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EVALUATION OF MULTIVARIATE POLYNOMIALS
AND THEIR DERIVATIVES

J. CARNICER AND M. GASCA

ABSTRACT. An extension of Horner’s algorithm to the evaluation of m-variate
polynomials and their derivatives is obtained. The schemes of computation are
represented by trees because this type of graph describes exactly in which order
the computations must be done. Some examples of algorithms for one and two
variables are given.

1. INTRODUCTION

It is well known that Horner’s algorithm for evaluation of univariate poly-
nomials and their derivatives is based upon the nested reformulation of the
polynomial. Our aim is to extend this idea to multivariate polynomials.

Let K[X] be the ring of m-variate polynomials on a field K, and P be the
set of polynomials of exact total degree 1.

Consider p € K[X], written in the form

n
(1.1) p=a+y fp,,

1=1
where n€ Ny:=NU{0}, ae K, f,eP,and p,e K[X], i=1,...,n. As
usual, empty sums are 0.

Obviously this representation is not unique. We will restrict our attention to
the most interesting case where p, (i=1,2,...,n) are of lower degree than
p . Observe that this need not always be true because, for example, one could
write R 5

2x=14+x-2x " +x)+(-2x—-1)-(x" +1).
For any linear form L on K[X] one has

n
(1.2) L(p)=aL(1)+) L(fp,),

=1
and sometimes L(f,p,) can be easily computed from L(f,) and L(p,). In this
case it is possible to construct an algorithm to compute L(p) recursively. That
happens, for example, when L is

(1.3) L(p):=pu), ue kK™,

Received April 26, 1988; revised January 6, 1989.

1980 Mathematics Subject Classification (1985 Revision). Primary 65D15, 68R10, 05C05.
Key words and phrases. Evaluation, multivariate polynomials, derivatives.

Both authors were partially supported by C.I.C.Y.T.

© 1990 American Mathematical Society
0025-5718/90 $1.00 + $.25 per page

231



232 J. CARNICER AND M. GASCA

since L(f;p;) = L(f;)-L(p;). As we shall see, Leibniz’s rule for derivatives leads
to a similar situation when L is the evaluation of a derivative.

2. MULTIVARIATE POLYNOMIALS AND TREES

Since the form (1.1) of writing polynomials can be graphically described by
trees, we recall some related definitions (see [1, 4]).

Definition 2.1. Let / be a nonempty finite set and ¢ a binary relation in 1.
The ordered pair (I, o) is called a directed (labelled) graph, and the elements
of I are called labels.

Definition 2.2. Two directed (labelled) graphs (I, o) and (I', ') are isomor-
phic if there is a bijection ¢:I — I' such that

(2.1) (p(x), o) €0’ & (x,p)€0.
We consider two isomorphic directed graphs as identical.

A directed graph is said to be connected when it cannot be obtained as the
union of two disjoint graphs.

Definition 2.3. An oriented tree is a connected directed graph with a label r € I,
which is called the root of the tree, such that

(1) for each y € I'\ {r}, there exists a unique x € [ with (y,x)€ o (x
is called the successor to y, and y a predecessor of x),
(2) thereisno x € such that (r,x)€o.

The elements of I which have no predecessor are called initial elements.
Remark 2.4. In the following, we will say only the words “graph” and “tree”
instead of “directed graph” and “oriented tree”.

As a consequence, an ordering is established in I, saying that x < y if
and only if there exist (unique) z,, z,, ..., z; such that (x, z,), (z,, z,), ...,
(z ) y) belong to o . Roughly speaking, y lies on the unique “path” from x
to the root.

Let us consider now the set of all multi-indices U, ., N ¥ We write 0 for the
empty multi-index 0 = () ; then one has N’ = {0} and N* = (G, il €

N, j=1,...,k} forall k > 1. If ieNk,wesaythatthelengthof iis
[(i) =k, and thus /(0)=0.

oy . . . . . . . . k
Definition 2.5. Let i = (i, i,, ..., ’1(1)) s J= (s Jysnns j,m) € UkzoN be
multi-indices. We define the juxtaposition of i and j by

(2.2) ji=(I, 0y .ens 1[(,),11,]2,...,11(1))6 UN .
k>0

Remark 2.6. In particular, we have for the empty multi-index 0,

10=0i=1i Vi.
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Given any tree, let us take now as the set of its labels a finite set of multi-
indices

(2.3) Ic|n~
k>0

of the following form. The root must be 0, and every label is taken so that if
P=(l, 0, i,(,)) is a label with n; predecessors, these are the labels i1 =
({5 0y, e,y i,(,.), 1), i2=(>,1,..., i,(,), 2), i =(, 0, ..., il(i)’ n;).
In the case of the root 0, the predecessors are 1 = (1), 2=(2), ..., n, = (n,).

An example of a tree and its labelling is shown in Figure 2.1, where we draw
the root at the bottom.

e (21,1)
(e (12) ® (2,1 @ e (22)
(1) e (2) ® e (3)
0
FIGURE 2.1

Given a (labelled) tree (/, o) and two mappings

(2.4) =K
i—a,,
c— P,
(2 (i) 1,
we associate to each label i a polynomial p,,
nl
(2.6) pi=a;+Y fip Py
h=1

where 7, is the cardinality of the set of predecessors of i. That is, p, = a,
if i is an initial label and p;, = a, + ZZ‘:I S+ p;, otherwise. In particular,
Py =ay+ ZZOZI J, - p,, for the root of the tree.
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Since we have defined an ordering in I, formula (2.6) gives a recursive way
to get the polynomial

2.7 =20t S,
iel
where, as usual, the empty product is 1.

Figure 2.2 shows the tree of Figure 2.1 equipped with the two mappings of
formulae (2.4) and (2.5).

o
1y

® ax
fain
[ ]
a,® a;, @ a2 ® Ay
fiy fa1 .
22
fiy
a * ? a; /. a3
fa
fy fs

ag
FIGURE 2.2
In this particular case, formula (2.6) gives
Dy =4y
Py =4y, Dy, =4y,
Py =4y + fr 1Py Dy =Gy,
py=a + /by + b py=ay+ [y Py + foPyys Py =4y,

Py =ay+ /,p, + fop; + f3p5

3. EVALUATION OF A POLYNOMIAL

Let us consider the problem of evaluating at # € K the polynomial p, of
(2.7) by using successively formulae of type (2.6). Since we have

1y
(3.1) po(u) = ag+ Y f,(u) - p, (w)

h=1
and f,(u) is easily computed, evaluation of p; is reduced to the computation
of each p,(u), h=1, ..., n,. And in order to compute every p,, we need to
know each p,, (u), k=1,...,n,, and so on:

(3.2) p,(u) =a,+Zlf,h(u)~p,h(u), iel.
h=1
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This process finishes in a finite number of steps, since we always reach in the
end polynomials p, which are associated with initial labels and are explicitly
given by

(3.3) pi(u)=a,.

Formulae (3.1), (3.2), (3.3) really constitute an evaluation algorithm.

Now we must pay attention to a problem of practical implementation. What
remains to be solved is the question of the order in which the computations are
to be done. The most general answer is: every order of the computational steps
is acceptable if the following condition is satisfied:

(3.4) i < j = p, is evaluated before p;.

In particular, the polynomial p, associated with the root is always the last one
to be evaluated.

Let [, be
(3.5) Lax = r?ealxl(i).

We show now an algorithm to evaluate py(u) in which the order of the
computations is made by a criterion on the lengths of the labels.

Algorithm 3.1,
begin
for =/ toOstep —1
forall ie {ielll(i)=1}
if i is an initial node

p(u)=a,
else
p(u) =a,+ 5, f,(4) - P, (u)
end.if
next
next /
end.

A second criterion of ordering for the same computations consists in making
reference to the greatest “length” of a path to a label from an initial label.
Roughly speaking, we evaluate first every polynomial associated with an initial
label, then polynomials associated with labels next to initial labels, etc., until
the root is reached. More precisely, we define the set of labels

(3.6) I := {iel maxl(h)=l}
thel
for /=0,..., /[, . Inparticular, one has I, = {i € I|i is an initial label} and
I, ={0}, i.e., the root.
Algorithm 3.2.
begin
for /=0 to /

max

for all iel
if /=0
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p,’(u) =4a;
else .
p,(u)=a,+ 3., f,(u)-py,(u)
end if
next I

next /
end.

In the example of Figures 2.1 and 2.2 one has / , =3 and

I,={(1,1),(1,2),(2,1,1),(2,2), (3)},

I ={2, 1), (1)},

I, ={(2)},

I, ={0}.
Other similar criteria of ordering can be used, as we shall see in the examples
of §5.

4. EVALUATION OF THE DERIVATIVES OF A POLYNOMIAL

In this section we extend the ideas of §3 to evaluate any derivative of the
polynomial p, at a point u € K ™. We get an algorithm which includes the
evaluation of p, as a particular case.

Let p(j) = (p(l”, ey pg)) eK™, j=1,2,...,n,be n vectors not neces-
sarily linearly independent. Denote by
op 1 Op op
4.1 Dp=—" — e ——

the derivative of p in the direction p(’ ) ,and by D jp(u) the value of D .p at
ue K"

Given any multi-index ¢ = (t,,t,, ..., )€ N}, we write
1 2 n 0
(4.2) =t +1,+- +1,,
t 1, ot ,
(4.3) D' =D"D%... D",
and
t l t l t t t"
(4.4) E'=-D DDy ---Dr.

I ATA R g
In the following we shall consider two kinds of multi-indices: ¢ € Ng' for the

upper index of differential operators, and i € I C U5, N % for the labels of a
tree. While the ordering of labels i is prescribed by the structure of the tree (see

§2), the upper indices ¢ are ordered in the usual way: for 1= (¢, t,, ..., t,),
S=(8,8,...,8,)EN,,
(4.5) t§s¢>tj§sj, j=1,...,n.

Let us apply Leibniz’s rule
(4.6) E'(gq)(u)=> E'"g(u)-E'q(u) Vg,qeK[X], YueK™, Vte N,

s<t
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to formula (2.6). Since f;, are polynomials of degree 1, we get for any ¢ with
ltf > 1,

n, n nl
@47  Epw=)] ( D;fi ~E"efpih<u>> + 3 S () - E'pyyu),

h=1 J=1 h=1
where e is the jth canonical vector (0,...,0,1,0,...,0) and E"™% is
taken as the zero operator if ¢ = 0. Observe that the constants D ; fi, can be
easily computed. In the particular case of i being an initial label, one obtains
E'p(u)=0.

Formula (4.7) means that E’pl(u) can be computed in terms of lower-order

derivatives (E'~% p;,(u)) and derivatives of the same order (E 'pih(u)) applied
to polynomials whose labels are the predecessors of i.
In other words, if we denote

m

(4.8) by=>" ( nl D f,- Et_e’pi;,(u)>

h=1 ]j=

(in particular, E'p (u) = b; = 0 for initial labels), formula (4.7) reads

(4.9) E'p ()= b + 3 £, () E'p,y(u),
h=1

which has the same structure as (3.2).
This suggests an algorithm for evaluating derivatives. In order to compute
E'pi(u) , we need the values of

E'p (1) Vj<i, Vs<t.

Hence, similarly to (3.4), the computations can be done in any order which
satisfies the following condition:

(4.10) s<t, i<j=> Espi is evaluated before E’pj .

Observe that by computing p,(u) by Algorithm 3.1 or 3.2 we obtain as in-
termediate results p (), all that is needed to compute E’po(u) with |f] = 1.
In general, having computed E'™% po(u), j=1,...,n, we have obtained as
intermediate results E'~% p,(u) , which are needed to compute E’po(u) .

As was remarked after (4.8), E’p,(u) = bf = 0 for all initial labels when
|t| > 1. In general, it is easily seen that

(4.11) E'p(u)=b=0 Vielju---UI,_,.
Since they are the most typical examples, let us see what happens for
t_ p(0...0.k.0,...0) _ 1 &
(4.12) E =E = HDJ
and for

t (1,1,0,..,0)
(4.13) E'=E =D,D,.
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In the first case, for any i,

nl
(0,..,0,k,0,..,0) _ (0,.,0,k=1,0,...,0)
b, = ZDjfm E p,(u),
=1

..,0,k,0,.., s 0,k,0, .0,

i
nl
0,..,0,k,0,...,0)
+> [y E py(u).

h=1

Then, after computing E©:-0.k=1,0,...0)

p;(u) for all i € I, we can compute
each of the E(® - 0:k.0.-.0 p,(u) using, for example, the ordering in Algorithm

3.1 or 3.2 for the labels i. E(O’“"O'k’o"“’o)po(u) is the last value computed.
For t=(1,1,0,...,0) one has

Z<D R A N )
(4.15) +Z(sz,.h- H0.0:0p (),
h=1

1,1,0,.. I 1,0,. l 1,0,..,0)
E' Op,(u) = O+ Zf,, Py ().

In this case we must compute first
,...,0)
po(u) =E po(u) s

with p,(u) = E (0""’0)17,.(14) as intermediate results. This allows us to compute
E“’O’O'""O)po(u) as well as E(O'l'o'“"o)po(u). In this process we get
E" ’0'0""'0)pi(u) and E©! ’0""’O)pi(u) for all i, and this allows us to compute
finally E“'l’o"“'o)po(u).

We show now an algorithm to evaluate E ’po(u) that also includes the case
t = 0, which reduces to Algorithm 3.2.

Algorithm 4.1.

begin
for k =0 to [t
for all s such that s <1¢, |s| =
for [=k to [,
forall e/
if k=0
b, =a,
else
b = S (S0 D B0
end if

if l=k
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E’p,(u)=b;
else
E’p(u) = b + X3, () - E'pyy (u)
end if
next i
next /
next s

next k
end.

We observe that in the step k only the results obtained in the step k& — 1
must be kept in memory.

Remark 4.2. Given a vector basis p(j ) j=1,2,..., m, of the vector space
K™, we can write any derivative in terms of D;, j=1,2,..., m. However,
derivatives can be computed directly in Algorithm 4.1 for any set of vectors
{p(j)‘jz 1,2, n}'

5. SOME APPLICATIONS: ALGORITHMS FOR POLYNOMIALS
OF ONE AND TWO VARIABLES

We now present some examples of algorithms for the evaluation of polyno-
mials and their derivatives. The notation introduced in §2 has been useful to
represent general polynomials. But it can be simplified in many particular cases.
This will be shown in each example. For the order of the computational steps,
condition (4.10) must be observed, but not necessarily the order of the steps in
Algorithm 4.1.

(a) Univariate polynomials. A univariate polynomial, written in the form
n

(5.1) Po(x) =Y a fo(x)- fy(x)- fi_ (%)
1=0

(with f; polynomials of degree one), can be represented as in Figure 5.1.
Algorithm 4.1 with these new notations gives a simple extension of Horner’s
algorithm to evaluate p(()')(f) = Dtpo(é) ,t<n:

Algorithm 5.1

begin
for k=0 to ¢
for i=n—k toOstep —1
if k=0
a% =g
1 1
else
a) = Df,-pi7"(©)
end if
ifi=n-k

k k
p® (&) =a”,

P& =a" + £&)-p% @)

else
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end if
next |
next k
end.

FIGURE 5.1

The most interesting case is when f = x — x,, that is

(5.2) p0=Zai(x—xo)(x—xl)~~~(x—x,_l);
1=0

in this case, one has afk’ = pfil_ Ve ) (k > 0) and Algorithm 5.1 can be rewritten
as

Algorithm 5.2.
begin
p\(&) =a,
for i=n—1 to O step —1
V(&) =a,+E-x) p©)
next |
for k =kl to ¢t -
P (&) =pi ol @)
for i=n—k—1 toOstep —1
k . A
pM@) =p @) + € - x) - pM©)
next |
next k
end.
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8rm,

ArmrJ

arme-1 g ®arim,.,

e /
/’ QPr-1m,y-1

arn a1m,1 / Bomp-1
“N / '/ /

\ / /vm
\ /%0

FIGURE 5.2
(0,0) —=(0,1) (0,2)
(1,0) (1,1 (1,2)
(2,00 2,1 /(2,2)
(3,0) (3,1) —=(3,2)
FIGURE 5.3
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In Algorithm 5.2, separate steps are made for evaluating the function and for
evaluating derivatives, and the values pfk)(é) are directly computed without

using the afk) .

In particular, x, =0,

i=0,...

, h—1, gives the classical Horner’s algorithm.

b) A bivariate example. Consider a bivariate polynomial written in the form

rom,

(5.3) Pyolx,y)
1=0 j=0

=y Z a,90(x, )

0,1 (X, V)0(x,p) e, (X, ),

where ¢, are polynomials of degree 1. This can be represented by a tree
9,9,

as in Figure 5.2.
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In order to evaluate
(5.4)  ploVE, m=E"py&, ) = D%%@n) t,s€N,

(where D, D, are directional derivatives), we first compute all EW Poo(u)
with v <t and w <s. For example, it is possible to do this with the ordering
shown in Figure 5.3 (for (¢, s) = (3, 2)).

With this ordering, p(()'o's) =E (”S)poo(f , 1) can be computed by the following
algorithm, where we have used that {(v, w)[0<v <¢; OLSw<s;v+w =
k} ={(v, x)|max(0, k —s) <v <min(k, t); w =k —v}:

Algorithm 5.3.
begin
for k=0tot+s
for v = max(0, k —s) to min(k, ¢)
w=k-v
for i=r to O step —1
for j =m; to O step —1
if k(0=00
,0) _

a, " =a;

else
if j=0
" =Dy, 101" (& m) + Dy pile (€ )

+ Dy, phy " E )+ Dy py T V(E M)

else | |
a" =D, T & m+ Dy, TE )
end if

end if

if j=0

Py & m) =alg " +9,E, m) e (€L )
+ oo mepyE )

else
pi & =al" & )Pl E )
end if
next j
next |
next v

next k
end.

In this algorithm, all the terms with a negative upper index, or lower index j
greater than m,, or lower index i greater than r, must be defined to be zero.
Further, as a consequence of (4.11), we have

(5.5) afj”“’) =0 forj>m —-v-w.
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Similarly to the univariate case, this algorithm gives the general framework

for many particular cases, some of them being very simple. For example, when
] ]
(5.6) Pi=X—X» 9=V =V Dl:a’ DZ:W,

we have

5.7 ay =pl e m+p T E ) for (v, w) # (0, 0),

(5.8) a;"" =pl V&, ) for (v, w) #(0,0), j#0,
(5.9) b & m=ay "+ (&= x) 00 & m) + (=) by EL ),
(5.10) Ve =al "+ (n—y)pi €. m) for j£0.

Algorithm 5.3 can be advantageously used to compute the interpolating poly-
nomial in [2, 3].
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