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Noninterpolatory Integration Rules for
Cauchy Principal Value Integrals

By P. Rabinowitz*and D. S. Lubinsky**

Dedicated to the memory of Peter Henrici

Abstract. Let w(z) be an admissible weight on [—1, 1] and let {pn(z)}$° be its associ-
ated sequence of orthonormal polynomials. We study the convergence of noninterpola-
tory integration rules for approximating Cauchy principal value integrals

1
I(f;2) = ][ w@ I an xe -1,
-1

This requires investigation of the convergence of the expansion

oo
£~ Y (Fpa(d), A€ (-11),
k=0
in terms of the functions of the second kind {gx(A)}§° associated with w, where

1 1
(fypk) = / w@)f@pe(z)dz  and  qu() :=][ w(e) 22 g,
-1 -1

k=0,1,2,...,A € (-1,1).

1. Introduction. In the third volume of his monumental work, Applied and
Computational Complex Analysis, Henrici [8, pp. 139-142] gave an algorithm for
the numerical evaluation of Cauchy principal value (CPV) integrals. This algorithm
was presented in a more explicit form in a recent paper, by one of the authors [15].
In neither case were convergence questions considered. In this paper, we shall
analyze the convergence questions arising from the use of this algorithm.

Consider the CPV integral of the form

(1) I(f;0) = ][1 w(x)zf(zz\ ds, -l<i<l,
-1 -

where w is an admissible weight function, w € &, that is, w(z) is nonnegative and
integrable in [—1, 1] and

(2) mo = /1 w(z)dz > 0.

-1
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280 P. RABINOWITZ AND D. S. LUBINSKY

For such w, there exist sequences of orthonormal polynomials

(3) {pn(a:) = p‘n(w’ Z) = knzn +--- ] kn > O}’
with respect to the inner product
1
@ (1,9):= [ w@)f@(z)dz
-1

satisfying a three-term recurrence relation

(5)  zPn(2) = ant1Pn+1(2) + But1Pn(2) + Cnpr—1(z), n=0,12,...,

where
an :=kn_1/kn, n2>1 Br+1 := (TPn,Pn), N >0,

p—1(z) =0 and po(z)=ko = mgl/z.
If we define g, ()), the function of the second kind, by
1
(6)  gn(A) :=gn(w,A) :=I(pp;A) := ][1 w(x)Z"T(z: dz, -1<A<],

then the g, ()) satisfy the same recurrence relation as the {p,(z)}, namely
(7) ’\Qn(’\) = an+1‘]n+1(/\) + ﬂn+1qn(A) + anqn—l(’\)’ n= Oa 17 2) vy

with starting values g_1()\) = —1, go(A) = I(po; A) and o := m(l)/2. If we denote
by

(8) ak == (f, k)
the Fourier coefficient of py(z) in the formal expansion of f(z),
o0
(9) f(@) ~ > axpr(a),
k=0
then we can write a formal expansion for I(f; ) in terms of the g, (}),
[e o}
(10) I(f;0) ~ Y argr(N).
k=0
Hence, an approximation to I(f; ) will be given by the truncated sum
N
(11) Sn(f32) =) akgr(N).
k=0
If we now have a sequence of integration rules
m
(12) Qm(9) =) Wimg(Tim),
i=1

which converges to

1
(13) I(g) = / w(e)g(e)da

for all g € C[-1,1] or all g € R[—1,1], the space of bounded Riemann integrable
functions on [—1, 1], and if we approximate the Fourier coefficients a) by

(14) akm = Qm(fok),
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then, in general, we obtain a noninterpolatory integration rule for I(f; ), namely

N
(15) Qm(fiX) ==Y akmar(A).
k=0
The approximations QY (f;A) can be evaluated in a stable manner using backward
recursion by the algorithm given in [15], provided that we have the value of go(A).
We can also express QN (f;\) in a Lagrangian form that is more useful in the
numerical solution of integral equations:

(16) QN (£ ) =D wh (N f(@im),

=1

where the weights

N
(17) () = wim Y pr(@im)ak(A),  i=1,2,...,m,
k=0
can also be evaluated in a stable manner by the backward recursion algorithm [15].

As indicated above, this general approach to the numerical evaluation of CPV
integrals appears in Henrici [8, pp. 139-142]. However, there is no discussion there
of convergence or of the integration rules @, (g). In fact, it is precisely the freedom
in the choice of these rules, subject only to the condition that they converge to
I(g) for all g € C[-1,1] or all g € R[—1,1], that affords this method for evaluating
CPV integrals considerable interest. Thus, if f is well behaved in most of the
interval [—1, 1], but is irregular over a small subinterval [a, b] C [—1, 1], then we can
concentrate most of our integration points z;m, in [a,b].

This was also done by Gerasoulis [7] using a different approach, and the results he
achieved were a considerable improvement over those achieved using a conventional
spacing of integration points. There have been many approaches to noninterpola-
tory integration of CPV integrals [4], [14], [17], but these two are the only ones that
cater to the situation indicated above.

In Section 2, we state and prove Theorems 1 to 5, which deal with convergence
of Sn(f;A) to I(f;A). In Section 3, we state and prove Theorems 6 to 8, which
deal with the convergence of QN (f;)) to I(f;A) as m and N — oo. It turns out
that in the general case we shall be able to prove convergence only for the iterated
limit
(18) lim lim QN(f;\).

N—00 m—00

In fact, we shall show that we cannot in general expect convergence of the double
limit. However, in certain cases where we can convert the double limit to a single
limit in which m depends on N in some specific manner, we shall again be able to
prove convergence. A similar approach was used by Dagnino (3] in studying the
convergence of noninterpolatory product integration rules.

2. Convergence Results for Sy(f; ). Before we can study the convergence
of QN.(f;A) to I(f;A), we must establish the convergence of Sy (f; ) to I(f; ).
To this end, we shall use the methods presented in Natanson [11] and Freud [5] for
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proving convergence of orthonormal expansions. Since the proofs in [11] depend on
the Christoffel-Darboux formula

N
(19) kgpk(z)pk(y) = oy PPN (yl - ZN(x)pN+l(y) ,

we shall first establish an analogous formula for the sum

N
(20) KN(:E, )\) = Z pk(z)qk(/\).
k=0

Throughout, C, Cy, Cs,..., and B, By, B,,... denote positive constants indepen-
dent of N, m, z and A.

LEMMA 1. Let {p,}3° be a sequence of orthonormal polynomials on [—1,1],
with respect to w € &, and let g,(A) := I(pn; A), n = 1,2,3,..., exist for a given
A € (-1,1). Then, for N=1,2,3,...,

_ ant+i{pn+1(z)an(A) — pr(2)an+1 (M)} +1
(21) Kn(z,)) = pra— )
Proof. We have from (5) and (7) that for k =0,1,2,...,
(22) =Pk (2) = ak41Pk+1(2) + Brs1Pk(T) + kpr-1(2),
and
(23) Agk(A) = ok41qk+1(A) + Br+19(A) + akgr—1(A).

Multiply (22) by gx(A) and multiply (23) by pg(z); then subtract the two and sum
from k =0 to N. This yields

(= NKn(z,A) = anyi{pn+1(z)an(X) — pn(2)an+1(N)}
— ao{po(2)g-1(A) — p-1(z)g0(A)}-

Since p—1(z) =0, g-1(A) = -1 and op = m(l,/2 = 1/po, (21) follows. O

(24)

COROLLARY 1. The sum Kn(z,)) can also be written as

Kn(z, )
0 {PN+1(7’)(‘1N(’\) —qn(z)) — pn(2)(gn+1(A) — gn+1(2)) }
(25) T ONH z— A
Y { gn+1(A)(pn(A) — pn(2)) — av(A) (PN+1(A) — PN+1(2)) }
= aNt1 Y .

Proof. If we set z = ) in (24), we find that

an+1{pn+1(z)gn (z) — PN (T)gN+1(2)}
= —1=an+i1{pv+1(N)an(A) — pv(V)an+1(N)}-
Substituting into (21) yields (25). O
Before proving some convergence theorems for Sy(f;A), we recall some defini-

tions and results connected with the existence of I(f; A) [1]. We say that a function
f is of Dini type on an interval I of length I(I), and write f € DT(I), if

un
(26) / wr(f;t)t~1dt < oo,
0
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where wr(f;t) is the ordinary modulus of continuity of f on I, defined by

(27) wr(fit):== sup |f(z)—f(y)l, ¢>0.
lz—y|<t
z,yel

Obviously, if f € DT(I), then f € C(I). Furthermore, it can easily be shown that
if f € DT(I), then f satisfies the Dini-Lipschitz condition on I, that is

(28) tl_i’r(r)1+ wr(f;t)logt = 0.

Finally, it is well known that if A € (—1,1) and if for some small enough & > 0,
f€DT(A—¢e,A+e)NR[-1,1] and w € DT (A —¢, A+ e)N&, then I(f; ) exists.
Hence, to ensure the existence of I(f; A) for all A € (—1,1), it is sufficient to require
that f € R[-1,1] and w € & belong to DT (—1,1).

We are now ready to prove some convergence results about Sy (f; A) correspond-

ing to the convergence theorems for orthonormal expansions in [11]. As usual, for
we L and 0 < p < 00, we let

1
(29) Lpw:= {g: [-1,1] — R|g is measurable and / w(z)|g(z)|P dz < oo} .
-1

THEOREM 1. Assume that for some A € (—1,1), I(f; ) exists, that

(30) sup g(A)| < B < oo,

and that

(31) ea(@) = (f2) - fAN)/(e-2A), =zel[-11],
belongs to Lg . Then

(32) Jim Sy (f54) = I(f;2).

Proof. Multiply (21) by w(z)(f(z) — f())) and integrate between —1 and 1. We
obtain

Sn(f; ) = f(N)go(A)/po
= an+1{en+198(A) —engn+1(A)} + I(f5A) — f(A)g0(A)/po,

where cx := (pax, pk) is the kth Fourier coefficient of ¢, with respect to pg. Since
©x € L 4, ¢k — 0 as k — co. Hence, since ayy; <1 [5, p. 41], while (30) holds,
we obtain (32). O

An important special case of this theorem is that of the generalized smooth Jacobi
weight (we write w € GSJ), studied by Nevai [13, p. 673], among others. It is defined
by

(33)

m+1
(34) w(z) :=9() [] le-t;], =zel-1,1],
=0
wherem >0, -1=tg<t;1 < <ty <tmyp1=1,7>-1,7=0,1,2,...,m+1,
¥ € DT(-1,1) and ¢(z) > 0 in [-1,1]. Clearly, if
(35) D = [—-1,1]\{t0,t1,...,tm+1},

then w € & N DT (D), so that if A € & and f € DT(A —¢, A +¢€) N R[-1,1] for
some € > 0, then I(f; ) exists. Furthermore, Criscuolo and Mastroianni [2] have
shown that if w € GSJ, then (30) holds for A € &, and uniformly in any closed
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subset of &. Hence, we have the following corollary:

COROLLARY 2. If w € GSJ and f € DT(A — ¢, A+ €) N R[-1,1] for some
A €D and some small enough € > 0, while o) € Lo ,,, then (32) holds.

In the sequel, we use the norm || f|| := max|_, y |f(z)| for any f € C[-1,1].
THEOREM 2. If (30) holds for some X € (—1,1), of

(36) sup llp (2)[| < oo,

and if p) € Ly 4, then (32) holds.

Proof. By Theorem 3 in [11, p. 69], the Fourier coefficients c of ¢, (defined by
(31)) converge to 0 as k — oo under the hypotheses of the theorem. Furthermore,
since @y € Ly, I(f;A) exists, as shown by the identity

1
(37) 1753 = [ wl@)er(a)da+ I Nao()/o.
Hence (32) follows from (33). O

COROLLARY 3. Assume that w € GSJ, where Yo, Ym+1 < —1/2 and v; <0,
j=1,2,...,m. Further assume that A € &, and that o) € L1 ,,. Then (32) holds.

Proof. By Nevai [13, p. 674, (16)], there exists C > 0 such that for z € [-1,1]
and £k =1,2,3,...,

(38) Ik ()] < C{[w(z)(1 - 2*)*/?)71/2 + 1}

Hence, under the hypotheses of the corollary, (36) is true. Furthermore, as above,
(30) is true for all A € . Hence, by Theorem 2, (32) holds. O

Theorems 1 and 2 are of a local nature, since they depend on the behavior of
the Fourier coefficients cx of p)(z). The following is a global theorem, and its
proof requires much more delicate analysis. The proof is modelled on the proof of
Theorem 2 in [11, p. 95].

THEOREM 3. If f € DT[-1,1] and w € GSJ, then (32) holds uniformly for A
in each compact subset of & .

Proof. We first remark that I(f;)) exists for all A € & and that f satisfies the
Dini-Lipschitz condition (28) on J := [—1,1]. We shall start by proving that

1
(39) Ln(A) = /_ (@)K dz,

is O(log N), uniformly in a given compact subset Z of &. We first establish this
bound for the case m = 0 in (34), that is when w(z) has no zeros or infinities in
(—1,1). To this end, we write Ly () as the sum of five integrals

—1+h/2 A—1/N A+1/N 1—h/2 1
T e L Y Y
-1 —1+h/2  Ir-1/N A+1/N 1-h/2

=L+L+1I3+14+ 15
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and choose N sufficiently large so that [\ —1/N, A+ 1/N] C & for all A € & and
choose h > 0 so small that Z C [-1+ h,1 — h]. We consider first I; and use (21)
for Kn(z,)A). Now, for z € [-1,—-1+ h/2] and X € %, |z — A\| > h/2. Further,
since (30) holds uniformly for A € %, since anx+1 < 1, and since

RGO

it follows that I; = O(1). Similarly, Is = O(1). For z € [A+ 1/N,1 — h/2], it
follows from (38) and the fact that (30) holds uniformly for A € %, that

|Kn(z, )| < C/lz = Al
where C is independent of N, z and A. Hence,

w(z)

L<c! dz

A+1/N T — A

Y w(z) —w(}) ! dr  _
g/_l w—ﬁ’ dz+w(/\)/)\+1/Nz—’\ = O(log N).

Similarly, I = O(log N). Finally, since

|Kn(z, )| < (N + l)sgp ka(z)IS:p gk (A1,

we obtain Is = O(1). Combining these estimates, we obtain

(40) sup [Ly())| < CylogN,
AEFX

for some C; independent of N. For the general case, we let h be the distance of
Z from the set T := {to,t1,...,tm+1} and denote by U the subset of [—1,1] such
that the distance of T to U is at most h/2. As before, we can show that

/U w(z)|Kn (2, )] dz = O(1),

and that
/ w(z)|Kn(z, )| dz = O(log N),

N
where Vv := [-1,1]\([A—1/N,A+1/N]UU). If we choose N large enough so that
1/N < h, we obtain (40).
Next, let Py, be the polynomial of best approximation to f in the uniform norm,
let ry := f — Py, and let En(f) := ||rn||. Since f satisfies (28) on J, it follows
from Jackson’s Theorems that

(41) lim En(f)log N =0.
N—oo
Now, for any g € C[—1, 1], we have
|Sn(g; M) = (9, Kn (2, )] < llgllLn ().
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Hence, uniformly for A € %', we have from (40) and (41),
lim |Sn(rn;A)| =0.
N—o0
Since
I(Py; A) = Sn(P; A),
we have
I(f;A) = Sn(f;2) = I(rn; A) — Sn(rns A),
and it thus remains to show that
Jim_ [1(ry; 2] =0.
Now

I(ryi)) = /_ 11 w(z)ﬂv—(‘%{{\”ﬂ dz + rn(Nao(2)/po

/1 w(:v)%:f\]v(/\-2 dz + o(1).

-1
Furthermore, as in [1],

1 _ A—1/N A+1/N 1
/ w(z)————rN(z) rv() dz = / + / + /
-1 z—2A -1 1N Dayn

=J1+Jy + J3.
Here
w(z)

A=1/N
<
|J1|—2EN(f)/;l |$—A|

Similarly, J3 = o(1) as N — oo. Finally,

/)\+1/N w(z)TN(z) _ TN(A) iz
A

dz = Ex(f)O(logN) =0(1) as N — oo.

-1/N T—A
_ [ L f@ =) M e PRE) = PR ()
= ~/A—1/N w(z) oY dz _/,\—1/N w(z) Y dz.

Since f € DT[-1,1], the first integral on the right-hand side is o(1). As for the
second integral, we have from [9] that

P = PR ¢ (1P (0)]: ¢ € ) = 1/N, A + 1/NT}

T—A
< CNuw(f;1/N).
Hence
A+1/N * _ p*
[ e PN(x>_fN(A>‘ is
A-1/N z

< 20w(f;1/N) max{w(z): z € [A — 1/N, A + 1/N]}
—0 asN — oo, |

since w(z) is uniformly bounded above for A € Z and N large enough. This
completes our proof. 0O

Remark. Theorem 3 is similar to Theorem 2.2 in [1]. By following the proof of
Theorem 3, we can prove a result similar to Theorem 2.1 in [1], namely, that if f
satisfies (28) on J, if w € GSJ, and if for some A € &, I(f;)) exists, then (32)
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holds. The proof of Theorem 3 holds in this case too, except that we must show

that A+1/N
o f@) -, _ .
Jn = /,\—1/N w(z) Y dz = o(1), N — 0.

Since

1 -
Jo= [ 1 w(@ BT gy - 1(7,3) - s0150),

and both I(f; ) and I(1;)) exist, it follows that Jo exists. Hence Jy = o(1), and
the proof is complete. O

We now give some additional conditions for (32) to hold, which impose less
restrictions on the weight function w € &, but require more smoothness of f. To
this end, we first prove a lemma:

LEMMA 2. Let w € &, and assume that for some X € (—1,1),

1 —
(42) T\ = / wiz) = w4 ¢ o,
-1 rT—A

while for some positive €, By and By
(43) B; < w(z) < B, for |z — A| < 2e.
Then there exists a constant Bz > 0 such that

n—1
(44) To1(A) =) (N <Bsn, n=123,....

k=0

IfT'()) 18 uniformly bounded and (43) holds uniformly for A € [a—¢, b+¢€] C [-1,1],
then (44) holds uniformly for )\ € [a,b].

Proof. We first establish the following analogue of the Christoffel function ex-
tremum problem, noting that in essence, it is contained in [6]: Defining

(45) Pn(w; A) := inf ——I-—(£2—)——:Pe.@_1 I(P;))#0

n bl (I(P; /\))2 n 9 9 k]
where %, denotes the set of all polynomials of degree < m, we have
(46) Pr(w;A) = 1/Tp—1(A).

To see this, we note that for any P € &,_;, we can write

n—1
P(z) = Z akpr(z), where ag := (P,pg), k=0,1,2,...n—1.
k=0

Hence
n—1 n—1 1/2
(P2 =Y arae(V)| < {zaz} {Tuo1(V}Y?
k=0 k=0
= {I(P})}/¥ T (N},
so that

pn(w,A) > 1/Tp_1(N).
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On the other hand,

n—1

P(z):= ) pr(z)q()) € Pa-r1,

k=0
and satisfies
I(P;)) = Ty () = I(P?).

Then (46) follows.
We now use (46) to prove (44). Choose ¢ such that [A — 2e, A + 2¢] C [-1,1].
Now for any P € &#,_4,

w(z) — w(}) P(z)
/Iz—AISe P(z)——x = dz + w()) ]{z-klse P dz

(47) + /Iz_me w(z)Plz) dx’

T—A
][ P(z) dz
lz—Al<e T = A

Next, let x be the characteristic function of [A — &, A + €], that is, x(z) := 1 in
[A — €, A+ ¢] and x(z) := 0 elsewhere. We have from (45),

2
][ P(z) dz
lz—Al<e T A

< By on(x; A)“/ P?(z)w(z) dz < By pn(x; A) T I(P?).

z—A|<e

[(P;A)| =

ST max [P(z)]+w() +e M I(|P)).

(48)

< pul W) / P*(z) d

|lz—Al<e

Furthermore, by standard estimates for Christoffel functions for the Legendre weight
(cf. [12)),

A+2¢
(49) max (P(2))? < Cn / P2(t)dt < CnBUI(PY).
lz—Al<e A—2¢

Combining (47), (48) and (49), and using the Cauchy-Schwarz inequality, we obtain
[1(P;A)| < Ba{n'/*T(X) + p7/2(x; A) + L (P?)/2.
But
n—1
pn(GA) ™ =D gk (x;A) < Bsm,
k=0

since gk (x; A) is the function of the second kind associated with the Legendre weight
shifted to [A — &, A + €], so that gx(x;A) = O(1). Hence
[I(P; )| < Bgn'/21(P?)Y/2,
so that
1/Tp-1(X) = pn(w; A) > By /n.

If the assumptions on A hold uniformly in [a — ¢, b+ €], it is not difficult to modify
the proof to hold uniformly in [a,b]. O
We now prove the analogue of Theorem IV.1.2 in Freud [5, p. 139).
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THEOREM 4. Let w € & and assume that for some X € (—1,1), (42) holds,
while (43) holds for some positive €, By and B;. Define for n=1,2,3,...,

2)(foop) o i _ _ p\1/2
(50) E@(fiw) = inf, (/= P, £ = P)!/%.
Then, if
oo
(51) Y EQ(f;w)n™? < oo,
n=1

(32) holds. IfT'(X) is uniformly bounded for A € [a — €, b+ €] C [—1, 1], while (43)
holds uniformly for X\ € [a — €, b+ €], then (32) holds uniformly in [a,b].

Proof. First recall the notation (8). For any positive integer m,

gm+1 gm+1 1/2 gm+1 1/2
> |aqu(x)|s{ ) ai} { 3 qi(A)}

k=2m+41 k=2m41 k=2m41
oo 1/2 [ gm+1 1/2
2
s{ 5 } S 20
k=2m41 k=0

gm+1 1/2
= E{)(f;w) { 3 qz(A)}

k=0
< CEQ)(fyw)2™?,
where the last inequality follows from (44). Since E,(f)( f;w) is nonincreasing
with k,
2m

2m2ER) (fyw) < 2m/2 dammHl Y E,i”(f;w)}
k=2m—141
2m 2m
=22 N B (fw) <2 Y EP(fuk
k=2m-141 k=2m-141

Hence,
[o o] fo'e) om o \
Yma®i=Y ¥ laa® <BY EX(fuE2 o
k=2 m=1fg=2m-141 k=1

The next theorem is the analogue of Theorem IV.1.3 in Freud [5, p. 140].
THEOREM 5. Let w and A be as in Theorem 4. Let f € C[—1,1] and for

J :=[-1,1], suppose that w;(f;8) satisfies for some n > 0,
(52) Sm w,(f; 8)6~1/2|log 6|+ = 0.

Then (32) holds. IfT'()) is uniformly bounded for A € [a —¢, b+¢] C [—1,1], while
(43) holds uniformly for A € [a — €,b + €], then (32) holds uniformly in [a,b].

Proof. By Jackson’s Theorem,
EP (fiw) < Bywy(f;571) < Bik™/2|logk|™"". O
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3. Convergence Results for QN (f;)). We are now ready to prove our con-
vergence theorems for QX (f;A). First a result on the iterated limit.

THEOREM 6. Assume that f € R[—1,1], that I(f;\) ezists and that w € & and
A € [—1,1] are such that (32) holds. Let {Qm(-)}55—, be a sequence of integration
rules such that for all g € R[-1,1],
Jim Qm(g) = I(g)-
Then
. . N . — .
Proof. It suffices to show that for each fixed N,
: N(froyy — .
7’}51100 Qm(fa A) - SN(fa ’\))

since
[e )

I(f;0) =Sn(fi )+ Y arge(A) = Sn(f;X) +o(1).

k=N+1
For fixed N, we choose m sufficiently large so that

Iakm—ak|<€ g}cag(quk( )I/(N+1)’ k=0,1,2,...,N,

yielding the theorem. 0O

Even though we have convergence of the iterated limit (53), we cannot in gen-
eral have convergence of the double limit (that is the limit with m and N — oo
simultaneously), as illustrated by the following simple example:

Ezample 1. Let

w(z):=1-2°)"Y% and f(z)=1, ze€(-1,1),

).

and let Q@ (-) be the Gauss-Chebyshev rule

Qmla) = %30 (cos 2
i=1

Then, with N = 2m, we have that

QI (fiX) = ZQm(fpk)qk ) = EQm (Pe)ak(N)-
Since Q. (g) is exact for all g € Fop,_1,
1
Qnlp) =10) = [ w@pn(a)ds,  0<k<am-1,

so that

Qm(po) =por and Qm(pk) =0, k=12,....,2m —1.
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Furthermore,
T (2?2 % —1
m
= (2m)/?m=1 )" cos(2 — 1)m = —(2m) /2.
=1
Hence

Qu(£:0) =72q0(X) — (21)!*qam ().

But (see, for example, (8, p. 148])
20(X) =I(f;1) =0,

S0

QAT (3 )) = I(f; ) = —(2m) 2 gam (N,
which does not go to zero for any nonzero A € (—1,1) as m — oo, inasmuch as
gam(A) = (2/7)Y2Uspn+1()), where Uzpm+1()) is the Chebyshev polynomial of the
second kind of degree 2m + 1.

Example 1 shows that at least in general, converting the iterated limit to a single

limit does not lead to convergence. However, there are cases where this procedure

will work. One simple example occurs when m = N + 1 and Q,,(:) is the Gauss
integration rule with respect to w. In this case, it turns out that

(54) QN+1(f32) = I(Ln+13)),
where Ly 41 is the Lagrange interpolation polynomial of degree < NNV interpolating
f at the zeros of py+1. This follows since

N N
I(Ln41;A) = E(LN-H,Pk)qk()\) = Z Qn+1(Lnt1pk)ae(A)
(55) k;() k=0
= Z Qn+1(fPr)ak(N) = QN41(f3 )
k=0

(see, for example, [16, pp. 1250-1251]). Since it has been shown in [1] that for
w € GSJ,
lim I(LN+1,A) = I(f,A),
N—oo

we have that for the sequence of Gauss rules {Qm (-)}—; associated with w € GSJ,
: N . — .
I\Ilg»nooQN-l-l(f’ A) - I(f) A)

We can generalize this result to any sequence of integration rules {Qm(-)}oo_,
that is ultimately exact for all polynomials, that is Q. (g) = I(g) for all g € &, and
all m > m(n). A particular instance of this, that allows points to be concentrated
in regions where the behaviour of f is problematic, is rules exact for piecewise
polynomials of increasing degree.

In the general situation, if the weights w;,, and the points z;,, in a sequence of
rules {Qn,(-)}%_, are such that

(56) > [wlh, (M) = O(log N),

=1
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if f € DT[-1,1] and if w € GSJ, then we have that
(57) Jim Qmiany (3 A) = I(£3).

Here m(2N) denotes the least integer m such that Q,,(g) = I(g) for all g € PN
The proof follows standard lines, namely

(58) I(f;A) = I(Py; A) + I(rn; A),

where, as above, Py, € Py is the polynomial of best approximation to f in the
uniform norm and rx := f — Py. Since, by hypothesis, Qm (gpx) = I(gpx) for all
k < N,all m >m(2N) and all g € Py, it follows that

(59) Qm(f;2) = I(Px; A) + Qn(rn; A).

Hence
II(f;A) = QN (f;A) < [I(rn; M) + 1@ (rn; M)

m
< (rns N+ Y [wd, (V] Irwll.
i=1
As in the proof of Theorem 3 above, I(rxy;A) = o(1), and since f satisfies (28), the
second term is also o(1) from (56), proving (57).
What about conditions on w;y, and z;y, that ensure (56)? We shall prove

LEMMA 3. With the above notation, if

(60) him = Tit1,m — Tim < CI/N
Jor some Cy > 0, uniformly for all i and m > m(2N), while
(61) [Wim|/w(Tim) < C2(hi—1,m + him),

then (56) holds whenever w € GSJ and A€ .

Proof. As in the proof of Theorem 3, we consider first the case m = 0 in (34),
and we decompose the sum on the left-hand side of (56) into five sums:

m

Dlemi= 3 o+ X+ )

=1 Tim<—148 A—z;n>2C1/N Izim—A|S2C1/N
Tim>—1+68

DAY
ZTim—A>2C1/N  Zim>1-8
Tim<1—6

= El+zz+zs+z4+zs,

where § is some sufficiently small positive number. Now by (17) and (21), and the
uniform boundedness of {gx())}§°,

Do, SU=8+0710(1) Y wim{Ipw (@im)| + [pn-+1(zim)}

—l+6+01/N
<o) / 1 w(@){|pn (@) + |px+1(2)[} da

(by Theorem 5 in (10, p. 534])
1/2

<o) { /_ 11 w(z) dx} = o).
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Similarly, -, = O(1). Next,

>, =0 Y lwiml/(A = zim)

<0(1) /_)‘I—CI/N dz/(A — z) = O(log N),

by uniform boundedness of py, g~ and w. Similarly, }~, = O(log N). Finally,

N
>, =00 X lwiml Y lpk(@im)an (V)]

|Zim—A|<2C1/N k=0
=O0(1)(N +1) > [ Wi |
‘zim—)‘ls2cl/N

=0(1),

which proves the lemma for the case m = 0. For the general case, we enclose each
of the interior singularities of w in a small interval avoiding A and treat the w;p,
associated with these intervals in the same manner as )} ;. O

The assertion (57) is a special case of the following theorem:

THEOREM 7. Suppose that for m = 1,2,3,..., the rule Qm(-) has precision
Tm > N, that ty, := min{Ny,, ™, — N, } satisfies

(62) lim t,, = oo,
m-—00
and that
(63) le ™ (\)| < Clogty,, m=1,2,3,..

Assume that f € C[—1,1] satisfies (28) with I = [—1,1], that I(f;)) ezists, that
do(X) s finite and that w(z) is bounded above in a neighborhood of . Then

(64) Tim QNm(£33) = I(f; ).

Proof. If P € &, _, then

QN (P;2) = ZQm(Ppk () = Z(P Pr)ak(N)

k=0

2'": P,pk)ax() = I(P; ),

since t,, < Np,. Then, if P}, € &, is the polynomial of best approximation to f
in the uniform norm, and if r,, := f — P;,, then as above, for m sufficiently large
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so that [A — 1/tm, A + 1/ty] C [-1,1],
lQmm (f; A) = I(£; )] = 1Qn™ (rm3 A) = I(rm; M)

<le POl + [l [

|z — l
+ ][ w(@)rm(2)
P=z|<1/tm T A
< Clogtmw(fity') + Cillrm log tm
+/ ()f(z) f()\)dgc
A =z|<1/tm

x__

+ / w(x)Pm(x)_Pm(A) d$|
IA=2|<1/tm z=A

]l w(zx) da
A=2|<1/tm = A

<o(1) +o(1) + o(1) + o(1) + o(1),

by the arguments used in the proof of Theorem 3 and the fact that w is bounded
above near A. O

We conclude with an almost trivial theorem that gives necessary and sufficient
conditions for the convergence of a sequence of approximations {QN™ (f;)}_,
It shows that we must choose N,, in such a way that Q.,,(fpx) is small for all k
large enough with & < N,:

THEOREM 8. Assume that for all g € R[-1,1],

Jim Qm(g) =1I(g),

that I(f; ) ezists and that (32) holds. Then, given a sequence {(m, Npm}}5°_; of
pairs of positive integers with

+rm(3)]

lim N, = oo,
m-—00

we have that

Jim Qum(£;0) = 1(f; )
if and only if for every e > 0 we can find a positive integer K such that for all large
enough m,

Nom
(65) Y Qmfor)ae(V)| <€

k=K
Proof. For any fixed J and all m large enough,

Npm [o ]
mr (0 = I(f;0) =Y Qm(fpe)ar(V) Z (f,Pk) k(A
k=0 k=0

K—1
= 3 {Qm(frr) — () Yax(V)
k=0

00 Npm
= Y (Hpe)a(N) + Y @m(fr)ae(N)-
k=K k=K
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Here, as in the proof of Theorem 6, the first term in this last right-hand side is o(1)
as m — oo. Further, given € > 0, we can find a K such that the absolute value of
the second term in this last right-hand side is bounded above by €. Hence for m
large enough,

Nm
Qv (£iN) = I(f;2) = Y Qm(frr)ae (V)| < 2,

k=K
which proves the theorem. O
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