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Determination of the D'/2-Norm of the SOR Iterative
Matrix for the Unsymmetric Case

By D. J. Evans and C. Li

Abstract. This paper is concerned with the determination of the Jordan canonical form
and D'/2-norm of the SOR iterative matrix derived from the coefficient matrix A having

the form
A= D, -H
HT D,

with D; and D2 symmetric and positive definite. The theoretical results show that
the Jordan form is not diagonal, but has only ¢ principal vectors of grade 2 and that
the D!/2-norm of .%,, (wp, the optimum parameter) is less than unity if and only if
i = p(B), the spectral radius of the associated Jacobi iterative matrix, is less than unity.
Here ¢ is the multiplicity of the eigenvalue ¢fi of B.

1. Introduction. For the iterative solution of the linear system of equations,
(1.1) Az = b,

the Jacobi and Gauss-Seidel methods are well known. They are very simple from
a computational point of view since only matrix-vector multiplications and linear
combinations of vectors are needed. This is also valid for the modification called
“Successive Overrelaxation” or “SOR” method, where a relaxation factor is intro-
duced for accelerating the convergence. Let

(1.2) A=D- AL - Ay,
where D is the block diagonal part of A, —Af and —Ay are the remaining strictly

lower and upper triangular parts of A; then, if D is nonsingular, the SOR method
is given by

(1.3) Tpy1 = Loxp +w(l —wL)™!D7 %,  k>0.
Here, zg is an initial vector, .Z, the iterative matrix given by
(1.4) Z, =1 -wL) (1 - w)I +wU],

and

(1.5) L=D"'A;, U=D1'Ay.

Now (1.3) converges if and only if the spectral radius of .%, is less than unity, and
the asymptotic rate of convergence is given by

(1.6) Roo(-Z0,) = —log(p(-Z0,))-
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The SOR method has been extensively studied for a symmetric positive definite
matrix A (see, e.g., Varga [5] and Young [7]). For a positive definite and consistently
ordered matrix A, from [5] and 7] we have:

Sl. p(Z) <lep<land 0<w< 2.

S2.
{wi + [w2a? — 4(w - DYV2)V/2)2/4 i 0 < w < w),
p(Z) = . )
w-—1 ifw, <w<2.
83. o(Z) < (L) i w # w.
Here,

p=p(B)=p(L+V), wp=2/[1+1-p")"%.

Young [6] has shown that if A is consistently ordered and the eigenvalues of B
are real and less than unity in modulus, then the Jordan canonical form of f/;,;
is not diagonal. Therefore, in this case, the SOR method converges slower than
expected based on the spectral radius p(,%‘:’). When A is symmetric and positive
definite, and when A has the form

(1.7) A=(?I‘{ ;f;)

Young [7, Chapter 7] determined the D'/2-norm and A'/2-norm of Z; (the spectral
norms of D/ 2%£D‘1/ 2 and AY 2%;A‘1/ 2 respectively) and pointed out that the
D*/2-norm of %, is greater than unity in general. Moreover, ||.‘Z;’Z‘|| (the spectral
norm of %’Z‘) behaves much like ||£’;"£‘|| p1/2. However, for large m, ||..‘Z:Z‘|| pz <1,
and eventually ||%'{‘|| pi1/2 tends to zero, though considerably more slowly than
p(Z5)

For the matrix A in (1.1) the unsymmetric case is by far not as common as
the symmetric one, but nevertheless, unsymmetric matrices appear, e.g., in the
numerical solution of the biharmonic equation [1] and the computation of cubic
splines, [3] and [4, Chapter 3]. If the matrix A (1.2) is consistently ordered and B,
given by
(1.8) B=L+U,
is similar to a skew-symmetric matrix and has either zero eigenvalues or purely
imaginary eigenvalues, then from [1], [3], and [4], or the theory of Young [7], we
have:

USL. p(Z) <1 0<w<2/(1+5).

US2.
1—-w if 0 <w < wp,
Z) = i 27,2 _
p(Z) aw + /w?i? + 4(w —1) ifwp < w < 2_'
1+

US3. p(Z,,) < p(Z£,) if w # we.
Here,
(1.9) B=p(B), wp=2/1++1+p?).

Notice that in this case we can always choose the relaxation factor w such that
o(Z,) < 1, no matter how large i is. This is very different from the symmetric
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case. Another difference between the two cases is that the optimum factor wy, for the
unsymmetric case is less than unity and the optimum factor wy, for the symmetric
case is greater than unity. It is also important to note that overestimating wj,
is better than an underestimation, but for w, an underestimate is better than
overestimating.

However, to our knowledge, the Jordan canonical form and D/2-norm of .Z,
for the unsymmetric case are not discussed in the literature.

In this paper we will investigate these problems under the assumption that in
(1.1) the matrix A has the special form (1.7) with D; and D, symmetric and
positive definite and KT = —H. We will obtain some results similar to those for
the symmetric case.

In the next section we review some properties for skew-symmetric matrices re-
quired for their application in the later sections. In Section 3 we construct the
basis of eigenvectors of the associated Jacobi matrix B which is similar to a skew-
symmetric matrix. In Section 4 we will show that the Jordan canonical form of
Z,, is not a diagonal matrix, but has only g principal vectors of grade 2 associated
with wy — 1, the eigenvalues of .%,,. Here, ¢ is the multiplicity of the eigenvalue
ifi (=ip(B)) of B. Hence, ||-Z™||, the spectral norm, behaves like m - p(-Z,,)™ !
rather than p(-%,,)™.

In Section 5 we will determine the D'/2-norm of .%, and point out that if & =
p(B) 2 1, then ||-Z*||p1/2 > 1. However, in Section 6, we will show that for any
i > 0, for m large enough, ||Z"||pi/2 < 1. Eventually, | Z]"||p1/2 converges to
zero, though considerably more slowly than p(Z").

In this paper, almost all the notations used are the same as those adopted by
Young (7], and all our work is based on the theory of Young [7].

2. Seme Properties of Skew-Symmetric Matrices. Let A € R™*™ and
(2.1) AT = —A.

It is well known that A has the following properties:

(a) All diagonal elements of A are zero.

(b) A has either zero eigenvalues or purely imaginary eigenvalues, that is, any
eigenvalue u of A has the form

(2.2) u =it

Here € is real. Also, —u = —i§ is an eigenvalue of A.
(¢) A is a normal matrix, that is,

(2.3) ATA = AAT.

(d) A is unitarily similar to a diagonal matrix.
All the above properties are easy to prove and can be found in any textbook of
linear algebra, e.g., see [2].

3. The Eigenvectors of the Associated Jacobi Iteration Matrix B. Con-
sider A in (1.1) to have the special form

(3.1) A=(g‘{ ;j)
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where D; (€ R™*") and D, (€ R®*®) are symmetric positive definite and

(3.2) HT = —K;

the associated Jacobi iterative matrix B has the form
0 F

59 - (3 F).

Here,

(3.4) G=D;'K, F=Dij'H.

Because D, and D, are positive definite, we can choose symmetric and positive
definite matrices Di/ ? and D;/ ? such that

(3.5) DpY?*p¥?*=p,  DM?D}Y?=D,.
If we write
DY% ¢
then we have
0 p-Y2gp-1/2
37 DI/ZBD—1/2 — ( _ _ 1 2 ) .
(3.7) D;?KDy'/? 0

Hence B is similar to a skew-symmetric matrix, and thus unitarily similar to a
diagonal matrix.

In this section we will construct a basis of eigenvectors for B. From (3.3) we
have

(3.8) B% = (FOG G?F).

Evidently, B? is also similar to a diagonal matrix and, in fact, the (r X r) matrix FG
and the (s x s) matrix GF are also similar to diagonal matrices, where r+s = n, the
order of the matrix A. Also note that FG and GF have nonpositive eigenvalues.

Let the p eigenvectors of FG associated with the nonzero eigenvalues vy, vs,...,vp
be éla E?a (RRR Epa i'e'a

(3.9) Fij =l/j£j, j= l,2,...,p.

If we let

(3.10) n; = G§;, i=12,...,p,

then n; # 0, and #; is an eigenvector of GF associated with v, i.e.,

(3.11) GFn; = vjn;, i=12,...,p

Moreover, since the &;, 7 = 1,2,...,p, are linearly independent, then so are the 7;,

J7=1,2,...,p, since
P
> cini =0
=1
implies that

P p
0=F (Z Cjnj) = Z l/jcj'fj =0,
Jj=1 J=1
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and hence the ¢;, j = 1,2,...,p, vanish because of the linear independence of
the &, 7 = 1,2,...,p. Evidently, there can be no more than p eigenvectors of GF
associated with nonzero eigenvalues; otherwise, there would be more than p linearly
independent eigenvectors of F'G associated with the nonzero eigenvalues. Thus, we
have

(3.12) p < min{r, s}.
Since v; <0, j =1,2,...,p, if we let
. x; .
(313) By = Z|Vj|1/2a Ty = Mjé‘ja Y5 =15 V5= (y]>a J=12...,p,
j
where 12 = —1, then using (3.9), (3.11) and (3.13), we have
Fyp\ _ (v _ (mitsts .

3.14 Bv~=< ])=(’])=<”’ = v, j=12,...,p.
( ) J sz ©im; Win; VAR ) 3
Notice that u;, 7 =1,2,...,p, have positive imaginary parts.

Let us now define for j =p+1,p+2,...,2p

o
(3.15) Tj = Tj-py Yj = —Yj-p, V5 = (yj)’ Hj = —Hj—p-
Evidently, we have
(3.16) Bv; = pjvj, Jj=p+Lp+2,...,2p.

If we let FGz = 0, where 2 # 0, then by (3.4) we have
D'HD;'Kz=0, or HD;'Kz=0.
Thus, we have
(3.17) —HD;'?D;Y?HTz =0 or (D7Y*HTz)*(D;Y*HTz)=0.
Here * stands for the conjugate transpose of a matrix. Hence from (3.17) we have

D;l/zHTx =0, or D;'HTz = Gz = 0. Therefore, we have that if FGz = 0,
where z # 0, then

(3.18) B(g) = ( C?x) =0.

Thus, if the eigenvectors of F'G associated with the eigenvalue zero are zgp41,
T2p+2, -+, Tp+r, then the vectors

z; .
(3.19) vj=<0’), J=2p+1,2p+2,...,p+r1,
are eigenvectors of B associated with the eigenvalue zero. Similarly, if the eigenvec-
tors of GF associated with the eigenvalue zero are ypiri1,Yp+r+2;- -3 Ys+r, then

the vectors
0 .

(3.20) Uj=<y.), Jj=p+r+1, p+r+2,...,n=r+s,
f]

are eigenvectors of B associated with the eigenvalue zero.
We have thus constructed a basis of eigenvectors for B,

(3.21) vy = (‘”’) i=1,2,...,n,
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and moreover, we have by (3.14) and (3.16)
(3.22) G:Bj = KU5Yy, ij = U;Z4, ] = 1,2, RS (X

We also have

. Ty .
for Ky = 7’|Vj|l/2’ vy = (y]>’ J=12...,p;
J

. Tj— .
for /lj=_Z|Vj|1/2, vy = (_;j_"p), j=p+1,...,2p;

Ty .
fOI'/lj=0, vj=(0]>’ 1=2p+1,...,7r+p;

0 .
for u; =0, vj:(y)’ J=p+r+1,...,n
j

4. The Principal Vectors of .%/,. We now seek the eigenvectors and principal
vectors of .Z, for w # 0. Because A has the form of (3.1), from (3.3) we have

(4.1) L=[g g] U=[g ‘g]

Thus we have
Z, =1 -wL) Y ((1 —w) +wl)

[ n o] '[-wh  wF

- h—wG Ig] [ 0 (l—w)Iz]
(4.2) [ 5L 0] [(1 —w) wF ]

- .wG 12 0 (1—0))[2

_[(-wh wF

T lw(l-w)G w2GF+(1—w)Ig]

where I; and I, are identity matrices of the same sizes as D; and D5, respectively.
For each nonzero eigenvalue u of B, let /\:_/ 2 and A2 be the roots of

(4.3) At w—1=wur/2

z T
4.4 w = ) 2z =
44 (,\i/ 2y> (f\l./ 2y>

are the eigenvectors of .£,, since by (4.2), (3.22) and (4.3) we have

.Sﬂ( / )—( (1-w+wpry?)z )
(4.5) Y2y [wa(l — w + wpAY?) + (1 - w)AY )y
= /\+’U)

Since

and

(4.6) Fz=A_z.
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If we let

() ()

then we have

w=31w+0)+ 1A (v—0) = 21+ AV + L1 - A,
=lw+9)+ I 2w —-0) = L1+ A+ L1 - AP

If )\1/ 2 #* /\1/ 2 then w and z are linearly independent. But for wy # 0, the

dlscrlmmant w?u? — 4(w — 1) of (4.3) does not vanish unless

(4.9) WHu2 +4w-1)=0.

On the other hand, if (4.9) holds and if wu # 0, then ,\:_/2 =2 \1/2 = wp/2 #

0, and w and z are not linearly independent. Notice that in this case,

(4.8)

(4.10) A=A =r=uwil/d=w-1.
If we let

,_1 1 (0
(4.11) t=3 57 (y)

then we have
32=((1—w)11 wF )_1__(0)
v wl-w)G Ww!GF+(1-w)la) 2X1/2\y
_ 1 wFy _ 1 WU
7\_‘75 (w2GFy - (1 - )y> T2 (wiﬂy +(1- w)y)

)\1/2 [w2u 2+l—w )\+/\]y>

( .
2,\1/2 ([w 2,2 4 12—:-m (w- 1)]y> " A(-——IO—— )
a7

(4.12)
YNVEL

)‘1/2 v 1 )‘1/2 A5

2/\1/2 [4(w - l) +2(1 - w)]y) tar= 2)1/2 (2(w — 1)y> + Az

= ()‘1/2 ) + A2 =w+ Az
Hence, 2 is a principal vector of grade 2. Moreover, we have
(4.13) w= %(1 + A2y 4 %(1 —A2)p p=l v

Thus w and % are linearly independent.
If we let, for wy # 0,

( x5 ) =19

Wi = = ceeyDs

) (/\ ).14./2?/] ) J )4y p;

>, i=12...,p, f w?|p;|* +4(w - 1) #0,

Wjtp =

Il
L

(4.14) (A )1/2%
1 0 ) — if 2 2
9’ Oy )1/2 ) 7=12,...,p, ifw*|u|* +4(w—1)

w; = vy, I1=2p+1,2p+2,...,n,
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then we can easily prove that w;, j = 1,2,...,n, are linearly independent and
hence form a basis of the n-dimensional complex vector space C™. Therefore, the
matrix whose columns are the w; reduces .%, to Jordan canonical form. Thus we
have proved:

THEOREM 1. If the matriz A has the form of (3.1) and iz = ip(B) s an
etgenvalue of multiplicity q of B of (3.3), then the Jordan canonical form of £,
hasn—2q (1x1) sub-Jordan blocks and q (2x2) sub-Jordan blocks which correspond
to the eigenvalue wy — 1.

Notice that if ¢ = 1, then the Jordan canonical form of .%,, has one nondiagonal
element.
From Theorem 3.1 of [5, p. 65] and Theorem 3-7.1 of (7, p. 85] we have

(4.15) Lo ~ T (o) - p(Zoy )™

Here, ||A|| is the spectral norm of the matrix A and J(-%,,) is the Jordan condition
number of the matrix .%,,, defined by Young (7, p. 85] and given by

(4.16) J( L) = Jjnf &(V),

where (V) is the spectral condition number of the matrix V' and S; the set of all
matrices such that

(4.17) VlZ, Vv =J

Here, J is the Jordan canonical form of the matrix %, .

5. Determination of ||.Z,||p1/2. Let

(5.1) Z,=D'2.%,D7 Y2
‘then from (4.2) and (3.6) we have
(52 &= ( (1-wh wD;/*FD;'/? )
' 7 \w(l —w)DY?GD;? W2DY?GFD;'* + (1-w), )"
If we let
(5.3) F=D}?FD;'* = D{*HD; ",
G = Dy*6D;'* = D7’ KD,

then
(5.4) GT =-F
and

5, 1=-w) wF
(5:5) <= (w(l -w)G WGF+(1-wl )’
Hence, ..%, is the SOR iterative matrix corresponding to the matrix

. L -F
— pl/2Ap-1/2 — 1

(5.6) A=D"*AD (—G L >

with the associated Jacobi iterative matrix

(5.7) B= (g f;) = D'/?BD~/2,
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Therefore, p(B) = p(B), and wp is the same for A as for A. Moreover, if we let
Z,[A] stand for the SOR iterative matrix associated with the matrix A and D[A]
for the diagonal block of the matrix A, then we have

(58) 1 Alllppayse = 2 Al = 12 AN = 12 (Alll ppays-

Thus, it is sufficient to assume A of (3.1) with D; = I; and Dy = I;. Otherwise,
we consider A (5.6). Notice that when Dy =I; and D, = I then F=H,G =K,
and FT = -G.

Since

(5.9) 1< oy = Lol pra = (L Z N2,

according to the expression (4.2) for .Z, we first study the eigenvalues of products
of matrices of the form

a11(FG) a12(FG)F
(5.10) <0211(GF)G 222(0F> )

where a1; and a;2 are polynomials in FG and a2; and a2z polynomials in GF. By
an analogy with Theorem 7-2.1 of Young [7, p. 239] we have:

THEOREM 2. If B is a matriz of the form (3.3), then
(a) The matriz

_{ au1(FG) a12(FG)F
(5.11) Q= (azil(GF)G gzz(GF) )

18 nonsingular if
(5.12) 7(B?) = a11(B?)as2(B?) — ag1(B?)a;12(B?)B?

in nonsingular. Moreover, T(B?) is nonsingular if and only if for each eigenvalue
u of B the matriz

2 2
(5.13) R(u) = (aa;ll(%))u a;:;&g))ﬂ)

18 nonsingular.

(b) Let
1 (k) (k) vk
air (FG) ajy (FG)F
(5.14) Gm = ( i ,
" ,B,, afy(GF)G  a},(GF)
where for each k, vy, = x1. It 1s assumed that for any k the matriz
(5.15) ) (B?) = af{) (B?)alf) (B?) - aff (B?)a{;) (B?)B?
18 nonsingular for vy = —1. For each eigenvalue u of B, let
1 (k) (2 (k) (, 2 vk
ajy (1% aiy (W¥)p
(5.16) My (1) = ( 11 .
" ,E,, ol W) agy (u?)

If 1 is a nonzero eigenvalue of B and if A is an eigenvalue of My, (u), then A is
an eigenvalue of Gy,. If u = 0 s an eigenvalue of B, then at least one of the
eigenvalues of My, (0) is an eigenvalue of Gp,.
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(c) If A is an eigenvalue of Gy, then there exists an eigenvalue u of B such that
A 18 an eigenvalue of My, (p).

Notice that although the matrix B considered here and the matrix B considered
in Theorem 7-2.1 of Young [7, p. 239] are not the same type of matrices—the
former is similar to a skew-symmetric matrix and the latter a symmetric matrix—
the statement of these two theorems are the same and the proofs are also the same.
Hence the proof of Theorem 2 is omitted.

From (4.2) we have

e_or_ ((1-w 0 I, —wF
Z =2 —( -wG (l—w)Ig>(0 I )

_ ((1 —w)ly —w(l-w)F )
- -wG  WGF+(1-w)ly )’

Thus, from (4.2) and (5.7), %, and £’ have the required form for the applicability
of Theorem 2. From Theorem 2 we know that the eigenvalues of £, % are the
same as the eigenvalues of M(w, u)M*(w, u), where

wom= (4 ) (5 )

_ 1-w wy
T\l -wwp W+ l1-w)/’

If we notice 1 = —u (here p is purely imaginary), and if we let

* mi1 M2
5.19 M ) M ] = b
(5.19) (o) = (it 2

(5.17)

(5.18)

then
my = (1 —w)? —wu?,

miz = w2 +wp(l - w) = (1 - w)? - wp = pw’[1 - w +wp?,

ma1 = —mig = —pw?[l - w + wp’),

maz = wiut + (1 — w)? + 202k (1 — w) — Ww2p(1 — w)?

=whpt+ (1-w)? + 0’ (1-w)(1 +w).
Since
my1+mas =2(1 — w)? + wipt —wip?,

— 120t [(1 - w)? + 20pP (1 - w) + w?pf),
—wlu® — 20ttt w-(1-w) w1l -w)? w4+ (1-w)t
= —wip?wiut + 2wp?(1l —w)+ (1 - w)?+ (1 -w)?

moimiz + (1 — w)4,

miamai
(520) mo2Miy

we have

(5.21) maamyy — maymyg = (1 —w)*.

Thus, if we let

(5.22) det(\] — M(w, p)M*(w, 1)) = A2 = T(u®)A + ¢ =0,
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then
(5.23) T(u?) =2(1 — w)? + wipt — wtp?, c=(1-w)

Notice that u2 < 0, so that T(u?) is an increasing function of |u|. Therefore, by
Lemma 6-2.9 of Young (7, p. 186], it follows that for a given w, the largest value of
the root radius of (5.22) is assumed for pu = ip(B) (or p = —ip(B)). From (5.22)
and (5.23) we know that if A satisfies (5.22), then t = A\!1/2 satisfies

(5.24) 12— (w—1)% = w?|ul(1+ ) /2.
Note |u| = p(B), and if we let ji = p(B) and
(5.25) d=p(1+p?)?,

then by Lemma 6-2.1 of Young (7, p. 171] the root radius of (5.24) is less than
unity if and only if we have

w=1<1 and w?d<1-(w-1)?=w(2-w),
or, equivalently,
. 2 2 _
(5.26) 0<w<mm{2,m}—1+d (7> 0).
Thus we have proved
THEOREM 3. If A has the form (3.1) with Dy and Dy symmetric and positive

definite and H and K satisfying (3.2), then |Z, || p1/2 < 1 if and only if w satisfies
(5.26). Moreover, we have

wid+y/wid? +4(1 —w)?
5 .
We now determine the minimum value of ||.-£,|| p1/2. If we let

fw) =w?d + /wtd? +4(1 — w)2,
then the derivative of f(w) is given by
(W) =2wd+ [4w d® + 8(w — 1)]/2V/w* a2 + 4(1 — w)2.
Assume f’(w) = 0; then

(5.27) I-Zollpr/2 =

(5.28) —wdy/wtd? +4(1 - w)? = wdd? +2(w - 1).
Notice that (5.28) means
(5.29) gw)=w3d? +2(w-1)<0.

By Descartes’ rule we know that g(w) has only one positive root w,. Thus, if
w € (0,wy), then (5.29) holds. Moreover, if w > w,, we have

(5.30) f'(w)>0.
If 0 < w < wy, and from (5.28), we have
(5.31) wrd?+w-1=0.
Evidently, the positive root w+ of (5.31) is given by
2
5.32 =[-1+v1+4d?]/2d? = ———..
(532 sr=loie Vi =T
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One can examine
. 2 _
(5.33) w4 < min {2, I-I-—d} =

Thus, we obtain

2
1+d

<0 if0<w<wy,
flw)d =0 fw=uw,,
>0 ifw>wy,
because we have

(5.34) Wy < Wy.

In fact, if wy > wy, then from (5.31) and (5.32) we have w?d? + w —1 < 0 for
0 < w < wy. Thus we can prove f'(w) < 0 for 0 < w < w,. Owing to the continuity
property of f'(w), we have f’(w,) < 0, which contradicts (5.30). Hence (5.34)
holds. We have now proved the following theorem.

THEOREM 4. Under the assumptions of Theorem 3 we have
I-Zo s Iprz < [ Zillprz for w # wy.
Here, wy 18 given by (5.32).
It is important to note that from (1.9), (5.25), and (5.26) we have

w ifp=p(B) <1,

2
<144
wp > —2— ifp>1.
“14d -
Thus, when i < 1, we also have ||.Z,, || p1/2 < 1.
In fact we have proved

THEOREM 5. Under the assumptions of Theorem 3 we have
12 D12 <1 if and only if i = p(B) < 1.

But when i > 1, we have |.%,,||p1/2= > 1. However, in the next section, we

will prove that for any g > 0, || iz < 1 if m is large enough, and that
limit oo [ 2| = 0.

6. Determination of ||| p1/2. In this section we continue with the theory
of Young (7, Chapter 7] to investigate |-Z/7||p1/2. From the discussion of the last
section it is sufficient to consider A (3.1) with D; = I; and D, = I;. Since the
eigenvalues of £ (.Z/)* are the same as those of M™ (wp, u)[M™ (wp, 1)]*, where
M (ws, p) is given by (5.18), we first develop an expression for M™(w, ). If we
define the polynomials So(u), S1(u),... by the recursion formula

Sk(u) = wpSk—1(4) + (1 — w)Se—2(n), k22,
So(w)=1,  Si(p) = wy,
then by a result of Young (7, p. 248] we have

o Moy = (47 Sms Sams),

(6.1)
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Notice that u is purely imaginary. By (6.1) one can see that Syx(u) are real and
Sak+1 purely imaginary. Also from the result of Young (7, p. 249, Eq. (4.7)] we

have
k+1 k+1
k al - ag .
o bl S BT
(6.3) Sk(p) = Za’f-JaJ — { a — oy if a1 # ag,
j=0 (k+ 1)k if a1 = as.

Here, a3 and asg are the solution of the quadratic equation

(6.4) o —wpa+w—1=0.
Now we prove that if w = wp and r = (1 — wp) then
(6:5) Sk(i) = Se(ip(B)) = ()*(r'/?)* - (k +1),
(6.6) max  |Si(w)| = |Sk(GR) = (k +1)(r/2)".
—BSB<h

Let p = 13; then the roots a; and aq of (6.4) are given by

Q1.2 = [iﬂwb + \/—,@20.)2 - 4(wb - 1)]/2 = i[ﬁwb + \/,320.)3 + 4(wb - 1)]/2.
By (1.9) we have

B2wi + 4(wp — 1) = 0.
Thus, if 8 = fi, then oy = ag = ifwy/2 = ir}/2. Hence (6.5) follows from (6.3). If
|8 < &, then B%w2 + 4(wp — 1) < 0. Therefore, || = |ag| = (1 — wp)!/? = r1/2,
Again by (6.3), (6.6) follows.
From (6.2) we have

M™ (w, p)[M™(w, p)]*

= ((1 - w)s2m—-2 Sam—1 ) ((1 - w)Szm-z —(1 - w)32m...1 )
(67) (1 -w)Sem-1 S2m —S2m-1 Sam
_ ( (1-w)?82,,_,—S2,._, S2mSam-1 — (1 - w)‘*’szm-lszm-z)
" \(1-w)?2S2m-182m-2 — S2mS2m-1 —(1-w)?S, 1 +S3n '
Evidently, the characteristic equation for M™ (wp, u)[M™ (wp, p)]* is
(6.8) X% — Ton(woy )X + A =0,

where

(6.9) T (Wb, ) = (1 — wp) 2833 — Symm—1 — (1 = wp)?Shny + Sim
and

(6.10) A = det{M™ (wp, p)[M (wp, )"} = r*™ = (1 — wp)*™

by (5.18). Since [Ty (ws, )] — 4A > 0, because the eigenvalues of the Hermitian
matrix M™ (wp, pu)[M™ (ws, u)]* are real, it follows that for fixed A the modulus of
the root of (6.8) is maximized when |T,,(ws, #)|, considered as a function of u, is
maximized. But, by (6.5) and (6.6), |Tm (ws, ¢)| is maximized when p = [, and we
have
[Ton 0, 68)| = 72 - (2 — 1’77 4 271 - (2m)?
(6.11) + r2(2m)2r2™1 4 (2m + 1)%r2™
= 2r2™[1 + 2m3(Vr +r~1/%)?).
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Thus, from (6.8), (6.10), and (6.11) we have

(6.12) (A = r2™)2 = 4m2(r=1/2 4 £1/2)2,2m )
and
(6.13) A—r2m = 2m(r"1/2 + 71/2)1-’")‘1/2.

Hence we have proved the following
THEOREM 6. Under the assumptions of Theorem 3, we have
1L /e = r™{m(r=/2 4 #1/2) 4 [m? (r=1/2 4 ¢1/2)2 1 1]1/%}

(6.14)
=F1(m),
where
2
6.15 r=1-—wp, wp = ———, i = p(B).

From (6.14) we know that for any g = p(B) > 0
it |2 v = Jiit Fi (m) = .

But, for values of r close to unity, the function Fj(m) increases initially before
eventually decreasing. For r close to unity we have

| Z v ~ 2mr™ (Y2 4 £1/2)
(6.16) = 2mr™(r~ 12 4l p1/2)

~ 4mr™L,

On the other hand, we have
12l = 1M ™ (ws, 5R)|| ~ mJ (M (ws, ii))r™

by Theorem 3-7.1 [7, p. 85]. Here, J(M(ws,22)) is the Jordan condition number
of M(ws,tft). But by [7, Theorem 3-8.1, p. 89] we have

J(M(ws, i) = wp+ (1 — wp)wp b = wpB(14+ 1 — wp) = 2r*/2(1 4 7) ~ 4.
Hence,
(6.17) 2| ~ 4mr™L

Therefore, ||-Z/7|| behaves like [|Z|| p1/2-

Young (7, p. 255, Eq. (4.50)] has given myg, the estimated number of iterations
needed to reduce the D/2-norm of the error vector to a specified fraction & of the
D'/2_porm of the initial error vector as follows:

mo = log((2v/e) - log(2v/¢))/log(1/r),
(6.18) P1/2 4 p—1/2

© log(l/r)

Final Remarks. (a) Since ||, ||p1/2 > 1 if & > 1, one should expect that it may
be better to use w = w, rather than w = wp in the initial steps. In this direction,
an investigation is under way.

(b) By noting Theorem 6 and Theorem 7-4.1 of Young (7] one can find out
that ||| p1/2 for the nonsymmetric case and ||.<Z;'£‘|| pi/2 for the symmetric and
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positive definite case have the same expression in m and r. The only diference is
that for the former,

1 — p*(B)
(6.19) r=1-w T/ D)

and for the latter,

Y pz(B)
(6.20) r=wy 1_(1+\/l—p2(B)).

Especially for m = 1, we have
1o llprrz = Loy prre = {(r™ /2 4 7172) 4 [L 4 (r71/2 4 #1/2)2)1/2)
=rH{ 1+ +[r+ 1+ = F(r).

It is clear that F(r) is an increasing function of r. In fact one can prove

(6.21)

LEMMA. Let F(r) be given by (6.21). Then
F(r)<1e0<r<r=1/1+V2)%

By means of the above lemma we can give another proof of Theorem 5. In
fact, it follows from (6.19), (6.21) and the above lemma that ||, [[p12 <1 if and
only if p?(B)/(1+ \/1+ p2(B)) < 1/(1 + v/2)?, or equivalently, p(B) < 1. Thus,
Theorem 5 follows. However, we can give a similar result for the symmetric case.
By noting (6.20), (6.21) and the above lemma, we have ||.Z; ||p1/» <1 if and only
if p?(B)/(1+ /1 - p2(B)) < 1/(1+ v/2)?, or equivalently, p(B) < 1/v/2. Thus we

have proved

COROLLARY. If A has the form (1.7) and is symmetric positive definite, then
the D/2-norm of the corresponding optimum SOR iterative matriz i{,; 18 less than

unity if and only if p(B) < 1/V2.

To our knowledge, the result of the above corollary is new. However, it should
be noted that the result can be deduced from Theorem 7-3.1 of Young [7].
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