prove below that the linearized methods corre-
sponding to (TSD-scheme) and (FP-scheme) satisfy the condition of Theorem 2.2.
We need first the following lemma.
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LEMMA 2.3. The first-order accurate difference operators DY, and the second-
order accurate difference operators L% and LY defined in Section 1 satisfy the
following equations:

G bypv=-(2 "
++ - Ay ’

@) %= %[;233 tic(l+2s?), DY

Z—Z[=F203 +47(1 + 20%));

PO 2s \? PO 20 \?
(i) L_’,,L“_:—(A—Z> (1+3s2), L1L2=—(A—‘;) (1 + 302),

where 2= and f; are the Fourier variables and where we set

s=sin%, a=sin§, c=cosg- and 'y=cos§.

Proof. The proof of this lemma is purely algebraic and is left to the reader. O
2.2. Example 1. Transonic Small Disturbance Equation.

LEMMA 2.4. Assume that h(u_,uy) is a differentiable numerical fluz. A nec-
essary and sufficient condition for the method (TSD-scheme) to be linearly stable
18 that the operator d/dt in

d oh oh
T __ A T —_ z . - z .
2kL*® o ok + LT [Bu_ (u,u)LZ pjx + Buy (u, u)L+¢,k]
—DYDY¢;x=0 (linearized-TSD-scheme)
satisfies the inequality Re % <0.

Proof. The result of this lemma is an immediate application of Theorem 2.2,
since

oq g~ 0 0
0H . | 2h (yu) 0
—_— u
aq4 %9 [ "o “‘1] .

THEOREM 2.5. A sufficient condition for the method (TSD-scheme) to be lin-
early stable 1s

oh oh
. —_— - > 0.
(22) (1) = () 20

Proof. Assume that (2.2) holds. By part (ii) of Lemma 2.3, we have

n . 4
Rel® = —Rel® = % >0.

By part (i) of Lemma 2.3, we have

PN 40?
DYDY Agz <0
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Moreover, [LZ]™1 = I:i /L I:ﬁ; thus by parts (ii) and (iii) of Lemma 2.3,

2
1+ 3s2

Re[L?]™' = Az > 0.

Substitution into (linearized-TSD-scheme) multiplied by [LZ]~1 then implies

Re £ <0, thus, by Lemma 2.4, the method (TSD-scheme) is linearly stable. O

Remark. The sufficient condition (2.2) is satisfied for most commonly used differ-
entiable numerical fluxes, in particular differentiable monotone fluxes. For example,
one can use any of the following fluxes:

B uu) = [ I dut [ @) du f@),
¥ (Engquist-Osher)
B (u_,uy) = U7 us) + au] + 3/ (us) — augl, where a > |/
(Lax-Friedrichs)
U+f—5j:l_—) if Moo < 1,
RNS(u_,uy) = - (No-Switch-type®)
)

2.3. Ezample 2. Full Potential Equation. For the FP example, we further
introduce the following streamwise and normal finite difference operators®

-

L, (streamwise)

H_G
1]

7.7
q
(g x Ei) Bz X 3y)- (normal)

LEMMA 2.6. The streamwise and normal finite difference operators Ly and
T satisfy the following equations:

0 s _2[;2<|€|s Inla4)+i(€sc(l+282)+770'1(1+202))];

Az Ay Az Ay
. z In|s?  |€|o* . nsc(1 + 2s?) _Eoy(1+ 202)\] .
@ = fe (- 5) v (R &)l

il L, - L_= + = ~+ Z
Li-L L"’ L3 L" L™ Lf_Lz L’_’,_L”
52 2(1 + 332)

H S s
(iv) L L = (Ba)?
2¢nsa(4s?0?(so sign[€n] + c) + cy(1 + 252 + 202))
+
AzAy
+1720'2(1 + 302)] ]
(Ay2 |’

5For the TSD equation, this flux, introduced by the author in [11], has the advantage that no
local switching is needed.

6If 0:®, 8y® > 0, then L} = ¥L% + 2LY and L} = —2L% + 2LY, where u,v > 0. The
other cases yield similar expressions.
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n2s%(1 + 3s?%)
(Az)?
2¢nsof4s?o?(sosign[€n] + cy) + cy(1 + 252 + 202))
B AzAy

(v) Erim=-—4 [

bl

+ €20%(1 + 302)]
(Ay)?

(vi) L3L® <o;
(vii) L2I® <o,
where we set £ = u/q and n = v/q.

Proof. The proof of the above equalities is purely algebraic and can be found in
11]. O

LEMMA 2.7. The following relations hold:

@ =202 ant Lipia)a = o0t - M(0),

where the Mach number M(q) ts defined by M(q) = g/a(q), and a(q) s the local
speed of sound related to the density p(q) by the isentropic relation a*> = p7~! /M2 .

Proof. This is a simple consequence of the definition of the functions p(q) and
M(g). O

THEOREM 2.8. The method (FP-scheme) 13 linearly stable.

Proof. Assume” 9,9, 9y® > 0 (thus u,v > 0). We have
rr = - - aFO - / i
H(g-, = P\4-)4q+, -5=-\9)= =
(9-,4+) = p(g-)d+ 37 (@) =r'(0) p
aﬁ = =\ __ / q-’q‘T aﬁ = =\ __ l 0
wan=-r0T, Lan=sa; J]

Set p = p(¢q) and M = M(q). Then, using Lemma 2.7, the linearized finite difference
method corresponding to (FP-scheme) can be rewritten as

pMPG - d . [ pMPET . o ]
7 q L—dt¢3k+L— [ q q .L—¢1k+PL+¢,1k =0.
(linearized-FP-scheme)
Using
- = T N N - - o - N 2
. [QL.L_] =I_. [9. (.‘l -L_)] = [2 -L_] = (L°)?,
q4q qa\q q '

(linearized-FP-scheme) can be rewritten as

s d 3\2 -27 r =
(£2 g +afwey - ML L] ) en =0,

7The proof for the other cases is similar.
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and (2.1) reduces to

a

(2.3) A G A I Ve A A R

By part (i) of Lemma 2.6, we have ReL® > 0. By part (iii) of Lemma 2.6, we
have L_ - L < 0. Moreover, [L*]~! = L% /L2 L3; thus by parts (i) and (vi) of
Lemma 2.6, we have Re[L®]~1 > 0. Substitution into (2.3) multiplied by [L2]~!

then implies Re % < 0, hence, by Corollary 2.2, the method (FP-scheme) is linearly
stable. O

3. Total Variation Stability. A desirable property for a numerical scheme
is a bound on the total variation of its approximate solutions. This ensures that
overshoots and undershoots near shocks do not appear in the approximate solutions.

In this section, we propose a technique to render the method (MODEL-scheme)
introduced in Section 1 total variation stable by applying flux limiters to the non-
linear terms of the difference equations, dimension by dimension. For the sake of
simplicity, a uhiform mesh is assumed. The generalization to a nonuniform mesh
is straightforward.

It turns out that the new method obtained using this technique specializes, in
the one-dimensional case, to an extension of the generalized MUSCL® schemes,
which have been used to solve the well-known inviscid Burgers’ equation (see [13]).

We observe that, when restricted to the 1D case, both the TSD equation and the
FP equation have the form of the inviscid Burgers’ equation. In the case of the TSD
equation, the 1D restriction of (MODEL-limited-scheme) can easily be written as a
generalized MUSCL scheme. In the case of the FP equation, the 1D restriction of
(MODEL-limited-scheme) can be written as an extension of a generalized MUSCL
scheme which we will introduce.

3.1. Total Variation Nonincreasing Version of our Model Scheme. We extend
the second-order accurate method (MODEL-scheme) introduced in Section 1 to

0:Fo(L_®jx)+L_ - H(L_®jx, L, ®jx) =0, (MODEL-limited-scheme)

where Li are difference operators which approximate V with second-order accu-
racy.
We define some limited second-order difference operators by
L3 = DX + m(S%(Dg — D), D3 — Df)
and
LY = D} +m(S{(D§ — D), D% — DY).
In the above, the minmod function m is defined by

mlu_,uy) = {3min(|u—|, luil) lfiszgn(u_) =sgn(uy) =s }

= sgn(u—) - max[0, min(Ju—|, uy sgn(u_)).

8The notion of MUSCL (Monotone Upstream Centered Schemes for Conservation Laws)
schemes is due to van Leer (see [20]).
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In the uniform mesh case, we have

T = DI ¥ §m(DIAL,DAY) and LY = DY F jm(DYAY, DY AY).

For the TSD case, we choose
L, =[L%,DY]".
For the FP case, we choose
Li() = HLEO} —{L3() AZL O = {L5 O™

3.2. One-Dimensional Case/Inviscid Burgers’ Equation. We now look at the
one-dimensional inviscid Burgers’ equation

Oiu+ 0. f(u) =0, (Burgers)

where f is a convex function. Consider the following method of lines conservation
form finite difference approximation to Burgers’ equation:

Osuj_1/2 + D2 h(uj_1/2,uj41/2) =0, (Burgers-scheme)

where the numerical flux h is assumed to satisfy the consistency condition h(u,u) =
f(u). We recall some definitions and a theorem due to Osher.

Definition 3.1. The numerical flux h is said to be monotone if h(u_,u4) is a
nondecreasing function of —u4 and of u_.

The method (Burgers-scheme) is said to be a monotone scheme if its numerical
flux is monotone. In particular, if A is C?, a necessary and sufficient condition for
the method (Burgers-scheme) to be monotone is dh/duy < 0 < dh/du_.

Definition 3.2. The numerical flux h(u—,u) is said to be an E-fluz (see [15]) if
the following condition holds:

sgn(us —u_)[h(u—,us) — f(u)] <0 for any u € I[u_,uy].°

E-fluxes can be characterized as the fluxes for which

sgn(us — u-)[h(u—,us) = h%(u_,us)] 20,

where

G — min[u_’u_” f if u_ < Uy
W) { maxy, u_| f ifu- 2uy

is the Godunov numerical flux ([5]). The method (Burgers-scheme) is said to be an
E-scheme if its numerical flux is an £-flux.
Definition 3.3. Define the total variation of the function u by:

TV(u) = ) 185 u-1/al,
J

where u;_y/9 = T?u.

9I[a, b] denotes the closed interval [min(a,b), max(a, b)] and

sgn(e) = { ¥ 4201,
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The method (Burgers-scheme) is said to be total variation nonincreasing®® if the
total variation of its solutions satisfies

TV[u(t)] < TV[u(0)] forallt>0.
In [7], Harten showed that a sufficient condition for the (2p + 1)-point scheme

Ocuj_1/2 + DZh(Uj_pi1/2s- -+ Uj—1/2, Uj41/2++ -+ Ujpp—1/2) =0
to be TVD is that the flux h satisfies an incremental form

D—h‘(uj—p+l/2, ceeyUj1/2,Uj41/250 04, uj+p—1/2)

3.1
(3-1) = —C]'-"D+uj_1/2 + CJ_ID_uj_l/z,

where
{ CFf = C*(Uj—pt1/2: 1 Uj=1/2:Uj41/20- -2 Ujsp-1/2) }
Cii1=C (uj—p-1/2:- -, Uj—1/2,Uj41/2s- - - Uj4p—3/2)
for some nonnegative functions C+ and C~. We now extend (Burgers-scheme) to
a second-order accurate TVD scheme.

THEOREM 3.4 (OSHER [13]). Consider the scheme

Az Az
Btu,-_l/g + Dih (uj_l/z + Ta'j_l/g,u]'.l.l/g - Taj+1/2) =0.
(MUSCL-scheme)

If h(u—,uy) is an E-fluz (resp. a differentiable monotone fluz), then the above
scheme 13 TVD provided that the following condition holds:
14%05-1/2

<1 (resp. 1> +-——"""= near points where B_h ;E.O) .

Oj5-1/2
< J
0 2D%uj_q)2 OJuy

= Diuj_12

3.3. Ezample 1. Transonic Small Disturbance Equation. We now propose a
limited version of (TSD-scheme),

2k0.L% ®jx + LT h(Liq)jk,Link) — DED?'_(P]')C =0. (TSD-limited-scheme)
The 1D restriction of the TSD equation,

2k3,0,® + 9, /(3;8) = 0, where f(u) = 11

3 u? — Ku,

can be rewritten as Burgers’ equation
Ou+ 905 f(u) =0, whereu=09,o.

We note that f”’(u) =~y+1> 0, i.e., f is a convex function. The y-independent
restriction of (TSD-limited-scheme) is given by

(3.2) 2k0, L= & + L% h(L® 5k, LE &) = 0.

THEOREM 3.5. If h 13 either a consistent E-flux or a consistent differentiable
monotone fluz, then the scheme (3.2) 1s TVD.

10This concept was first introduced in [7]. Traditionally, the abbreviation TVD (total variation
diminishing) is preferred to TVNI.
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Proof. Set uj_y/2 = D*®; and 6;_1/3 = m(D%u;_y /3, D% u;_12).!' Equation
(3.2) then takes the form

1 Az Az
(1 + EAE) [Zkatuj_l/z + Dih (uj_l/z + Taj_l/z’ Ujt+1/2 — Taj+1/2)] =0,

which is of the form (MUSCL-scheme).

It is immediate from the definition of o;_;/; and the definition of the minmod
function that the first condition of Theorem 3.4 is always satisfied. The second
condition of Theorem 3.4 follows from!?

1054172 = 05-1/2
2 Diu]'_l/z
1|m(Diuj_1/2, Du;11/2)  m(DZuj_1/2, Diuj_1/2) <!
== = <1,
2 D+Uj_1/2 D+u, 1/2 2

because of the following property of the minmod function:

”'(”"’y) €0,1] ifz#0, "'(Z Y cl0,1] ify#o.

Therefore, (3.2) is TVD for any consistent numerical flux k which is either an E-
flux or a differentiable monotone flux. This class of numerical fluxes contains the
most commonly used ones. 0O

3.4. Ezample 2. Full Potential Equation. We now propose a limited version of
(FP-scheme),

Bep(IL-®jxl) + L_ - [p(IL_®jx|)L, 5] = 0, (FP-limited-scheme)
where we set L, = [LZ,LY]T.
The 1D restriction of the FP equation,

y—1
'7_2__Mg°(q2 -1)

)

1/(7-1)
3up(q) + dalp(a)a] = 0, where p(q) = [1— ]

can be rewritten as Burgers’ equation
Oru+ 0z f(u) =0,

where

. 11/2
=p md fu)=ul), ()= +i'i’1—1] -

-1
7ML

We note that, by Lemma 2.7, we have
f'(w) = q(u)[1 - M~2(q(w))],
thus f’ > 0 (resp. f’ < 0) in supersonic (resp. subsonic) regions and
7w) = L p=2g(a))y + M2(g(a))] > 0,

i.e., f is a convex function.

11 The k-subscripts are dropped for the sake of clarity.
12Without loss of generality we can assume D% u;_;/2 # 0.
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The 1D restriction of (FP-limited-scheme) is given by
(3.3) 3ep(IL% ®jkl) + LE [p(ILE ®;e]) L% B5] = O.
THEOREM 3.6. The scheme (3.3) is TVD in the linear case.

PTOOf. Set13 95-1/2 = DEQJ and Uj-1/2 = —A‘lp(Aq]-_l/g), i.e., q5—-1/2 =
A~'q(Auj_y/2), where A =1+ 1A and where we formally define

A= Y (AT,

neZ

Set 0;_1/2 = m(DZq;_1/2,D%q;-1/2) and h(q-,q+) = —p(q-)g+. Equation (3.3)
thenl4 takes the form

1 Az Az
- (1 + EA5> [3tuj-1/2 +DZh (%—1/2 + 5 05-1/2:0+1/2 ~ —2'0j+1./2>] =0,

that is,

2
(extended-MUSCL-scheme)

Az Az
Oruj—1/2+DZh (‘11—1/2 + 5 %i-y2 G412 —-Uj+1/2> =0.

Note that:
(i) h(g(u-),q(u4)) is consistent with f, since

h(q(u), q(v)) = —p(a(v))q(u) = ug(u) = f(u);
(ii) h is an E-flux, since for any q € I[g—,q+], we have

sgn(g+ —g-) - [p(g-) — p(q)] > 0 since p'(q) < 0.
Thus,
sgn(g+ — g-) - [h(g-,9+) — h(4,9)] = —sen(g+ — ¢-) - [p(g-)a+ — p(9)d]
< sgnlp(q)(g+ —9-)]- (¢ —g+) <0,

since p(g) > 0, and (¢+ —g-)(g — ¢+) <0;
(iil) h is a differentiable monotone flux, since

Oh _ pla-)M?(g-)
q

oh
, >0 and —(g_,q+) = —p(g-) <0.
90 (g-,94) ~ a4+ anr(q q+) = —p(q-)

For the linear case, let ®;(t) = gjAz +€¢;(t), € small, where 7 is a constant state.
Set vj_1/2 = D% ¢; and s,_1/3 = m(DZv;_y/2, D5v;_1/3). Using
Qj—1/2 =4 +€vj_1/2,
_ _ IM2(g
wiis = A phasaya) = =@ + 2D 4000,

0j-1/2 = m(eDZv;_1/3,eDiv;_1/2) = €8;_1/2,

13The k-subscripts are dropped for the sake of clarity.
14in the case 8:® > 0; the case 9% < 0 can be treated in a similar fashion.
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Az _ Az
q+1/2 F —2'03'11/2 =q+e(vi+1/2F Tsj:l:l/Z ,

Az Az
h\9i-1/2 + 5 05-1/2: 954172 = 5 O5+1/2

IM3(g Az Az
= €Ml (vj-l/z + —2—31—1/2,vj+1/2 - 731‘4-1/2) +0(52),

where we set [(v_,v4) = g[v—- — M~%(g)vy], yields the linear version of scheme
(3.3),

Az

Az
(3.4) 3t‘vj_1/2 + D%1 (‘v]‘_l/z + T-Sj_l/z, Vjt1/2 — —2—8j+1/2> =0.

Note that [ is an E-flux, since for any v € I[v_,v;] we have

sgn(vs — v-) - [l(v-,v4) — (v,)]
= Zsgn(vs — v-) - [I(v- —v) - M=2(@) (04 —v)] < 0.

The inequality 0 < 0;_;/2/D3 u;_1/2 < 1is immediate from the definition of s;_; /2
and the definition of the minmod function; therefore, the first condition of Theorem
3.4 is satisfied, and the scheme (3.4) is TVD, i.e., the scheme (3.3) is TVD in the
linear case.!®> O

For the nonlinear case, it is not possible to apply Theorem 3.4, and it appears
difficult to obtain an incremental form such as (3.1).

Numerical evidence supporting or contradicting total variation stability for the
scheme (3.3) in the nonlinear case will be presented in a subsequent paper.

4. Entropy Condition for the TSD Scheme. In this section, we prove that
the approximate solutions of our new second-order accurate, TVD, semidiscrete
finite difference method (TSD-limited-scheme) for the low-frequency unsteady TSD
equation satisfy a discrete entropy inequality, which guarantees that they converge
to the unique (physical) solution of (TSD).

We restrict ourselves to the case when an E-flux is used as a building block. For
the sake of simplicity, a uniform mesh is assumed.

Part of the proof of the main theorem of this section relies on arguments similar
to the ones found in [3] and [13] and makes use of Plancherel’s theorem.

4.1. Differential Entropy Inequality. Up to some rescaling of ¢t (2k = 1), the
low-frequency, unsteady TSD equation (TSD) of Section 1 can be rewritten as the
following system:

(4.1) 0:[®2,0] + 0z f(®2), q’y] + 9y [_(I)y’ _q)z]y = [0,0].

15/ is also a differentiable monotone flux, so we could also have used the second condition of
Theorem 3.4.
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This system is symmetrizable!® by multiplying it by

_ 0 [1_9
9o = 37 [3197]

=V

The entropy function is V(§) = %uz, and the corresponding entropy fluxes are
FO(@F) = /uf'(u) du+3v? and FO(F) = —uv,

where ¢ = [u,]T.
The resulting differential entropy inequality is

(4.2) 8, V(Ve) + V- [FI(Ve), F?(Ve)|T <o.

It is well known that weak solutions of (4.1) are not unique and that the differential
entropy inequality (4.2) is satisfied (in the weak sense) only by the physical solution,
i.e., the one which does not admit expansion shocks.!”

In the next subsection, we show that (TSD-limited-scheme) satisfies a discrete
entropy inequality which implies (4.2), thus the approximate solutions converge to
the unique (physical) solution of the problem.

4.2. Discrete Entropy Inequality. Consider the second-order accurate TVD
scheme for the TSD equation derived in Section 3:

0¢ L= ®jk + L= h(L® ®jx, L5 ®jx) — DYDY ®jx =0,  (TSD-limited-scheme)
where h is a Lipschitz continuous E-flux consistent with the convez function f. Set
Uj_12.k = DZ®jk,  vjk_172 = DL
and
oi—1/2,c = M(DZu;_1/9 k, D3uj_1/3.k)-

The scheme can be rewritten as

Az Az
(4.3) Otuj_1/2k + DZh ('Uj_l /2.k + 3 Ti=1/2.ks Ui +1/2,k ~ —2"0:‘+1/2,k)
1 -1
- [1 + EAi Df{_vj,k_l/g =0.

The following equations hold:
. 19
(i) Uj-1/2,k0tU5-1/2,k = Ot | JUj_1/2k | 5

16The reader is referred to (8], [4] and [10] for an interesting discussion on the derivation of
additional systems of conservation laws, additional symmetric hyperbolic systems of conservation
laws and an entropy inequality from a given system of nonlinear conservation laws. See also
Appendix A in [11]. ’

171n (10}, Mock showed that (4.2) is equivalent to the (distribution) inequality 9;0:® < 0.
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(i)
Az Az
Uj—1/2, kDZh Uj—1/2,k + 2 5 05-1/2,ks Uj+1/2,k — Taj+l/2 k
Uj—1/2,k , Uj—1/2,k
=0z ("7 up @ du - iy e+ D5 [ S(w)du
Az Az
+ DY |uj_1/2,kh | uj_1/2.k + 5 0i-1/2,k Ui +1/2k ~ 5 0j+1/2,k

Az Az
— [DYuj_1/2,klh (ug y2k t 505-1/26 Yit1/2k — 5054172, k)

Uj—1/2,k ,
=D% [/ uf'(u) du +uj_y/2 k

Az Az
X Sh\uj_1/2% + 5 0i-1/2. Ui+1/2k ~ 5 05+1/2,k

- f(uj_l/z,k)}]
Uj+1/2,k Az As .
_ / [h<ug -1/2, k+7¢n 1/2, k,ug+1/2 k=5 0+1/2, k) —f(u)] =

Uj—-1/2,k
(iii)
1 -1
—Uj_1/2.k [1 + EAE] Dy{-”j,k—l/Z

-1
= 12k DY 1/2 — Ujo1j2k [[1 + %Ai] - 1] DYv;4-12
= —DY[u;_, /2.KV5 -1 /2] + [Diz_tj-l/z,k]vj,kﬂ/z
o |14 %AE- | Doy
=DYF® (uj;1/2,ka vjk—1/2) + [D vj,k+l/2]v,1,k+1/2
—uj_y/ok [ [1+ %A’_. N — 1| DYvj k—1/2

= DY F( )(u, ~1/2,k Vi k—1/2) + DY [2 j— lk+1/2]

Az ‘ 1 -1
+ T[Div.’i,k+l/2]2 —Uj_1/2,k [1 + EAi] - 1] DX v k-1/2
1 Az
= DY F® (u;_1/2,%, V5,k-1/2) + D% [gvf-l,kﬂ/z] + T[DiDidm]”

-1
= D2®; [[1 + %Af] —1| DYDY & .

Thus, multiplying the scheme (4.3) by u;_1/2 & yields

atV:k"'D+F 1/2k+D+ _1k 12— =[] =0,
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where

‘/jk = V(Diéjk) ')’
FD, = FO(D2 &y, S%DY ) + [1I],

FR /3 = F®) (D%, DY &),
Yit1/2.k Az Az du
1] = /u [h (Uj-l/2,k + 505-1/2.6 Yi41/2k — 701+1/2,k> -f (“)] AL
—1/2,k

-1
1] = D= & [ [1 + %A?_] - 1] DYDY &, - %[DiDinklz,

Az Az
(0] = uj_1/2. [h (“j—l/u + 5 0i-1/2k0 Ui 12k ~ 7%’+1/2,k>

- f(uj-l/2,k)] .

LEMMA 4.1. The quantity [I] is < 0.

Proof. We first note that, since 1 —(0,_1/2,x +0541/2,k)/ (2D%u;_1/2.x) € [0,1],
we have

Az Az
SN | | Yjt1/2,k = 5 T5+1/2k | = | Ui-1/2k + 5705-1/2,k

Oj—1/2,k Y 0j+1/2,k
j-1/ J+1/ ] } — Sg'n(Aiuj_l/z,k)-

2D3uj 172,

= sgn {Aiuj_l/g,k . [1 -
Therefore, for any #,, [I] can be written as

1) = D% u;-1/2,4l14] + A (B],

where the quantities [A] and [B] have the following expressions:

Az Az
[A] = sgn [(uj+l/2,k - 70j+1/z,k> - (uj—l/z,k + —2'01—1/2,':)]

Az Az -
hluj_1/2.k + 5 Oi—1/2k Yit1/2k ~ 5 05+1/2k | — fize)|

max(u;_1/2,k.%;5+1/2,k)

(B] = sgn(A% u;j_1/2,k) [f (k) — f(u)] du.

min(u;—1/2,k,%5+1/2,k)
Set ujk = (uj—1/2,k + Ujr1/2,k)/2.

(i) In the case of a rarefaction (u;_;/2x < 4j4+1/2,k), we have DY u;_y1/2% >0
and

Az
Uj—1/2,k S Uj—1/2,k + 5 0j-1/2.k < Ujk
2

Az
S Ujp1/2.k — 5 Ti+1/2k < Ujp1/2,k

(4.4)
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Choose @k = ujx. In view of inequalities (4.4) and the assumption that h is an
E-flux, we have [A] < 0. Since f is convex, we have

Uj—1/2,k + Uj+1/2,k Yit1/2.k du
f(u'lc)=f(J )=f / L v
! 2 Uj—1/2,k Aiuj-l/lk

Uj+1/2,k du 1 Uj+1/2,k
<18 / f(u = / f(u)du
— Ju ( )Aiuj-l/z,k AZuj_ 12k Ju () du,

j—-1/2,k j—1/2,k

thus
Uj+1/2,k
8= [ 1) - s du <o

j—1/2,k

(ii) In the case of a shock (uj41/2,k < Uj_1/2,k), We have D u;_1/2x <0 and

Az
Uj1/2,k S Ujt1/2k ~ 5 05+1/2,k

(4.5) Az
< ujk S uj_1/2k + 5 %i-1/2.k < Uj-1/2.k
where 0;+1/2,k = —min(—=Df u;_1/2 x, |DEuj+1/2,k])-

In view of inequalities (4.5) and the assumption that A is an E-flux, we have

o~ Az Az
[A] <0 if ik € [uj+1/2,k — 5 Oi+1/2k Yi-1/2k + 5 05-1/2k | -

The quantity [B] is given by

Uj—1/2,k -
8= [ 1w - sz au.

Uj+1/2,k
Let @ denote the sonic point (f/(%) = 0). Assume that the shock is nonsonic, i.e.,
T ¢ [ujs1/2,k Uj—1/2,] Let

[k gy £ (u) du

Uj+1/2,k
uj_1/2,6) = f(Uj+1/2,k)

4.6 Uik =
(4.6) ik =
We then have

(B] = ] ST ) — fag)] du

j+1/2,k

_ /“.1'—1/2#c [f(w) = f(@5k) — (v — G5x) f'(u)] du.

j+1/2,k

Set g(u) = f(u) = f(@sk) — (u — @sk) f'(u). Since (u) = —(u — iiz5) " (u), and
since f is convex, g has an absolute maximum at u = @;k, thus g(u) < g(i;x) =0,
which yields [B] < 0.

For any u € [u;41/2,k,%;—1/2,k], We have

sgn f'(u) = sgn[f(uj_1/2.k) — f(uj41/2,k)] = sgn(u;x — @).

18By Jensen’s inequality
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Moreover,
(wj—1/2,k — Uj+1/2,k)/2
= / o . AUL € [-1,+1]
wirrjae (Ui—1/2k = Uit1/2,6)/2 f(uj—1/2,6) — f(ujt1/2,) Y

thus @k € [u)11/2,k,U5-1/2,] a0d 2|tk — usk| — (U512, — Uj1/2,6) <O
The condition

- Az Az
Ujk € (Ujt1/2,k — Toj+1/2,k’uj—l/2,k + _2‘¢7j—1/2,k ’
ie.,
Ujk — Ujk c [_1 __ Az05419k 1+ Az0;-1/2,k ]
(uj—1/2,k = Uj+1/2,6)/2 Uj—1/2,k — Ujt1/2,k Uj—1/2,k — Uj+1/2,k])

is satisfied if we change 0;_1/2,x and 041/2,% to
Azo;_y/9x = max[2|t;x — ujk| — (Uj—1/2,k — Uj+1/2,k)5
—min(uj_y/2 k — Uj—1/2,k> [Uj41/2,k — Uj—3/2,k] )]s
Az0j 4172,k = max(2|isk — ujk| — (uj-1/2,6 — Ujt1/2,k),
—min(u;_1/2,k = Yj+1/2,k [U5+1/2,6 — “j+3/2'k]+)]'
These changes are necessary only if u;_1/2& < %j_3/2,k OF Ujy1/2.k > Ujt3/2,k-

The second-order accuracy is not affected, since

Uj—1/2,k
/ (v —ujk)du=0
u

F+1/2,k
and
e 1 Uj—1/2,k ~ YUj+1/2,k
/ (U—ujk)2 du = g(uj—l/Q,k _uj+l/2,k)2 3—1/ . j+1/
Uj+1/2,k
e I (u)—f' (ujk)
Us-1/2.k —_ .. )2 u)— Uik
ik — Ui = fuj’+l/2,k (u — uj)? ==~ du
! ! f(u]-l/Z,k) - f(u]+l/2,k)
thus
wjk - ujk|
(Uj-1/2 = Usit1/2,6)/2
< o L max f"
If(uj—l/Z,k) - f(uj+l/2,k)|/(uj—1/2,k - u,~+1/2'k) (4j41/2,6%5 - 1/2.8) )
and

2|ﬁjk - Ujkl - (uj—l/z,k - “j+l/2,k) = O(Iuj—l/Z,k - Uj+1/2,k|2)~
In the case

flu) = T2 2 - 2w),

we obtain

1(,2 ‘ , 2 o
Bk = 3(U5 410, + Uj1/2, k85— 172,k + U1 /g ) — Bk
Ujk — U
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and

~ 1uj_1/2k — Ujs1/2,k Uj—1/2,k — Uj41/2,k
Ujk — Usk = = — )
6 2 Ujk — U

thus

2|tk — ujk| — (uj—1/2,k — Ujt1/2,k)
1Uj—1/2,k — Uj+1/2k

= (u;- - u; = 1.
(uj-1/2,k = Uj+1/2,) [6 u;e — ] ]

Assume now that the shock is sonic, i.e., T € [uj11/2kUj—1/2,k]- We restrict
0;-1/2,k and 04 1/2 x to be O (at the loss of second-order accuracy).

If f(uj—1/2,k) # f(uj41/2,k), then choose i;x as given by formula (4.6).

Else, choose @k such that f(tjkx) = maXju,,,/, ,u,-1/2.4] f-

LEMMA 4.2. Let Vj(t) = TA¥(t), where ¥ is a nonnegative test function
with compact support C Q2 x [0,T]. Then we have Ej,k[ll]\lljkAsz <0.

Proof. We first recall Plancherel’s theorem. If a = {ajk}, b = {bjx} € {2, we
define

(a,b)2 = ZkajkzjkAsz, laliz = (a,a);2,
j'k

a= {&J,K} = {Z kajke_ij‘,Aze_ikKAyAsz} )
j’k

@b)s = 5 KayxbyxAzAy and |alzs = (a,8).
J.K
Plancherel’s theorem states that

|a|rz = |&|L2 and (a, b)z2 = (&, i))La.

We can write

Y My, Azay
gk
1 -1
=Y (Dicpjk “1 + EAi] - 1] DYDY ®;y
jyk

- é;[DfDiq)jkP \I’jkAsz
1 -1
[1 + EAi] - 1] DiD‘L(D)
- %I\/Aﬂ:ﬁDiD’i@]fz
-1
=Re (\/\il‘f)fcin Vi [1 + %A‘f_] ~ l] biﬁ’ié)

- %wmﬁbzbzém

=Re (\/ﬁpicb, Vv

12

L2

(continues)
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(continued)
— Nz 1= - Av iy _ AT A Ay 2
—E Re | D 1+§A_ -1 DiD? - 3 |DZ DY |
X |v \ilJK@JK|2AxAy

141 AT1—-1 _ 1 L - R
=) AzRe ([[ t3 _-] l_ %) |DZ DY 2|\ ¥ kb |*AzAy

J,K

1+3Az]71 -1 1 1+2sin2JAa:/2<
Az 2

<0, since Re — - = — <o.
1+ 3sin® JAz/2

LEMMA 4.3. We have a.e. lima,—o[III] = 0.

Proof. This is due to the Lipschitz continuity of A, the continuity of f and of
the minmod function, and the consistency condition:

. Az Az
a.e. AI;IEO [h <"j—1/2,k + 5 0i-1/2,k0 Yst1/2,k 703'+1/2,k> - f(“j—l/z,k)]

. Az Az
=ae. lim [h <“j—1/2,k T 5 %-1/2.k Y172,k “5'01+1/2,k)

Az
-f Uj-1/2k = 5 05-1/2,k
+ae li : Az (u; =0. O
a.e. lim f Uj-1/2k = 5 05-1/2,k = f(uj-1/2,6)| =0.

THEOREM 4.4. Suppose that ®jx, L P,k and Di@jk converge boundedly a.e.
as Az, Ay — 0% to @, 3, P and 3, P, respectively. Further, assume that f is convez
and that h s a Lipschitz continuous E-fluz consistent with f.

Then ® 13 a weak solution of (TSD-limited-scheme) which satisfies the entropy
inequality (4.2).

Proof. Using Theorem 1.3, we only have to prove that @ satisfies the distribution
inequality (4.2). By Lemma 4.1, we have

9:Vjk + DiFﬁ)l/z,k + DiF},i)—l/2 = [I] + [11] < [1I].
Let ¥ be a nonnegative test function with compact support C € x [0,T] and set
Uk (t) = TAU(2).
Multiplying (4.3) by u;_1/2xAzAy = D*®;xAzAy, summing over j, k and
using Lemma 4.2 yields
1 2

> AzAYWk[0,Vsk + DIFD, + DYF_ 5] <0,

Ik
Using the summation by parts formulas of Lemma 1.2, the fact that ¥ has compact
support, and integrating with respect to ¢ over [0, 00) yields

oo
- /O dt Yy AcAy[[0:Yk]Vik + [DLYIFLD) y  + DL U] FLp_ | 0] <O0.
ik
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Taking the limit as Az, Ay — 0% and using Lemma 4.3 and Lebesgue’s Dominated
Convergence Theorem yields

- / ~ / dt dz dy{[0, 9]V (V®) + [0, ¥]F V) (V®) + [8,¥]F(? (V®)} <0,
0 Q

i.e., the difference approximations @, satisfy the entropy condition (4.2) in the
limit. O

This theorem ensures that, if the difference approximations (TSD-limited-
scheme) converge, then the limit solution is the unique (physical) solution of the
problem.

Remark. 1t should be noted, however, that the steady-state limits are not neces-
sarily unique.

5. Time Discretization of the TSD Scheme. In this section, we present
an implicit, forward Euler type time discretization of the method (TSD-scheme)
introduced in Section 1 and of its TVD extension (TSD-limited-scheme) introduced
in Section 4. This time discretization uses time-splitting in a fashion similar to that
of the Alternate Direction Implicit (ADI) method. The ADI method has been used
extensively for implementing first-order accurate finite difference schemes for the
TSD equation (see, e.g., [21], [16] and [6]). Others have used an Approximate
Factorization (AF) method instead of the ADI method (see e.g. [1]). The time-
splitting algorithms presented here were implemented by the author and will be
presented in a subsequent paper. (Preliminary results can be found in [11].)

5.1. Time-Splitting Algorithm. The unlimited version of our time-splitting
method can be written as:

* _Pn z Hn z Hn T H* T &H*
(5.18)  z-sweep: 2kL ?iﬂqi LIz h(L= ®%, L% ®%) ;L h(L® @}, LE®Y,)
- DY DY &7, =0,

(I>'.'l:' 1 q”k 1 1
(5.1b)  y-sweep: 2ka-—’——A—t—’— - ED’iDi (@7 — @%) =0.
This method is linearly stable as proved in Theorem 5.1 below.
5.2. Linear Stability Analysis. Using the same notations as in Section 2, the
amplification coefficient of the time-splitting algorithm (5.1) is given by

_ At [ ok .. . Oh ..
_l-z1+2 where 2= 9 (u,u)L® + Bu; (u,u)L% |,
1+z1-2" At

o =B Gay-1py v,

4k
and the expressions for L% and DY DY are given in Lemma 2.3.

Thus,
1-2Rez+|z|2 1+2Rez' +|7|?
1+2Rez+ 22 1—2Re2 + 2|2
We have Rez’ < 0. Moreover, if dh/0u_ — 8h/Aus > 0, then Rez > 0, thus
|G| < 1. This yields the following theorem.

GI? =
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THEOREM 5.1. The method (5.1) is linearly stable unconditionally for any dif-
ferentiable consistent numerical fluz h which satisfies the condition

oh oh

— — 22 >0

OJu_ Ouy —

5.3. Time-Splitting Algorithm with TVD Fluz Limiters. The limited version of
our time-splitting method can be written as

B3, — B R(LZ 8%, L% &%) + h(L® 83, L9}
(5.2a)  z-sweep: 2kL’_LAt——J-’-°- + L% (L= e L 25) 5 (L= 23 L3 231)
— DY D487, =0,
ontl _ ot
(5.2b)  y-sweep: 2kL‘f—’-kA—t—’£ - %D’iDi (@51 — @) = 0.
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