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Approximations for Weakly Nonlinear Evolution Equations
By Milan Miklavéi¢

Abstract. Convergence of approximations for a large class of weakly nonlinear parabolic
and hyperbolic equations is proven. The main emphasis is on proving convergence of
finite element and spectral Galerkin approximations of solutions to the weakly nonlinear
wave equation

u/(t) + Au(t) = F(t,u(t),u'(t)), u(0) = 7o, u'(0) = yo,

under minimal assumptions on the linear operator A and on the approximation spaces.
A can be a very general elliptic operator (not just of 2nd order and not necessarily in a
bounded domain); A can also be very singular and degenerate. The results apply also
to systems of equations. Verification of the hypotheses is completely elementary for a
large class of problems.

1. Overview. Approximations of solutions to initial value problems of the form
(1) u(t) + Au(t) = F(t,u),  u(0) = zo,

are studied. The basic results, in rather abstract form, are presented in Section
2. They can be used to prove convergence of finite difference, finite element, spec-
tral, etc., approximations of weakly nonlinear hyperbolic and parabolic equations.
Throughout the paper it is assumed that the nonlinear operator F is Lipschitz
continuous in u, and for this reason, (1) is said to be weakly nonlinear (—A is the
generator of a strongly continuous semigroup). The approach used to prove these
results has origins in works of Kato [17], Trotter [29], Segal [27].

Section 3 contains a version of the results of Section 2 that is suitable for proving
convergence of finite element approximations of solutions to the weakly nonlinear
wave equation

u’(t) + Au(t) = F(t,u(t),u'(t)), u(0) = zo, v'(0) = yo

(Theorem 3.5) and to weakly nonlinear parabolic problems (Theorem 3.3). Theo-
rem 3.5 is new. The main emphasis is on requiring as little as possible on the linear
operator A and on the approximation spaces. A can be a very general elliptic op-
erator (not just of 2nd order and not necessarily in a bounded domain); A can also
be very singular and degenerate.

Theorem 4.2 of Section 4 is perhaps the most interesting new result. It is a
consequence of Theorem 3.5 and of the remarkable fact that sectorial operators
have Friedrichs extensions. By using the Friedrichs extension one can bypass the
“energy space” that is used in variational methods and this makes it possible to
state the assumptions of Theorem 4.2 in a form that can be verified in a completely
elementary way for a very general wave equation.
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2. Basic Results. The following collection of hypotheses will be often used:

H1: X, X;, Xa,... are Banach spaces; either all of them are real or all of them
are complex vector spaces; all norms will be denoted by || - ||

H2: P, € #Z(X,Xy), p € [0,00) are such that |P,z|| < pl|lz| forz € X, n > 1.

H3: Qn € #(Xn,X), q € [0,00) are such that ||Qnz]|| < g||z|| for z € X,,, n > 1.

H4: P,Qpur=zforze X,,n>1.

H5: A, € Z(X,), En(t) = exp(—Ant), M € [0,00), a € R are such that

|En(t)]| < Me™® fort>0, n>1.

H6: A is a densely defined linear operator in X.
H7: )\g € (—00,a) is such that Ag is in the resolvent set of A, and for every z in
a dense subset of X we have that

Jim_[[Qn(An = X0) ™ Paz = (4 = do)~'al| = 0.

If Y and Z are Banach spaces, then Z (Y, Z) denotes the collection of all bounded
linear operators with domain Y and range in Z; Z(Y) = #(Y,Y). Note that A is
closed by H7. The assumption that the domain of A is dense can be a consequence
of other assumptions [18].

Theorems similar to the following one can be found in [29], [17], [19], [10], [25],
and they can be used to prove convergence of many different types of numerical ap-
proximations. In the proof of the theorem, ideas of Kato and Trotter are used [17,
pp. 504-505]. The assumption that the A, are bounded is not needed in the follow-
ing theorem; however, it is needed in all subsequent theorems. For discretization
in time, see [15], [4], [17], [29], [25].

2.1. THEOREM. Assume H1 through H7. Then, —A 1s the generator of a
strongly continuous semigroup E(t), t > 0, and

(a) |E()|l < pgMe™2* for t > 0;

(b) limp— o0 ||@n(An—A) "1 Prz—(A~A)"1z|| = 0 for every z € X, A € (—00,a);

(¢) limp o0 SUP; >0 € ||QnEn(t) Poz — E(t)z|| = 0 for every z € X, b € (-0, a).

Proof. Abbreviate R,(A) = (An — )71, R(A) = (A — A)~!. H5 implies [25, p.
20]

(1) |Rn(A)™|| < M(a—A)™™ forA<a, m>1 n>1

This implies that lim,— o0 @nRBn(Ao) Pnz = R(Ag)z for every z in X.
If A <a, A € p(A) (= resolvent set of A), then for all n > 1 we have that

Qan(’\)Pn - R(’\)
= (1 + (’\ - ’\O)Qan(’\)Pn)(Qan(’\O)Pn - R(’\O))(A - ’\O)R(’\);

therefore,

(2) if A€ (~o0,a)Np(A) then nli’xgo QnRp(A)Prz=R(ANz forz € X.
(2) and (1) imply that

(3) if A € (—o00,a) N p(A) then |R(N\)|| < pgM(a— )",
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If u € (—00,a) and u ¢ p(A), then ||R(A)|| should approach +oo0 as A goes from
Ao to u; however, by (3) this is not possible. Therefore, (—o0,a) C p(A) and (2)
implies (b).

Induction on m gives

lim_ [|QuRa(N)™Paz — RA)™z| =0 forz€X, m>1, A<a.
This and (1) imply that
[RN™|| <pgM(a—A)~™ for A<a, m2>1.
Therefore, there exists a strongly continuous semigroup E(t), t > 0, whose genera-
tor is —A; moreover, the bound in (a) of the theorem holds [25, p. 20].

To complete the proof, we have to show (c). This will be done in the following

series of steps. Choose A < a, b < a, z € X. Since
% (£ = 5)Ba(A\)PaE(s)R(\)T = En(t — 8)Pa(R(N) — QnRn(N)Pa)E(s)z,

we have that
| QnRn(A)(PRE(t) — En(t)P)R(N)z||
/ eb(t_s)QnEn (t - S)Pn(R(’\) - Qan(,\)Pn)eb"E(s):cds
0

oo
<paM [ I(RO) - QuRa(W)P)eb* E(s)a] s
and the dominated convergence theorem (DCT) implies that
(4) lim_supe”||QnRn(A)(PaE(t) — En(t)Pa)R(A)a]| = 0.
n—00 >0

Note that )
e (QnRr(A\)P.E(t) — E()R()))R(\)z
= (QnRn(A)Pn — R(\))e"E() R(N)z
= (QnBRn(A) P — R(A))R(N)z
+ /0 (QnRn(M) P, — R(\))ePE(s)(b— A)R(N)z ds.
Hence, the DCT and (4) imply that
(5) Jim sup e ||(E(t)R(A) — QuRn(A)En(t) P.)R(N)z| = 0.

Since
QnRn(A)En(t)PaR(N)Z — QuEn(t)PaR(N)*z
= QnEn(t)Pn(QnRn(A)Pn — R(A))R(A)z,
we see that (5) implies

lim sup e®||(E(t) — QnEn(t)P,)R(N)3z|| = 0.

n—00 >0

We are done because the range of R(A)? is equal to & (A?%), which is dense in X
[25,p. 6]. O
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2.2. THEOREM. Let E(t), t > 0, be a strongly continuous semigroup on a
Banach space X, and let —A be its generator. Suppose T € (0,00), F: [0,T]x X —
X 1is continuous and that for some L € [0,00) we have that

IF(t,z) - Ft, )l < Lllz—yll forte[0,T], z€X, yeX.

Then, for every y € X there exists a unique z € C([0,T), X) such that

(1) z(t) = E(t)y + /Ot E(t — s)F(s,z(s))ds forte[0,T);

moreover, if A € B (X), then this x is the unique element of C*([0,T], X) which
satisfies
(2) z(0)=y and 2'(t)+ Az(t) = F(t,z(t)) forte€[0,T).

The function z € C([0,T], X) which satisfies (1) is said to be a mild solution
of (2). Existence and uniqueness of a mild solution follows from the fixed point
theorem; see for example [25, p. 184] or [27]. Under various additional assumptions
(25], [17], [14], [11], [23] one can show that the mild solution actually satisfies (2);
in particular, when A € % (X), this can be easily shown. For a connection between
mild solutions and weak solutions, see [2]. Local versions of the theorem can be
found in [10], [25], and they lead, as in [24], to local versions of the following
theorem. See also [3].

2.3. THEOREM. Assume H1 through H7. Let E(t), t
continuous semigroup whose generator is —A. Suppose T € (0
X 1s continuous and that for some L € [0,00) we have that

IF(t,z) - F(t,9)ll < Lllz —yl| fort€[0,T], z€ X, ye X.

Choose any y € X. Then, for each n > 1 there ezists a unique T, € C1([0,T), X»)
such that

1,(0) = Py and z,(t) + Apza(t) = PnF(t, Qnzn(t)) fort€[0,T].

Moreover,

be the strongly

>0,
,00), F: [0,T]x X —

li su t) — t)|| =0,
Jim sup Jz(t) = Quza(0)]

where ¢ € C([0,T),X) satisfies

z(t) = E(t)y + /ot E(t — s)F(s,z(s))ds forte[0,T).

Proof. Existence and uniqueness of z., is given in Theorem 2.2, which also implies
that for t € [0,T], n > 1, we have that

@nZn(t) = QnEn ny+/ QnEn(t — s)PoF(s,Qnzn(s))ds
This implies that for t € [0,T], n > 1, we have that
z(t) — Qnuzn(t) = E(t)y — QuEn(t)Pny

+/( (t = ) — QuEn(t — 5)Pa)F(s,2(s)) ds
+ /0 QuEn(t - 8)Pa(F(5,2(5)) — F(5,Qnn(5)) ds.
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Define

ra(t) = |2(t) — Qnzn(t)ll,
€n = SUD ”E(t)y — QnEn(t)Pryll, C =pgM(1+ e—aT)’
0<t<T

dn(s) = sup_[[(E(®) = QuEn(t)Pr)F(s,2()] < 2C|F(s,2(s)|

and note that lim,, o €, = 0 by Theorem 2.1, lim,,_, oo foT dn(s) ds = 0 by Theorem
2.1 and the DCT. Since

T t
rn(t) < €n +/ dn(s)ds +LC/ rn(s)ds fort € (0,T], n>1,
0 0

Gronwall’s lemma implies that for t € [0, T], n > 1, we have that

rat) < (e,, + / " an(s) ds) Lot
0

This completes the proof. O

3. Applications to Variational Problems. In this section a linear operator
A will be obtained from the variational theory, and the results of Section 2 will
then be applied to approximate solutions of the corresponding “parabolic” problem
(uw'+Au = F(-,u)) and of the corresponding “wave” equation (u”+Au = F(-,u,u’)).
The following assumptions appear in the linear variational theory [1], (7], [8], [9],
[17], [21], [24].

V1: # is a complex Hilbert space with inner product (-, -) and the corresponding
norm || - ||

V2: # is a dense subspace of /#; moreover, ] is a Hilbert space with inner
product [-,-] and norm | - |. There exists M; € (0, 00) such that

llz|| £ My|z| for all z € #.
V3: §: A x 7 — C is a sesquilinear form, and there exist My, M3 in (0, 00)
and a € R such that
l&(zay)l < M2|xl|y| for T,y € %7
Re(F(z,z)) > Ms|z|? + a||z||? for z € A.

Proof of the following representation theorem (or its equivalent) can be found in
many places; see, for example, [24], [17, p. 322].

3.1. THEOREM. Assume V1, V2, V3. Then, there exists a closed densely
defined linear operator A in Z with the following additional properties:
(1) if \€R and A < a + MaM[ %, then ) is in the resolvent set of A and

(A=) < 1/(a+ MsM[? - ));

(2) D(A) Cc A, D(A) is dense (in the | - | norm) in #, and if z € Z,
€ €[0,M3), X € (—o0,a + eM[?], then

I(A—X)"g] < ||z (M3 — &)™ (a + Mg M7 % — \)74/%
(3) F (z,y) = (Az,y) for allz € D (A), y € #A;
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(4) M3|Im((Az,z))| < M2 Re((Az — az,z)) for z € D (A);

(5) z € D (A) if and only if x € # and there exists z € & such that F(z,y) =
(2,9) for all y € 7;

(6) if w € Z and A € (—o0,a + MaM; %), then there exists a unique x € Z
such that §(z,y) = (A\z + w,y) for all y € #; moreover, z = (A — X)) lw.

Observe that (1) and (4) of the above theorem imply that —A is the generator
of an analytic semigroup [17, p. 492] and

lle=4|| < exp(—(a + MsM;?)t) fort > 0.

A can be considered as a generalized “elliptic” operator [21], [31]. In order to ap-
proximate solutions of “elliptic” problems, one usually makes at least the following
additional assumption:

V4: Let 71, 75, ... be finite-dimensional subspaces of /# such that

lim inf |y—2z/=0
ni.oo,}en%w 2|

for all y in a dense (in the |- | norm) subset of 7.

3.2. THEOREM. Assume V1, V2, V3, V4. Choose any w € Z and X €
(—o00,a+ M3M1_2). Then, for each n > 1 there exists a unique T, € % such that

F(zn,2) = (Azp +w,2) for all z € Z,,.
Moreover, if z € Z s such that F(z,y) = (Az + w,y) for all y € 7, then

lim |z, —z|=0.
n—oo

This is the often used result of Lax, Milgram and Cea (7, p. 104], [8, p. 327], [24].
Note that very general elliptic problems can be formulated so that the assumptions
V1, V2, V3, V4 are satisfied—this includes problems in unbounded domains, very
singular and degenerate problems; see, for example, [1], [6], [7], [21], [24], [26]. The
following theorem shows that the convergence of approximations of solutions of
the corresponding weakly nonlinear “parabolic” problem follows immediately from
these assumptions and from Theorem 2.3. This result has, in effect, been obtained
in [24] by a completely different proof. Many similar results have been obtained, for
example (8], [9], [11], [12], [13], [16], [22], [28], under different conditions (typically,
A is selfadjoint with compact resolvent, or simply A = —A in a bounded domain
with nice boundary); however, in these works the emphasis is on different topics
(attractors in [11], [12], nonlinearity in [12], [13], [24], convergence rates in [13],
[16], [28]) or on different types of problems [8], [9], [22].

3.3. THEOREM. Assume V1, V2, V3, V4. Suppose T € (0,00), F: [0,T] x
A — X is continuous and that for some L € [0,00) we have that

IF@ z) - F(t,y)|l < Lllz—yll fort€[0,T], z€Z, yeZ.
Choose any y € Z. Then, for each n > 1 there exists a unique u, € C1([0,T], %)
such that for all z € 7, we have (un(0),2) = (y,2) and

d—dt-(un(t),z) + 3(un(), 2) = (F(t,un(t)),2) for t € [0,T).
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Moreover,

lim su u(t) — un(t)|| =0,
Jim, sup [u(t) ~ un 0]

where u € C([0,T),7Z) satisfies (A is as in Theorem 3.1)
t
u(t) = e Aty +/ e~ At F (s, u(s))ds forte[0,T).
0

Proof. Let X, = 7, be equipped with the norm || - || (inherent to #Z). Let P,
be the orthogonal (in #) projections of /Z onto X, and let @, be the identity
maps from X, to X = #Z. Hence H1, H2, H3, H4, H6 are satisfied.

If we apply Theorem 3.1 where both # and # in V1, V2, V3 are replaced by
74, and if we denote the corresponding linear operator by A, then (1) implies

|| exp(=Ant)|| < exp(—(a + MaM[?)t) fort >0, n>1,

‘hence H5 is satisfied. If w € X, A € (—o0,a + M3M1"2), and if z, z, are as in
Theorem 3.2, then (6) of Theorem 3.1 implies that

Tn=(An =N 1Pow=Qn(An = N 'Pyw, z=(A4-))"tw,

and hence Theorem 3.2 implies that H7 is satisfied.
Therefore, the assumptions H1 through H7 are satisfied and hence Theorem 2.3
and (3) of Theorem 3.1 imply the assertions of this theorem. 0O

One has to make additional assumptions when studying the wave equation. The
following assumption is, in effect, used in [31, pp. 427-430].
V5: Assume V1, V2, V3 and that for some b € [0, 00) we have that

|Re(F(z,y) — F(y,2))| < b(lz” + lyll*)

for all z, y in a dense (in the | - | norm) subset of /.
It is not hard to see that V5 implies (and is implied by)

I§(z,y) — F(y,z)| < 2b|z|||y|| for all z,y in 2.

3.4. LEMMA. Assume V1, V2, V3, V5 and let A be as given by Theorem 3.1.
Let X = x Z; X is a Hilbert space with inner product

({zay}a {z,w}) = [I’ 2] + (y, w).
Define B: Z(B) — X by D(B) = {{z,y} € X|z € D (A),y € #},
B{a:,y} = {'_y) Az} fOT {I)y} € gr(B)a

and let ¢ = (b + |a|M1)/(2M3'?), M = (max{1, M, + |a|M?}/ min{1, M3})*/2.
Then, B is a closed, densely defined linear operator in X; moreover, if A € R
and |A| > ¢, then —A? < a + M3M1"2, A 1s in the resolvent set of B, and

I(B=A)"I<M(Al-¢)™ form=1,23,....
Furthermore, if {f, g} € X and {z,y} = (B —A)"{/,g), then
g=(A+X)"g-Af), y=-x-/

Proof. Let us first introduce a new inner product (-, -)pew in X by

({z,y}, {2, W})new = §(z, 2) + F(2,z) — 2a(z, 2) + 2(y, w)
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Proof of Theorem 3.5. Let X, = 7, X Z5: X, is a Hilbert space with inner

product
({=z,y},{z,w}) = [z,2] + (y, w).
Let this also be the inner product on the Hilbert space X = 7 x Z.

Let P, be the orthogonal (in /7 ) projection of /] onto 7.

Let P! be the orthogonal (in /&) projection of Z onto 7.

Define P, € # (X, Xn) by Pn.{z,y} = {P,z,P)y} and note that P, is the
orthogonal projection of X onto X,.

Let @, be the identity map from X, to X.

Let B, ¢, M be as in Lemma 3.4 and note that B is densely defined.

Let us replace both # and # by 7;, in V1, V2, V3, V5 (the same a, b, M;, My,
M3 will do). Denote by A,, the corresponding operator given by Theorem 3.1 and
let B,, be the corresponding operator given in Lemma 3.4. If m > 1, A < —¢, then
|(Bn, — A)™™|| < M(—c — A\)~™, hence, || exp(—Byt)|| < Mect for t > 0. Choose
A< —¢,{f,g} € X;let

{znayn}=(Bn_’\)_an{fyg}y {z,y} =(B_)‘)_l{fag}

and note
|20 — 2| = |(An + A2) 7Y (Plg = APL) = (A+A2)7 (g = Af)]
1 < |(An +A%)71Plg — (A+ %)Yy
(2) | +M(An + AP f = (A+ 2271
(3) + (A + A2) "N (PLf = PLS),

lyn = yll = Iz — 2n) + f = Pofll < My|Mz — 2n)| + M| f — P, f].

The terms (1) and (2) converge to 0 as n — oo by Theorem 3.2 (the same argument
as in the proof of Theorem 3.3). The assertion (2) of Theorem 3.1 implies that there
exists ¢; € (0, 00) which depends only on A, a, M7, M3 such that

(A + 22X (PLf = PLD| < IPLf = P fller < (1PLS = F 4+ 1S = P2 fles
< 2P f = fllex £ 2|P,f = fIMacy.

Assumption V4 implies lim, o |P.f — f| = 0, and hence (3) converges to 0 as
n — 0o. Therefore,

lim |z, —z| =0, lim ||y, —yl| = 0.
n—oo n—oo

Therefore, H1 through H7 are satisfied (with B,, B in place of A,, A). Theorem
2.3 implies that there exist unique {un,v,} € C1([0,T], X,) such that
un(t) —v,(t) =0 forte(0,T),
v (t) + Apun(t) = P F(t,un(t),va(t)) forte[0,T),
Un (0) = P,,l:l?o, Un (0) = P,’:yo.

Moreover,

(4) lim sup (lu(t) = un(®)] + lv(t) = va()I)) = O,
n—00 0<t<T
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Choose any to € #. Then, for eachn > 1 there exists a unique u, € C*([0,T), %)
such that for all z € 7;, we have (un(0),2) = (2o, 2) and

9 (un(t),2) + (Sun(0), 2) = (Flt,un(t)),2) for t 10,7,

Moreover, there exists u € C([0,T),#) such that

lim sup ||u(t) —un(t)|| =0;
Jim, sup [u(t) = un ()]

furthermore, this u is the unique element of C([0,T],#) which satisfies
t
u(t) = e~ Atz +/ e~ A= F(s,u(s))ds forte[0,T].
0

This follows immediately from Theorem 3.3 and the preceding discussion. A
similar result can be found in [24]. Observe how easily the assumptions can be
verified. Translation of Theorem 3.2 is left to the reader; or, see [24].

The following hypothesis is obviously the appropriate modification of V5:

S4: Assume S1, S2, S3 and that there exists b € [0, 00) such that

|Re((Sz,9) = (2,5y))] < b(zl” + |lyl|*) for z,y in D (S).
Recall that if z € Z(S) then |z| is evaluated as follows:
|z|2 = Re((Sz,2)) + (1 +7)||z||> for z € Z(9).

In the following theorem an adaptation of Theorem 3.5 is presented; the assump-
tion on the nonlinearity of F' looks complicated on account of the fact that F is
defined only on [0,T] x Z(S) x Z (S)—other formulations are possible.

4.2. THEOREM. Assume S1, S2, S3, S4. Suppose also that T € (0,00) and
that F: [0,T] x D (S) x D (S) — & is such that for some L € [0,00) we have

|F(t,z,y) = Ft,z,w)|| < L(|lz — 2| + [y —wl|) fort€[0,T], z,y,2,w € Z(S),
and that for each t € [0,T], € € (0,00), p € (0,00) there exists 6 € (0,00) such

that ||F(t,z,y) — F(s,z,y)|| < € whenever s € [0,T], |t —s| < 8, z, y € Z(95),

|z| + ||ly|l < p. Choose any zo € 7, yo € #Z .

Then, for each n > 1 there exists a unique u, € C2([0,T),7,) such that for all
2z € 7y, we have

(un(t), 2) + (Sun(t), 2) = (F(t, un(t), un(t)),2) fort€[0,T],
(u;(O), Z) = (yOa z)a [un(O), z] = [:130, Z].
Moreover, there exists u € C([0,T),#) N C([0,T),#Z) such that
lim sup (Ju(t) — ua(t)| + lu'(¢) — un(®)I) =0,
n—00 0<t<T
u(0) = zo, u'(0) = yo.
Proof. The Lipschitz condition and the fact that Z(S) is dense in both /# and
# allows us to define, by continuity, the extension of F on [0,T] X # x #. One

can easily see that the extension is a continuous mapping of [0,T] x # x # into
Z, and that it satisfies the Lipschitz condition; hence, Theorem 3.5 applies. O
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where {u,v} € C([0,T], X) satisfies

{u(),v(t)} = e B {zo,y0} +/0 e~ B(E=9){0, F(s,u(s),v(s))}ds forte[0,T].
Since .
Un(t) = un(0) +/0 vn(s)ds,

the limit relation (4) implies

u(t) = u(0) + /t v(s) ds,
0

and therefore u € C1([0,T), #Z).
To see that u is also a weak solution, pick z € # and note that

(un(t), Pr2) — (un(0), Pr2) / ((F(8,un(8),upn(s)), Prz) — §(un(s), Pr2)) ds
for t € [0,T], n > 1. Using (4) again completes the proof. O

4. Spectral Galerkin Approximations. Throughout this section it will be
assumed that

S1: # is a complex Hilbert space with inner product (-, ) and the corresponding
norm || - ||.

S2: o, € Z for n > 1; let Z;, denote the collection of all linear combinations of
©1,...,Pn and assume that |J;2, 7 is dense in #Z.

83: S: 2(S)=U2, % — Z is a linear operator such that for some r € R and
some v € (0,00) we have that

4| Im((Sz,z))| < Re((Sz,z)) +r||z||*> for all z € Z(S).

It is well known [24], [26], [17, p. 325] that there exist a subspace /# of #, an
inner product [-,-] on # and a sesquilinear form § on /] such that the assumptions
V1, V2, V3 of Section 2 are satisfied and that also the following holds:

(a) Z(8) is dense (in the | - | norm) subspace of #;

(b) [z,y] = ((Sz,y) + (2, Sy))/2 + (1 + r)(z,y) for z, y in F(S);

(¢) §(z,y) = (Sz,y) for z, y in Z(S).
The operator A given by Theorem 3.1 is an extension of S and is called the
Friedrichs extension of S [17, p. 325]. Observe that (a) implies V4.

This enables us to simply replace assumptions V1, V2, V3, V4 in Theorems 3.2,
3.3, 3.5 by assumptions S1, S2, S3. While it is usually not difficult in applications
to verify V1, V2, V3, V4, it is clear that verification of S1, S2, S3 is completely
elementary (with the possible exception of S2). The price one has to pay for this
simplification is: pn, € Z(S) C Y(A), Zn C Zp41. Thus, this approach is
not suitable for the usual finite element approximations; however, it is ideal when
polynomial (or other smooth functions) are used as basis functions.

4.1. THEOREM. Assume S1, S2, S3. Suppose T € (0,00), F: [0,T|x# — #
is continuous and that for some L € [0,00) we have that

IF(t,2) - Ft,y)ll < Ll -yl forte[0,T),ce#, ye#.



APPROXIMATIONS FOR WEAKLY NONLINEAR EVOLUTION EQUATIONS 481

Choose any zo € # . Then, for each n > 1 there exists a unique u, € C1([0,T), 75)
such that for all z € 7, we have (un(0),2) = (2o,2) and

gt-(un(t),z) + (Sun(?),2) = (F(t, un(t)),2) for t € [0,T].

Moreover, there ezists u € C([0,T],#Z) such that

lim su u(t) — un(t)|| = 0;
Jim, sup [u(t) = un (0]

furthermore, this u is the unique element of C([0,T],#) which satisfies
t
u(t) = etz +/ e~ A=) F(s,u(s))ds fort € [0,T).
0

This follows immediately from Theorem 3.3 and the preceding discussion. A
similar result can be found in [24]. Observe how easily the assumptions can be
verified. Translation of Theorem 3.2 is left to the reader; or, see [24].

The following hypothesis is obviously the appropriate modification of V5:

S4: Assume S1, S2, S3 and that there exists b € [0, 00) such that

|Re((Sz,y) = (z,Sy))| < b(lz]* + |lyl*) for z,y in D(S).
Recall that if z € Z(S) then |z| is evaluated as follows:
|z|2 = Re((Sz,z)) + (1 +7)||z]|?> for z € Z(9).

In the following theorem an adaptation of Theorem 3.5 is presented; the assump-
tion on the nonlinearity of F' looks complicated on account of the fact that F is
defined only on [0,T] x & (S) x & (S)—other formulations are possible.

4.2. THEOREM. Assume S1, S2, S3, S4. Suppose also that T € (0,00) and
that F: [0,T] x Z(S) x D (S) — # 1is such that for some L € [0,00) we have

|F(t,z,y) — Ft,z,w)|| < L(lz — 2| + |ly —w|) fort€[0,T], z,y,2,w € Z(S),
and that for each t € [0,T], € € (0,00), p € (0,00) there exists § € (0,00) such
that ||F(t,z,y) — F(s,z,y)|| < € whenever s € [0,T], |t —s| < 8, z, y € Z(9),
|z| + |lyll < p. Choose any zo € 4, yo € # .

Then, for each n > 1 there exists a unique u, € C?([0,T),Z,) such that for all
2 € 7y, we have

(un(t),2) + (Sun(t), 2) = (F(t,un(t),u,(t)),z) fortel0,T],
(un(0),2) = (¥0, 2),  [un(0),2] = [z0, 2]
Moreover, there exists u € C([0,T), ) NC([0,T],#Z) such that

lim sup (u(t) — un(t)] + |lu'(t) — up ()I)) =0,
n—=00 0<Lt<T

u(0) = zo, u'(0) = yo.
Proof. The Lipschitz condition and the fact that & (S) is dense in both /# and
# allows us to define, by continuity, the extension of F on [0,T] X # X #. One

can easily see that the extension is a continuous mapping of [0,T] x # x # into
A, and that it satisfies the Lipschitz condition; hence, Theorem 3.5 applies. O
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Verification of the hypotheses is completely elementary, except for the following
possible complications: it is required that zo € # and that one should be able to
calculate [zg, z]. Determining whether or not zo belongs to # can be relatively
difficult. The problems disappear when zo € & (S) (the formula for [-, ] is given at
the beginning of this section). In particular, this happens if the original problem is
formulated so that zo = 0 (thus u,(0) = 0). For z in #, one may calculate [z, 2]
as follows. It can be shown (Z(A) = & (A*) when S1, S2, S3, S4 hold) that there
exists Sy : Z(S) — & such that

(Sz,y) = (z,S1y) for all z,y in Z(8S),

and in applications S; can usually be determined by integration by parts. This
implies that if o € 71, z € Z(S), then

[z0,2] = (%0, (1/2)(Sz+ S12) + (1 +1)2).

In a subsequent publication we show that, if the assumptions on F' are strengthened
slightly, then one can allow any zo € #, and in this case u,(0) can be determined
simply by: (un(0),2) = (zo,2) for all z € Z;,.

We now give an application of Theorem 4.2 to the following problem:

ugs = (P1uz)z + Poug + p3u+sin|u| forz€R, t >0,
u(z,0) =0, ut(2,0) = vo(z) for z € R,

where vp € L%(R) and p; = p;(z) satisfy

(1) p1 € CH(R), pi(z) € [0,00) for z € R, p is bounded;
(2) p2 is a complex-valued measurable function such that for some ¢ < co

|p2(2))? < epi(z) for z €R;
(3) ps € L?(R) is real-valued and bounded from above.

Observe that p; can vanish on an interval, ps can be singular, p; and p, may
not be bounded, vy does not have to be smooth. The problem looks abstruse,
and it is not at all clear that it makes sense. However, if one chooses the basis
functions to be p,(z) = 2"~ exp(—z?), n > 1, then it is clear that the Galerkin
approximations are computable. An elementary calculation will show that the
assumptions of Theorem 4.2 can be satisfied, and this will give us that the Galerkin
approximations converge to a generalized solution. Clearly, S1, S2 are satisfied,
with Z = L?(R). Let Z(S) be as given in S3 and observe that u € Z(S) if and
only if u(z) = q(z) exp(—z?) for some polynomial gq. Define

Su = —(p1ug)z — psu for u € Z(8S).
Since for u € Z(S) we have

()= [ " n@la() dz - [ " pa(@u(@)P dz > —rlul?,

- —o0
where r = sup, p3(z), we see that S3 holds. Since (Su,v) = (u, Sv) for u, v in
Z(S), we have S4. The mapping F: [0,00) x Z(S) x Z(S) — A should be given
by

F(t,u,v) = paug + sin |v].
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Observe that for u, v, f, g in Z(S) we have
I1F(tu,v) = F(¢, £,9)ll < llp2(uz — fo)ll + llv - gll,

and since
[o o]

Ip2(usz — f2)I? < ¢ / P1(2)|ta(z) — fo(@)|? dz

—00

<e(S(u~fu—f)+erllu=fI? <clu-fP?,

we see that all assumptions of Theorem 4.2 are satisfied (for any T € (0, 00)).

It is clear that the nonlinearity of F' does not have to be “local”—singular non-
linear integral operators could be added to the equation. Much worse singularities
could be allowed if weighted L2(R) would be used [6]. Theorem 4.2 obviously
applies also to systems.

An L2 space is often the obvious appropriate choice for #; however, for “nice”
problems one can often choose a Sobolev space for #, and thus approximations
that converge in the Sobolev space are obtained. [5] may be helpful for verifying
S2 in such cases.
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