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Stability and Convergence
of the Peaceman-Rachford ADI Method
for Initial-Boundary Value Problems

By W. H. Hundsdorfer and J. G. Verwer

Abstract. In this paper an analysis will be presented for the ADI (alternating direction
implicit) method of Peaceman and Rachford applied to initial-boundary value problems
for partial differential equations in two space dimensions. We shall use the method
of lines approach. Motivated by developments in the field of stiff nonlinear ordinary
differential equations, our analysis will focus on problems where the semidiscrete system,
obtained after discretization in space, satisfies a one-sided Lipschitz condition with a
constant independent of the grid spacing. For such problems, unconditional stability
and convergence results will be derived.

1. Introduction. For many years splitting methods have proved valuable in the
numerical solution of time-dependent, multi(space)-dimensional partial differential
equations (PDE’s). The general idea of splitting is to attack a multi-dimensional
problem in such a way that only one-dimensional computations are required. This
idea has led to the development of a great variety of so-called alternating direction
implicit (ADI) methods, locally one-dimensional (LOD) or fractional step methods,
and hopscotch type methods [6]. ADI methods were first introduced by Peaceman,
Douglas and Rachford for the solution of parabolic (and elliptic) equations in two
[13] and three [3] space variables. The present paper is devoted to a study of
the stability and convergence properties of the original Peaceman-Rachford ADI
method when applied to initial-boundary value problems.

The idea of splitting has to do with the time integration, rather than with the
space discretization. This suggests to adopt the method of lines approach [9], which
has the advantage that it enables us to formulate the Peaceman-Rachford (PR)
method in a very compact way for a wide class of (two-dimensional) initial-boundary
value problems, including nonlinear ones (method (2.2)). Another advantage is
that it enables us to directly use ideas and results from the field of stiff ordinary
differential equations (ODE’s), which in the last years has witnessed interesting
developments on nonlinear stability and convergence [1].

Let us give a brief outline of the paper. Section 2 is devoted to some preliminary
results which are relevant for the remainder. There we link the PR method with an
LOD type splitting method, based on the implicit midpoint rule. Loosely speaking,
this ADI/LOD link (made before in [8]) reveals that, with respect to step-by-step
stability, the ADI method will behave very much the same as the fully implicit
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midpoint rule. By the notion of step-by-step stability we mean the stability of
the ODE integration formula for evolving time (A-stability is such a property).
This observation is of interest, since the implicit midpoint rule is known to possess
unconditional stability properties for nonlinear, stiff ODE problems satisfying a
one-sided Lipschitz condition. In the remainder of the paper, we therefore assume
such a condition to hold for the semidiscrete system under consideration.

The stability analysis for the PR method is carried out in detail in Section 3. Our
analysis concentrates on unconditional stability, by which we mean that no relation
is assumed between the stepsize in time and the space grid refinement. We present
a result valid for nonlinear, noncommuting splitting operators, which refutes to
some extent the often expressed view that for step-by-step stability commutativity
is crucial. In the same section we also point out, through a numerical illustration,
that when implementing the PR method on the computer for nonlinear problems,
care must be exercised in solving the arising systems of nonlinear algebraic equa-
tions. If this is not done with sufficient accuracy, then the stability may deteriorate
severely. This observation is of practical significance, because in applications one
often linearizes the problem, which always can be interpreted as carrying out, in a
certain way, one step of the iterative Newton process. The point of view we take
here is that in many cases instability is an artifact of the linearization, and not of
the ADI scheme itself.

Sections 4 and 5 are devoted to full convergence properties of the PR scheme.
Here we distinguish between nonlinear (Section 4) and linear (Section 5) problems.
The prefix full means that we compare the numerical solution directly with the exact
PDE solution. More specifically, the main objective of our convergence analysis is
the order in time p appearing in a global error bound of the type

1Un = un(ta)|l < C17? + Cymax [|an ()],

where U, is the numerical solution at time ¢t = t,, up(tn) the PDE solution at
t = t,, restricted to the imposed space grid, o the spatial truncation error, and Cy
and C; are constants completely independent of the stepsize 7 and the space grid
refinement. This independency means that we examine unconditional convergence.
In the nonlinear case we prove such convergence with order p = 1, which is one
less than the order on a fixed space grid. The discrepancy is caused by influence
of the boundary conditions, not by lack of smoothness. Here the notions of local
and global order reduction come into play, which are elucidated in an extensive
discussion devoted to the linear case. There we present also convergence results
with p = 2 and briefly outline how the so-called Fairweather-Mitchell correction
fits into the convergence theory.

2. Preliminaries. As mentioned already in the introduction, we follow in this
paper the method of lines approach. This enables us to formulate the Peaceman-
Rachford method in a compact way and, in addition, allows for the general treat-
ment we aim at. In the present section we have collected some preliminary material.
Subsection 2.1 deals with the time integration formula, while Subsection 2.2 con-
tains information on semidiscrete problems.
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2.1. The Peaceman-Rachford Integration Formula. Consider the real Cauchy
problem for the nonlinear ODE system

(2.1a) U=F(tU), 0<t<T, U(0)=U,

where Uy € RM and F: [0,T] x RM — RM are given. This system is assumed to
originate from spatial discretization of an initial-boundary valie PDE problem. For
the moment there is no need to be more specific about (2.1a). We suppose that F
can be decomposed into two simpler functions F; and Fj, with

(2.1b) Fy(t,v) + Fa(t,v) = F(t,v) for all (t,v) € [0,T] x RM.

The meaning of this linear splitting will become clear later.

The Peaceman-Rachford integration formula we examine in this paper is then
given by
Unt1/2 = Un + 37F1(tnt1/2, Uns1/2) + 57F2(tn, Un),
Unt1 =Unt1/2 + 37F1(tns1/2,Uns1y2) + 57F2(tn+1, Untr)-
Here tpi1/2 = th +7/2, thy1 =tn +7 for n > 0, and Uy, 412, Un+1 are the approx-
imations to the exact solutions U(t) of (2.1) at time ¢ = t,11/2, tn+1, respectively.
In this one-step integration formula (U, — Uny1), Uny1/2 is always considered to
be an intermediate, auxiliary vector like in Runge-Kutta methods. In view of the
one-step nature, it is easy to use variable stepsizes 7. However, in the remainder
we restrict ourselves to constant values of 7.

From (2.2) two well-known integration methods can be recovered. If we put
Fy =0, F, = F, the trapezoidal rule is obtained, while for F; = F, F; = 0, (2.2)
reduces to the implicit midpoint rule

(2.3) Unt1 =Un + 7F(tnt1/2, 3Un + §Un+1)-

Inspection of (2.2) and (2.3) immediately reveals the characteristic features of (2.2).
This method is alternately implicit in F; and F3, whereas (2.3) is (fully) implicit
in F. In our application of (2.2), following Peaceman and Rachford [13], F stands
for a discretized PDE operator in two space dimensions, and F; and F3 are both
assumed to be “one-dimensional”. This implies that, per step, the costs involved
in solving the implicit relations in (2.2) will be substantially lower than in a fully
implicit method like (2.3).

Like the implicit midpoint and trapezoidal rule, the PR formula (2.2) has the
(usual) order of consistency two for any given ODE system (2.1). This follows
readily from a straightforward Taylor expansion. We mean here consistency with
respect to the ODE solution U, not with respect to the underlying PDE solution.
In Sections 4, 5 we will be more specific about consistency and convergence. There,
we will compare the approximations U, directly with the PDE solution.

One of the points we wish to emphasize in this paper is that the stability of the
PR method is in a sense governed by the stability of an implicit midpoint LOD
method. To see this, we rewrite (2.2) in Euler fashion as

Yn+1/2 =Un+ %TF2(tm Un),
Unt1/2 = Yny1/2 + §7F1(tns1/2, Uns1/2),

(2.2)

(2.4) - 1
Ynt1 =Unt1/2 + 57F1(tns1/2, Uns1/2),s

Unt1 = Yot1+ 37F2(tnt1,Uns1)
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for n > 0. This can be rearranged as a first step

(2.5a) Yipo=Uo+ %TFz(to, Uo)

followed by

(2.5b) { Unt1/2 = Yas172 + 37F1(tns1/2: Unt1/2),
Yoy1 = Un+1/2 + %TFl(tn+1/2, Un+1/2),

(2.50) { Un+1 = Yni1 + 57F2(tnt1, Unt1),
Yot3/2 = Uny1 + 37F2(tnt1,Uns1)
for n > 0. Note that now (2.5b) constitutes the implicit midpoint rule

(2.6) Yoi1=Yoi12 +7Fi(tns1/2, 3Yn41/2 + 3 Ynt1)-
Likewise, (2.5¢) gives

(2.7) Yots/2 = Yo41 + 7Fa(tni1, 3Yn41 + 5Ynys/2)-

Consequently, apart from start and completion, the PR scheme is equivalent to
an alternate application of the implicit midpoint schemes (2.6) and (2.7). The
combination of these two is just a locally one-dimensional (LOD) method. It thus
follows that this implicit midpoint LOD method governs the step-by-step stability
of the PR method.

We note that the link between ADI and LOD has been made before by Gourlay
and Mitchell [8]. We shall use it in our stability analysis presented in Section 3,
although in a slightly different manner than above.

2.2. The Semidiscrete Problem. The stability and convergence analysis presented
in the remainder of this paper is centered around the semidiscrete problem (2.1).
This means that in a large part of our analysis there is no need to be specific about
the underlying 2-dimensional PDE and its spatial discretization. The formulation
(2.1) indicates that we have finite difference discretizations in mind, but finite
element methods (continuous time Galerkin) could also be considered.

Let Q5 be a space grid covering the spatial domain ! C R? of the PDE. The
vectors U, F € RM in (2.1) can be viewed as gridfunctions, each component (or set
of components for nonscalar PDE’s) corresponding to a value on a gridpoint of Q.
The positive parameter h refers to the grid distance, which may vary over the grid.
In what follows, the limit A — 0 means that the space grid is refined arbitrarily far
in a suitable manner. We emphasize that the dimension M of U and F' depends on
h. This dependence is suppressed in our notation. We assume that the boundary
conditions on T, the boundary of (), are incorporated in the function F'.

Let u(z,t) (z € QUT, t € [0,T)) be the exact PDE solution. The (pointwise)
restriction of u to Q;, will be denoted by uy. In our convergence analysis we will
compare the fully discrete numerical solutions Uy, to ux(t,). For this analysis we
need the space truncation error o (t), defined by

(2.8) ap(t) =up(t) — Ft,un(t)) for0<t<T.

It will be assumed that (2.1) is consistent with the underlying initial-boundary
value problem, in the sense that

(2.9) ooax, lan(®)]| =0 ash—0.
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Throughout this paper, ||w|| denotes a chosen norm for M-dimensional vectors w,
generated by an inner product (v,w) on RM. Likewise, we denote the induced
matrix norm

Al = sup || Awl|/||w]|
w#0

for A € L(RM), the space of real M x M matrices.
Our stability and convergence analysis will be restricted to semidiscrete problems
satisfying the one-sided Lipschitz condition

(2.10) (Fi(t,0) — Fi(t,w),d —w) <v|d—w|* (i=1,2)

for arbitrary w, w in RM and 0 < t < T. Essential hereby is that the one-sided

Lipschitz constant v is independent of h, that is, of the grid spacing. We shall

assume, for convenience, that v < 0, but this is not essential for what follows.
Condition (2.10) implies the exponential stability result

(2.11) IT@®) -U@® <00 -UO), 0<t<T,

valid uniformly in k, for any pair of semidiscrete solutions U, U of (2.1) [1]. It also
implies that the spatial error us(t) — U(t) satisfies the bound (cf. [19])

e?ut -1

max [la(s)l, 0<t<T,

0<s<t
provided U(0) = u;(0). Here one should read ¢ for (e2* — 1)/2v in case v = 0.

The well-posedness inequality (2.11) indicates that condition (2.10) is a fairly

natural one. When combined with a suitable space discretization, interesting classes
of PDE problems can be shown to satisfy (2.10). As an example we mention the
semilinear heat equation

(2.12) llua(t) = U@ <

(213) Uy = (al(x’ Y, t)uz)az + (a2 (Z, Y t)uy)y + S(m’ Y, t’ ’U,),

with a; strictly positive and 9s/du < v. It is this type of equation for which ADI
methods were originally developed.

As a word of warning, we should also note that many semidiscrete problems
exist for which it may be very cumbersome to verify (2.10) for a certain norm, of
course assuming such a norm exists. For example, solution-dependent coefficients
a; in (2.13) cause difficulties here. Finally, the restriction that we let w, w lie in
the whole of RM is not essential and is made only for convenience of presentation.
In actual, nonlinear applications, it suffices to verify (2.10) with @ = up(¢) and w
lying in a tube around up(t), 0 <¢ < T.

To conclude this preliminary section, we recall that in the method of lines liter-
ature, semidiscrete PDE’s are often treated as stiff ODE’s [1], [16]. In fact, many
results in the nonlinear stability theory for stiff ODE’s relate to problems satisfying
a one-sided Lipschitz condition like (2.10). Important parts in our stability and
convergence analysis presented in the remainder of this paper do originate from the
field of stiff ODE’s.

3. Stability. The entire Section 3 is devoted to stability. We will present a
stability result for the PR method (2.2) which is valid for any ODE system (2.1)
satisfying the one-sided Lipschitz condition (2.10) (so, F; and F, may be nonlinear
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and noncommuting). For simplicity of presentation it will be assumed that (2.10)
holds with ¥ < 0. The results can be easily extended to the case v > 0.

We will frequently use the following norm inequality for rational functions of
matrices, basically due to von Neumann (cf. [1, Theorem 2.3.1]).

LEMMA 3.1. Letr(z) be a rational function, and A an M x M matriz satisfying
(Aw, w) < v||w||? for all w € RM. Then we have, for all T > 0,

|lr(rA)|| < sup{|r(2)|: z€ C,Re(z) <7tv}. O

3.1. A General Stability Inequality. Along with (2.2) we consider the perturbed
PR scheme
(3 1) ﬁn+1/2 = [jn + %TFl(t,H_l/g, fjn-«}—l/2) + %TFz(tn, f]n) + T6n+1/2,
Un+1 = Uny12 + 57F1(tnt1/2, Uns1/2) + 57F2(tnt1, Unt1) + Tnt1-

The perturbations §; may stand for round-off errors, errors due to nonexactly solv-
ing the implicit relations, or for discretization errors. Let

(3.2) e;=U;—U; forj=n,n+1/2andn>0.

By subtracting (2.2) from (3.1) and using the mean value theorem, we obtain the
following recursion for the errors,

_ 1 1

(3.3) Ent1/2 = En + 5TA1n41/26n+1/2 + 5TA2,nEn + Tont1/2,
: _ 1 1
En+1 = Eng1/2 + 5TALn41/26n+1/2 + 3TA2 0418041 + Ton+t1,

where
1

(34) Ay = / Fl(t;,00; + (1—0)U;) d6,  Fi(t,w) = OFi(t,w)/0w
0

fori=1,2 and j =n,n +1/2. We now eliminate €,1/2 from (3.3) to obtain

(3.5) En+1 = Rnén + Tpny1,

where

(356) R = (I = §rAg 1) " 1(r A2 ([ + 74,0,
(8.7 pry1 = (I — 37Az n11) M r(TArn1/2)0nt1/2 + 6nta

and r(z) = (1 — 2/2)71(1 + z/2) is the familiar stability function of the implicit
midpoint rule.

We note that as a consequence of the one-sided Lipschitz condition (2.10) with
v < 0, all operations above are justified for arbitrary 7 > 0. The implicit rela-
tions are uniquely solvable, and the following matrix norm inequalities follow from
Lemma 3.1,

(3.8) lr(rAs)|| £ 1 for all 7 > 0,

(3.9) |(I-3rA;)7 | <1 forallT>0.

This lemma also shows that when v > 0, the upper bound 1 in (3.8) is to be
replaced by (1 — 7v/2)71(1 + 7v/2) and the corresponding range for 7 by v < 2.

Similarly, for v < 0 the upper bound 1 in (3.9) can be sharpened to (1 — 7v/2)~!
for all 7 > 0, while for v > 0 this same bound holds for 7 < 2. Essential for
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application to PDE’s of these inequalities is their validity uniformly in the mesh
width of the space grid.

Direct application of (3.8) to obtain a bound for ||R,|| is not possible in general,
because of the fact that Az , may vary with n, and that A3, and Aj; »41/2 need
not commute. Should A; be independent of n and commute with the matrices
Aqn+y1/2, then R, = r(1A2)7(7 Ay ny1/2), 80 that |Ry,|| < 1 for arbitrary 7 > 0. In
this case we immediately derive from (3.5)—(3.9) the global error bound

(3.10) llenll £ lleoll +2D forall7>0, n>1,

where D is an upper bound for all ||é;||, 7 = n,n + 1/2 and n > 0. This error
bound expresses stability of the PR scheme with respect to initial errors €g and
perturbations ;.

We now consider the general case (where the matrices do not commute and A3 ,
varies with n), and introduce the following transformation of the errors ¢, for n > 0,

(3.11) én= (I — 37Asn)en.

These transformed errors satisfy

(3.12) €nt1 = Rnén + Thny1,

with

(3.13) Rp = r(TA1nt1/2)r(TA2,),

(3.14) Pr+1 = 1(TA1n+1/2)0n+1/2 + Ont1.

The effect of this transformation is that the new amplification operator R, is fac-
tored into two operators, both with norm < 1, like in LOD methods [18], which
gives us the global bound

(3.15)

Enll < ||€ o > 1.
[Enll < lléoll + max [|3]| forall7 >0, n2>1

Since ||en|| < [|€n]l @nd [|pn+1ll < 8n+1/2ll + I6ntall (cf. (3.8), (3.9)), we obtain
the following stability result.

THEOREM 3.2. Consider (2.2) and (3.1) with perturbations ||6;|| < D. Suppose
t~he one-sitded Lipschitz condition (2.10) holds with v < 0. Then the errors e, =
Uy — U, satisfy

(3.16) lenll < (I = 37Az0)e0ll + 2D for allT >0, n>1,
where Az g is given by (3.4). O

The transformation (3.11) leading to this result is inspired by the ADI-LOD link
outlined in Subsection 2.2. For linear problems with constant coefficients a similar
result was obtained by Douglas and Gunn [2].

The bound (3.16) expresses stability of the PR scheme with respect to the trans-
formed initial error £y and the original perturbations ;. We will comment on ||€o||
in the next subsection. For the moment we note that if ||éo|| < C|leo|| with C >0
independent of h (for instance if & = 0 or &g is a smooth gridfunction, so that
|42 060l < C’|l€ol|), then (3.16) shows unconditional stability without the com-
mon assumptions that F; and F; are linear and commuting. Note that when Ag
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is independent of n and commutes with A; ,1/2, no additional smoothness of &g
is required (cf. (3.10)).

3.2. Stabilization of the First Step. The transformed initial error ¢ =
- %rAg,o)so can be interpreted as the difference of two explicit Euler steps
with negative stepsize —r,

(3.17) g0 = [Uo — L7 Fa(to, Uo)] — [Uo — 37 Fa(to, Up)).

In general, we may have ||&o|| > ||eo||, because of the explicitness in (3.17). Of
course, if g9 is negligible, for instance if round-off is the only error source, then
éo will be sinall for reasonable values of h. However, if ¢ is not very small, for
example if U is obtained from experimental data with significant errors, then &g
may become quite large and grow with spatial refinement. In such a situation
we can stabilize the PR scheme by computing the first approximation U; by the
backward Euler-LOD method, and apply (2.2) only for n > 1.

We thus consider the scheme with first step
(3.183) U1/2=U0+7'F1(t1/2,U1/2), U1=U1/2 +TF2(t1,U1),
and forn=1,2,3,...,
(3.18b) Un+1/2 = Un + 37F1(tny1/2, Unt1/2) + 37F2(tn, Un),
Unt1 = Uny1/2 + 37F1(tn41/2, Unt12) + 57F2(tnt1, Untr)-

On a fixed space grid the LOD scheme has only order 1 in time, but since we only
perform one LOD step, the order of the process (3.18) will still be 2 on fixed space
grids. Assume as before that (2.10) holds with v < 0. Repeating the stability
analysis of the previous section, we now obtain

(3.19) leall < |I(I — 47Az,1)e1|| +2D forall7 >0, n>2

with D an upper bound for the ||6;]] (7 = 3/2,2,5/2,...). The error &; is now
given by

(3.20) €12 = (I- TA1,1/2)_1[5‘0 + 7'51/2], eg=(I- TA2,1)—1[€1/2 + 761],

where 76/, 76, are perturbations on the right-hand side of (3.18a). By using
Lemma 3.1, it follows that

1T = 4rAs)enll < I - Srdas)(U = rAan) ™ lerja + 78l
< llewzzll + 7lléall < lleoll + (16121l + 161 )-
Thus we obtain for scheme (3.18) the stability result

(3:21) leall < lleoll + 781/l + I61l) + 2D for all 7 >0, n > 1.

Amplification of £y through £y is thus prevented.

We have no practical experience with scheme (3.18). In some numerical exper-
iments with disturbed initial values, no large errors were found in the original PR
scheme, so that there was little need for stabilization. We think that starting with
one LOD step (or a few) may be advantageous in situations where &¢ contains
very high frequencies. Like the trapezoidal rule and implicit midpoint rule, the
ADI scheme damps such high frequency error components very slowly, whereas the
LOD scheme has strong damping properties (7], [20].
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3.3. A Practical Observation. The PR scheme is implicit, and thus in actual ap-
plication nonlinear algebraic equations have to be solved by an appropriate iterative
method. Because the implicitness is “one-dimensional”, it is feasible to implement
a Newton-Raphson type method using a direct (band) solver for the arising linear
systems, as it is customary in the field of stiff ODE’s.

Let U, denote the numerical values generated by an implemented PR scheme in
an actual application. These numerical values can be thought of as being solutions
of the perturbed scheme (3.1), where the §; are errors arising from approximately
solving the implicit relations, or, in other words, for stopping the iteration process.
If the conditions of Theorem 3.1 hold, one can conclude that the implementation
is stable if the stopping criterion is based on the residual test ||6,|| < [prescribed
tolerance].

In applications one frequently circumvents the difficulties connected with the so-
lution of nonlinear algebraic equations by applying linearization, which corresponds
to using just one iteration, in one way or another, of a Newton-Raphson type it-
erative process. In the above setting this means that the §; are not controlled,
and that, consequently, the stability may deteriorate. The following numerical ex-
ample, quoted from van der Houwen and Sommeijer [10], serves to illustrate this
phenomenon.

Consider the nonlinear parabolic equation

(3.22) up = 3(uluz)s + 3(uluy)y + zyu — 92 (22 + y?)ud,

with exact solution u(z,y,t) = exp(zyt), on the unit square 0 < z,y < 1 and
0 <t < 1. We assume Dirichlet boundary conditions. On a uniform grid, with
mesh width h in both directions, we apply the difference formula (similar in y-
direction)

2 - 2
(v Uz)z| (z,,4,) = h 2{’“?+1/2,j'“i+1,j - (“?4—1/2,]' + U1/, %5 + “?—1/2,1“1‘—1,]'},

where u;41/2,; = (%i+1,7+u;,;)/2. In the standard way, including equal distribution
of the term zyu —9t?(x2 4+ y?)u3 over F; and F> and natural ordering of gridpoints,
one can now set up the semidiscrete system (2.1) and apply scheme (2.2) for the
time integration.

Table 3.1 shows the errors at ¢ = 1, measured in the discrete Ls-norm. In the
left part, the errors are given for the case where only one iteration step of the
Newton-Raphson process is used for solving the nonlinear algebraic equations, and
the entries in the right part correspond to two iterations (which is sufficient for
these 7, h values; more iterations do not alter accuracy). The deterioration of
stability is clearly visible.

We emphasize once more that this deterioration of stability is an artifact of the
chosen implementation. The experiment shows that the PR method itself is stable
for the chosen values of 7 and h. Unfortunately, we do not know whether the one-
sided Lipschitz condition (2.10) is valid, in some suitable norm, for this problem.
Finally, it should be stressed that the present experiment does not stand on its
own. One easily may conceive of more examples, see for instance [1, Section 9.4]
for a related discussion.
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TABLE 3.1
The entries are —10log ||error at t = 1||. The symbol x denotes
instability (overflow or near overflow).

1
h~1 10 20 40 80 160 10 20 40 80 160
10 -3.23 237 289 327 337|188 235 287 3.26 3.37
20 * * —0.12 3.41 3.83|1.81 227 282 3.38 3.82
40 * * * * 3.89| 177 224 278 3.36 3.92
80 * * * * * | 1.76 222 2.76 3.34 3.93
160 * * * * * | 1.75 221 2.75 3.33 3.92
1 Newton iteration 2 Newton iterations

4. A General Convergence Result. The remainder of this paper is devoted
to an investigation of the full convergence properties of the PR scheme (2.2). The
prefix full indicates that we shall compare the fully discrete numerical solution U,
directly to the exact PDE solution up(t,), without using the intermediate ODE
solution U(t,). The main objective of our investigation is the order p in time
appearing in the general error bound

(4.1) llun(tn) = Unll < C17° + Cp max [lan(®)|  (for all 7, >0, 0 < t, < T),

where Cy, C; are constants independent of 7 and h, and 4, is the spatial truncation
error (2.8). Note that 7 and h are allowed to tend to zero simultaneously and
independent of each other (unconditional convergence). We assume in the following
that Up = ux(0).

Convergence will be proved here by using the stability estimates of Section 3 for
perturbations 6;. Let U; = us(t;) for j = n,n+1/2 and n > 0. The 6; then stand
for residual discretization errors, and the €, = u(t) — Uy, are global discretization
errors. By a Taylor expansion of u(t) around ¢ = t,,1/2 we obtain from the first
equation in (3.1)

bnt1/2 = 3Un(tns1/2) — §TiR(Sny1/2)
— 3Fi(tns1/2, Un(tnt1/2)) — 3F2(tn, un(tn))
for some intermediate point spy1/2 € (tn,tn41/2). Since un(t) = Fi(t,un(t)) +
Fa(t,un(t)) + an(t), it follows that
5n+1/2 = _%Tﬁh(3n+1/2)
+ 3[F2(tns1/2: un(tns1/2)) — Fa(tn, un(tn))] + 3on(tntry2)-
In a similar way we get

(4.2)

Ont1 = %Tﬁh(3n+1)
— 3[F2(tns1, un(tnt1)) — Fa(tnrij2, tn(tnsiy2))] + 2on(tniiy2),

where sp41 € (tnt1/2:tnt1)-

(4.3)
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Since uy, is the restriction to Q of the exact PDE solution, the terms ip(s) are
bounded uniformly in h. Assuming

(4.4) ||[Fo(t +1yun(t+7)) — Fo(t,un(@®))| <Cr  (forr,h>0,0<t<T —1)

with constant C > 0, the stability estimate (3.16) directly leads to the following
convergence result.

THEOREM 4.1. Let Fy, F; satisfy the one-sided Lipschitz condition (2.10) with
v < 0. Assume uy € C?|0, T) and (4.4) holds. Then there are C1,Cq > 0 such that

(4.5) |lur(tn) —Unll < Ci7+Co Jmax llan (@)l (for ,h >0,0<t,<T). O

The assumption (4.4) is a natural one; since F(t,up(t)) = un(t) — an(t), a bound
as in (4.4) will hold in general for the whole gridfunction F(t,up(t)), provided only
that u is smooth. So, what we assume in fact here, is that this smoothness property
is maintained in the splitting of F.

The bound (4.5) only shows order p = 1 in time, whereas the order on fixed space
grids is known to be 2. This discrepancy is caused by the fact that we have avoided
bounds on partial derivatives of F; and F>. These contain negative powers of the
mesh width in space, so that an error bound based on these quantities becomes
useless when A — 0. The material presented in the next section, where we examine
linear problems, elucidates this point. There, we shall also derive bounds (4.1) with
p=2.

5. Convergence for Linear Problems with Constant Coefficients. In
the following we restrict our attention to initial-boundary value problems where
the differential operators in space are linear and constant in time. The semidiscrete
system then becomes

(5.1) U= f(t,U) = AU + ¢(t),

where A is constant. We assume that A can be split, in a natural way, into A; + A,
and (cf. (2.10))

(5.2) (Ajv,v) <0 for allv e RM and 7 =1,2.
The inhomogeneous term g(t) will contain two contributions,
(5-3) g(t) = b(t) + f(2).

Here, b(t) = by(t) + bz(t) is assumed to emanate from the boundary conditions,
and f(t) represents a source term. For f we shall consider splittings f1(t) = 6f(¢),
f2(t) = (1 — 0)f(t) with 8 € [0,1], and F;(t,v) = A;v + b;(t) + fi(t) for v € RM,
t € [0,T]. Note that A;, A need not commute.

In the remaining subsections O(7?h*) will be used to denote a scalar, or vector,
whose absolute value, or norm, is bounded by C7Ph* for all possible 7 and h, with
C > 0 a constant independent of 7, h. This notation will also be used for k = 0;
O(7?) thus stands for a term which can be bounded by C7? uniformly for ~ > 0.

5.1. The Structure of the Local Discretization Error. In this subsection we shall
derive, by using the residual errors §;, an expression for the discretization error
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which is introduced in the PR-process (2.2) in one single step. By expanding the
formula (4.2) for é,4,/ somewhat further, we get
bnt1/2 = —§Tin(tnt1/2) + 7F2(tnt1/2, Un(tns1s2)) + Son(tasr/2)
+ ﬁ72""'h(3;+1/2) - 1—167'2F2(SZ+1/2, uh(3Z+1/2))
for certain intermediate points s; /20%n+1/2 € (tnstnt1/2). Note that now total
derivatives with respect to ¢ of Fa(t, us(t)) come into play. Instead of (4.4) we shall

impose in the following the slightly stronger condition F3(¢,ux(t)) = O(1), which
also holds for reasonable splittings, provided u is smooth. Define for ¢t € [0, T

(5.4) wn(t) = —§in(t) + FFa(t, un(t))-

We then obtain, assuming ux(t) to be three times continuously differentiable,

(5.5a) bny1/2 = TWh(tnt1/2) + 50h(Ens1/2) + O(r2).
Similarly,
(5.5b) bnt1 = —TWh(tnt1/2) + 2n(tnt1/2) + O(r2).

With our choice U; = us(t;), the error 7p,.; defined in (3.5) represents the
discretization error introduced in one single step of the process (2.2) (local dis-
cretization error). Since A; and A, are constant, we have

Tont1 = (I — 37A2) " [r(TA1)T6p1/2 + Topt1]
=(I—37A2) (I — $7A40) 7 (T + 21 AD) 604172 + (I — 27A1)76041].

From (5.5) and (3.9) we get the following result.

LEMMA 5.1. Consider the semidiscrete system (5.1) with Ay, Ao satisfying
(5.2). Suppose up, € C3[0,T)] and ||F2(t,un(t))|| = O(1) (0 <t < T). Then we
have for the local discretization error

Tong1 = (I — 37A5) 71T — 17 A1) 7 P Aywa(tnt/2) + Ton(tntiy2)]

(56) +0(r%). O

It should be noted that (5.6) does not yield a bound ||Tpn+1]| = O(73) +
O(7)|lan(tnt1/2)|| in general, since Ajwp(t) need not be O(1) for A — 0, unless
the gridfunction wy(t) satisfies certain homogeneous boundary conditions imposed
by A; (these conditions are unnatural; see for example Subsection 5.2 and [15], [21]).
The eventual unboundedness of A;wp(t) thus originates from the boundaries, and
will not show up if one considers pure Cauchy problems with {2 = R2.

We do have, in view of Lemma 3.1, ||[(I—37A2) || < Land ||(I-37A;)"17 4| <
2, which implies ||7pnt1]| = O(72) + O(7)|lan (tn+1/2)||- As we shall see in the next
subsection, such a bound is nearly optimal. At first sight, this only leads to a
global result ||e, || = O(7) + O(1) max ||ax(t)||, and this was already established for
nonlinear problems. In Subsection 5.3 it will be shown, however, that cancellation
of errors may occur, which then leads to a second-order result ||&,|| = O(7%) +
O(1) max [|an (£)]]-
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5.2. Local Error Analysis for a Simple Heat Equation. In this subsection we
consider the inhomogeneous model problem

Ut = Ugg + Uyy + 8(2,y,t) on (),
(57) u(x’ Y, t) =1ur (23, Y, t) on I = 0Q,
u(z,y,0) = uo(z,y) on QUT,

where 0 < ¢t < T and Q is the unit square (0,1) x (0,1). Using standard space
discretization on a uniform mesh, we obtain a system (5.1) for which precise bounds
on the local errors can be given. First we describe the matrices A;, A2 and vectors
b1, b2, f appearing in the semidiscrete system.

Let Qp = {(zi,y;): i = th, y; = jh, 1 < 4,5 < m} with h = 1/(m + 1).
We identify gridfunctions on 2, and vectors in RM (M = m?) in a natural way,
assuming row-wise ordering on {2;. Thus w: 5, — RM will also be written as w =
(wf,...,wh)T with w; = (wi,-..,wm;)T € R™, wi; = w(zs,y;), and w(zi,y;)
will be called a component of the gridfunction w. Further, we shall use, for matrices
and vectors, the direct (Kronecker) product ® (see [12, Sections 12.1, 12.2] for
standard properties). If v = (v;), ¥ = (¥;) € R™, then v®% = (v197,...,v,97)T €
RM corresponds to the gridfunction with values v;9; at (z;,y;).

The matrices A; and A can be written as

(5.8) A1=-1QQ, Ay =-Q®1,

where I is the m x m identity matrix, and Q = h~2 tridiag(—1,2,—1) € L(R™) is
the usual finite difference operator approximating —82 /922 in one dimension with
Dirichlet boundary conditions (the first and last row of @ contain nonzero entries
h~%(2,—1) and h~2(—1,2), respectively). The boundary values are incorporated in
b(t) = b1 (t) + ba(t) € RM, by (t) having nonzero components h~2ur(z % h,y,t) on
(z,y) € Q4 adjacent to the vertical boundaries, and b5 (t) with nonzero components
h~%ur(z,y % h,t) near the horizontal boundaries. Further, f(¢) is the restriction
of s(z,y,t) to Q.

The matrices A; and A2 are symmetric and negative definite. Thus they satisfy
(5.2) with respect to the standard inner product (w,w) = h?wT®. Besides the
norm ||w|| = (w,w)1/2 on RM, we also will use |v| = (hvTv)!/? for v € R™.

For the local errors we have (cf. (5.6))

(5.9) Tonser =11 — %TAQ)—I(I - %TAl)“1A1wh(tn+1/2)
+O(1)an(tny1/2) + O(),
where wp,(t), defined in (5.4), is a smooth gridfunction.
LEMMA 5.2. For any v € [0,1/4) there is a constant Cy > 0 such that
1731 - %TAQ)—I(I - %TAl)_lAlwh(t)" < C it (for,h>0,0<t<T).

Proof. Since ||(I — 37A3)7Y|| < 1, it is sufficient to prove the above bound for
(I — 37A1)"'Ajw with w = wp(t). Let Ay = —A;. This matrix is positive
definite, and we can write for arbitrary ~ € [0,1/4)

I73(I = L741) " Ayw|| = P2 V(1 + 37 A1) 7 (rAL) Y AT w|.



94 W. H. HUNDSDORFER AND J. G. VERWER

The matrix (I + 474;)~1(rA;)!~7 is symmetric with eigenvalues contained in
{(1+ 27 2) 7177 A > 0} € (0,2),

a:nd thus its norm is bounded by 2. We further have fi'f = I ® Q7. Hence,
jw= ((val)Ta cey (qum)T)T

47wl? = h?(A7w)T (Aw) = thQ"wJP
=1

It will be shown in the appendix that |Q7w;| is bounded uniformly for A > 0 (with
a bound only depending on smoothness properties of w;, which are determined
by smoothness of u, cf. (5.4)). Therefore, we also have |AJw| = O(1), which
completes the proof. 0O

With the above lemma we obtain ||7pn41|| = O(7?) + O(7)||an(tny1/2)|| with
g ~ 2.25. Note that this is only slightly better than the bound with ¢ = 2 which we
derived directly from (5.6) for arbitrary problems (5.1) satisfying (5.2). In order to
demonstrate the sharpness of these bounds, we consider the model problem (5.7)
with boundary conditions ur = 0, initial value ug = 0, and source term

s(z,y,t) = 4(2)8(y) — t(d(z) + 6()),  b(2) =32(2—1) (0<2<1).
The exact solution is u(z,y,t) = té(x)¢(y). Since iy = 0 and b = 0, we have
Ajwn(t) = $A1Fa(t, un(t)) = §A1[Agun(t) + f2(2)]

with fa(t) = (1 — 0)f(t). Viewed as gridfunctions, @,(t) and f(¢) have values
#(z)(y), —d(x) — #(y), respectively, for (z,y) € Qp. As vectors in RM, they can
be written as

un(t) =v®w, f)=-e®v—vQe,
where e = (1,...,1)T, v = (vy,...,vn)T € R™ with v; = 3ih(sh — 1) (1< ¢ < m).
We have Qv = —e. By using standard properties of direct products it follows from
(5.8) that

A1Aun(t) =eQece, A1 f(t) = —e®e+v® Qe.

Since no space errors are present here (the solution is quadratic), relation (5.9)
gives

Tont1 = 3(1— 0)r3(I - %TAQ)_I(I - %TA])_I['U ® Qe] + O(7°).
It follows that

TPn+1 = i(l - 0)7’3[(I+ %TQ)_11)® I+ %TQ)_IQC] +0(73),
and finally

I7Pn41ll = (1= O)7°|(I + 57Q) ™ o] |(I + 57Q) ' Qe| + O(7).

From (I + 17Q)'v = v+ 4r(I + 4rQ)~e = v + O(r), we see that there is

a constant C’ > 0 such that |(I + 7Q)~v| > C’ whenever 7 > 0 is sufficiently
small. In the appendix it will be shown that there exists a C” > 0 such that
|(I+37Q)~1Qe| > C"773/4 for all h > 0 sufficiently small and 7/h? bounded away
from 0. For such 7 and A, and 6 # 1, we thus have
(5.10) ITon+1ll > Cr?28
with C > 0 independent of 7 and h.
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In case 6 = 1 no order reduction occurs for this specific example with ur = 0;
we get ||7pn+1]|| = O(73) as on fixed space grids, since then wy(t) vanishes near the
vertical boundaries, so that Ajwp(t) = O(1). For more complicated examples with
time-dependent boundary conditions, the order will reduce also if § = 1.

The observation that inhomogeneous terms cause local order reduction seems to
originate with D’Yakonov [4]. Fairweather and Mitchell [5] introduced a correction
term which restores the local order; they considered (5.7) with s = 0 and time-
dependent boundaries, but as we saw above, such a correction is also necessary if
ur = 0, s # 0. The correction consists of replacing in the PR scheme b;(t) by
b1 (t) = by(t) — c(t), c(t) being the correction term still to be specified. This cor-
responds to a change in the boundary values for the intermediate solution Uy,41/s.
With this correction we derive, in the same way as before, the expression for local
errors

Tpn+1 = (I — %TAQ)_I(I - %TAl)'IT3vh(tn+1/2)

(19 +O(r)an(tns1/2) + O,
where now
(5.12) va(t) = Aywa(t) + 7 2c(t).

The gridfunction wp(t) is smooth, and thus all components of A;wp(t) are O(1),
except those corresponding to a gridpoint adjacent to the vertical boundaries. Con-
sider the gridpoint (z1,y;) near the left boundary. There we have

[Arwn(®)]1; = h™2(—2w1;(2) + w25 (2))-

The correction c(t) can now be used to compensate for the missing value wo;(t).
Thus we define

C1j (t) = Tzh_z'woj(i),
(5.13) woy (t) = —giio; (t) + ™2 (toj+1(t) — 2o, (t) + doj—1(t))
+ (1 - 0)305(2),

where ug;(t) = u(0,y;,t), s0;(t) = s(0,y;,t). In a similar way we define ¢y,;(t) to
compensate for the missing values near the right boundary, and we take c;;(t) =0
for gridpoints with 1 < ¢ < m. This causes vi(t) = O(1), so that Tp,41 =
O(7®) + O(7)en (tn+1/2)-

The correction (5.13) slightly differs from the one in [5]. The reason is that
we started from the particular form for the local error with wy given by (5.4).
Since ||(I — 37A1)"!7A;|| = O(1), it follows that (5.11) also holds with vp(t) =
Arb(t) + 77 2¢(t),

B(t) = =277 2 {un(t — 37) — 2un(t) +un(t + §7)]
+ L7 P (t+ drun(t + 4t) — Fo(t — 3m,un(t — 37)))
This leads to (5.13) with dig;(t) and ug;(t) replaced by standard differences, which
is then the same as the original correction of Fairweather and Mitchell [5]. Gener-
alization of this boundary value correction to a large class of initial-boundary value
problems can be found in [17].

5.3. Cancellation of Local Errors. Let q be the order in time of the local dis-
cretization errors. One then naively expects order p = g — 1 for the global errors,
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as a result of addition of all the local errors. For the example of Subsection 5.2 this
would give p = 1.25 only, instead of second-order in time as on a fixed space grid.
In this subsection it will be shown that under suitable assumptions we still have
p = 2, because of cancellation of local errors. In other words, the local errors suffer
from a reduction in order, but in the transition from local to global, this reduction
is annihilated. A similar behavior can be observed with the implicit midpoint rule,
and to some extent, with other Runge-Kutta methods [15], [21]. A comprehensive
analysis for the implicit midpoint rule can be found in [11]. The proof of Theorem
5.3 below was inspired by this analysis.

We consider again the general linear problem (5.1), but it will be assumed now
that there exists a constant C > 0 (independent of 7, h), such that

(5.14) A~ ALl < €,
(5.15) |R™|| £ C for all n >0 with ¢, € [0,T].

Here R = (I — $7A3) 'r(rA1)(I + 47A2) is the matrix governing stability of the
PR scheme (cf. formula (3.6)). Thus (5.15) is a Lax-Richtmeyer type condition
for stability [14]. If A;, A2 are commuting, negative definite matrices, then both
(5.14) and (5.15) hold with C = 1. The results below are thus applicable to the
heat equation with standard space discretization on a uniform mesh, which we
considered in the previous subsection.

THEOREM 5.3. Suppose the conditions of Lemma 5.1 are satisfied, and (5.14),
(5.15) hold. Then there are constants C1,Cs > 0 such that

(5.16) ||lun(tn)—Unll < C172+Cs Jmax flen®)l  (for allm,h >0, 0 <ty <T).

Proof. Consider the recursion for the global errors €, = up(tn) — Un,
En+1 = Ren + Tpny1 (n>0)
(cf. (3.5)). The local errors, given by (5.6), can be written as
Tong1 =7 = 17A3) "I — 17A1) T Atwp (tn+1) + O(T)an(tnt1/2) + O(T2).

Note that wy, is evaluated here at t = ¢,,41. For the proof of the theorem we may
omit the terms O(7)an(tny1/2) + O(72), since these will give only a contribution
O(1) max ||ap(t)]| + O(72) to the global bound.

We define, for all n > 0,

pn = TA L Ajwi(ty), €n = En + TPn.
Using the equality R — I = (I — $7A5) "} (I — 37A;)717A, we get
prt1 = (R —1I)pns1.
Therefore, the &, satisfy the recursion
€nt+1=REn + TR(Pny1—Pn)  (n20).
The stability assumption (5.15) provides the global estimate.

lI€nll < Cligoll + Ctr max [|pk+1 = pill-
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Since we have, in view of (5.14), |lex—¢k|| = ||Tpkll = O(72) and ||pk+1—p5k|| = O(+?)
for all k > 0, the second-order result for ||e,|| now follows. O

Lest we miss the obvious, the introduction of the new errors &,, g, in the above
proof is redundant if Ajwp(t) = O(1) uniformly for h — 0. We can then prove
(5.16) (by using the stability result (3.15)) without the assumptions (5.14) and
(5.15). However, the material presented in Subsection 5.2 shows that in general
|A1wn(t)|| — oo for h — 0, unless the PDE solution uj and the inhomogeneous
term f2 meet additional conditions near the boundary I'. These conditions are
unnatural, in the sense that they are only imposed by the PR, scheme and they are
unrelated to smoothness of the PDE solution.

Convergence results for general ADI methods applied to linear initial-boundary
value problems were obtained by Douglas and Gunn [2]. They considered homoge-
neous boundary conditions, in which case it can be shown that the local error of
the PR method has the same order as the local error of the Crank-Nicolson type
scheme

(5.17a) (I - 37A)Uny1 = (I + 57A)Up + 7¢n
with inhomogeneous term

(517b) ¢n = fl(tn+1/2) + %f2(tn) + %f?(tn+1) - %TAl(f2(t’n+1) - f2(t’n))

Because of this special inhomogeneous term, the same additional conditions show
up if one tries to prove second-order convergence for this scheme. Moreover, the
approach of Douglas and Gunn is hard to generalize for inhomogeneous boundary
conditions.

As an illustration of the local order reduction and cancellation of local errors,
we consider the simple problem

(5.18) us = (1 + y)ugz + Uyy + 5(2,y,t)

on the unmit rectangle with Dirichlet boundary conditions. The source term
and initial-boundary values are chosen such that the exact solution is u(z,y,t) =
exp(z + y +t). In space, standard discretization was used on a uniform mesh with
grid distance h in both directions. The PR scheme (2.2) was applied with 7 = h
and equal distribution of the source term (f; = fa = f/2; the choice fi = f, f2 =0
leads to similar results). The following table shows the number of correct digits
—101og |len|| for n =1 (local error) and n = N, 7N =1 (global error).

TABLE 5.1
Errors for PR scheme applied to (5.18) with = h.

1| 5 10 20 40 1 |5 10 20 40
local | 203 2.58 3.18 3.80  global |1.68 2.20 2.76 3.35
error error

One nicely sees second-order, approximately, for both local and global errors (in-
crease of ~ 0.6 upon step halving). We note that since the continuous operators
(1+y)0?%/0x? and 8%/9y? do not commute, the matrices A; and A, will not com-
mute either. Therefore, we do not know whether the stability condition (5.15)
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holds. The numerical results, however, indicate that the conclusions of Theorem
5.3 are valid here.

With a Fairweather-Mitchell type correction we would obtain third order locally,
but still second order for the global errors. Although this correction technique does
not increase the global order, the numerical results of Sommeijer et al. [17] indicate
that in many cases the numerical approximations will become more accurate (the
error constant C; in (5.16) may be smaller for corrected schemes).

Acknowledgment. The authors are grateful to Joke Blom for carrying out the
numerical experiments.

Appendix. In this appendix some technical results will be derived concerning
the finite difference operator approximating —3% /922, which were used in Subsec-
tion 5.2. Similar results for the continuous operator were obtained by Brenner,
Crouzeix and Thomée (RAIRO Anal. Numér., v. 16, 1982, pp. 5-26). The discrete
case has some minor additional difficulties.

Let m € N and h = 1/(m + 1). Consider the m x m matrix

- 2 — 1 -
-1 2 -1
Q=h?
-1 2 -1
L -1 2]
This matrix has the eigenvalue-eigenvector decomposition
Q=VAV!

with
V = [v1,v2,...,Vm], v = V2(sin(jh),sin(25hx), .. .,sin(mjhr))T € R™

and
A =diag(A1, A2,y dm),  A; =4k~ 2sin®(jhn/2).

We have hvlv; = 6;; (Kronecker delta). Therefore, AVTV = I, and
Q =hVAVT,

On R™ we consider the inner product (v,w) = hvTw and norm |w| = (w,w)
For any w € R™ and ¢: C — C, analytic on the positive real axis, we have

1/2,

m

YQw =D _ (v, w)p(A;)v;,

Jj=1

and, since (v;,v;) = 8;5, it follows that

m
[W(Qwl” =3 I(vs, w)w(3)|*
=1
For any two real functions f, g we will use the notation_f(z) ~ g(z) (z | 0) if
there are positive numbers Cy, C; and H such that Cpg(z) < f(z) < Cig(z) for
0 <z < H. Further, z; = jhfor j =1,2,...,m.
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LEMMA 1. Suppose f € C(0,1], v > 0 and f(z) ~ =z~ (z | 0). Then, for
hlO,

m 1 ify<1,
hY f(jh) ~{ log(1/h) ify=1,
=1 h1=7 if v> 1.

Proof. Since we can split f into a monotonically decreasing part (~ z~7 for
z | 0) and a bounded remainder, it is clear that we may assume without loss of
generality that f itself is monotonically decreasing. Then

m 1
hY-1@)2 [ f@)da.
J=1 h
On the other hand,

m m 1
B flz;) = hf(B) + B flaj) < hf(h) + /h /() de.

=1 7=2

We have hf(h) ~ h'=7 (h | 0). The integral fhl f(z)dz is ~ —logh (h | 0) if
y=1l,and~1+h'"7 (R |0)ify#1. O

In the remainder, e; will stand for the vector in R™ with jth component equal
to 1 and the other components 0. The vector (1,1,...,1)7 € R™ will be denoted
by e.

LEMMA 2. Letv> 0. We have
sup |Q%e| < oo if and only if < 1/4.
R>0
Proof. Since Qe = h™2(e; + em), it follows that
m
Qe=h"2Q" Y(e; + em) = h72 Z[h('vjl + vjm]/\;?"lvj
=1

with v;; = V2 sin(¢jhm) the ¢th component of v;. If j is even, we have v;1 +vjm =0,
while v;; + vjm = 2v;; if 5 is odd. In the limit A | 0, we thus obtain

m m
1Qe* = k™2 |(vj1 + vim)A] P~ 2072 ) foa AT

5=1 i=1

m
= 42771p2=4Y N " | sin(jhr) sin(jhm/2)2 |2
j=1

m
= 427p1~47p Z cos?(jhm/2) sin(jhr/2)*7 2.
Jj=1
From Lemma 1 we see that |Q7e|? ~ h1=47(1+h*7~=1) (h | 0) for v # 1/4, whereas
|Qe|? ~ —logh (h | 0) fory=1/4. O

LEMMA 3. Let ¢ € C3[0,1] and w = (wy,wa,...,wn)T with w; = ¢(z;) for
1<j<m, meN. Suppose v < 1/4. Then sup,sq |Q7w| < oo.

Proof. We have
Qw = (a1 + h™%by,a2,03,...,am + h~2bp)T
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with a; = h=2(—@(z;-1) +26(2;) — d(2;41)) ~ —¢" (;) and by = ¢(0), by = #(1).
Let a = (a1,a2,...,am)T. Then
Quw=Q " la+ h_QQ"_l[blel + bmem).

Since Q is positive definite with eigenvalues larger than 1, the vector Q7 !a is
bounded, uniformly for A > 0, for any 4 < 1. In the proof of Lemma 2 we saw that
h=2Q7~le; (j = 1 or m) is also bounded uniformly in h, provided that v < 1/4. O

COROLLARY 4. Let w be as in Lemma 3. For any v € [0,1/4) there exists a
constant Cy > 0 such that
[(I+ %TQ)'IQw[ < Cyrl (for all ,h > 0).

Proof. The matrix (I + 17Q)~!(rQ)!~" is symmetric with eigenvalues in the
interval (0,2), so that the norm of this matrix is bounded by 2. Since |Q7w]| is
uniformly bounded for & > 0, the assertion follows from the inequality

I(I+37Q) 7' Qu| < 7771+ 47Q) 1 (rQ)' ™| |Q"w|. O

LEMMA 5. Let o > 0, and assume 7/h? > a. Then there exists a constant

C > 0 such that for allT >0
(I + %TQ)"IQeI > COr—3/4,
Proof. 1t is sufficient to consider A > 0 sufficiently small. Let

p(rh) = (I +37Q) ™" Qel*.
Similarly as in the proof of Lemma 2, we obtain for & | 0

m m
p(r,h) =R |(vj1 + vjm) (L4 372) 712 ~ 2072 ) " o (14 3725) 712
J=1 j=1

It follows that for arbitrary 8 > 0 and h > 0 sufficiently small,

u(r k) 2 41+ 36) A% ) sin® (jhm),

JE€JB
where Jg = {j: 18 < r); < B}. We take § = 2a, so that Bh%/4r < 1/2. Since
7A; = 4th~2sin®(jhn/2), the index j belongs to Js if and only if
Bh?/8r < sin®(jhn/2) < Bh?/4r,
that is,
2(wh)~! arcsin /Bh2/87 < j < 2(wh)~! arcsin \/Bh2/4r.

For each j € Jg we thus have sin?(jhm) > Bh2/87. Inspection of the graph of the
arcsin function shows that the number of terms in Jj is ~ h~1y/h2/7 = 771/2 (for
h | 0). From the above lower bound for u(r, h) it now follows that there exists a
constant C' > 0 such that

u(r k) > C?h=2(h?/r)r=/? = C%r~3/2

for A > 0 sufficiently small. O

Remark. The upper and lower bounds of Corollary 4 and Lemma 5 also hold if
(I+ %rQ)~! is replaced by ¥(rQ) with ¢ an arbitrary rational function satisfying
$(o0) =0 and |(z)] < 1for z€ C,Rez > 0.
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If w is the restriction to {z;} of a smooth function ¢: [0,1] — R with ¢(0) =
#(1) = 0, then a bound as in Corollary 4 also holds for |¢(7Q)Q?w| (sharpness then
follows by considering ¢(z) = z(z — 1)). O
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