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A Table of Elliptic Integrals: Cubic Cases*
By B. C. Carlson

Abstract. Forty-one integrands that are rational except for the square root of a cubic
polynomial with known real zeros are integrated in terms of R-functions for which For-
tran codes are available. In contrast to conventional tables the interval of integration is
not required to begin or end at a singular point of the integrand. The table contains one
elliptic integral of the first kind, 26 of the second kind, and 14 of the third kind. Only
10 of the integrals are treated in standard tables, which list a large number of special
cases that are unified here.

1. Introduction. Two earlier installments [2], [3] of a new table of elliptic
integrals deal primarily with “quartic cases” in which the integrand is rational
except for the square root of a quartic polynomial with known real zeros. In this
paper we consider “cubic cases” of the form

(1) 7l = o1, pa] = /H<a,+b, Opl2 s

where p;, pe, ps are odd integers, ps is an even integer (omitted if it is zero),
and all quantities are real. Integrands containing complex conjugate factors will
be considered in a later paper. Although a cubic case can usually be calculated
numerically by choosing a; = 1 and b; = 0 for some value of 7 in a suitable quartic
case, it is preferable to have an explicit formula, which is often tedious to obtain in
a uniform notation from the quartic case.

The integral (1.1) is an elliptic integral of the third kind if p4 is even and negative.
Otherwise, it is second kind except for [—1,—1,—1], which is first kind. Many
integrals like

/(O‘C"sz‘“ﬁsm”)’”/zd" and /(a+ﬂ22)m/2(7+5z2)p2/2dz

can be put in the form (1.1) by letting ¢t = sin 6 or t = 22.
The integrals in the table are expressed in terms of four R-functions:

(12) Re(w.und) =3 [ [+a)e+n)(e+ ) ar

(13)  Ry(z,y,2w) / [+ 2)(t +v)(t+ 2)]"V2(t + )~ dt,
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and two special cases,
(14) RC(Z,:I/) = RF(%ZI, y) and RD(N/, Z) = RJ((E, Y, %, 2).

The functions Rr and R; are symmetric in z,y,z; Rr and Rc are homogeneous
of degree —1/2; R; and Rp are homogeneous of degree —3/2; each of the four
functions has the value unity when all its arguments are unity; and Rc and R are
interpreted as Cauchy principal values when the last argument is negative. Fortran
codes for numerical computation of all four functions, including Cauchy principal
values, are listed in the Supplements to [2] and [3]. The functions Rr, Rp, and R;
respectively replace Legendre’s integrals of the first, second, and third kinds, while
Rc includes the inverse circular and inverse hyperbolic functions.

To select integrals that are relatively simple, we arbitrarily require Y |p;| < 7
and ) p; < 3. Apart from permutation of subscripts in (1.1), there are just 40
cases of this kind. The table in Section 2 contains all 40 as well as [-3, -3, 3],
while only 10 of the 41 are included in [4] and nine in [5]. Each of the formulas for
(1,-1,-1], [1,1,-1], [-1,-1,-3], and [-1,—1,—5] unifies 18 formulas in [4], and
that for [1, —1, —3] unifies 36. Moreover, the table in Section 2 does not require the
interval of integration to begin or end at a singular point of the integrand.

Derivation of the formulas is discussed in Section 3. All integral formulas have
been checked by numerical integration, and some details of the checks are given in
Section 4.

2. Table of Cubic Cases. We assume z > y and a; + b;t >0, y < t < z, for
1 =1,2,3. Assumptions about a4 + b4t will be stated where necessary. We define

d,’j _ a; ay

(2.1) dij = aibj — ajbi, iy = bb, ~ b b,

(2.2) Xi = (ai + biz)'/?, Yi = (ai + biy) /%

(2.3) Ui = (XiY;Yi + YiX; X))/ (z — ),

where ¢, 7, k is any permutation of 1,2, 3;

(2.4) W3 = UZ — byd12d;13/d14;

(2.5) QF = (XaYaWo/X1Y1)?:, P} = Q% + bydaadzs/dig;

(2.6) A(pr,...,pn) = XT1 - XEr — Y Y00,
These definitions imply, if P, is chosen positive,

(2.7) Py = (X7 X X3Y] + Y 'YaYaX3)/(z — y),

(2.8) Us =U} —bgdia, U3 =U} —bod1z = U — bydas,

(2.9) W3 = U2 + bidiadsa/d1a = UZ + bid13daa/dis.

If one limit of integration is infinite, (2.3) simplifies to
U; = (bjbk)1/2Yi, T = +00,

Ui = (bjbk)'/2X;, y=—o0,
where the square roots are nonnegative, while

Q3 = (ba/b1)(YaW2/Y1)?, & =400,
Q3 = (ba/b1)(XaW2/X1)?, y = —oo.

(2.10)

(2.11)
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Cubic cases will be expressed in terms of the quantities

(2.12) Ii. = 2Rp(U3,U3,U}),

(2.13) Ine = %d12d13Rp(U3,U3,UT) + 2X1Y1 /Uy,
—2byd;od

(2.14) I, = —— 22 R, (U3,U3,U},W3) + 2Rc(P3, Q3),

3d14
which are integrals of the first, second, and third kinds, respectively. It will be seen
from the tables that

(2.15) Li,=[-1,-1,-1], I=[1,-1,-1], I3 =[1,-1,-1,-2].

Thus I3, reduces to Iy, if a4 = 1 and by = 0. The extra subscript ¢ stands for
“cubic,” and the quantities defined here are obtained from those used in (3] for
quartic cases. Specifically, if we put a4 = 1 and bs = 0 and subsequently replace
the subscript 5 by 4, then (Ug,Uis,U1s) reduces to (Us,U2,U;), (W,P,Q) to
(W3, P2, Q2), and (I, Iz, I3, I3) to (I1c, Ioc, Izc, Iac)-

It is convenient to define also the quantities

Jic = di2d13lic — 2b1A(1,1,1)
= 2d12d13Rp(UZ,UZ,UZ) — 2b1A(1,1,1),

Joc = bolye —2A(1,1,-1)

(2.16)

(2.17) 2d13X,Y;

X3Y3U 1 '

The first of these appears in the formula for [1,1,—1] and is transmitted by recur-
rence relations to a dozen others; likewise, Jy, is transmitted from [1, —1, —3]. The

second line of (2.17) follows from the first with the help of the identity
(z — y) U1 X3YsA(1,1,—1) = X, Yo (X2Y2 — X2Y2) + X1 X3Y1Y3(X7 — V)
= (z — y)(d31X2Y2 + b2 X1 X3Y1Y3).

2
= gbzdlzdlsRD(U& U3, U) +

(2.18)

It is important to use I;. and Js¢, not Ji. or I, to evaluate integrals with Y p; <
—2, which converge when z = +o00 or y = —oo. Both Ji, and Iz, then become
infinite while I;. and Jy, are finite. The second term in the second line of (2.17)
becomes

2d13X2Ye/X3Y3U; = 2d13Y2/b3Y1Y3, T = 400,
2d13X2Y2/X3Y3U1 = —2d13X2/b3X1X3, Yy = —0o0.

If one limit of integration is a branch point of the integrand, then X; or Y; is 0
for some value of ¢ < 3, and one of the two terms on the right-hand side of (2.3)
vanishes. If X;Y; = 0 then P, and Q; are infinite, and the B¢ function in (2.14)
vanishes by homogeneity. If both limits of integration are branch points, the elliptic
integral is called complete, and U;UsUs = 0. It is not assumed that b; # 0 nor
that d;; # 0 unless one of these quantities occurs in a denominator. The relation
dij = 0 is equivalent to proportionality of a; + b;t and a; + b;t.

We shall now list 41 cases of

T
(2.20) [p1,...,pa] = / (a1 + byt)P/2 .- (ag + bat)P*/? dt,
Yy

(2.19)
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18 with py = 0, nine with py = 2 or 4, and 14 with py = —2 or —4. Only the last
14 are integrals of the third kind involving I3.. We omit p4 = 0 in the first 18:

(2.21) [-1,-1,-1] = I4.
(2.22) [1,-1,-1] =I.
(2.23) [1,1,—1] = [(b1das + bed13) 2 — J1c]/3b1b3.
(2.24)  [1,1,1] = [~2b1babs(ri2r13 + r25) I2c + (T12 + r13) J1c + 6A(3,1,1)]/15b;.
(2.25) [1,-1,-3] = (Jac — d12]1c)/d23.
(2.26) [-1,-1,-3] = (bsJ2c — bad13]1c)/d13d23.
(2.27) [1,1,-3] = [2b2]3. — d12]1c — 2A(1,1,—1)]/bs.
(2.28) [3,—1,—1] = [2(b2d13 + bsd12)Iac — J1c]|/3b2bs.
(2.29) [3,1,—1] = [b1babs (3735 + Triaras — 2r33) Iac
—(8r13 + 793)J1c +6A(3,1,1)]/15b3.
(2.30) [3,—1,-3] = [(b1d23 + bad13)I2c — d12d13]1c — 2d13A(1,1, —1)]/bsdas.
(2.31) (3,1, =3] = [(b1d23 + Tbad13)I2c — 4d12d13]1c
+2b1A(1,1,1) — 6d13A(1,1,—1)]/3b3..
(2.32) [1,-3,-3] = [2b3Jac — (bad13 + bad1a)[1c + 2d23A(1, —1,—1)]/d2s.
(2.33) [—1,-3,—3] = [b3(bad13 + b3d12)Jac — 2bgbzdi2d13];,
+2byd13da3A(1, —1, —1)]/d12d13d35.
[-3,-3,-3]
= (bs/d12d13d23){(2/r12713723) (r12713 + 33) Jac
(2.34) —(b1ba/1r93)(r12 + r13)I1c
+(2/r12)[b1r2sA(—1,1,—1) + bar13A(1, -1, -1)]}.
(2.35)  [1,—1,-5] = [=ba(1+ r12/r13)J2c + 2badia]1c — 2d23A(1,1,—3)]/3d3.
(2.36)  [1,1,-5] = [(r15 + 133 )Joc — d1ar33 T1c — 2b3A(1,1, —3)]/3b3.
(2.37) [—1,-1,=5] = [<2(ri3 + g5 )Jac + biba(1 + 2r13/r23) 1c
—2b3A(1,1,-3)]/3d13d23.
(2.38) [5,—1,—1] = [b3b2bs(8r3, + 8715 + Trigriz) I
—4by (r12 +713)J1c + 6b1 A(3,1,1)]/15b2b3.
The next nine integrals have ps = 2 or 4. No restriction is placed on a4 or b4.
(2.39) [~1,-1,-1,2] = (baac — dralic) /by
(2.40) [1,-1,-1,2]) = (bs/3)[(r13 — 734 — 2r94)I2c — J1c/b1b2b3].
(2.41) b1=1,2] = (ba/15b1b3){—b1bsbs [r}2 + ris + r3s + 5raa(riz + ra3)] fac
+(r12 + 714 + 4r34)J1c +6A(3,1,1)}.
(2.42) [-1,-1,-3,2] = (—d3aJ2c + d13d24l1.)/d13d2s.
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(2.43) [1,-1,-3,2] = [(badas — badss)Iac + d12dsalic + 2d3sA(1, 1, —1)]/b3das.
(2.44) (1,1, -3,2] = (bs/3b3)[b2(r13 + ro3 — 6r3s)loc + d12(3r3s — r13)]1c

+(2/b3)A(1,1,1) + 6r34A(1,1,-1)].

[3,—1,—1,2] = (bs/15bgb3){b1babs[87%, + 8125 + Triaria
(2.45) —10r14(r12 + 713)]I2c
—(4r12 + 4r13 — 5r14)J1c + 6A4(3,1,1)}.

(2.46) [—1,—1,—1,4] = (b2/3b1)[—2(r14 + 724 + r34) ]2

+3b172, 11 — J1c/b1baba).

(2.47) [1,—1,—1,4] = (b3/15b1b2b3) {b1b2bs(8r3s + 3r1ar15 — 5riy + 20raar3s) Iz
+2(T14 + 2ro4 + 2"‘34).]10 + 6A(3, 1, 1)}

The final 14 integrals have p; = —2 or —4 and are integrals of the third kind.
We assume either that a4 + b4t is positive on the closed interval of integration or
else, if py = —2, that it changes sign in the open interval of integration. In the
latter case the integral is interpreted as a Cauchy principal value (see [3, Section

6]).

(2.48) [1,-1,—1,-2] = Ia,.

(249)  [-1,-1,-1,-2] = (balsc — b1]1c)/dra.

(2.50)  [1,1,-1, 2] = (d2al3c + b2T2c)/bs.

(251)  [1,1,1,-2] = [3boroadsals. + babs(r1a + roa + r34)Ioc — J1c/b1]/3ba.
(2.52) [1,1,-3,-2] = (d2alsc — Jac + d1211c)/d34.

(2.53)  [1,-1,-3,-2] = (bsdazlzc — b3 Jac + badizI1c)/d23das.

(2.54)  [-1,-1,-3,-2] = [(b3/d14) Isc — (b%/d1adas)Jac + (153 — rig)ic]/dsa.
(2.55)  [3,—1,—1,—2] = (d14lsc + b1 Ioc)/bs.

(2.56) (3,1, =1, 2] = bybarigroalsc + (b1bz/3bs)(2r13 + 2714 + 724)I3¢
—J1c/3b3bas.
3,1,1,—2] = (d14d24d34/b3) I3,
(2.57) +{b1boba[5r14(r14 + o4 +734) — 139 — 125 — 23] 12
—(3r14 + 724 + 734)J1c + 6A(3,1,1)}/15b4.
(258) (L1141 = [baba(ras + raq + raarsa/ria)Iac + (3b2ba/ba) Foc
—(d1adys/dra) 1e — 2A(1, 1,1, —2)]/2bs.

In the next three formulas we use the abbreviation

(2.59) Koe = babslye — 2b4A(1,1,1,—2) = baJa, — 2d3s A(1,1, -1, —2).
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The second equality, showing that K. is finite if z = +00 or y = —o0, follows from
(2.17) and [3, (4.8)].
[1,1,—1,—4] = [b1babsba(r3, — r13723) 3¢ + b1714Kac
— dy2di311c)/2d14d34.

(2.60)

[1,-1,—1,—4] = (1/2bg) (7 — 54 — r34) [c

+ [Kac — (bad12d13/d14)11c]/2d24d34.
[-1,-1,-1,—4] = —(1/2d14) (ri3 + 7124 +734) e
(2.62) + (ba/2d14d24d34) K2oc
+ (b1/d14)*(1 — r12713/2724734) L1c.

3. Derivation of the Formulas. Six of the 41 formulas are obtained by
putting a4 = 1 and by = O (see the remarks following (2.15)) in suitable quar-
tic cases in [3]. Thus [-1,-1,-1], [1,-1,-1], [1,1,-1], [1,-1,-3], [-1,-1,-3],
and [1, 1, —3] come respectively from [-1,-1,-1,-1], [1,-1,-1,-3], [1,1, -1, 5],
[1,-1,-3,-3], [-1,—-1,-3,-3], and [1,1,-3,—3]. Seven more are obtained by
putting a4 = 1 and by = 0 and then replacing a5 by a4 and bs by bs. Thus
[-1,-1,-1,2), [1,-1,-1,-2], [3,-1,—1,-2], [1,1,1,—4], [1,1,—1,—4], [1,—1,
—1,—4], and [-1,—1,—1,—4] come respectively from [-1,-1,-1,-1,2], [1,-1,
-1,-1,-2], [3,-1,-1,-1,-2], [1,1,1,-1,—4], [1,1,—1,—1,—4], [1,-1,—1,
—1,—4], and [-1,—-1,—1, -1, —4]. The formulas are often simplified by using iden-
tities such as [3, (4.6) to (4.9)].

The remaining cases are then obtained by recurrence relations. Let e; denote
an n-tuple with 1 in the sth place and 0’s elsewhere (for example, [p + 2¢;] =
[p1 +2,p2,-..,pn]). From [4, Section 4] we have

(2.61)

(A7) (P1+ - +Pn +2bilp] = D pidjilp — 2¢5] + 2A(p + 2e5),
J#i

(Biy) dij[p] = bj[p + 2€;] — bi[p + 2¢;],

(C'L]) bj[p] = b,'[p—2ei+2ej] +d,‘j[p-—2e,~].

To get [1,1,1] we use (A1) and evaluate [1, —1,1] by interchanging the subscripts 2
and 3 in [1,1, —1]. Equations (2.28) to (2.31) then follow in order from (C12), (C13),
(C13), and (C13). To get [£1,—3,—3] we use (B23) and evaluate [+1,—-3,—1] by
interchanging the subscripts 2 and 3 in [+1,—1,—3]. Then [-3,—3, 3] follows
from putting [g] = [-1,-3,-3] and 7 = 1 in [2, (5.5)] and using [3, (4.8)]. After
[1,—1,-5] has been obtained from (A2) with [p] = [1,—1,-3], Egs. (2.36) and
(2.37) follow respectively from (C23) and (B13). Equation (2.38) comes from (C12).

Equations (2.40) to (2.47) follow in order from (C42), (C43), (C43), (C43), (C43),
(C42), (C41), and (C42). To get (2.49), (2.50), and (2.51), we use (B14), (C24),
and (C34), respectively. Equations (2.52), (2.53), (2.54), (2.56), and (2.57) follow
in order from (B34), (B34), (B34), (C24), and (C14).

4. Numerical Checks. The 41 formulas in Section 2 were checked numerically
when z = 2.0, y = 0.5, a; = 0.1 + 0.2, b; = 0.5 —0.27, 1 <17 < 4. In each formula
the integral on the left side, defined by (2.20), was integrated numerically by the
SLATEC code QNG. On the right-hand side, I;., I2., and I3, were calculated from
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(2.12) to (2.14) by using the codes for R-functions in the Supplements to [2] and

[3]. The remaining calculations, including those of Jic, J2c, and Ko, by (2.16),

(2.17), and (2.59), were done with a hand calculator. For each of the 41 formulas

the values obtained for the two sides agreed to better than one part in a million.
Some of the intermediate values in these calculations are listed here:

UZ = 0.41309998, W2 = 0.38909998,
U2 = 0.40109998, P2 = 0.24016665,
U2 = 0.43709998, Q3% = 0.21616665,
Rc(P2,Q3%) = 2.1128946, I, = 3.0973715,
Rp(U2,U2,U}) = 1.5486858, I = 2.0520132,
Rp(U%,U2,U?) = 3.7353179, I3, = 4.2877248,

R;(UZ,U2,U2,W2) = 3.8709720, J;, = —0.00688951,
Jae = —0.80566308,

A(1,1,1) = 0.16015635, Ko = 0.78110328,
A(1,1,-1) = 0.50543220,

A(1,—1,—1) = 0.481631086, A(3,1,1) = 0.32463223,
A(-1,1,-1) = —0.12403646, A(1,1,1,-2) = 1.3360390,
A(1,1,-3) = 1.2956636, A(1,1,—1,-2) = 2.9189040.
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